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Abstract
Longitudinal waves are the main flatness defects of metal sheets. This defect is typically eliminated by repeated elastoplastic
bending via a multi-roll leveller to make the residual curvature of the sheet as small as possible. Therefore, an effective
mathematical model is important for the leveller design and levelling parameter adjustment. In this paper, based on the basic
principle of multi-roll levelling for the longitudinal wave of a metal sheet, a geometric model of multi-roll levelling was
established via the curvature integration method; a bending-moment curvature model was also established to account for the
residual curvature of reverse bending and the difference between the elastic section and the elastoplastic section. A coupled
curvature integration model was constructed by combining the two models to systematically describe the multi-roll levelling
process, and the variation of the curvature, surface profile curve and plastic deformation rate of the sheet during levelling were
discussed; the influence of the intermesh of the work rolls on the levelling effect of the longitudinal wave was analysed. The
results show that there are infinite intermesh combinations of the first work roll and the last work roll that make the residual
curvature of the sheet close to zero after levelling. The results also show that the residual curvature is much more sensitive to the
variation of the first work roll than to the variation of the last work roll.

Keywords Multi-roll levelling . Flatness defects . Longitudinal wave . Metal sheet . Coupled curvature integration model .

Elastoplastic bending deformation . Residual curvature

1 Introduction

Flatness defects typically appear after the rolling of metal
sheets due to transverse nonuniformity of the longitudinal
strain; the defects include buckling or waviness (centre waves,
wavy edges, quarter buckles, etc.), with longitudinal waviness
being one of the most significant defects. The geometric char-
acteristics of the defects, in the form of the height and length
of the waves, are used as a measure of the geometrical quality
of the rolled sheets [1–5]. The multi-roll leveller is used to
eliminate longitudinal waves by applying a gradually decreas-
ing elastoplastic deformation to the sheet so that the residual
curvature of the sheet is as small as possible after levelling.
The residual stress distribution after levelling is of great

importance. While a strip might be flat, the residual stress
distribution will be disadvantageous during further process-
ing. If the main parameters of the multi-roll leveller, such as
levelling force and levelling power, are set improperly, then
the residual stress distribution may be problematic and may
lead to flatness defects downstream in the production process.
Therefore, it is important to carefully analyse the longitudinal
wave levelling mechanism and establish a mathematical mod-
el to calculate the effect of residual stress on the final shape of
the metal sheet [3, 6–13].

Analytical, numerical and experimental methods are used
to study the levelling process of the metal sheets [14].

First, the analytical methods are reviewed. Doege et al.
developed an analytical forming model to investigate the state
of multiple forming under bending conditions and calculate
the residual stresses and the residual bend of sheet metal dur-
ing the levelling process [6]. Behrens et al. developed an an-
alytical 3D simulation to investigate the effect of the levelling
process on sheet metal and calculate the remaining shape de-
fects after levelling [15]. Nakhoul et al. proposed a two-scale
model based on the generalized continuum approach to
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determine the occurrence and geometric characteristics of on-
line manifested flatness defects [5]. Chen and Brauneis et al.
proposed a 2.5D analytical approach for the levelling process
of steel plates using three steps: first, the plate is divided into
several independent longitudinal strips; then, the shape and
levelling forces of each strip are determined by solving the
1D beam bending problem and finally, the forces resulting
from all strips are combined to obtain a discrete distribution
of forces [16, 17]. Feng et al. developed an advanced 3D
mathematical model for the cold rolling strip process that uses
the multi-slab strategy to deal with the differential reduction in
the transverse direction due to roll deformation and uses ana-
lytical solutions of roll-bending and flattening, which are
discretized using the influence function method [18].

Second, the numerical methods are reviewed. Abdelkhalek
et al. applied a steady-state elastic-viscoplastic finite element
model to predict strip flatness and out-of-bite buckling during
the cold rolling of thin strips [19]. Weiss et al. analysed the
rolling process using finite element analysis, determined the
distribution of residual stresses to obtain theoretical moment
curvature characteristics, and qualitatively demonstrated how
the material is softened in bending due to residual stress gra-
dients after rolling [20]. Traub et al. presented a numerical
modelling approach that combined global- and sub-models,
enabling a high-resolution calculation of the strain distribution
at acceptable computational costs without significantly
delaying the planning process [21]. Mathieu et al. introduced
a numerical model for a strip passing through a simplified
industrial leveller (composed of four rolls), which includes
shell element discretization and frictional contact between
the strip and rolls, to predict the final strip shape based on
the plastic strains and residual stresses occurring through the
width and thickness of the strip [22]. Wang et al. developed
the multi-pass roll forming control algorithm based on the
actual roll-bending data. They analysed the influence of
rolling bends on the forming quality of the sheet by numerical
simulation [11]. Grüber et al. proposed a numerical model
with three individual load triangles that evaluated the correla-
tions between the incoming strip condition, the roll inter-
meshes and the residual stresses to achieve both a constant
flatness and a distinct residual stress distribution after levelling
[13].

Third, the experimental methods are reviewed. Weiss et al.
tested strips by rolling them in tension and pure bending in a
laboratory mill to investigate the material behaviour when
operating close to the elastic-plastic transition point by intro-
ducing residual stresses into the material [20]. Tran et al. pro-
posed an experimental setup to analyse the interaction be-
tween residual stress and buckling in producing wavy edge
flatness defects, focusing on the influence of surface imper-
fections and global tension on the wrinkling characteristics [8,
12]. Abvabi et al. presented a method to determine the residual
stress distribution in the sheet material from the data collected

in a free-bending test, which provides a good fit to the finite
element analysis of bending when using an experimentally
derived moment-curvature relation [9]. Stadler et al. investi-
gated the control of the curvature and contact force at the strip-
roll contact point of a metal strip using an experimental device
and derived a material model and a steady state strip deforma-
tion model to compute feasible combinations of curvature and
contact force [23].

Typically, analytical methods analyse the levelling process
with sufficient precision and over a shorter duration than is
possible with numerical methods [6, 24, 25]. However, nu-
merical methods are increasingly applied in industry due to
the advantage of reducing design iterations by allowing the
designer to investigate the effects of parameter changes with-
out expensive tooling costs [26].

Considering the advantages of different methods, improved
models and comprehensive models have been proposed.
Abdelkhalek et al. presented a predictive model of the flatness
defects of thin plates during rolling using a coupled approach
of simple buckling criterion and an FEM (finite element meth-
od) model of strip and roll deformation, with the model being
primarily devoted to cases where on-line (under tension) de-
fects occur [2, 27]. Dratz et al. developed three different
models to determine the loading modes experienced by the
material in roll levelling operations (a finite element approach,
an analytical model and a semi-analytical model) and found
that the semi-analytical model is the most appropriate for de-
termining the parameters of roll levellers; the analytical model
is sufficient for defining the size of the levellers [28]. Silvestre
et al. developed the following analytical model and a finite
element model to analyse roll levelling operations: the one-
dimensional, analytical levelling model is based on classical
beam theory and is used to calculate the induced strain distri-
bution through the strip and, hence, the evolving elastic/plastic
stress distribution; the 2D modelling is used to investigate
differing settings, leveller configurations and materials based
on assumed planar strain conditions [14]. Lee et al. proposed a
simple and effective method for designing the levelling pro-
cess using a combination of an analytical model and finite
element analysis, as follows: the bending-moment curvature
relationship is determined using finite element analysis of uni-
form bending using simulation results, and the proper roll
arrangement corresponding to optimal curvature is calculated
using the analytical model based on the curvature integration
method [29]. Nakhoul coupled a simple buckling model to a
finite element rolling model to solve practical problems
concerning flatness in cold strip rolling and investigated the
effect of residual stress on the defects in very thin strips [30].
Yu et al. adapted graphic method and mathematical induction
to analyse the deformation process of the section of bar, and
established the quantitative analysis model and finite element
model of the two-roller straightening process [10]. Traub et al.
presented a numerical modelling approach that combined
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global- and sub-models to enable a high-resolution calculation
of the strain distribution in the bending zone at acceptable
computational costs, which is a feasible approach for provid-
ing detailed information about the strain distribution [21].
Galkina et al. proposed a model-based predictive approach
for steel strip motion in hot rolling finishing mills based on a
simplified nonlinear mathematical model, which was generat-
ed in the form of ordinary differential equations, and an FEM
model of the strip and the roll gap [31]. Laugwitz et al. pre-
sented a closed-loop, controlled finite element model; this
model couples the information obtained by multiple different
simulations with the results from an on-line flatness gauge to
establish an appropriate levelling strategy that can eliminate
incoming flatness defects and evaluate the required set of roll
positions within a single pass [32].

Calculation methods for the parameters of the leveller were
also proposed. Baumgart presented a mathematical deflection
model of the work rolls and the machine frame of a hot level-
ler; the model calculates the roll gap along both planar direc-
tions of the plate, and machine frames are modelled by linear
force-deflection relations to analyse the influence of the vari-
ous adjustment and control inputs on the roll gap, which is
important for the levelling result [33]. Nakhoul et al. studied
the impact of friction and strip tension on the flatness of a
rolled thin strip, and the study showed that the optimal setting
of the work roll bending force should be changed when fric-
tion varies [34]. Liu et al. built an optimization model with
equality and inequality constraints to express the typical
ranges of the levelling capacity by using several boundary
curves that determine if an incoming plate can be levelled
quickly; these curves can be used to find the maximum yield
stress for a specific thickness or the maximum thickness for a
given yield stress [35]. Brauneis et al. presented a mathemat-
ical deflection model of a leveller for cold, heavy plates and
calculated the work roll profile, the levelling forces for a given
plate, the adjustment of the leveller, and the unknown dis-
placements of the work rolls by combining the force-
deflection relations of the machine model with a nonlinear
plate model [36]. Stadler et al. derived a material model and
a steady-state strip deformation model based on curvature
control and the contact force at the strip-roll contact point in
an experimental device, and computed feasible combinations
of curvature and contact force [23]. Brauneis presented a fast
and robust mathematical model for the levelling process of
steel plates, calculated the levelling forces for a given plate
and leveller work roll configuration, and validated the model
with measurements from an industrial leveller [17].

The curvature integration method is worth noting here. Liu
et al. developed a mechanics model based on the curvature
integration method that utilizes a nonlinear, unconstrained
global optimization method to predict the plate levelling pro-
cess. The study shows that the model gives results closer to
experimental data than the other models [7]. Cui et al. applied

the curvature integration of elastic-plastic differences to ana-
lyse the effect of levelling strategies on the quality of plate
products and to simulate the levelling results by using a dif-
ferent levelling strategy. The analysis proved to be an effective
solution to the levelling problem [37, 38].

Multi-roll levelling is a process of repeated sheet bending,
and the previous bending state will affect the subsequent re-
verse bending. However, only the geometric coupling rela-
tionship of the sheets between the work rolls is considered in
the present curvature integration methods. The curvature cou-
pling, that is, the influence of the residual curvature of the
previous bending on the subsequent bending, is not consid-
ered when establishing the bending moment model.
Moreover, this method does not distinguish between the dif-
ferent curvature properties of the elastic section and the
elastic-plastic section of the sheet. Therefore, it is difficult to
ensure the accuracy of multi-roll levelling in respect to longi-
tudinal waves.

This paper studies the multi-roll levelling method for lon-
gitudinal wave defects in metal sheets. The bending-moment
curvature model, which is based on the geometric curvature
integration model, considers both curvature coupling and the
difference between the elastic and elastoplastic sections. The
coupled curvature integration model is constructed by com-
bining the two models. For a metal sheet with given initial
residual curvature, the relationships between the intermesh
values of the first roll and last roll and the residual curvature
after levelling are established. The variation of key parame-
ters, such as curvature, plastic deformation rate and surface
profile curve in the multi-roll levelling process, are discussed.

2 Coupled curvature integration model

There are three problems that must be considered when
establishing a multi-roll levelling model for longitudinal
waves in a metal sheet, as follows: first, the complex cou-
pling relationships between adjacent sections of the sheet
that are divided by the work rolls must be evaluated; sec-
ond, the boundaries between the elastic deformation sec-
tions and the elastoplastic deformation sections of the sheet
must be assessed; and third, the actual contact positions of
the sheet and the work rolls in the levelling process must be
determined.

Meanwhile, the curvature integration mathematical model
is based on the following assumptions: (1) The only forces
applied to the sheet during levelling are the shearing forces of
the work rolls, in which tension forces and friction between
the roll and sheet are neglected; (2) Work hardening of the
sheet is neglected, which used in the multi-roll levelling a
sheet metal with low enhancement coefficient; (3) The bend-
ing moments on the sheet of the first and last roll are 0.
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2.1 Geometric curvature integration model

The work rolls of the multi-roll leveller are numbered 1, 2, ...,
n from the first roll at the entry to the last roll at the exit. A 2D
geometric curvature integration model is established using the
contact point of the sheet and the ith roll as the origin [7] as
shown in Fig. 1.

The contact points between the sheet and the work rolls are
on the left side of the top and bottom points of the work rolls
with contact angle βi. The sheet between the two adjacent
contact points gradually transitions from elastic deformation
to elastoplastic deformation, wherein the total length of the
section is Li and the length of the elastic section is Lit. The
tangent angle and radius of curvature of the sheet at any
point (x, z) are θ and ρ, respectively. The intermesh value of
the ith work roll is δi. Since the direction of the contact angle
of the sheet and the work roll at the contact point are different
for odd-numbered rolls and even-numbered rolls, it is neces-
sary to establish two models.

A continuously differentiable curve can be described by
Eq. (1):

ρ⋅dθ⋅cosθ ¼ dx
dz ¼ dx⋅tanθ

�
ð1Þ

In levelling, the intermesh values of the work rolls are
much smaller than the distance between the work rolls; there-
fore, θ ≈ 0. Based on this approximation, cosθ ≈ 0 and
tanθ ≈ θ. These approximations are substituted into Eq. (1) to
obtain Eq. (2):

ρ⋅dθ ¼ dx
dz ¼ θ⋅dx

�
ð2Þ

As the basis of geometric curvature integration model, Eq.
(2) is integrated over the interval 0 to x, and the radius of
curvature ρ is replaced by the curvature A (A = 1/ρ); thus,
Eq. (3) is obtained:

θ xð Þ ¼ ∫x0A tð Þdt þ C1

z xð Þ ¼ ∫x0 ∫q0A tð Þdt þ C1

� �
dqþ C2

(
ð3Þ

where t and q are integral variables, and C1 and C2 are integral
constants.

When i is an odd number:

C1 ¼ θ xð Þ x¼0 ¼ βi; C2 ¼ z xð Þj jx¼0 ¼ 0:

When i is an even number:

C1 ¼ θ xð Þjx¼0 ¼ −βi; C2 ¼ z xð Þjx¼0 ¼ 0 :

The two equations above are uniformly expressed as Eq.
(4):

C1 ¼ θ xð Þjx¼0 ¼ −1ð Þiþ1βi; C2 ¼ z xð Þjx¼0 ¼ 0 ð4Þ

Equation (4) is substituted into Eqs. (3), and (5) is obtained:

θ xð Þ ¼ ∫x0A tð Þdt þ −1ð Þiþ1βi

z xð Þ ¼ ∫x0 ∫q0A tð Þdt þ −1ð Þiþ1βi

� �
dq

(
ð5Þ

Equation (5) is integrated under the condition of x = Li, and
Eq. (6) is obtained:

θ xð Þjx¼Li ¼ ∫Li0 A tð Þdt þ −1ð Þiþ1βi

z xð Þjx¼Li ¼ ∫Li0 ∫q0A tð Þdt þ −1ð Þiþ1βi

� �
dq

8<
: ð6Þ

According to Fig. 1, the geometric constraint relationships
shown in Eq. (7) is obtained:

θ xð Þjx¼Li ¼ −1ð Þiβiþ1

−1ð Þi⋅z xð Þ��x¼Li
þ R 1−cosβið Þ þ R 1−cosβiþ1ð Þ ¼ δi

(
ð7Þ

Equation (7) is substituted into Eqs. (6), and (8) is obtained:

−1ð Þiβiþ1 ¼ ∫Li0 A tð Þdt þ −1ð Þiþ1βi

δi ¼ −1ð Þi⋅∫Li0 ∫q0A tð Þdt þ −1ð Þiþ1βi

� �
dqþ R 1−cosβið Þ þ R 1−cosβiþ1ð Þ

(

ð8Þ
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(a) i  is an odd-number 

(b) i  is an even-number 

Fig. 1 Geometric curvature integration model. a i is an odd number. b i is
an even number.
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where

Li ¼ p
2
þ Rsinβi−Rsinβiþ1 ð9Þ

Equation (8) is a curvature-integrated geometric model
established for a metal sheet between two adjacent work rolls.
For a leveller with n work rolls, there are n − 1 equations
similar to Eq. (8), and the total number of equations is 2(n −
1). The unknown parameters in Eq. (8) are the curvature A(x)
of the sheet, the corresponding integral term and the contact
angle βi of each work roll.

2.2 Bending-moment curvature model

The main forces applied to the sheet during levelling are the
shearing forces of the work rolls, so the bending moment on
the sheet is approximately linearly distributed between two
adjacent contact points [6]. Therefore, the relationship be-
tween bending moment and curvature is established according
to the material properties of the sheet and used to construct the
bending-moment curvature model for multi-roll levelling. In
this study, an ideal elastoplastic material is used to describe the
metal sheet, regardless of the strengthening effect. This as-
sumption is suitable for widely used low carbon steel.

Figure 2 shows the linear distribution of the bending mo-
ments on the sheet between the contact points in the leveller
(assuming that the bending moment is positive when the sheet
has a downward convex tendency in a purely curved state).
From the entry to the exit of the leveller, the shearing forces
applied by the work rolls on the sheet gradually decrease as
the intermesh value of the work rolls decreases. The bending
moment Mi at the contact point after the third roll exhibits a
decreasing trend, and the bending moments of the first roll and
the last roll are zero.

In the coordinate system shown in Fig. 1, the curvature and
bendingmoment of the sheet at point x between the ith roll and
the i + 1th roll are A(x)i and M(x)i, respectively. According to
the linear distribution of bending moments shown in Fig. 2,
M(x)i is

M xð Þi ¼
Miþ1−Mi

Li
xþMi ð10Þ

In the elastic section, the springback of the sheet after the
reverse bending by the ith roll is completely elastic. According
to the beam bending theory, if the curvature A of the sheet
before bending is zero, then 1/ρ =M/EI in the elastic range.
That is,M = EIA, whereM is the bending moment of the cross
section of the sheet, E is the elastic modulus of the sheet
material, and I is the inertia moment of the cross section of
the neutral layer of the sheet. However, the residual curvature
Ai
c of the sheet after each springback in the multi-roll leveller

has a non-negligible effect on the next reverse bending, so Eq.
(10) is corrected to Eq. (11):

M xð Þi ¼ EI A xð Þi−Ai
c

� � ð11Þ

In Eq. (11), the influence of the residual curvature Ai
c after

the reverse bending and the springback on the bending mo-
ment of the next reverse bending is taken into consideration.
Therefore, the curvature coupling of the multi-roll levelling
process is realized.

In the plastic section, according to the characteristics of the
ideal elastoplastic material and considering the influence of
residual curvature, the relationship between the bending mo-
ment and the curvature is derived as follows:

When i is an odd number:

M xð Þi ¼ Mt 1:5−0:5
A2
t

A xð Þi−Ai
c

� �2
" #

ð12Þ

...
... ...

... ...

...

1M

2M

3M iM

nM
tM

t–M

Metal sheet

1

2

3

i-1

i

i+1 n–1

n...

...

Mi–1 Mi+1 Mn–1

Fig. 2 Distribution of bending
moments on the sheet cross-
section in a multi-roll leveller
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When i is an even number:

M xð Þi ¼ −Mt 1:5−0:5
A2
t

A xð Þi−Ai
c

� �2
" #

ð13Þ

In Eqs. (12) and (13), At is the curvature at the elastic limit,
which is the curvature of the sheet at the critical point between

elastic bending and elastoplastic bending, andMt is the bend-
ing moment at the elastic limit.

Equation (14) is derived from Eqs. (10) and (13):

A xð Þi ¼

Miþ1−Mi

EILi
xþ Mi

EI
þ Ai

c Elastic section : −1ð Þiþ1M xð Þi≤Mt

� �

−1ð Þiþ1 MtA2
t

3Mt þ 2 −1ð ÞiM i þ 2 −1ð Þi Miþ1−Mi
Li

x

 !1
2

þ Ai
c Elastoplastic section : −1ð Þiþ1M xð Þi > Mt

� �
8>>><
>>>:

ð14Þ

The moment curvature model shown in Eq. (14) contains
the residual curvature term Ai

c. This model describes the cur-
vature of the sheet in the elastic section and the elastoplastic
section and identifies the location on the sheet where the bend-
ing moment exceeds Mt.

According to Eq. (14), Fig. 3 demonstrates the distri-
bution of the elastic and elastoplastic sections of the
sheet during the reverse bending process and illustrates
the variation of the bending moment and curvature in the
two sections. The elastoplastic section is only a small
section before the point of contact between the sheet
and the work roll, and the rest of the sheet is part of
the elastic section. The bending moment varies linearly
in the whole section; the curvature varies linearly in the

elastic section and nonlinearly in the elastoplastic
section.

3 Solution and verification of the coupled
curvature integration model

The coupled curvature integration model for multi-roll level-
ling consists of the geometric model (Eq. (8)) and the bending-
moment curvature model (Eq. (14)). The former describes the
relationship between the intermesh values and the curvature,
and the latter describes the relationship between the bending
moment and the curvature. There are three major difficulties
preventing a direct solution of the coupled curvature

L iL

i–1

tL -1i
pL i

tL i
pL

EPS ES EPS EPSES

i

i+1i-1

Bending moment

M

Curvature A

Mi–1

iM

i+1M

tM

Metal sheet

EPS: Elastoplastic section

ES: Elastic section

i–1

t–M

Fig. 3 Distribution of the elastic
section and elastoplastic sections
of the sheet
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integration model, as follows: first, the equations contain def-
inite integral terms of unknown variables; second, the equa-
tions are highly nonlinear and contain many unknown vari-
ables; and third, the curvature A(x)i in the equations is an
unknown variable expressed by a piecewise function that de-
pends on another unknown variable M(x)i.

3.1 Solution of the model

To easily convert the integral term in Eq. (8), let

ai ¼ −1ð Þiþ1

bi ¼ MtA2
t Li

2 −1ð Þi M iþ1−Mið Þ
ci ¼

3Mt þ 2 −1ð ÞiMi
� �

Li
2 −1ð Þi Miþ1−Mið Þ

di ¼ Miþ1−Mi

EILi

ei ¼ Mi

EI

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð15Þ

For a leveller with nwork rolls, i takes values from 0 to n −
1 in Eq. (15).

Equation (15) is substituted into Eqs. (14), and (16) is ob-
tained after simplification:

A xð Þi ¼
dixþ ei þ Ai

c Elastic section : −1ð Þiþ1M xð Þi≤Mt

� �
ai

bi
xþ ci

� 	1
2

þ Ai
c Elastoplastic section : −1ð Þiþ1M xð Þi > Mt

� �
8>><
>>:

ð16Þ

Equation (16) is substituted into the first equation
given in q. (8), and the following equation is obtain-
ed:

−aiβiþ1 ¼ ∫L
i
t

0 di⋅t þ eþ Ai
c

� �
dt þ ∫LiLit ai

bi
t þ ci

� 	1
2

þ Ai
c

 !
dt

þ aiβi

The above equation is solved using the definite integral.
After rearranging the terms, Eq. (17) is obtained:

ai βi þ βiþ1ð Þ þ Lit Ai
c þ ei þ 1

2
diLit

� 	

þ 2aib
1
2
i Li þ cið Þ12− Lit þ ci

� �1
2

� �
þ Ai

c Li−Lit
� �� �

¼ 0 ð17Þ

Equation (17) converts the first equation given in
Eq. (8) from an integral equation to an algebraic
equation.

Let yi be the integral term in the second equation given in
Eq. (8), i.e.

yi ¼ ∫Li0 ∫q0A tð Þdt þ −1ð Þiþ1βi

� �
dq ð18Þ

Equation (16) is substituted into Eq. (18), and the following
equation is obtained:

yi ¼ ∫L
i
t

0 ∫q0 di⋅t þ ei þ Ai
c

� �
dt þ aiβi

� �
dqþ ∫LiLit ∫L

i
t

0 di⋅t þ ei þ Ai
c

� �
dt þ ∫qLit ai

bi
xþ ci

� 	1
2

þ Ai
c

 !
dt þ aiβi

 !
dq

Let

yi ¼ ui þ vi ð19Þ
where

ui ¼ ∫L
i
t

0 ∫q0 di⋅t þ ei þ Ai
c

� �
dt þ aiβi

� �
dq

vi ¼ ∫LiLit ∫L
i
t

0 di⋅t þ ei þ Ai
c

� �
dt þ ∫qLit ai

bi
xþ ci

� 	1
2

þ Ai
c

 !
dt þ aiβi

 !
dq

8>><
>>:

ui and vi are solved separately as shown in Eqs. (20), and
(21) is obtained:

ui ¼ ∫L
i
t

0 ∫q0 di⋅t þ ei þ Ai
c

� �
dt þ aiβi

� �
dq

¼ ∫L
i
t

0

1

2
diq2 þ ei þ Ai

c

� �
qþ aiβi

� 	
dq

¼ 1

6
di Lit
� �3 þ 1

2
ei þ Ai

c

� �
Lit
� �2 þ aiβiL

i
t

ð20Þ

Int J Adv Manuf Technol (2020) 106:2721–2734 2727



vi ¼ ∫LiLit ∫L
i
t

0 di⋅t þ ei þ Ai
c

� �
dt þ ∫qLit ai

bi
xþ ci

� 	1
2

þ Ai
c

 !
dt þ aiβi

 !
dq

¼ ∫LiLit
1

2
di Lit
� �2 þ ei þ Ai

c

� �
Lit

� 	
þ 2aib

1
2
i qþ cið Þ12− Lit þ ci

� �1
2

� �
þ Ai

c q−Lit
� �þ aiβi

� 	
dq

¼ ∫LiLit
1

2
di Lit
� �2 þ eiLit−2aib

1
2
i Lit þ ci
� �1

2 þ aiβi

� 	
þ 2aib

1
2
i qþ cið Þ12 þ Ai

cq
� 	

dq

¼ 1

2
di Lit
� �2 þ eiLit−2aib

1
2
i Lit þ ci
� �1

2 þ aiβi

� 	
Li−Lit
� �þ 2aib

1
2
i

2

3
Li þ cið Þ32− 2

3
Lit þ ci
� �3

2

� 	

þ 1

2
Ai
c L2i − Lit

� �2� �

ð21Þ

Equations (18) and (19) are substituted into the second
equation given in Eqs. (8), and (22) is obtained:

δi þ a ui þ við Þ−R 1−cosβið Þ−R 1−cosβiþ1ð Þ ¼ 0 ð22Þ

Equation (22) represents the conversion of the second
equation given in Eq. (8) from an integral equation to an
algebraic equation.

Therefore, Eq. (8) is transformed into the algebraic form
shown in Eq. (23):

ai βi þ βiþ1ð Þ þ Lit Ai
c þ ei þ 1

2
diLit

� 	
þ 2aib

1
2
i Li þ cið Þ12− Lit þ ci

� �1
2

� �
þ Ai

c Li−Lit
� �� �

¼ 0

δi þ ai ui þ við Þ−R 1−cosβið Þ−R 1−cosβiþ1ð Þ ¼ 0

8<
: ð23Þ

Equation (23) consists of 2n − 2 equations (n − 1
pairs); the equations contain 2n − 2 basic unknowns (n
contact angles from β1 to βn, and n − 2 bending mo-
ments from M2 to Mn − 1) and some auxiliary unknowns,
so the equations are solvable. It is necessary to establish
the relationships between the basic unknowns and the
auxiliary unknowns to solve the equations, so the unde-
termined variables Lit and Ai

c will be discussed below.
As shown in Figs. 1 and 3, the length of the elastic

section of the sheet is Lit, which is defined by the elas-
tic limit bending moment Mt as boundary point. In the
interval of the sheet from the ith roll to the i + 1th roll,
the following relationships can be defined: if Mi + 1 >Mt,
then Lit < Li, and if Mi + 1 <Mt, then Lit ¼ Li. Therefore,
Eq. (24) can be derived:

Lit ¼
−1ð Þiþ1Mt−Mi

Miþ1−Mi
Li −1ð Þiþ1Miþ1≤Mt

� �
Li −1ð Þiþ1Miþ1 > Mt

� �
8><
>: ð24Þ

The recursive method is used to calculate Ai
c. Plastic defor-

mation will occur in the interval of the sheet from the ith roll to
the i + 1th roll if Mi + 1 is greater than M1. x = Li is substituted

into Eqs. (14), and (25) is obtained:

Aiþ1 ¼
Miþ1

EI
þ Ai

c −1ð Þiþ1Miþ1≤Mt

� �

−1ð Þiþ1 MtA2
t

3Mt−2Miþ1

� 	1
2

þ Ai
c −1ð Þiþ1Miþ1 > Mt

� �
8>><
>>:

ð25Þ

Equation (26) is known:

Aiþ1
c ¼ Aiþ1−

Miþ1

EI
ð26Þ

Since M1 is zero, Eq. (27) is obtained:

A1
c ¼ A0 ð27Þ

Based on Eqs. (25), (26) and (27), Eq. (28) is obtained:

Aiþ1
c ¼

Ai
c −1ð Þiþ1Miþ1≤Mt

� �
−1ð Þiþ1 MtA2

t

3Mt−2Miþ1

� 	1
2

−
Miþ1

EI
þ Ai

c −1ð Þiþ1Miþ1 > Mt

� �
8>><
>>:

A1
c ¼ A0

8>>>><
>>>>:

ð28Þ
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Equation (28) shows the recursive relationship of Ai
c and

the known initial value A0, so it is possible to solve for Ai
c. For

a leveller with nwork rolls, the subscripts i of the intermediate
variables ai, bi, ci, di, ei, Lit and Li range from 1 to n − 1. The

subscripts i of Ai
c and Ai range from 1 to n.

In summary, a set of nonlinear equations for the coupled
curvature integration model in multi-roll levelling process can
be built by the flow diagram in Fig. 4. First, a geometric model
established for a metal sheet between the two adjacent work
rolls can be obtain in Eq. (8). Then, considering the influence
of the residual curvature on the next reverse bending,M(x)i is
changed in Eq. (10). Also, the intervals in the definite integrals
are divided into the elastic and elastoplastic sections (Eq. 24).
By calculating the definite integrals respectively, Eq. (8) can
be transformed into the algebraic equation. The step of build-
ing Eq. (23) will continue until i = n − 1. Finally, the nonlinear

equations are assembled and calculated byMatlab. The 2n − 2
equations have 2n − 2 basic unknowns, including n contact
angles ranging from β1 to βn and n − 2 bending moments
ranging from M2 to Mn−1.

3.2 Verification of the model

The results calculated by the coupled curvature integration
model are based on the experimental data by Soda. The ex-
perimental levelling parameters of the metal sheet are listed in
Table 1.

Figure 5 demonstrates the curvature of the sheet at the
points of contact with each work roll. Compared with other
calculated results [7, 39, 40], The coupled curvature integra-
tion model studied in this paper is more consistent with the
experimental results than the other models, especially the cur-
vature in the last work roll.

4 Analysis of the key parameters in multi-roll
levelling

The effect of levelling on longitudinal waves is gauged by the
residual curvature Ag

c after levelling, that is, the curvature of

Table 1 The experimental levelling parameters of the metal sheet

Parameters Values

Number of work rolls 10

Diameter of work rolls (mm) 40

Distance between work rolls (mm) 42

Yield stress of the metal sheet (MPa) 180

Elastic modulus of the metal sheet (GPa) 210

Thickness of the metal sheet (mm) 0.8

Entry intermesh value (mm) 1.20

Exit intermesh value (mm) − 0.2

End

Start

Develop a curvature-integrated geometric model between

two adjacent work rolls i and i+1 by Equation (8) 

Consider the influence of the residual curvature on the next 

reverse bending (Equation (11))

Intervals in the definite integrals of Equation (8) are divided 

into the elastic and elastoplastic sections (Equation 24)

Calculate the definite integrals in Equation (8) by Equations 

(17), (20), and (21)

Equation (8) is transformed into the algebraic equation (23)

i=i+1

Build 2n-2 non-linear equations and calculate by Matlab

i<n

Initial values: R; p; E; I; Mt; At;  δi(i=1,2, ,n); i=1

Output β1, β2, ..., βn, M2, M3, ..., Mn-1

Yes

No

Fig. 4 Flow diagram of building the coupled curvature integration model

25

20

15

10

0
2 4 6 83 5 7 9 10

5

C
u
rv

at
u
re

 (
m

−
1
)

Work roll number

Analysis by Kadota et al. (1993)
Analysis by Higo et al. (2002)
Analysis by Liu et al. (2012)
Presented analysis
Experiment by Soda

Fig. 5 Comparison of curvatures at the work rolls
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the sheet as it leaves the last work roll. To obtain a smaller
residual curvature Ag

c , it is necessary to investigate the varia-
tion of the sheet inside the leveller. Key parameters, such as
curvature, surface profile curve and the plastic deformation
rate of the sheet, describe the levelling process in terms of
the variation of bending characteristics, shape evolution and
elastoplastic deformation. Studying the dynamic changes in
these parameters is helpful for achieving better levelling re-
sults. The levelling parameters are listed in Table 2, and the
intermesh values and initial curvatures are specified in the
discussion.

Figure 6 depicts the curvature variation of the sheets
during the multi-roll levelling using three different ini-
tial curvatures. The straight and curved sections of the
lines represent the elastic and elastoplastic sections of
the sheets, respectively. The elastoplastic sections are
shorter than the elastic sections, but the curvature of
the former varies drastically. The initial curvature differ-
ence between the three sheets is in increments of
0.11 m−1, and the difference between the sheets after
levelling is less than 0.02 m−1. The results show that
the multi-roll levelling can gradually reduce the curva-
tures of the sheets. The levelling process is consistent,
and curvatures approaching zero are possible.

The macro levelling effect of the longitudinal waves can be
described by the surface profile curve of the sheet. Figure 7
shows the surface profile curves of the three sheets with dif-
ferent levelling curvatures. The three sheets exhibit character-
istics of alternating reverse bending under the action of the
upper and lower work rolls, and the bending peak is gradually
reduced, eventually approaching zero. As the initial curvature
of the sheets increases from 0 to 0.22 m−1, the peak value of
the curve increases, the spacing between the peaks decreases,
and the levelling difficulty increases.

The plastic deformation rate is the ratio of the thick-
ness of the plastic deformation section to the original
thickness of the sheet. This ratio has a significant influ-
ence in eliminating the initial residual stress because the
residual stress of the sheet only changes in the plastic
deformation section, i.e. it does not change in the elastic
deformation section. Figure 8 shows the plastic defor-
mation rate of the three sheets with different initial cur-
vatures at the contact points of the work rolls. The
larger the initial curvature is, the greater the plastic de-
formation rate of the levelling. The bending moments of
the sheets at the first and last work rolls are zero, and
the plastic deformation rates are zero.

5 Influence of the intermesh on the levelling
effect

The intermesh value is an important parameter in the
levelling process. This value directly influences the
levelling effect, that is, the value of the residual curva-
ture. There are two main issues that need to be ad-
dressed: The first issue is how to adjust the entry inter-
mesh value δe and the exit intermesh value δg so that
the residual curvature Ag

c of the processed sheet is as

Table 2 Multi-roll levelling parameters

Parameters Values

Number of work rolls 11

Diameter of work rolls (mm) 280

Distance between work rolls (mm) 300

Yield stress of the metal sheet (MPa) 127.6

Elastic modulus of the metal sheet (GPa) 115.9

Thickness of the metal sheet (mm) 20

Width of the metal sheet (mm) 3000

Fig. 6 Curvature distribution of
the sheets in levelling
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close as possible to zero. The second issue is how to
control the sensitivity of the residual curvature Ag

c to a
level within the adjustment error of the intermesh value
to ensure the stability of the levelling effect.

First, the method of making the residual curvature Ag
c

as close as possible to zero is investigated. Figure 9
demonstrates the residual curvature of a sheet with an
initial curvature of − 0.11 m−1 after levelling. The resid-
ual curvature is calculated using a coupled curvature
integration model with entry intermesh values ranging
from 0.5 to 1.4 mm and exit intermesh values ranging
from − 0.3 to 0.3 mm. The distribution of residual cur-
vature is similar to a wave as shown in Fig. 9. Due to
the wave-like distribution of the residual curvature,
there are many exit intermesh values that can make
the residual curvature approach zero for a given entry
intermesh value. Alternatively, there are also many entry
intermesh value that can make the residual curvature
approach zero for a given exit intermesh value. As the
entry intermesh value and the exit intermesh value in-
crease, the residual curvature also shows an increasing
trend, and the levelling effect deteriorates.

Figure 10 demonstrates the intersection of a plane
with zero residual curvature and the residual curvature

surface. The intersection lines indicate intermesh values
that produce a residual sheet curvature of zero; theoret-
ically, this set of values is infinite.

Second, the sensitivity of the residual curvature to
variations of the entry intermesh value and the exit in-
termesh value is investigated. Figure 11 demonstrates
the variation of the residual curvature as a function of
the exit intermesh value δg for four different entry in-
termesh values δe of 0.7 mm, 0.9 mm, 1.1 mm and
1.3 mm. The four curves are close to sinusoidal. As
the entry intermesh value increases, the peak value of
the curve increases significantly; thus, the slope of the
curve near zero also increases significantly, so the sen-
sitivity of the residual curvature increases. Therefore, an
error in the exit intermesh value will cause the residual
curvature to fluctuate within a large range.

6 Conclusions

The present residual stress analysis models have not
fully addressed the curvature coupling of repeated sheet
bending. To address this problem, this work analysed
the multi-roll levelling of longitudinal waves that is
achieved by a repeated and gradual decrease of
elastoplastic bending deformation. The work also
established a coupled curvature integration model that
combines geometric coupling and curvature coupling.
Compared with the experimental data presented in the
references, the proposed model is more accurate. The
variation of the curvature, the surface profile curve
and the plastic deformation rate of the sheet in a level-
ler were analysed using the model. Two criteria were
proposed to evaluate the levelling of longitudinal waves,
as follows: the residual curvature after levelling and the
sensitivity of the residual curvature to the intermesh
value. The influence of the work roll intermesh value

Fig. 7 Surface profile curves in
levelling

Fig. 8 Plastic deformation rate of the sheets in levelling
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Fig. 9 Relationship between
residual curvature and intermesh
value

Fig. 10 Intermesh value
corresponding to zero residual
curvature

Fig. 11 Relationship between residual curvature and the exit intermesh
value
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on the levelling effect was studied, and the following
conclusions were drawn: First, for a given sheet, there
are infinite combinations of entry intermesh values and
exit intermesh values that make the residual curvature
zero. Second, the variation of the entry intermesh value
has a significant effect on the sensitivity of the residual
curvature relative to the exit intermesh value.
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