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Abstract
The vibration suppression and workpiece surface improvement of thin-walled workpiece milling are highly concerned due to the
weak stiffness of the workpiece and the time variant of dynamic characteristics during milling process. In this paper, an active
vibration control system is developed to suppress the vibration of thin-walled workpiece milling. The dynamic model of plate-
actuator milling system is derived using Hamilton’s principle and solved using FEM method. Acceleration sensor and piezo-
electric patch are selected as the sensor and actuator in the control system. Considering the time variant of dynamic characteristics
and the position limit of sensor and actuator during milling process, a time-space varying PD (VPD) control method is presented
and utilized. The VPD control method applies time varying control parameters. Some simulation and experimental validations
are carried out to validate the effectiveness of the control system. The overall results indicate that the proposed control system
perform well in suppressing the vibration of thin-walled workpiece milling process.

Keywords Vibration control . Thin-walled workpiecemilling . Piezoelectric actuator . PD control

1 Introduction

Thin-walled components with complex shape and light weight
characteristics play an important role in many applications
such as military and aerospace industries. In the processing
of the thin-walled workpiece, the machining vibration of thin-
walled workpiece is an undesirable phenomenon, which could
cause negative influences such as disturbing the accuracy of
the final workpiece, the production efficiency, and the life of
machine spindles as well as cutters. Therefore, to achieve the

high performance of products, analysis and suppression of the
machining vibration are of great importance in the thin-walled
workpiece machining process. Thin-walled workpiece milling
has received special attention due to its great significance in
machining flexible workpiece such as aeroengine blades, cas-
ings, and blisks. However, low rigidity, high flexibility, and
large machining deformation of the workpiece, as well as the
time-varying dynamic characteristics of the milling process
could induce severe vibration. Therefore, it is necessary to
investigate and suppress the machining vibration in thin-
walled milling process.

For the effort of suppressing the vibration in cutting pro-
cess, numerous researches were made in the past decades. For
instance, Altintas and Budak [1, 2] presented an analytical
method based on zero order Fourier transform of cutting force
to predict the milling stability lobes. Zhou et al. [3] proposed
an analytical model considering tool-workpiece engagement
region and different cutter lead angles for chatter stability pre-
diction. According to the stable region in the SLD (stability
lobes diagram), the optimal cutting parameter (spindle speed
and axial depth) needs to be identified and selected to avoid
chatter. However, to predict the stable cutting parameter re-
gions, certain characteristics of the cutting process are neces-
sary. It means some stability strategies based on stable cutting
parameter region, such as the spindle speed variation strategy,
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are cumbersome for general applications [4]. Besides, there
are also many researches devoted to use passive vibration
control methods to reduce the machining vibration. Liu et al.
[5] presented a dynamic absorber applied to a 2-DOF milling
tool and verified the model by numerical simulation.
Sathianarayanan et al. [6] and Mei et al. [7, 8] also discussed
on approaches of adjusting the stiffness of boring bar by using
magnetorheological fluids, which perform well in reducing
machining vibration. Wan et al. [9] proposed a prestressing
method to improve the chatter stability of thin-walled milling
process. Shamoto et al. [10] presented a novel milling trajec-
tory planning to suppress chatter vibration, which is machin-
ing flexible plates by simultaneous double-sided milling.
They prove that the application of additional mass or damping
layer attached on the surface of workpiece or tool is also a
good passive control way to suppress vibration or improve
stability during machining process. Kolluru et al. [11] pro-
posed a new surface damping method (which attached distrib-
uted discrete masses large thin-walled casings as viscoelastic
layer) for reducing the machining vibrations. Wan et al. [12]
presented an additional masses attaching method to optimize
and improve the stable processing condition of thin-walled
milling process. Yuan et al. [13] designed a novel tunable
mass damper for alleviating vibrations inmilling of cylindrical
parts. Wang et al. [14] present a stiffness variation method
using piezoelectric stack actuators applied on milling cutter
to suppress milling chatter. Apart from the passive vibration
control methods, the active vibration control method on cut-
ting process has received increasing attentions from
researchers.

Current researches on active vibration control method in
cutting process mainly include two types. One is applying
active damping to the cutting system [15], and the other is
directly eliminating the cutting vibrations using various actu-
ators. For the former method, the designed active damping is
applied to the cutting process at the natural frequencies of the
control objects, so that the damped modes could be greatly
stabilized [16–18]. For the control method of directly elimi-
nating the cutting vibration, researchers make the actuators
drive the tool or workpiece moving along the opposite direc-
tion of the cutting vibrations. For example, El-Sinawi and
Kashani [19] developed an optimal vibration control system
for turning operations by using active tool holder.
Experimental results confirmed the performance in vibration
elimination and machining quality improvement. Brecher
et al. [20] proposed an active workpiece holder with two high
dynamic axes controlled by piezoelectric actuators onto a
milling machine. This allows for compensation of spindle
vibrations that caused instabilities during the cutting process.
da Silva et al. [21] have numerically exploited a velocity feed-
back control scheme which use piezoelectric patches embed-
ded on tool holders to suppress cutting vibration. Similarly,
Tanaka et al. [22] experimentally investigated the control

method for suppressing vibrations using piezoelectric actua-
tors. Using piezoelectric elements as sensor or actuator to
improve structural behavior, especially suppress vibration of
structure, has been seen in many researches. The pioneering
work on the application of piezoelectric patch was done by
Crawley and de Luis [23]; they developed the first analytical
model for embedded or surface bonded piezoelectric ele-
ments. Besides the selection of actuator and sensor, the control
method design is also important in the whole vibration control
system. Closed-loop control is considered as an effective
choice, and the control algorithm of the closed-loop control-
lers is a key problem and research focus of the control system.
For example, Rofooei et al. [24] presented a method using
linear classical optimal control algorithm with displacement-
velocity feedback to control the dynamic response of a thin
rectangular plate by active piezoelectric actuators. Qiu et al.
[25] investigated the application of piezoelectric actuators
with acceleration sensor–based proportional control for vibra-
tion suppression of a flexible beam.

For thin-walled workpiece milling, the relative space loca-
tion between cutter and workpiece is time varying, which
makes the dynamic characteristics of cutting process time
varying with the motion of the cutter [26, 27]. In the above
research efforts, control effects are acted on either the tool
holder or a selected point of workpiece, and hence, a suitable
control method for the condition of cutting location varying
during the milling process is not available in the literature.

Therefore, the main purpose of this paper is to propose an
effective method to control the cutting vibration in thin-walled
milling process with the application of piezoelectric materials
as actuators, and the control algorithm should consider the
engagement position between cutter and workpiece and the
time-varying dynamic characteristics of thin-walled milling
system. The organization of this article is as follows. In Sect.
2, the model of thin-walled plate milling with vibration control
by piezoelectric actuator is derived. In Sect. 3, a control sys-
tem including design of connection of apparatus and the ac-
celeration feedback–based time-varying PD control algorithm
is presented. In Sect. 4, some simulations of numerical exam-
ples and milling experiments are conducted to validate the
efficiency of the proposed vibration control system. Finally,
the conclusions are drawn in the last section.

2 Model of thin-walled plate milling
with vibration control by piezoelectric
actuator

2.1 Motion equation of plate-actuator milling system

To control the vibration of thin plate milling process, piezo-
electric patch is attached on the thin-plate workpieces, and an
analytical model of thin plate milling process with the
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application of vibration control by piezoelectric actuator is
built. As shown in Fig. 1, during the milling process, the cutter
is moving along its milling trajectory. The thin plate is one
edge clamped with length of L, width of W, and thickness of
hp. u1, u2 and v1, v2 denote the location of piezoelectric patch
on the surface of thin plate along x-axis and y-axis, respective-
ly. The thickness of piezoelectric patch is ha. Due to the high
flexibility of thin plate in one direction (transverse direction),
one degree of freedom model was usually assumed, and w(x,
y, t) denotes the deflection of the mid-plane of the plate at any
point and at any time t.

In this part, a motion equation of the dynamic model is
obtained. The motion equation of thin plate with piezoelectric
patch is derived based on Kirchhoff theory by assuming the
following conditions:

1. The thickness of the plate (hp) is small compared to its
lateral dimensions.

2. The middle plane of the plate does not undergo in-plane
deformation. Thus, the midplane remains as the neutral
plane after deformation or bending.

3. The displacement components of the mid-surface of the
plate are small compared to the thickness of the plate.

4. The influence of transverse shear deformation is
neglected.

5. The transverse normal strain under transverse loading can
be neglected.

Moreover, as the thickness and area of the piezoelectric
patch is very small in comparison to those of the thin plate
workpiece, it can be assumed that the bending stiffness and
inertial effect of the piezoelectric patch are negligible.

When the voltage is applied, the piezoelectric actuators
could produce an induce tension along x-axis and y-axis, so
the only parameter of piezoelectric actuator which be consid-
ered has effect on the plate-actuator system is the strain energy

of the piezoelectric patch due to the tension. When applied
with voltage, the strain energy of the piezoelectric patch due to
the tension can be expressed as follows:

Ua ¼ 1

2
∫u2u1 ∫

v2
v1 h31haD3 ha þ hp

� �h i ∂2w
∂x2

þ ∂2w
∂y2

� �
þ haβ

T
33D

2

3

� �
dxdy

ð1Þ

In the above equation, h31, D3, and βT33 are the piezoelec-
tric constant, electrical displacement, and the dielectric con-
stant measured under a constant electrical field, respectively.

In this analysis, the strain energy is considered to be uni-
formly distributed over the whole piezoelectric patch and the
step function is used to express the strain energy of the actu-
ator over the area of thin plate:

Ua ¼ 1

2
∬
A

h31haD3 ha þ hp
� �h i ∂2w

∂x2
þ ∂2w

∂y2

� �
þ haβT

33D
2

� �
ΔHu xð ÞΔHv yð Þdxdy

ð2Þ

In the above equation:

ΔHu xð Þ ¼ H x−u1ð Þ−H x−u2ð Þ ð3Þ
ΔHv yð Þ ¼ H y−v1ð Þ−H y−v2ð Þ ð4Þ

The inertial effect of the piezoelectric patch is neglected, so
the kinetic energy of the plate-actuator system is assumed to
only contain that of the thin plate (T). The kinetic energy of the
plate is written as follows:

T ¼ ρhp
2

∬
A

∂w
∂t

� �2

dxdy ð5Þ

where ρ denotes the density of the thin plate.
The strain energy of the system is assumed to contain that

of the thin plate (π) and that of the piezoelectric patch due to
tension (Ua).

u2

u1

v1

v2

x

y

z

v

W

L

Fig. 1 Model of the piezo patch-
thin plate system
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The strain energy of plate could be written as follows

π ¼ D
2
∬
A

∂2w
∂x2

þ ∂2w
∂y2

� �2

−2 1−vð Þ ∂2w
∂x2

∂2w
∂y2

−
∂2w
∂x∂y

� �2
" #( )

dxdy ð6Þ

in which D represents the flexural rigidity of the plate:

D ¼ Eh3p
12 1−v2ð Þ ð7Þ

where E and v is Young’s modulus and Poisson’s ratio of the
thin plate, respectively.

There is an external force, which represents the milling
force, f(x,y,t), acting on the plate, as shown in Fig. 2, and the
milling force in the z-direction is expressed as follows:

f ¼ 1

2
apaeKt ∑

N−1

j¼0
g j sin2ϕ j−Kr 1þ cos2ϕ j

� �� 	 ð8Þ

where ap is axial depth of cut, ae is the radial depth of cut,Kt is
cutting force coefficient,Kr is ratio of cutting force coefficient,
gj is the screen function, and ϕj is the instantaneous immersion
angle of the jth tooth.

The work done by the milling force (Wf) is given by the
following:

W f ¼ ∬
A
fwdxdy ð9Þ

The equation of motion can be derived by applying the
generalized Hamilton’s principle:

δ∫t2t1Ldt ¼ δ∫t2t1 πþ Ua−W f −T
� �

dt ¼ 0 ð10Þ

Substituting Eqs. (2), (5), (6), and (9) into Eq. (10), the
motion equation of the thin plate with piezoelectric actuator
and the associated boundary conditions are obtained as fol-
lows:

D
∂4w
∂x4

þ 2
∂4w

∂x2∂y2
þ ∂4w

∂y4

� �

þ ρhpw·· ¼ f x; y; tð Þ− 1

2
h31haD31 ha þ hp

� �
Δδ

0
u xð ÞΔHv yð Þ þΔHu xð ÞΔδ

0
v yð Þ

h i
ð11Þ

where Δδ′u and Δδ′v is the first derivative of Δδu and Δδv
respectively, and

Δδu ¼ δ x−u1ð Þ−δ x−u2ð Þ ð12Þ
Δδv ¼ δ y−v1ð Þ−δ y−v2ð Þ ð13Þ
δ(x) is the Dirac-delta function.

Moreover, based on the research [23] about the relationship
between the characteristic and applied voltage of the piezo-
electric patch, the following equation is obtained:

D3 ¼
EE
p d31V tð Þ
1−vp
� �

ha
ð14Þ

where EE
p and vp are the elastic modulus and Poisson’s ratio of

the piezoelectric patch, and V denotes the voltage applied on
the piezoelectric patch at time t.

Substituting the Eq. (14) into Eq. (11), the motion equation
of the plate-actuator system containing the applied voltage
could be written as follows:

D
∂4w
∂x4

þ 2
∂4w

∂x2∂y2
þ ∂4w

∂y4

� �

þ ρhpw·· ¼ f x; y; tð Þ−qV tð Þ Δδ
0
u xð ÞΔHv yð Þ þΔHu xð ÞΔδ

0
v yð Þ

h i
ð15Þ

where q denotes some characteristic constants of the plate-
actuator system with the following:

q ¼ h31 ha þ hp
� �

EE
pd31

2 1−vp
� � ð16Þ

2.2 Solution to the equation of motion

In this part, the finite element method (FEM) is utilized to
solve the motion equation of the thin plate with piezoelectric
actuator. For this, a four-node Kirchhoff plate element is as-
sumed and three degrees of freedom (lateral deflection rota-
tion along the x-axis and rotation along the y-axis) are
assigned to each node. According to the weighted residual
method, the final weak form of Eq. (15) over an element (xb
− xa, yb − a) is constructed as follows:

0 ¼ ∫xbxa ∫
yb
ya

D
∂2v
∂x2

∂2w
∂x2

þ 2D
∂2v
∂x∂y

∂2w
∂x∂y

þ D
∂2v
∂y2

∂2w
∂y2

þvρhp
∂2w
∂t2

−vf þ vqV Δδ
0
uΔHv þΔHuΔδ

0
v


 �
2
664

3
775dxdy

þD ∮Γ e
−v

∂3w
∂y3

þ ∂v
∂y

∂2w
∂y2

þ 2
∂v
∂x

∂2w
∂x∂y

dxþ ∮Γ e
v
∂3w
∂x3

−
∂v
∂x

∂2w
∂x2

þ 2v
∂3w
∂x∂y2

dy
� �

ð17Þ

Now, assuming that w is interpolated by the following
forms

Fi

Workpiece

i

Feed

Stiffness Damper
x

z

y

Fig. 2 Cutting process
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w x; y; tsð Þ ¼ ∑
m

j¼1
we

j tsð Þψ j x; yð Þ ð18Þ

And substituting v = ψi(x, y) and Eq. (18) into Eq. (17) can
obtain the following:

∫xbxa ∫
yb
ya

D
∂2ψi

∂x2
∂2ψ j

∂x2
þ 2

∂2ψi

∂x∂y
∂2ψ j

∂x∂y
þ ∂2ψi

∂y2
∂2ψ j

∂y2

 !
we

j

þρhpψiψ jw··
e
j−ψi f þ ψiqV Δδ

0
uΔHv þΔHuΔδ

0
v


 � �dxdy ¼ 0

2
664

ð19Þ

The motion equation can be re-arranged in a matrix form as
follows:

Μ u··g þK uf g ¼ F tð Þ þ BV tð Þf ð20Þ
where the uj denotes the nodal values of w and its derivatives,
and the stiffness matrix K, mass matrix M, and milling force
matrix F of the element can be obtained as follows:

Kij ¼ D∫xbxa ∫
yb
ya

∂2ψi

∂x2
∂2ψ j

∂x2
þ 2

∂2ψi

∂x∂y
∂2ψ j

∂x∂y
þ ∂2ψi

∂y2
∂2ψ j

∂y2

 !
dxdy

ð21Þ
Mij ¼ ∫xbxa ∫

yb
ya
ρhpψiψ jdxdy ð22Þ

Fi tð Þ ¼ ∫xbxa ∫
yb
ya
ψi fdxdy ð23Þ

and B is the location and characteristic matrix, which is
obtained as follows:

Bi ¼ ∫xbxa ∫
yb
ya
ψiq Δδ

0
uΔHv þΔHuΔδ

0
v


 �
dxdy ð24Þ

3 Design of the control system

3.1 Acceleration feedback–based control system

A closed loop control system containing acceleration sensors
and piezoelectric actuators is utilized to control the vibration
of the thin plate milling process. The feedback control scheme
is illustrated in Fig. 3. The thin plate with piezo actuator at-
tached will vibrate under the excitation by the milling force
( f ), and the vibration is monitoring by the accelerometer.
Charge amplifier (YE3822a) is used to amplify the accelera-
tion sensor’s signal to the voltage range of − 10 to + 10 V, and
then the signal is converted into digital data by an A/D (analog
to digital) card (Queentest PCIeV1.0). The control function is
implemented by a FPGA signal processing card (Queentest
PCIeV1.0) and an industrial computer. The output control
signal is sent to a D/A (digital to analog) card (Queentest
PCIeV1.0) that is used to coverts the signals into analog

signal. As the piezoelectric actuator requires high voltage ap-
plied to work, a high voltage amplifier (HVA1500/50-1),
which could amplify a low voltage signal in the range − 2.5
to + 7.5 V to a high voltage signal in the range − 500 to 1500
V, is used between the D/A card and the piezoelectric actuator
to drive the actuator.

The A/D card, signal processing card, and D/A card are
integrated into one device (Queentest PCIeV1.0). The inter-
face software of the signal processing card is built using
ControlDesk andMATLAB/Simulink. The sampling frequen-
cy of the whole control system is selected as 10 kHz consid-
ering the different performances of each device. In addition, a
low-pass filter is used in the signal processing card to elimi-
nate the influence of noises on the output acceleration signal.
The control system apparatus is shown in Fig. 4.

The input signal of the control system is generated by ac-
celeration sensor attached at a selected monitoring point on
the surface of the thin plate, and the location of the piezoelec-
tric actuator is not at the monitoring point, that is, the actuator
cannot directly act on the monitoring point, leading to a time
delay of the control system.Moreover, the response and action
capability of the apparatus also cause time delay. This time
delay will degrade the performance of the control system and
will induce instability. In order to overcome the effect of time
delay and guarantee the stability of the control system,
proportional-derivative (PD) control method is used to com-
pensate for the time delay of the acceleration feedback control.

3.2 Time-space varying PD control method

PD control method contains two parts, i.e., proportional con-
trol and derivative control. Proportional control is one of the
simplest control methods. The output of the controller is pro-
portional to the input signal. But when proportional control is
the only control algorithm applied, the system output will
have steady-state error. In derivative control, the output of
the controller is proportional to the derivative of the input
signal (i.e., the rate of variation of the input signal), that is,
adding the “derivative term” into control can predict the trend
of error change. Thus, the controller with proportional plus
derivative can make the control performance of restraining
error equal to 0 or even negative in advance, thus avoiding
the serious overshoot of the controlled quantity. Therefore, for
the controlled object with large inertia or time delay, the pro-
portional plus derivative (PD) controller can improve the dy-
namic characteristics of the system and achieve a better con-
trol performance.

The relationship between output u(t) and input e(t) of the
controller (signal processing card) utilizing PD control meth-
od can be expressed as follows:

u tð Þ ¼ kpe tkð Þ þ kd e tkþ1ð Þ−e tkð Þ½ � ð25Þ
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where kp is the proportional gain, and kd is the derivative gain.
The sampling time is 1 ms, which means tk+1 − tk = 1 ms.

In order to control vibration and reduce noise in milling
process, the control system should be used to control the re-
sponse of the cutting point during milling process.

As we know, dynamic characteristics change according to
the cutting process (cutting position or cutter-workpiece en-
gagement position) for thin plate milling. Therefore, in order
to control the response of the machining point effectively, the
parameter of controller should change with the variation of
cutter position during milling process and, as a result, the
surface finish of workpiece is improved.

Due to the variation of the cutter-workpiece engagement
position, the location of acceleration monitor cannot be
changed during the milling process and a traditional PD con-
trol method with invariant parameter (CPD) could not obtain
the optimum vibration suppression performance all the time
during the milling process, so a time-space varying PD (VPD)
control is utilized, which means the variation of kp and kd
according to the position of milling point is necessary.

To realize the varying PD control, the milling process is
discretized into several points by time of the cutting process
and area of the thin plate surface. Parameters of the control

system are determined with different values when the cutter
moves to different locations.

When the milling cutter moves to different milling points
on the cutting path, the value of kp should be changed. In order
to obtain different values of kp during the milling process, a
simulation model of the plate-actuator milling system is
established according to the Eq. (20).

In the simulation for tuning kp, the geometric and material
parameters of the workpiece and piezoelectric actuator patch
are determined according to experimental conditions, and to
simulate the milling force when the milling tool moves to
different positions on the milling path, a sinusoidal force (20
Hz) which applied on the milling points is used.

As shown in Fig. 5, 31 milling points are selected on the
milling path evenly and tune the corresponding kp when the
simulation sinusoidal force applied on each selected milling
points on the simulation model. Tune values of kp for each
points to make the vibration response of the corresponding
milling points are suppressed to one smaller value, which
means, by tuning kp, the vibration response of milling points
is suppressed to the same level, no matter which selected
milling points the simulate force is applied on. From this,
the values of kp corresponding to each selected milling point
kp1, kp2 … kp31 are obtained.

However, only 31 kp values are not enough for control
system taking a fine vibration control during the wholemilling
process. An kp equation according to the motion of cutter
should be derived. From the simulation, it can be found that
the change of kp is relatively gentle, so in this paper, the equa-
tion of kp is fitted by polynomial fitting according to 31 kp
values obtained. Experiment shows that quintic polynomial
can sufficiently show the changes of kp and no higher order
is required. The equation of change of kp can be written as

kpx ¼ afitx5 þ bfitx4 þ cfitx3 þ dfitx2 þ efitxþ f fit ð26Þ

where x represents the distance between the current cutting
point and starting point on the cutting path.

Moreover, the values of kd are tuned and determined ac-
cording to experimental apparatus during experiments.

Milling force

accelerometer

Piezo actuator

Thin plate

Charge amplifierA/D converter

Signal Processing Card

& computer

D/A converter Voltage amplifier

Fig. 3 Feedback control scheme

Voltage amplifier
Signal processing card

Computer

Charge amplifier

Workpiece

Piezo actuator

Accelerometer

Fig. 4 Control system apparatus
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To implement the VPD control method, a control scheme is
implemented in Simulink and depicted in Fig. 6. To realize the
function that the proportional factor kp and the derivative fac-
tor kd varying according to the cutter position, two global
variables which used to assign to kp and kd are set in the
control program.

To summarize the implementation and validation process
of the proposed control method, the procedure of how to re-
alize the VPD and verify the effectiveness of it is illustrated in
Fig. 7.

4 Results and discussions

4.1 Description of the simulation and experimental
assessment for the validation

4.1.1 Determination of the parameters of the plate-actuator
system

To verify the performance of the control system in thin plate
milling process, some numerical simulation and experiments
are carried out. In order to maximize the control effect of the
piezoelectric patch, so that make the control effect of piezo-
electric actuator absolutely sufficient for the vibration control,
the piezoelectric patch is attached at the position close to the

fixed side in the middle of the workpiece. Moreover, consid-
ering the actual attachment method (using special glue) and
the electric wire connection, the lower side of the piezoelectric
patch is a little distance away from the workpiece’s fixed side.
The same geometric and material parameters of the plate-
actuator system are determined both in the simulation and
experiments.

The geometric properties of plate-actuator system selected
in this section are shown in Table 1. The material of thin plate
workpiece is Al-Mg alloy 5052 having density ρ = 2680 kg/
m3, Young’s modulus E = 700 GPa, and Poisson ratio v =
0.330, respectively.

Moreover, in order to illustrate the simulation and experi-
mental result clearly, 11 evenly distributed points are selected
along the cutter path, as shown in Fig. 8.

4.1.2 Validation of the proposals on the effectiveness
of chatter suppression by stability prediction

As seen in Fig. 9, an impact experiment is set up with a one
side clamped thin-walled workpiece (Al-Mg alloy 5052,
120 mm × 120 mm × 4 mm), an impact hammer (PCB
MIH03 with sensitivity of 10 mV/lbf), and a accelerometer
(DYTRAN 3032A with sensitivity 10.00 mV/g). The force
and acceleration signals are recorded with a data acquisition
system supported by the B&K corporation. Meanwhile, the

ADC

ADoutData_P16_AD0
Send_GUIdata1

double
Scope

Butterworth

filter

Derivative

K

D

Kp

Kd

+

+
saturation

-1 DAC

WM_DAC16_1

1000
Scope

Send_GUIdata2

mV

m/s2Fig. 6 Control system
implemented in Simulink

Milling point 1

Cutting region with selected points

Milling point 31

One edge clamped

Milling cutter

kp31kp1
Corresponding

x

kp

0

31 corresponding kp

values (dot)
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accelerometer signal is also acquired by the signal processing
card (Queentest PCIeV1.0) to implement the proposed control
system. Moreover, the piezoelectric actuator is attached on the
workpiece, and the location of piezoelectric patch on the
workpiece is same as that shown in Table 1.

Both the modal parameters and the loss factor of the system
can be obtained from the hammer impact experiment.

Assuming that the system resonates at j-order modal, if the
modal density is not high in this resonant region, other
modals’ effects can be neglected and the FRF of exciting on
point n and response on point r of the workpiece can be sim-
plified as

Hrn ωð Þ ¼ Arnj

αω j−ω
þ −Arnj

−αω j−ω
ð27Þ

where A is the residue, and

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jg j

q
ð28Þ

In which gj is the loss factor, for the system with small loss
factor, there is a relationship between loss factor gj and
damping ratio ζ, which can be written as follows.

g j ¼ 2ζ ð29Þ

The damping ratio of the plate-actuator system can be ex-
tracted with the half-power bandwidth method.

To make the calculation simple, the modal shape of the
system at milling position point is assumed to be one.
Moreover, the exciting point and the response point are
considered as the same position points. Then, the modal
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Table 1 Geometric properties of plate-actuator system selected

Thin plate
length L (mm) width W (mm) thickness tp (mm)

120 120 4

Piezoelectric 

actuator

position(mm) thickness ta (mm)

u1 u2 v1 v2

0.4
50 70 20 58

Acceleration sensor
position(mm)

xacc=60         yacc=100
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mass mnj at the point can be obtained as

mnj ¼ 1

2Annjα


 

 ð30Þ

Correspondingly, the modal stiffness knj and modal
damping cnj at the point are derived as

knj ¼ mnjω
2
j ð31Þ

and

cnj ¼ 2mnjζω j ð32Þ

The impact experiment is implemented with two cases:
case I, the control system is off, and case II, the control system
working with proposed varying PD methods.

4.1.3 Validation of the proposals on the effectiveness
of milling vibration suppression

To validate the effectiveness of the proposals in milling pro-
cess, dynamic response simulation of the controlled plate-
actuator system and milling experiments is carried out.

In order to compare the effectiveness of different control
methods, a response simulation of the plate-actuator system is
carried out. There are three control conditions applied in the
simulation, which are no controlled, constant PD control
(CPD), and proposed PD control (VPD) with kp changing
according to the kp equation obtained by the method mention
in Sect. 3.2.

Milling experiment is also carried out to verify the viability
and effectiveness of suppressing the milling vibration of the
proposals. The milling vibration control experiment is carried
out on a vertical CNC machining center (DAEWOO ACE-
V500) with the maximum spindle rotation of 30,000 rpm. A
cemented carbide cylindrical end mill with four cutting edges,
12 mm diameter, 45° helix angle, the length of tooth 30 mm,
and overhang 45 mm is used. To measure the vibration of the
plate, a laser sensor (Keyence LKM-G30) with a resolution of
10 nm, minimum sample period of 20 is used to measure the
displacement. The milling experimental setup is shown in Fig.
10. The thin plate and piezoelectric actuator in the cutting tests
take the same size and parameter as those determined above.
Milling mode is side milling with Feed-rate of 600 mm/min.
To validate the performance of proposed control system, three
conditions are selected, where the control system is off, con-
stant PD control is used, and the proposed vary PD control is
used, respectively.

On unprocessed surface of the plate surface, 11 evenly
distributed position points referred in Sect. 4.1 are signed from
left to right.

The cutting parameters of the stable milling experiments
have been set to depth of cut 0.2 mm, spindle speed 7000 rpm,
and feed rate 720 mm/min. The cutter will take 10 s to move
from point 0 to point 10 in milling process.

4.2 Validation of proposed method

4.2.1 Determination of the parameters of the plate-actuator
system

Figure 11 shows the static deflection of the plate-actuator sys-
tem at the top side of the thin-walled plate in the condition of
500 V, 900 V, and 1200Vapplied on the actuator, respectively.
From Fig. 11, it can be found that the deformation of the plate
caused by the piezoelectric actuator is sufficient for suppress-
ing the cutting vibration in milling process. Furthermore, the
deformation increase with the increase of voltage applied on
the piezoelectric actuator and different deformation of the
plate at different points. Therefore, in order to control the

Accelerometer

Impact harmer

Workpiece

Piezo actuator

Fig. 9 Impact experiment

Point 0
Cutting path

Point 10

Cutter moving

1 2 3 4 5 6 7 8 9

120mm

One edge clamped

Fig. 8 Position point distribution
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response of the machining point effectively, the parameter of
the PD control should change with the variation of cutter po-
sition during milling process, which means the time-space
varying PD control.

The simulation of tuning the kp mentioned in Sect. 3.2 is
carried out; in the simulation, the model of the milling vibra-
tion control system has geometric properties all same as those
mentioned in Table 1, and the cutter path (cutting area during
milling process) is simplified as a straight line on processing
surface which is parallel to and 3 mm from the top edge of the
thin-walled workpiece. By the simulation, 31 corresponding
values of kp are obtained, and then the equation of change of kp
(Eq. 20) in the milling process is fitted using the 31 values of
kp. Here, values of each parameter for the kp equation are as
follows: afit = − 5.122e−9, bfit = − 6.604e+4, cfit = 1.585e+4,
dfit = − 818.4, efit = − 15.91, and ffit = 3.938.

As mentioned above, 11 distributed points along the cutter
path are selected, and according to the fitted kp equation, kp of
different milling points are obtained; it can be noted that the
cutting points that farther from the piezoelectric actuator have
a higher kp. Moreover, considering the characteristic of plate
and apparatus of control system, kd of different milling points
are estimated. The kp and kd of different milling points are
shown in Table 2. It should be noted that, in the numerical
simulation, the milling process is not perfect continuous but
divided into as many steps as possible, and in this analysis, as
many values as possible of kp and kd related to milling process
are also determined.

4.2.2 Validation of the proposals on the effectiveness
of chatter suppression by stability prediction

As mentioned above, impact experiments were carried out to
get the modal parameters of the workpiece-actuator system.
The position point 1 and point 5 referred in Sect. 4.1 is select-
ed as the experimental and extracting points. Figure 12 shows
the FRFs of the workpiece obtained from the impact
experiments.

Based on the impact experiment, the modal parameters of
the workpiece-actuator system at the second order under two
control cases are extracted and shown in Table 3.

From Table 3, it can be easily found that modal parameters
at middle of the cutter path is larger than that at the starting or
ending position of the cutter path, and the proposed control
method has a significant impact on raising the modal param-
eters at both points.

According to the modal parameters extracted and shown in
Table 3, the stability lobe diagram of the cutting point 1 and
point 5 is obtained and illustrated in Fig. 13. The figure shows
that the proposed VPD method managed to increase the sta-
bility area of milling process at both the stating/ending and the
middle of the milling process.
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4.2.3 Validation of the proposals on the effectiveness
of milling vibration suppression

Figure 14 shows the simulation results of the vibration of
milling point (processing point) in the condition of no
controlled, constant PD control (CPD), and proposed PD
control (VPD), respectively. It can be seen that, with CPD
on, the vibration of milling point has been suppressed, but
not evenly suppressed, and when the cutting position
moves to the point close to the actuator, the suppression
effect is better, but when the cutter moves to the area far
from the actuator, the suppression effect is poor. This is

because both accelerometer and piezoelectric actuator are
attached at the fixed position, which are unchangeable
during the whole milling process. When the milling cutter
moves to the area far from the accelerometer and actuator,
the vibration measured by accelerometer is smaller than
the that occurring on the cutting area, and the workpiece
deflection applied by the actuator at starting and ending

cutting area is also smaller than expected. On the other
hand, when the VPD control is utilized, the dynamic vi-
bration response of the cutting system is effectively and
evenly suppressed. This is because that the VPD control
method considers the changing of milling cutting position
during the whole milling process.

Figures 15, 16, and 17 show displacement signals
when the laser sensor measuring at the position points 1,
5, and 9 during milling process with different control
conditions, respectively. It is easy to find from Figs. 15,
16, and 17 that large vibration occurred during milling
process with selected cutting parameter without any vibra-

tion control method; when cutter moves to the position
near point 3 and point 9, serious vibration occurred; and
when the cutter move into the area from point 9 to point
10, even chatter is found in Figs. 15 and 17. Moreover,
when the cutter moves to some specific area, such as the
area near point 4 and point 8, shown in Fig. 16, serious
vibration even chatter could occur. The selected
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Fig. 12 FRFs of the workpiece-
actuator system. a FRFs of point
1. b FRFs of point 2

Table 2 Parameters of PD at different points

Position point 0 1 2 3 4 5 6 7 8 9 10

kp 3.94 3.66 3.28 2.93 2.69 2.60 2.69 2.93 3.28 3.66 3.94

kd 0.7 0.7 0.6 0.5 0.5 0.5 0.5 0.5 0.6 0.7 0.7

Table 3 Modal parameters of the workpiece-actuator system at the second order

Position point
number

Without control Proposed varying PD control

Modal mass
(kg)

Modal stiffness (× 106

N/m)
Modal damping (N
s/m)

Modal mass
(kg)

Modal stiffness (× 106

N/m)
Modal damping (N
s/m)

1 0.0035 0.6486 2.9363 0.0072 1.5696 7.0163

5 0.0114 2.1126 9.5640 0.0167 3.6407 16.2744
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workpiece has a very poor stiffness; from the experiment
result, it can be seen that surface integrity of processed
workpieces is particular poor.

When the CPD method is used into the milling process,
as shown in Figs. 15, 16, and 17, the cutting vibration is
suppressed greatly, especially when the cutter moving
from point 3 to point 9; however, the CPD method shows
a poor performance when the cutter is cutting at the stat-
ing or ending position of the cutter path. Large vibration
stilled occurred when the cutter moves from point 0 to
point 1 and point 9 to point 10.

Compared with no control and CPD control conditions,
the VPD control perform excellent in suppressing the
milling vibration significantly and evenly during the
whole milling process. As shown in Figs. 15, 16, and
17, no matter which position the cutter is cutting at, the
control system restrains the milling vibration successfully,
and all three displacement response signal measuring at
point 1, point 5, and point 9 shows little vibration
amplitude.

Moreover, to illustrate the comparison of three con-
trol conditions more clearly, histograms showing the
amplitude of the vibration measured by displacement
sensor at point 1 and point 5, respectively, are depicted
in Fig. 18.

From the histograms, it can be found that no matter
where the displacement sensor measures on, the results
are relatively same and both the method CPD and VPD
can suppress vibration in the milling process. Comparing
the vibration suppression effect of the two methods, the
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minimum suppressed amplitude of the two methods are
approximately the same, that is, the optimal suppression
effect of the two methods are not much different in the
whole cutting process. Generally, the optimal vibration
suppression effect of CPD and VPD occurs when the
tool moves to the middle of cutting path on the work-
piece. This is because, firstly, the cutting is more stable
when the tool moves to the middle part of the workpiece,
and secondly, the middle part is the nearest to the piezo-
electric actuator; when the cutting moves to here along
the cutting path, the vibration suppression effect exerted
by CPD is the most obvious. However, the average and
maximum suppressed amplitudes obtained by CPD are
obviously larger than those obtained by VPD, especially
the maximum amplitude. In the processing area far from
the attached piezoelectric patch, the suppression effect of
CPD is very poor, and the maximum suppressed ampli-
tudes obtained by CPD usually occur in this area. It can
be seen from the diagrams that the maximum and mini-
mum suppressed amplitudes obtained by CPD are quite
different, which will lead to the machined workpiece
having an uneven surface quality. Moreover, the large

amplitude vibration will cause poor surface integrity
and even induce severe chatter. Comparing the average
suppressed amplitude obtained by CPD and VPD, it can
be found that the average suppressed amplitude of CPD
is obviously larger than that of VPD while the minimum
suppressed amplitudes of the two control methods are
almost the same, which means effect of vibration sup-
pression of VPD is much better than that of CPD.

5 Conclusions

In thin-walled workpiece milling process, the cutting posi-
tion is time varying. Normal closed-loop control system,
which applies constant control parameter, cannot effective-
ly suppress machining vibration and improve surface finish
in this condition. This is caused by two key factors. One is
the dynamic characteristics of the cutting system changing
according to the cutting process. The other is cutter-
workpiece engagement position is changing while the lo-
cation of sensor and piezoelectric actuator are fixed.
Therefore, in order to control the response of the machin-
ing point effectively, the parameter of controller should
change with the variation of cutter position during milling
process. In this paper, an active milling vibration control
system based on the acceleration feedback control and
using piezoelectric patch as actuator is designed to sup-
press vibration of the thin-wall workpiece milling. A
time-space varying PD (VPD) control method is presented
and utilized as the control algorithm of the controller. This
proposed VPD control method can solve the problem of
the time variant of dynamic characteristics and the position
limit of sensor and actuator during milling process.
Compared with the traditional constant PD control method
(CPD), the proposed VPD method performs better in the
vibration suppression for thin-walled workpiece milling
process and contributes to surface finish of workpiece.
By using simulation and experimental verification, the ac-
curacy and efficiency of the control system are validated.
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