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Effect of the feed rate on three-dimensional topography of Ti-6Al-4V
based on dynamic mechanical model analysis in cutting process
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Abstract
The dynamic model of single-degree-of-freedom in cutting vibration system and the tool-tip motion trajectory equation were
established by cutting experiment for the titanium alloy (Ti-6Al-4V). The coupling relationships among cutting vibration, cutting
force, the unevenness of three-dimensional shape, and feed rate were quantitatively analyzed. The contact area between the tool
and the workpiece increases with the increase of the feed rate, which leads to increasing the friction force and the steady-state
component of the cutting force. The vibration acceleration increases with the increase of the steady-state component of the cutting
force to cause bigger tip displacement, which results in that the surface roughness increases with an increase of the feed rate
according to the dynamic model. It can be known from the tool-tip motion trajectory equation that the bigger the feed rate, the
bigger the unevenness of three-dimensional shape.
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1 Introduction

Titanium alloys are extensively applied in the aerospace in-
dustry with good excellent strength-to-density ratio [1].
However, titanium alloys are difficult to be machined with
low thermal conductivity and lowmodulus of elasticity, which
results in high temperatures between the tool and chip to cause
rapid tool wear, and increases the static and dynamic deflec-
tion with a comparable level of cutting forces. During the
cutting process for titanium alloys, excessive vibrations may
occur between cutting tool and workpiece to cause worse sur-
face, reduce tool life and processing efficiency, and may dam-
age cutting tool and create noise in the work environment [2,
3]. Therefore, it is of great significance to study the influence
of cutting parameters on cutting vibration and analyze the
causes of cutting vibration for improving the surface quality
of titanium alloys.

The tool vibration is mainly divided into forced vibration
resulting from non-cutting factors and self-excited vibration

only caused by the cutting process. The study of tool vibration
in this paper is only cutting vibration. The cutting force may
be produced when tool nose is used to cut the workpiece,
which makes cutter bar produce elastic deformation that may
restore when the chip is broken. The radial cutting force varies
from big to small with the generation and fracture of chips to
form a sine wave cutting force with a regular change of size
and direction. If the cutting force is large enough, the reso-
nance—i.e., the cutting vibration will produce when the
change frequency of the cutting force is equal with natural
frequency of process system [4]. Therefore, the methods of
eliminating the cutting vibration of tool would include three
aspects: (1) The cutting force should be minimized; (2) the
static rigidity of tool system should be strengthened as far as
possible; (3) disturbing frequency of the exciting force—i.e.,
cutting force to prevent resonance and eliminate cutting
vibration.

At present, the high-speed cutting has been the developing
direction of machining technology. In high-speed cutting, in-
stantaneous high-speed impacts between the cutting tool and
the workpiece limit the shear to a tiny area to produce serrated
chip that can affect chip control [5], aggravate the vibration of
tool system, make relative location change between work-
piece and cutting tool, and affect machining quality [6–8].

In the overview of the research development of the cutting
surface quality, researchers have studied the factors affecting
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the surface quality in the cutting process from various angles
and have obtained a lot of research achievements. The study
of the cutting surface quality has mainly concentrated on the
selection of cutting tool and cutting parameters, and so on [9].
For cutting parameters, the height of built-up edge increases
with the increase of the feed rate, which results in increasing
the height of theoretical residual area and makes the machined
surface rougher [10]. However, the cutting force and cutting
vibration influenced by feed speed and cutting depth will lead
to producing the displacement between cutting tool and work-
piece, which results in poor surface quality [11]. Therefore, it
is difficult to only consider the cutting tool and the optimiza-
tion of cutting parameters for meeting the technological re-
quirements of high precision and processing stability. In the
process of improving the cutting surface quality, it is very
necessary to control the cutting force and cutting vibration
and consider the cutting dynamic model [12–15]. Meritt [16]
predicted cutting vibration stability with cutting depth and
chip shape. Mahnama et al. [17] studied the influence of the
cutting speed, tool geometry, and the change of shear angle on
the cutting vibration and surface quality. A frequency-domain
method was used to determine the stable regions between the
system displacements and cutting forces [18]. The stable cut-
ting parameters region was predicted by semi-discretization
method [19]. Lida Zhu [20, 21] studied the impact of cutting
parameters on the surface roughness with orthogonal experi-
ments by establishing two degrees of freedom of the damping
system of workpiece. Taylor [22] extensively studied on metal
machining and proposed the cutting force model with 3/4
power law. Arnold [23] found that the cutting forces are a
function of the cutting speed. Tlusty et al. [24] studied the
stability of tool system in the cutting vibration, which the
amplitude of dynamic cutting forces rapidly increases to make
the cutting process unstable if the cut depth exceeds the

stability limit. Paris [25] found that the dynamic characteris-
tics of the cutting vibration system would affect the quality of
the machined surface by using the software to predict the
surface topography from the perspective of simulation.

The main factors affecting the cutting force include tool
parameters, cutting parameters, tool clamping way, and work-
piece material. The reasons affecting the tool vibration are
complex are the result of coupling action of various factors.
The study must be started with a single factor first in order to
figure out the nature of the coupled vibration.

Due to the difficulty for online monitoring of the cutting
surface quality, there is no mature theory to study systemati-
cally the relationship among cutting force, cutting vibration,
and cutting parameters. Therefore, on the basis of previous
studies, the influence law of the feed rate on the cutting vibra-
tion and cutting surface quality is studied by establishing the
dynamic model of workpiece-tool vibration system for Ti-
6Al-4V in this paper.

2 Experimental

The single factor dry cutting experiment, only changing the
feed rate, was conducted on CA6140 lathe. The Sandvik
PVD-coated blades and the annealed Ti-6Al-4V were used.
The tool rear angle is α0 = 7°, cutting edge angle is kr = 900,
rake angle is γ0 = 7° = 0, cutting edge inclination is λs = 0°,
corner radius is rε = 0.8 mm. The compositions are shown in
Table 1. The total workpiece length is 300 mm and the diam-
eter is 90 mm. The specimen was divided into several seg-
ments with the corresponding cutting parameters (see Table 2
numbered list) along the length of the workpiece. The
DYTRANwith a three-direction acceleration sensor was used
for the vibration test. The sampling frequency is 10,240 Hz.
The cutting force was measured by a piezoelectric three-
dimensional dynamometer (YDCB-III05). The arc surface of
workpiece was cut byWEDM tomeasure a three-dimensional
shape with a laser scanning confocal microscopy (LSM700).
The sensor was directly installed to the cutting tool. The ex-
perimental setup is shown in Fig. 1. The experiment scheme,

Table 1 The chemical composition of Ti-6Al-4V (wt%)

Materials C Fe N O H V Al Ti

Ti-6Al-4V 0.08 0.3 0.05 0.2 0.01 3.5–4.5 5.5–6.8 Balance

Table 2 The cutting parameters, root-mean-square of vibration acceleration, and cutting force

Numbered list Cutting speed (V) Feed rate ( f ) Cutting depth (ap) Vibration acceleration Cutting force
(m/min) (mm/r) (mm) (g) (N)

1 97 0.10 0.2 0.2413 80.511

2 97 0.15 0.2 0.3299 91.711

3 97 0.20 0.2 0.3945 98.172

4 97 0.24 0.2 0.4468 112.095

5 97 0.30 0.2 0.5737 125.813
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the value of the root-mean-square of vibration acceleration,
and cutting force component are shown in Table 2. The char-
acteristic parameters of the three-dimensional topography, sta-
ble cutting force, and the amplitude of vibration acceleration
are respectively shown in Tables 3 and 4. The metallographic
specimens were made to observe chip microstructure by met-
allurgical microscope.

3 Results and discussion

3.1 The characteristics of surface three-dimensional
morphology affected by the feed rate

Figure 2 shows the three-dimensional topography of the sur-
face contour for Ti-6Al-4V in different feed rates. The x-di-
rection coordinate represents the distance between adjacent
crest and trough, the y-direction represents the width of the
sample, and the z-direction coordinate represents surface wav-
iness. The characteristic parameters representing the three-
dimensional topography of surface contour (i.e., Fig. 2a, b,
c, and d) increase with the increase of the feed rate, as shown
in Table 3.

3.2 The characteristics of cutting vibration and cutting
force affected by the feed rate

Figure 3 shows the time domain of tool vibration acceleration
obtained by the single factor experiments of only changing the
feed rate for Ti-6Al-4V. Figure 4 shows the change of root-

mean-square of vibration acceleration with the feed rate. It can
be seen from Figs. 3 and 4 that the vibration acceleration
increases with the increase in the feed rate.

Figure 5 shows that the cutting forces change with time
under different feed rates for Ti-6Al-4V. Figure 6 shows that
the root-mean-square of the cutting force change with the feed
rate. The cutting forces increase with the increase of feed rates.

3.3 The shape of the serrated chip

Figure 7 a, b, c, and d shows the chip shapes produced by
different feed rates with the constant cutting speed and cutting
depth for Ti-6Al-4V. The serrated chips spaced evenly by
adiabatic shear band (ASB), just like the white arrows are
pointing in Fig. 7d, were produced under different feed rates.
The degree of serration increased with an increase in the feed
rate. The difference of the chip shape presents different chip
deformation degrees during machining, which adiabatic shear
failure plays a leading role for a Ti-6Al-4V chip.

3.4 The influence of the feed rate on the dynamic
system in the cutting process

The physical model of the cutting vibration can be described
below: the tool system is considered as a combination of
massless spring k and inelastic mass block m with an inherent
frequency. The m oscillates with the sine wave around their
equilibrium positions under the repeated action of the cutting
force. The cutting vibration occurs when the frequency of the
cutting force is equal to or near to the natural frequency of the

Experimental setup 

Fig. 1 The experimental setup for
testing

Table 3 The characteristic parameters of three-dimensional topography of Ti-6Al-4V surface profile

Feed rate Arithmetic
mean deviation

Root-mean-square
deviation

Maximum profile
peak height

Maximum profile
valley depth

Total height
of profile

Interfacial
spread area ratio

f (mm/r) Pa (μm) Pq (μm) Pp (μm) Pv (μm) Pt (μm) Sdr (%)

f = 0.1 1.699 2.107 4.063 4.000 9.064 0.446

f = 0.15 1.763 2.252 4.101 5.581 9.956 0.601

f = 0.2 1.784 2.274 4.374 6.196 10.297 0.669

f = 0.3 4.386 5.217 11.291 9.232 20.523 1.506
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tool system, which is attenuation process under the action of
gravity and air resistance. Therefore, the model of single-
degree-of-freedom of the cutting system is shown in Fig. 8a.
Figure 8b is the partial enlargement of the machined surface.
Figure 8c is the principle models in cutting.

The tool vibration equation of the single-degree-of-
freedom is as follows:

m x
::
tð Þ þ c x

:
tð Þ þ kx tð Þ ¼ −F tð Þ ð1Þ

where m is the tool system mass, m = 1.036 kg, c is damping,
c = 345 N/(m/s), k is the rigidity of tool compressed by work-
piece, and k = 281,333,529 N/m [26].

The cutting force F(t)in a time domain signal is composed
of two parts: one is the steady-state cutting force component
close to the measured mean value of cutting force; the other is
the dynamic cutting force component of the sinusoidal func-
tion fluctuating around the steady-state cutting force [27].
That is,

F tð Þ ¼ F f þ Fsin ωtþ ϕð Þ ð2Þ

where Ff is the steady-state cutting force component, F
sin(ωt + ϕ)is the dynamic cutting force component.

The empirical formula for the cutting force affected by the
feed rate is as follows:

F f ¼ C f ⋅apx Fc ⋅ f y Fc ð3Þ

where Cfis the coefficient of cutting force affected by material
hardness, yFc is the index of the feed rate f, xFcis the index of
cutting depth ap. Therefore,

F tð Þ ¼ C f ⋅apx Fc ⋅ f y Fc þ Fsin ωtþ ϕð Þ ð4Þ

Table 4 The stable cutting force component Ff, vibration acceleration
amplitude A

f (mm/r) 0.10 0.15 0.20 0.24 0.30

Ff(N) 78.217 86.568 90.829 109.739 119.326

A(g) 0.1182 0.1222 0.2008 0.2174 0.3222

(a) f=0.1mm/r                                     (b) f=0.15mm/r 

(b) f=0.2mm/r                                 (d) f=0.3mm/r 

Fig. 2 Three-dimensional topography of Ti-6Al-4V surface profile in different feed rates: a f = 0.1 mm/r; b f = 0.15 mm/r; c f = 0.2 mm/r; d f = 0.3 mm/r

Fig. 3 The time domain of tool
vibration acceleration with
changing feed rate
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The dynamic cutting force component changes very little
relative to the steady-state cutting force component,
therefore,F,ω, andϕ are approximately set as constant.

By fitting cutting force data (including Ff value in Table 4)
collected by the experiment with Eq. (2) and Eq. (4), these
parameters can be obtained as follows:

Cf =961, xFc=1, yFc=0.413, F=5.695, ω=15,319.98, ϕ=
− 1.055. Therefore,

F tð Þ ¼ 192:2⋅ f 0:413 þ 5:695sin 15319:98t−1:055ð Þ ð5Þ

Origin software is used to draw the function image of Eq.
(5), as shown in Fig. 9. The time function of cutting force
increases with the increase in the feed rate shown in Fig. 9.

Substitute Eq. (5) into Eq. (1) to get the following:

m x
::
tð Þ þ c x

:
tð Þ þ kx tð Þ ¼ − F f þ Fsin ωtþ ϕð Þ� �

¼ − 192:2⋅ f 0:413 þ 5:695sin 15319:98t−1:055ð Þ� � ð6Þ

The vibration acceleration response with the time under
different feed rates can be obtained by taking the second de-
rivative with respect to x(t) in Eq. (6), which gradually

attenuated to zero due to damping, as shown in Fig. 10. The
vibration acceleration increases with the increase of the feed
rate (Fig. 10). It can be seen from Eq. (6) that the steady-state
component of cutting force F( f ) increases with the increase of
the feed rate to result in increasing cutting vibration
accelerationx:: tð Þ.

In the cutting process, the workpiece surface is cut by arc
cutting edge of tool tip to form the surface topography with
different microscopic unevenness. Rmax is the maximum
height of the residual area, as shown in Fig. 8b. According
to the geometric relationship in Fig.8b, the express of Rmax is
as follows:

Rmax ¼ r−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2−

f
2

� �2
s

ð7Þ

where r is corner radius of the tool tip. The Rmax increases with
the increase in the feed rate.

Ideally, the center point of the corner radius of the tool tip is
(x0, z0), z0 = 0, a point on the machined surface is (x, z),

z tð Þ ¼ r−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2− x−x0ð Þ2

q
, as shown in Fig. 8b. But the radial

Fig. 4 The tool vibration characteristics with changing the feed rate

Fig. 5 The time domain of
cutting force with changing the
feed rate

Fig. 6 The cutting force with changing the feed rate
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displacement of the tool tip will be produced by cutting vibra-
tion in actual cutting process. The radial displacement under
different feed rates is set as Zr(t). In this case, z0 = Zr(t),

z tð Þ ¼ r−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2− x−x0ð Þ2

q
þ Zr tð Þ.

Therefore, the movement track equation of tool tip is as
follows:

x tð Þ ¼ V f ⋅t ¼ f ⋅n
60

⋅t

z tð Þ ¼ r−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2− x−x0ð Þ2

q
þ Zr tð Þ

8><
>: ð8Þ

where Vf is the feed speed, n is the spindle speed, x(t) is the
displacement of the tool tip in the feed direction, and z(t) is
the radial displacement. In order to calculate Zr(t), the sine
functiong(t) = A sin(ωt + ϕ) is used to fit the vibration ac-
celeration data along the radial direction tested by cutting
test. The fitting expression of vibration acceleration is as
follows:

g tð Þ ¼ Asin 15707t þ 314:16ð Þ ð9Þ
where A is the amplitude of vibration acceleration. The A
value is shown in Table 4.

Fig. 7 The chip shape of Ti-6Al-
4V (v = 97 m/min, ap = 0.2 mm).
a f = 0.15 mm/r; b f = 0.2 mm/r; c
f = 0.24 mm/r; d f = 0.3 mm/r
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Fig. 8 The analytical model of
the cutting process: a themodel of
single-degree-of-freedom of the
cutting system, b the partial
enlargement of the machined
surface, c the principle models in
cutting
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In integral interval [0-t], the double repeated integral of
g(t) = A sin(ωt + ϕ) can be obtained as follows:

Zr tð Þ ¼ A
t
ω
cosϕ−

1

ω2
sin ωtþ ϕð Þ þ 1

ω2
sinϕ

� �
ð10Þ

ω and ϕ are set up to be constant value because they are little
changed with the change of the feed rate. The value of A
increases with the increase of the feed rate, as shown in
Table 4.

Substituting Eq. (10) into Eq. (8), the equation of the move-
ment track of tool tip influenced by vibration acceleration
amplitude A and the feed rate f is obtained as follows:

x tð Þ ¼ f ⋅n
60

⋅t

z tð Þ ¼ r−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2− x−x0ð Þ2

q
þ A

t
ω
cosϕ−

1

ω2
sin ωtþ ϕð Þ þ 1

ω2
sinϕ

� �
; t≥0

8><
>:

ð11Þ

It can be known from Eqs. (6), (7), and (11) that all of the
vibration accelerationx:: tð Þ, cutting force F( f ), the maximum

height of residual area Rmax, and the displacement of tool tip
Z(t) increase with the increase of the feed rate. The cutting
vibration caused by cutting force in the cutting process will
result in the increase of Z(t), which causes the deviation of the
feed rate and makes the machined surface rougher. Therefore,
the various characteristic parameters (Table 3) representing
fluctuation of the three-dimensional shape of the machining
surface (Fig.2) in Z-direction increase with the increase of the
feed rate, i.e., the surface roughness increases. In the mean-
time, the contact area between the tool and the workpiece
increases with the increase of the feed rate f, which produces
tool deformation reacting on the workpiece to result in the
unevenness of machining surface.

In addition, the tool has a feed movement along the axis
direction while the workpiece rotates in the cutting process,
the grooves similar to spiral cut by cutting edge are inevitably
produced on the machining surface, and the feed rate is equiv-
alent to screw pitch. Therefore, the distance between adjacent
crests and troughs of the uneven surface topography along the
feed direction is approximately equal to the feed rate under

Fig. 9 The function image of F(t) Fig. 10 The transient response of vibration acceleration
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ideal state without considering vibration. The bigger the feed
rate, the bigger the unevenness of the three-dimensional
shape. The interaction between the tool and the workpiece will
produce chatter mark on the workpiece surface, which also
has a great impact on the surface quality [28].

The serrated chip can occur easily in cutting process
for Ti-6Al-4V. Proceeding from a mechanism of produc-
ing the serrated chip, the plastic work resulting from the
plastic deformation with a strain hardening effect in the
primary deformation zone can be converted into heat to
cause temperature rise and thermal softening effect. The
strain hardening effect and thermal softening effect pro-
ceed simultaneously. When the thermal softening effect
exceeded the strain hardening effect, the energy barrier
accumulated by the plastic work in the local area of the
primary deformation zone would be overcome [29],
which produced a local thermoplastic shear instability,
to produce ASB. After forming ASB, the energy was
released in an instant, but the plastic work continued to
accumulate and then the next ASB would occur by re-
peating the above process—i.e., the strain hardening ef-
fect and thermal softening effect appeared alternately, to
form the serrated chip spaced evenly by ASB, which
acted on the rake face of the tool (Fig. 8c) to inevitably
resulted in the cutting force vibrate high-frequently. The
higher the feed rate, the more prone to producing the
serrated chip, the bigger the degree of serration (Fig. 7),
and the more seriously the vibrate high-frequently.
Therefore, the serrated chip relates to the tool vibration
acceleration, which deteriorates surface quality.

4 Conclusions

(1) The contact area between the tool and the workpiece
increases with the increase of the feed rate, which leads
to the increase of the friction force and the increase of the
steady-state component of the cutting force.

(2) The vibration acceleration increases with the increase of
the steady-state component of the cutting force, which
results in increasing characteristic parameters of the
three-dimensional topography according to the dynamic
model of single-degree-of-freedom in the cutting vibra-
tion system.

(3) The tool-tip motion trajectory equation was established,
which shows that the change of the tool-tip position
caused by the cutting vibration and the feed rate makes
the machined surface rougher.
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