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Abstract
In the acceptance process of newly developed five-axis machine tools (FAMTs), it is urgent for machine tool builders to
understand the main causes of machining defects on S-shaped test piece. This paper proposes a novel causation analysis method
based on error spatial morphology of S-shaped test piece to decouple the key geometric error parameters causing contour errors of
test piece. Firstly, based on multi-body system (MBS) theory, tool axis surface error model of a FAMT is set up. In order to
eliminate the effect of theoretical error on contour error of S-shaped test piece, the optimized tool path is planned based on the
three-point tangential method. Then, the NC instruction is calculated, and error spatial model is established to characterize
contour error of the test piece by considering tool setting position. As a basis, error spatial morphologies of test piece are drawn
and the relationships between geometric error parameters and error spatial morphologies are analyzed. In order to decouple the
key geometric error parameters affecting contour error of test piece, the causation analysis method of local error and global error
are presented. After repairing the local and global key error parameters of the test piece obtained from these two analysis methods
respectively, the local machining errors are reduced by more than 80%, and the global machining error is not beyond the
tolerance. Finally, the cutting experiments of S-shaped test piece on the FAMTXKAS2525 × 60 are implemented. Error detection
results of the cutting test piece are basically the same as that shown in error spatial morphologies of test piece, which verifies the
correctness of error spatial model for the test piece. After compensating the global key error parameters obtained from the
causation analysis method of global error in CNC system, the detection results of re-cutting test piece under the same conditions
indicate the test piece has very few points that are not within the tolerance range, and detection results after compensation and
global repaired results are almost similar, which verifies the feasibility and correctness of the proposed analysis method.
Therefore, it is obvious that the presented method bridges between geometric characteristics of S-shaped test piece, geometric
errors of machine tool, and machining defects of test piece and provides a comprehensive error analysis method in the acceptance
and performance testing of FAMTs by using the S-shaped test piece. Thus, this study is of great significance for improving the
accuracy evaluation method and enhancing the design accuracy of FAMTs.
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1 Introduction

Along with the development of manufacturing industry, the
demand for accuracy of CNC machine tools has become in-
creasingly urged. As early as 1960s, the study on machine
tools’ accuracy has been carried out. In 1961, Leete et al. [1]
first analyzed the alignment errors of three-axis CNC milling
machine tools, which aroused the upsurge of accuracy re-
search. In 1978, the US Department of Defense designated
the accuracy of machine tools as one of the key investigation
tasks. Therefore, it is of great significance to further study the
accuracy of machine tools.
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At present, the methods evaluating machine tools’ accura-
cy based on test pieces have been widely used [2–4]. Since the
effect of geometric error, thermal deformation, mechanical
vibration, and other comprehensive factors on machine tools
is different, the machining defects reflected in the test pieces
are also different. Recently, in the acceptance process of newly
developed machine tools, machine tool manufacturers are of-
ten beset by some problems. For example, for a five-axis ma-
chine tool (FAMT), the positioning accuracy and repetitive
positioning accuracy of its each axis can meet the accuracy
requirements. And it can also pass the accuracy test of some
standard test pieces, such as NASA test piece [5], NCG test
piece [6], and quadrangular pyramid test piece [7]. But, it
cannot achieve the machining accuracy of some aviation parts
and pass the accuracy test of the S-shaped test piece proposed
by Chengdu Aircraft Industrial Group [8]. Therefore, it is
urgent for machine tool builders to understand the main causes
of machining defects in S-shaped test piece, how to eliminate
these defects, and how to improve the design of the machine
tool in the future to pass the acceptance of machine tools.

The above problems encountered in the production practice
can be attributed to the mathematical characterization and
causation analysis of test piece surface errors in NC machine
tools. Then, this paper will focus on how to describe machin-
ing defect of test piece, how to construct the corresponding
analysis method based on error spatial morphology of test
piece, and then reversely to obtain the main causes leading
to these errors.

In the past few decades, as a new standard test piece [9,
10], the S-shaped test piece can overcome the disadvantage
that some other standard test pieces cannot adequately
evaluate the performance of FAMTs [11, 12]. In addition,
the S-shaped test piece has the machining characteristics of

the non-developable ruled surface, which can show the
machine tool’s ability to machine complex surfaces, and
the surface characteristics of thin-walled aeronautical
parts, which can not only reflect the static accuracy of the
machine tool, but also reflect the dynamic accuracy of the
machine tool. At the same time, the curvature of the test
piece varies with the change of surface shape, and it has the
characteristic of opening and closing angle conversion at
the corner. It is not difficult to find that the test piece can be
successfully applied in the acceptance and performance
testing of high-speed and high-precision machine tools.

Recently, the research on S-shaped test piece has been de-
veloped. Mou et al. [13] described an “S” machining test to
reflect dynamic machining accuracy of five-axis machine
tools. Su et al. [14] introduced a new machining test standard
for testing the accuracy of five-axis machine tools using an S-
shaped test piece. Jiang et al. [15] exhibited the dynamic per-
formance of the servo system of five-axis machine tools by
using S test piece.Wang et al. [16] testified that the S test piece
presented more machine abilities than NAS979 based on the
servo system of a FAMT. Wang et al. [17] presented a state
prediction model for five-axis machine tools based on S sur-
face finish. Zhong et al. [9] presented a new S trajectory ki-
nematic measurement method to evaluate the dynamic accu-
racy of five-axis machine tools. As can be observed in the
above-mentioned literatures, these studies mainly focus on
the influence of machine tool dynamic performance on S-
shaped test piece machining accuracy. Little research pays
attention to quasi-static error, whose basic factor is geometric
error. However, as is displayed in Table 1, the macroscopic
defects such as tool mark and ripple are mainly caused by the
poor dynamic performance of the machine tool, and the con-
tour error of the test piece in microscopic scale is largely
affected by the quasi-static error of the machine tool.
Obviously, it is of great theoretical and practical significance
to study the effect of machine tools’ geometric errors on S-
shape test piece in the acceptance and performance testing of
machine tools.

Furthermore, considerable research work has been devoted
to the causation analysis of the machining errors for machine
tools and great achievements have been made. Chen et al. [23]
developed sensitivity analysis of volumetric error regarding
37 error components in a five-axis machine tool and obtained
the key influencing error components for the purpose of ma-
chine design. Li et al. [24] presented a key geometric errors
identification method for machine tools and allowed the

Table 1 The classification of
machining defects in test pieces References Machining defects Defect characteristics Main causes

[11, 13–18] Macroscopic defects Tool mark and ripple Dynamic errors of the machine tool

[18–22] Microscopic defects Contour errors Quasi-static errors of the machine tool

3P

2P

1P

Ideal cutting surface

Actual cutting surface

Tool axis surface

Fig. 1 Sketch map of machined surface error in flank milling
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degree of influence of the geometric errors on the machining
accuracy. Zhao et al. [25] conducted the dynamic sensitivity
analysis of machine tools by combining the dynamic error
sensitive coefficients and dynamic deformation to recognize
the sensitive error components. Liu et al. [26] analyzed the
sensitivity of the geometric errors’ effect on the form accuracy
in ultra-precision diamond turning. Fan et al. [27] proposed a
global sensitivity analysis method to identify key geometric
errors for a CNC machine tool. Chen et al. [2] traced the
geometric defect of the machined surface by an analysis meth-
od of error sensitivity.

The above work mainly focuses on sensitivity analysis,
which is to study the sensitivity of uncertainty sources of
geometric errors for machine tool parts on machining accura-
cy and to find out the key factors that affect the machining
accuracy of machine tools. However, this analysis method
fails to take into account the important fact that geometric
error source parameters change with the relative movement
of the machine tool. Thus, the analysis results are not enough
to truly reflect the influence law of geometric error source
parameters on the machining accuracy of machine tools.
Therefore, in this paper, how to develop a novel causation
analysis method based on error spatial morphology of S-
shaped test piece and decouple the key geometric error param-
eters causing contour errors of test piece is of paramount
importance.

2 Characterization of error spatial
morphology based on S-shaped test piece

In flank milling, machining error of surface is defined as the
normal distance between the ideal cutting surface and the ac-
tual cutting surface [28]. As shown in Fig. 1, P1 represents a
point on the ideal cutting surface. Then, through point P1, the

perpendicular line of the tool axis surface P1P3
��!

,whose perpen-
dicular foot is denoted as P3, is drawn. P2 indicates the inter-

section point of P1P3
��!

and actual cutting surface. Therefore,
machining error of surface can be represented as Eq. (1).

eps ¼ P3−P1ð Þ
‖P3−P1‖

P2−P1ð Þ ¼ n⋅ P2−P1ð Þ ð1Þ

where epsdenotes machining error of surface, and n denotes

the unit direction vector of P1P3
��!

.
As is observed in Eq. (1), machining error of surface can be

divided into positive and negative. Positive machining error
indicates that the machined surface is undercut, and negative
machining error indicates that themachined surface is overcut.

In the machining process of S-shaped test piece, the typi-
cally undeveloped ruled surface of test piece introduces theo-
retical error [12, 29], and geometric errors of the machine tool
cause the tool axis to deviate from its ideal position.
Therefore, the contour error of S-shaped test piece includes
theoretical error and the error of tool axis surface.

It is worth noting that theoretical error caused by the dis-
tortion of non-developable ruled surface is related to the ge-
ometry of test piece and tool path planning, and it is one of the
key reference indexes for evaluating the tool path.
Furthermore, since tool axis surface is not affected by theoret-
ical error, the tool axis surface error caused by geometric error
of the machine tool will not be affected by theoretical error,
and it is an intuitive evaluation index of the comprehensive
effect of machine tool’s geometric error on test piece.
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Fig. 2 The research FAMT. a Structure b Kinematic chain

Table 2 Main technical parameters of XKAS2525 × 60

Machine tool configuration Parameter values

Worktable size (width × length) (mm) 2500 × 6000

Translational axis stroke (x, y, z) (mm) 6200, 2500, 1000

Rotary axis stroke (C, B) (°) ±360, ± 105

Maximum spindle speed (r ⋅min−1) 18,000

Diameter and length of tool (ϕD, l) (mm) ϕ20, 100
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2.1 Tool axis surface error modeling

As a modeling method that can describe the motion relation-
ship between the adjacent kinematic parts of machine tools
simply and conveniently [3], in this paper, multi-body system
(MBS) theory is selected to establish tool axis surface error
model. Moreover, a five-axis simultaneous gantry milling ma-
chine XKAS2525 × 60 manufactured by BEIJING NO.1
MACHINE TOOL CO., LTD, China, is taken as an example,
as shown in Fig. 2. Table 2 displays its main technical param-
eters. Five kinematic pairs including three translational and
two rotational axes are defined as the X-, Y-, Z-, C-, and B-
axis, respectively. The geometric error parameters are defined
complying with the definition in Ref. [3].

In order to describe the 37 geometric errors of the machine
tool more conveniently, the coordinate systems (CSs) of the
FAMT are first set as follows: (1) Let worktable CS coincide
with machine coordinate system (MCS) and CS of X-axis. (2)

The CS origin of X-axis is located at the contact point between
X-axis and the right guide way. (3) The CS origins of Y-axis
and Z-axis are all located at the center point of the lower end
surface. (4) The CS origin of C-axis is located at the intersec-
tion of C-axis and B-axis. (5) The CS origin of B-axis is
located at the center of tool clamping hole. (6) At the home
position, X-axis and Z-axis are located at the maximum posi-
tion of X-direction stroke and Z-direction stroke, respectively,
and Y-axis is located at the center position of Y direction
stroke. In addition, three directions of X, Y, and Z in the CS
of each moving part are all parallel to MCS respectively. (7)
Tool coordinate system (TCS) coincides with B-axis CS.

Suppose that the position vector of tool center point and the
direction vector of tool axis in TCS can be represented as rt = (0

0 − l 1)T and vt ¼ 0 0 −1 1ð ÞT respectively, while the
position vector of the tool center corresponding to the cutting
surface of test piece, and the direction vector of tool axis in the

workpiece coordinate system (WCS) can be represented as rw
¼ rwx rwy rwz 1ð ÞT and vw ¼ vwx vwy vwz 1ð ÞT
respectively, where l denotes the length of the cutting tool.
Moreover, the position vectors of workpiece coordinate origin
in MCS, X-axis CS origin in MCS, Y-axis CS origin in X-axis
CS, Z-axis CS origin in Y-axis CS, C-axis CS origin in Z-axis

CS, and B-axis CS origin in C-axis CS are expressed as qi

¼ qix qiy qiz 1
� �T i ¼ w; 2⋯6ð Þ respectively.
Therefore, according to the kinematic chain of the research

FAMT (as shown in Fig. 2b), in workpiece branch, the posi-
tion vector of tool center point inMCS pw can be expressed as
Eq. (2), while in tool branch, the position vector of tool center
point in MCS pt can be expressed as Eq. (3), and tool orien-
tation in MCS Vt can be expressed as Eq. (4):

pw ¼ S1w½ �prw ð2Þ

(a) (b)
Fig. 3 The model diagram of the S-shaped test piece. a 2D model. b 3D model

Fig. 4 The schematic diagram of theoretical error formation
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pt ¼ ∏
t¼1

t¼n;Ln 6ð Þ¼1

SL1 jð ÞLt−1 jð Þ� �
p
SLt jð ÞLt−1 jð Þ� �

pe

SLt jð ÞLt−1 jð Þ� �
s
SLt jð ÞLt−1 jð Þ� �

se

 !
rt

¼ S12½ �p S12½ �pe S12½ �s S12½ �se S23½ �p S23½ �pe S23½ �s S23½ �se S34½ �p S34½ �pe
S34½ �s S34½ �se S45½ �p S45½ �pe S45½ �s S45½ �se S56½ �p S56½ �pe S56½ �s S56½ �sert

ð3Þ

Vt ¼ ∏
t¼1

t¼n;Ln 6ð Þ¼1

SLt jð ÞLt−1 jð Þ Rð Þ� �
p
SLt jð ÞLt−1 jð Þ� �

pe
Rð Þ

SLt jð ÞLt−1 jð Þ Rð Þ� �
s
RLt jð ÞLt−1 jð Þ� �

se
Rð Þ

 !
vt

¼ S12½ �p Rð Þ S12½ �pe Rð Þ S12½ �s Rð Þ S12½ �se Rð Þ S23½ �p Rð Þ S23½ �pe Rð Þ S23½ �s Rð Þ
S23½ �se Rð Þ S34½ �p Rð Þ S34½ �pe Rð Þ S34½ �s Rð Þ S34½ �se Rð Þ S45½ �p Rð Þ S45½ �pe Rð Þ

S45½ �s Rð Þ S45½ �se Rð Þ S56½ �p Rð Þ S56½ �pe Rð Þ S56½ �s Rð Þ S56½ �se Rð Þvt
ð4Þ

where [SIJ]p([SIJ]p(R)), [SIJ]pe([SIJ]pe(R)), [SIJ]s([SIJ]s(R)),
and [SIJ]se([SIJ]se(R)) denotes the relative position (angular
position) transformation matrix, the relative position error (an-
gular position error) transformationmatrix, the relativemotion
(angular motion) transformation matrix, the relative motion
error (angular motion error) transformation matrix between
the rigid body I and the adjacent lower body J respectively,
as is displayed in [3].

Suppose that riw represent the ideal position vector of tool
center point in WCS. Then, tool axis surface error model can
be denoted as the following equation.

es ¼ rw−riw ð5Þ

In order to realize precision machining of machine tools, in
two branches, the position of tool center point should be

coincided in MCS at any moment, i.e., pw = pt. Thus, rw can
be represented as Eq. (6) by using Eqs. (2) and (3):

rw ¼ rwx rwy rwz 1ð ÞT

¼ S1w½ �p
� �−1

S12½ �p S12½ �pe S12½ �s S12½ �se S23½ �p S23½ �pe S23½ �s S23½ �se
S34½ �p S34½ �pe S34½ �s S34½ �se S45½ �p S45½ �pe S45½ �s S45½ �se S56½ �p

S56½ �pe S56½ �s S56½ �sert

ð6Þ

Ignoring geometric errors in Eq. (6), riw can be obtained, as
show in Eq. (7):

riw ¼ riwx riwy riwz 1
� �T

¼ S1w½ �p
� �−1

S12½ �p S12½ �s S23½ �p S23½ �s S34½ �p S34½ �s
S45½ �p S45½ �s S56½ �p S56½ �srt

ð7Þ

Therefore, tool axis surface error es can be described as Eq.
(8) by substituting Eqs. (6) and (7) into Eq.(5):

es ¼
ex
ey
ez

0
@

1
A ð8Þ

where ex, ey, ez denote the component of es in x, y, z direction,
respectively. Their algebraic expressions are displayed in
Appendix 1. x, y, z, c, b denote the NC instruction values of
X-, Y-, Z-, C-, and B-axis, respectively.

Fig. 6 The schematic diagram of
theoretical error test positions
(unit: mm)

Fig. 5 The optimized tool path
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2.2 Tool path planning based on the S-shaped test
piece

An S-shaped test piece is formed by equidistant thickening of
S-shaped non-developable ruled surface. Its model formation
process is as follows. First, given the control points of the top
and bottom for the S-shaped ruled surface (as is seen in
Table 7 of Appendix 2), the S-shaped curve models for the
top and bottom of the test piece called the alignments of ruled
surfaces are established. Then, the S-shaped ruled surface
model is built by interpolating control points of two align-
ments. Meanwhile, the control points on the ruled surface
are all interpolated and calculated by using three uniform B-
spline curves [8, 15]. Finally, an S-shaped equal thickness

strip model is obtained by offsetting each point at a certain
distance along the normal direction. Figure 3 shows the model
diagram of the S-shaped test piece.

According to Refs. [10, 12, 15, 29], the typical character-
istic of un-developable ruled surface is the existence of twist
angle, which will inevitably lead to theoretical errors in the
machining of the S-shaped test piece. Figure 4 shows the
schematic diagram of theoretical error formation during S-
shaped test piece processing. Where Q1 and Q2 denote the
control point on the upper and lower alignment respectively,
n1 and n2 denote the unit normal vector of the upper and lower
alignment at Q1 and Q2 respectively, O denotes tool center
point, φ denotes twist angle, v denotes tool axis orientation,
and R denotes tool radius.

This paper mainly aims to develop the error causation anal-
ysis based on S-shaped test piece and should eliminate theo-
retical error to avoid being the interference factor of this re-
search. So, this section utilized the new three-point tangential
method proposed in [12] to obtain the optimized tool path, as
is displayed in Fig. 5.

In addition, as shown in Fig. 6, three test lines L1, L2, and
L3, whose heights are 8 mm, 17.5 mm, and 35 mm respec-
tively, and the upper and lower alignment, are chosen to cal-
culate theoretical error of the optimized tool path along X-axis
positive direction of the CS for S-shaped test piece. The cal-
culated theoretical errors are displayed in Fig. 7. Figure 8
marks the regions with larger theoretical errors on S-shaped
ruled surface.
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Fig. 7 Theoretical error of the optimized tool path

Fig. 8 The regions with large theoretical error on S-shaped ruled surface
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From Fig. 7, it can be seen that the maximum theo-
retical error is 0.009 mm. It is obvious that theoretical
error of the optimized tool path can be negligible be-
cause the standard of the S-shaped test piece requires
an allowable range of final error from − 0.05 mm to +
0.05 mm [8]. Therefore, a conclusion is drawn that the
theoretical error of the optimized tool path will not in-
terfere with the follow-up research.

2.3 Generation of NC instruction for S-shaped test
piece processing

In the cutting process of test piece, NC instruction, which
includes that of translational axis and rotary axis, is a precon-
dition for obtaining machining error of surface.

For this researched FAMT in this paper, there are some key
position points. Figure 9 shows the vector schematic diagram

Fig. 10 The flowchart of NC
instruction calculation for rotary
axes

Fig. 9 Vector schematic diagram
of the key position points
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of these key position points. Where Om and Ow denote the
origins of MCS and WCS respectively, P1 and P2 denote the
ideal machining position and actual machining position re-
spectively, qc0 and qc denote the vector of tool setting position
in WCS and MCS respectively, and qw denote the position
vector of WCS origin in MCS.

In Eq. (6), when rw=0, the position equation of the WCS
origin in MCS can be obtained, as shown in Eq. (9).
Simultaneously, the ideal position equation of the WCS origin

in MCS can be described as Eq. (10) by ignoring geometric

error in Eq. (9). Where qiw ¼ qiwx qiwy qiwz 1
� �T

de-

notes the ideal position vector of the WCS origin in MCS.

qw ¼ qwx qwy qwz 1
� �T

¼ S12½ �p S12½ �pe S12½ �s S12½ �se S23½ �p S23½ �pe S23½ �s
S23½ �se S34½ �p S34½ �pe S34½ �s S34½ �se S45½ �p S45½ �pe

S45½ �s S45½ �se S56½ �p S56½ �pe S56½ �s S56½ �sert
ð9Þ
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qiw ¼ qiwx qiwy qiwz 1
� �T

¼ S12½ �p S12½ �s S23½ �p S23½ �s S34½ �p
S34½ �s S45½ �p S45½ �s S56½ �p S56½ �srt

ð10Þ
Suppose that the position vector of tool setting position in

WCS is represented as qc0 ¼ qcx0 qcy0 qcz0 1
� �T

, then
the position vector of tool setting position in MCS can be
obtained, as shown in Eq. (11).
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Error spatial morphology of
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the key errors
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Fig. 13 The flow chart of the
error causation analysis for S-
shaped test piece
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Fig. 14 The scenes of geometric
error measurements. a Linear
axis. b Rotary axis
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qc ¼ qcx qcy qcz 1
� �T ¼ qw þ qc0

¼ S12½ �p S12½ �pe S12½ �s S12½ �se S23½ �p S23½ �pe S23½ �s
S23½ �se S34½ �p S34½ �pe S34½ �s S34½ �se S45½ �p S45½ �pe
S45½ �s S45½ �se S56½ �p S56½ �pe S56½ �s S56½ �sert þ qc0

ð11Þ

Since tool setting position is regarded as the error-free ma-
chining datum point in actual machining, its tool path can be
deduced on the basis of the ideal kinematics model. Let geo-

metric error parameters in Eq. (11), and rotation angles of B-
axis and C-axes at tool setting position equal to 0, then the
ideal position vector of tool setting position in MCS can be

represented as Eq. (12). Where qic ¼ qicx qicy qicz 1
� �T

denotes the ideal position vector of tool setting position in

MCS, and x0 y0 z0ð ÞT denotes the NC instruction at tool
setting position.

qic ¼ qicx qicy qicz 1
� �T

¼ S12½ �p S12½ �s0 S23½ �p S23½ �s0 S34½ �p S34½ �s0 S45½ �p S45½ �s0 S56½ �p S56½ �s0rt þ qc0

¼
1 0 0 q2x
0 1 0 q2y
0 0 1 q2z
0 0 0 1

2
664

3
775

1 0 0 x0
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

1 0 0 q3x
0 1 0 q3y
0 0 1 q3z
0 0 0 1

2
664

3
775

1 0 0 0
0 1 0 y0
0 0 1 0
0 0 0 1

2
664

3
775

1 0 0 q4x
0 1 0 q4y
0 0 1 q4z
0 0 0 1

2
664

3
775

1 0 0 0
0 1 0 0
0 0 1 z0
0 0 0 1

2
664

3
775

1 0 0 q5x
0 1 0 q5y
0 0 1 q5z
0 0 0 1

2
664

3
775

1 0 0 q6x
0 1 0 q6y
0 0 1 q6z
0 0 0 1

2
664

3
775

0
0
−l
1

0
BB@

1
CCAþ

qcx0
qcy0
qcz0
1

0
BB@

1
CCA

¼
q2x þ q3x þ q4x þ q5x þ q6x þ qcx0 þ x0
q2y þ q3y þ q4y þ q5y þ q6y þ qcy0 þ y0
q2z þ q3z þ q4z þ q5z þ q6z þ qcz0 þ z0−l

1

0
BB@

1
CCA

ð12Þ

And, Eq. (12) can also be simplified to the following
equation:

x0
y0
z0

0
@

1
A ¼

qicx−q2x−q3x−q4x−q5x−q6x−qcx0
qicy−q2y−q3y−q4y−q5y−q6y−qcy0

qicz−q2z−q3z−q4z−q5z−q6z−qcz0 þ l

0
@

1
A ð13Þ

According to Eq. (7) and Fig. 9, riw can also be represented
as Eq. (14):

riw ¼ S1w½ �priw−qw
¼ S12½ �p S12½ �s S23½ �p S23½ �s S34½ �p S34½ �s S45½ �p
S45½ �s S56½ �p S56½ �srt− qwx qwy qwz 1

� �T ð14Þ

Thus, NC instruction of translational axis for the FAMT
can be obtained by utilizing Eq. (14), as shown in Eq. (15):

x
y
z

0
@

1
A ¼

riwx−q2x−q3x−q4x−q5x−q6xcos cð Þ þ q6ysin cð Þ þ lsin bð Þcos cð Þ þ qwx
riwy−q2y−q3y−q4y−q5y−q6ycos cð Þ−q6xsin cð Þ þ lsin bð Þsin cð Þ þ qwy

riwz−q2z−q3z−q4z−q5z−q6z þ lcos bð Þ þ qwz

0
B@

1
CA ð15Þ

By using Eqs.(13) and (15), the following equation can be
obtained:

x
y
z

0
@

1
A ¼

riwx þ x0 þ qwx þ qcx0−q
i
cx þ lsin bð Þcos cð Þ þ q6x−q6xcos cð Þ þ q6ysin cð Þ

riwy þ y0 þ qwy þ qcy0−q
i
cy þ lsin bð Þsin cð Þ þ q6y−q6ycos cð Þ−q6xsin cð Þ

riwz þ z0 þ qwz þ qcz0−q
i
cz þ lcos bð Þ−l

0
B@

1
CA ð16Þ

Table 3 The value of PIGEs.
(Unit: mm) εyz εxz εxy εxc εyc εxb εbz

0.01/1000 0.02/1000 0.015/1000 0.01/500 0.01/500 0.02/500 0.02/500
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Table 4 The scatter diagram of discrete data and the fitting curve diagram for PDGEs
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As is seen in Fig. 9, the ideal tool setting position can be
represented as the following equation:

qic ¼
qicx
qicy
qicz

0
@

1
A ¼ qw þ qc0 ¼

qwx
qwy
qwz

0
@

1
Aþ

qcx0
qcy0
qcz0

0
@

1
A

¼
qwx þ qcx0
qwy þ qcy0
qwz þ qcz0

0
@

1
A ð17Þ

By utilizing Eqs. (16) and (17), Eq.(18) can be obtained:

x
y
z

0
@

1
A ¼

riwx þ x0 þ lsin bð Þcos cð Þ þ q6x−q6xcos cð Þ þ q6ysin cð Þ
riwy þ y0 þ lsin bð Þsin cð Þ þ q6y−q6ycos cð Þ−q6xsin cð Þ

riwz þ z0 þ lcos bð Þ−l

0
B@

1
CA ð18Þ

In addition, to obtain the NC instruction of translational
axis in Eq. (18), NC instruction of rotary axis should also be
solved.

Suppose that geometric errors in Eq. (4) are neglected, and
then the mapping relationship between tool axis vector v and
NC instruction of rotary axis can be described as the following
equation:

v ¼
vx
vy
vz

0
@

1
A ¼

sin bð Þcos cð Þ
sin bð Þsin cð Þ

cos bð Þ

0
@

1
A ð19Þ

where v ¼ vx vy vzð ÞT denotes tool axis vector and is de-
termined by the generatrix vector (as shown in Fig. 4).

Utilizing Eq. (19), the following equations can be obtained:

b ¼ −arccos vzð Þ −180∘ < b≤0∘

arccos vzð Þ 0∘ < b < 180∘

	
ð20Þ

c ¼
arctan2 vy; vx

� �
−180∘;−360∘ < c≤−180∘

arctan2 vy; vx
� �

; −180∘ < c≤180∘
arctan2 vy; vx

� �þ 180∘; 180∘ < c≤360∘

8<
: ð21Þ

The generation principle of NC instruction for rotary axes
is to make its vector change as uniformly as possible to reduce
machining error caused by speed fluctuation. In this research,
to ensure the continuity of the change of rotation angle for
rotary axes, B-axis swings in the range from − 105° to 0°
and change values of C-axis angles do not exceed 270°.
Figure 10 shows the flowchart of NC instruction calculation
for rotary axes. The NC instruction of rotary axes is generated

by substituting v ¼ vx vy vzð ÞT into Eqs. (20) and (21), as
shows in Fig. 11. Then, by substituting the NC instruction of
rotary axes into Eq. (18), the NC instruction of translational
axes can be obtained, as is displayed in Fig. 12.

2.4 Establishment of error spatial model for S-shaped
test piece

According to the above-mentioned analysis, by using
the optimized tool path, the machining error of surface
for S-shaped test piece can be thought of as being
caused only by tool axis surface error due to the elim-
ination of theoretical error. In addition, the unit normal
vector of the upper and lower alignment can be consid-
ered equal, i.e., n1 = n2 = n (as shown in Fig. 4).
Therefore, error spatial model for S-shaped test piece
can be established, as shown in Eq. (22), where E de-
notes spatial error.

E ¼ n � es ð22Þ

The physical meaning of Eq. (22) is error spatial mor-
phology of S-shaped test piece. And it can construct a
mapping relationship between geometric error of the ma-
chine tool and contour error of the S-shaped test piece, and
map errors of the machine tool to the test piece surface. So,
it is regarded as a theoretical basis of the causation analysis
of machining error for test piece surface.

As a matter of fact, Eq. (22) expresses a functional relation-
ship between spatial error and geometric error parameters. So,
E can be also represented as Eq. (23):

E ¼ f G1;G2;⋯Gi;⋯G37ð Þ i ¼ 1; 2;⋯37ð Þ ð23Þ

where Gi denotes the ith geometric error parameter.
If the influence of a single geometric error parameter on

error spatial morphology is only considered and all other error
parameters are ignored, then the following equation can be
obtained:

Ei ¼ f Gið Þ ð24Þ

where Ei refers to the spatial error caused only by error pa-
rameter Gi on the S-shaped test piece.

Please note that NC instruction value of tool setting
position can be directly obtained by tool setting in actual
processing, and the NC instruction calculated in this pa-
per is actually relative instruction relative to tool setting
position. Therefore, machining error of S-shaped test
piece surface is practically affected by the error incre-
ment relative to tool setting position, not by the absolute
value of machining error. Obviously, it is necessary to
consider the factor that geometric error source parameters
change with the relative movement of the machine tool,
which further confirms the limitations of the traditional
error analysis methods [23–27].
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3 The causation analysis of contour error
for S-shaped test piece

According to Eq. (22), contour error of test piece is mainly
determined by the configuration and error parameters of the
researched FAMT, and geometric parameters of test piece. In
this paper, therefore, the causation analysis of contour error for
S-shaped test piece can be developed by analyzing the error
spatial morphology of S-shaped test piece. The error causation
analysis for S-shaped test piece mainly includes four parts: (1)
the acquisition of geometric error parameters, (2) the influence
law of all geometric errors on error spatial morphology, (3) the
influence law of a single geometric error on error spatial mor-
phology, and (4) the causation analysis of contour error for s-
shaped test piece, as is displayed in Fig. 13.

3.1 Acquisition of geometric error parameters

To obtain 37 geometric error parameters, a measurement ex-
periment is carried out on the studied FAMT. The dual-
frequency laser interferometer, XL-80 by Renishaw, is utilized
to identify 21 geometric errors of translational axes with the
method introduced in [30], While, 16 geometric errors of ro-
tary axes are obtained with the double-bar ball, QC20-W by
Renishaw by using the method presented in [31].

In the experiment, the measuring strokes of X-axis, Y-axis,
Z-axis, B-axis, and C-axis are 5000 mm, 1570 mm, 900 mm,
360°, and 105°. The experimental conditions are the same as
those in [30, 31], respectively. Figure 14 shows the scenes of
geometric error measurements. The position-independent geo-
metric errors (PIGEs) are listed in Table 3. In addition, take X-
axis and C-axis as an example, the scatter diagram of discrete
data and the fitting curve diagram for position-dependent geo-
metric errors (PDGEs) based on the polynomial optimization
method in [30] are shown in Table 4.

3.2 The influence law of all geometric errors on error
spatial morphology

Error spatial morphology of the S-shape test piece can directly
represent error spatial distribution of the test piece surface.
Because surfaces on both sides of test piece are symmetrically
distributed, this paper only aims to a side surface (namely, test
surface in Fig. 6).

When considering all error parameters, error spatial mor-
phology of test piece can be obtained, as shown in Fig. 15,
where RP denotes the research point (RP), which represents
the cutter location point selected to be analyzed in the machin-
ing process of test piece. And RP number increases along the
increasing direction of X coordinate. Its left side is a spatial
view, and the right side is a projection view of the left side. It
will not be explained one by one later.

From Fig. 15, it can be seen that the left side of point 141
shows undercut error, the right side shows overcut error, and
the error mutation point, namely point 122, appears in the
middle of the test piece. This result indicates that the cause
of machining error for the test piece can be further analyzed
based on error spatial morphology.

In order to analyze the formation law of error morphology,
the relative motion law of the machine tool should be de-
scribed. In Fig. 16, (a), (b), (c), (d), and (e) represent the
position coordinate of the tool center point and the speed of
coordinate change in WCS when S-shaped test piece is proc-
essed. (f) represents the included angles between the surface
normal vectors and three coordinate axes at the cutting point
corresponding to tool center point.

As is observed in Fig. 16, at points 79 and 167, the surface
normal vector is approximately perpendicular to X-axis and
has the smallest angle to Y-axis. Along the positive direction
of Y-axis, when the included angle between the surface nor-
mal vector and the X-axis is less than 90°, these two points are

122

141

Fig. 15 The error spatial morphology of S-shaped test piece
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on the right side of the cutting surface, and vice versa. In
addition, at these two points, the X-axis coordinates change
faster, the Y-axis coordinates are almost unchanged, and Z-
axis, C-axis, and B-axis change speeds of coordinates or rota-
tion angles appear extreme values.

At points 24, 36, 208, and 221, the surface normal vector is
approximately perpendicular to Y-axis, the X-axis coordinates
is almost unchanged, and the Y-axis coordinates change faster.

At point 122, the included angles between the surface nor-
mal vectors and the Z-, X-, and Y-axes are approximately 90°,
the smallest value, and the maximum value, respectively. At
the same time, rotation angle values and directions of B- and
C- axes change rapidly. At this point, the open-angle region of
the S-shaped surface is cut at the position with the angle less

than 90°, and its closed-angle region is cut at the position with
the angle greater than 90°.

Based on the above analysis, at point 122, the rotation
angles of two rotary axes are all abrupt, so it can be judged
that this is caused by two rotary axes. The fact that the includ-
ed angle between the surface normal vector and X-axis is the
smallest shows error parameters in X direction have the most
significant influence on the position. In addition, since the
rotation angle of C-axis is about − 87° at point 122, run-out
error of C-axis in Y direction has the greatest influence on X-
direction error of tool axis. Similarly, B-axis is the same as C-
axis. Therefore, it can be preliminarily judged that error pa-
rameters δy(c) and δy(b) are the main reason for the sudden
change of machining error in the middle of the test piece.
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Then, repairing these two error parameters in error spatial
model and observing the variation of error spatial morphology
of the test piece, it can be seen that the error at point 122 is
greatly reduced, as shown in Fig. 17. This proves that the
above analysis method is correct.

3.3 The influence law of a single geometric error
on error spatial morphology

The influence degree of each geometric error on the spatial
error of test piece is different, and the influence law is also
different. In order to better grasp the influence law of each
geometric error on error spatial morphology, spatial error
caused only by a single error parameter should be calculated
by using Eq. (24):

Taking examples of ten error parametersδx(x), εx(x), εy(x)
,δy(y) ,εx(y), εy(y), δx(z) ,δy(c) ,εz(c), and εx(b), the influence
laws of single-error parameter on error spatial morphology are
studied. Figures 18, 19, 20, 21, 22, 23, 24, 25, 26, and 27 show

the error spatial morphology caused only by these ten error
parameters, respectively.

1. Error characteristics caused by error parameter δx(x)

As shown in Fig. 18, at points 79 and 167, the effect of
δx(x) on spatial error is 0, which indicates the correctness of
the analysis that the surface normal vector is approximately
perpendicular to X-axis (as shown in Fig. 16f).

On the left side of point 79 and on the right side of
point 167, the tool cuts the left side of the test piece.
But on the left side of point 79, the error increment of
δx(x) relative to tool setting position is positive, so the
machining error is negative. While on the right side of
point 167, the error increment of δx(x) relative to tool
setting position is negative, so the machining error is
positive. At points 80–166, the tool cuts the right side
of the test piece, and the error increment of δx(x) rela-
tive to tool setting position is negative, so the machining
error is positive.

Fig. 17 The error spatial morphology of test piece after repairing parameters δy(c) and δy(b)

79 16724

56

192

221

Fig. 18 The error spatial morphology caused by δx(x)

Int J Adv Manuf Technol (2019) 103:3529–3556 3543



At points 24, 56, 192, and 221, X component of the surface
normal vector and error spatial morphology all appears ex-
treme. Thus, a conclusion can be drawn that the surface nor-
mal vector direction and geometric error increment have a
major impact on error spatial morphology of the test piece.

In addition, since the positioning error of X-axis is linear,
the projection view of error morphology does not diverge.

Therefore, if the S-shape test piece has larger machining
error at points 79 and 167, it can be excluded from δx(x).

2. Error characteristics caused by error parameter εx(x)

As shown in Fig. 19, the biggest characteristic of spatial
error caused by εx(x) is that the machining errors near points
79 and 167 vary greatly at different heights, which leads to the
divergence of error spatial morphology. It is mainly due to the
fact that the surface normal vector is approximately perpen-
dicular to X-axis near these two points, and εx(x)causes the
tool to rotate at a prominent angle around the X-axis. In

addition, for the test piece, near point 79, the overcut error
of the bottom is larger, the overcut error of the top is smaller,
while near point 167, the undercut error of the top is larger,
and the undercut error of the bottom is smaller. It is mainly
because the angle increment of εx(x) relative to tool setting
position is positive. At the same time, at points 24, 36, 208,
and 221, the surface normal vector is approximately perpen-
dicular to Y-axis, so the rotation angle of tool around X-axis
does not make error morphologies of these positions diverge.

Therefore, if near points 79 and 167, the difference of ma-
chining error is larger at different heights, it is likely to be
caused by εx(x).

3. Error characteristics caused by error parameter εy(x)

From Figs. 18 and 20, it is can be seen that the spatial error
trends of εy(x) and δx(x) are similar, but error spatial morphol-
ogy caused by εy(x) is slightly divergent at different heights in
some positions, and its spatial error values are much larger.

16779

Fig. 20 The error spatial morphology caused by εy(x)

24

36

167

79

221

208

Fig. 19 The error spatial morphology caused by εx(x)
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Moreover, at points 79 and 167, the spatial errors caused by
εy(x) are all 0. It is mainly because at these two points, the
surface normal vector is approximately perpendicular to X-
axis, and εy(x) causes the tool to rotate an angle around the
Y-axis.

Therefore, if the S-shape test piece has larger machining
error near points 79 and 167, it can be excluded from εy(x).

4. Error characteristics caused by error parameter δy(y)

As shown in Fig. 21, near points 79 and 167, the machining
error is the sharpest, because the surface normal vector is
approximately perpendicular to X-axis. While, at points 24,
36,208, and 221, the machining error caused is 0, because the
surface normal vector is approximately perpendicular to Y-
axis. In addition, at points 57,129 and 187, the machining
error is also 0, because the error increment of δy(y) relative
to tool setting position is 0.

Since the error increment of δy(y) relative to tool setting
position is positive at points 57–127 and after point 188, the
test piece exhibits an undercut error, and the error increment of

δy(y) relative to tool setting position is negative at the other
positions; the test piece exhibits an overcut error.

Therefore, the larger machining errors near points 24, 36,
208, and 221 can be excluded from δy(y), while the larger ma-
chining errors near points 79 and 167 may be caused by δy(y).

5. Error characteristics caused by error parameter εx(y)

In Fig. 22, the spatial error trend caused by εx(y) is similar
to that by δy(y), and its analysis procedure is also similar to
δy(y). Therefore, if the test piece has larger machining error at
points 79 and 167, it can be considered whether it is caused by
εx(y). But, compared to δy(y), spatial error values caused by
εx(y) are bigger.

6. Error characteristics caused by error parameter εy(y)

As shown in Fig. 23, the spatial error caused by εy(y) is 0; it
is mainly because the surface normal vector is approximately
perpendicular to X-axis near points 79 and 167. While at
points 57, 129, and 187, the angle error increment of εy(y)

24

36 57

79

129

167

187
208

221

Fig. 22 The error spatial morphology caused by εx(y)

24
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79
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208

221

Fig. 21 The error spatial morphology caused by δy(y)
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relative to tool setting position is 0, so the spatial errors caused
by εy(y) in these three positions are 0, and the absolute error
caused by εy(y) is larger at the two ends of the test piece.

Therefore, in the vicinity of points 79 and 167, if the S-
shaped test piece forms a larger machining error, it can be
excluded from the influence of εy(y), and at the two ends of
the test piece, the effect of εy(y) is more prominent.

7. Error characteristics caused by error parameter δx(z)

In Fig. 24, in the vicinity of points 79 and 167, the spatial
error caused by δx(z) is 0. It is mainly because the surface
normal vector is approximately parallel to X-axis. While, be-
cause at points 115 and 124, the error increment of δx(z) rel-
ative to tool setting position is 0, machining error caused by
δx(z) is 0, and at points 44 and 216, error increment of δx(z)
shows the maximum value, spatial error caused by δx(z) ap-
pears extreme points.

In addition, on the left side of point 79 and on the right side
of point 167, the tool cuts the left side of the test piece and
error increment of δx(z) is negative, so the test piece is overcut.

And at points 115–124, the tool cuts the right side of the test
piece and error increment of δx(z) is positive, so the test piece
is undercut. At the same time, at points 79–115 and 124–167,
the tool cuts the right side of the test piece and error increment
of δx(z) is negative, so the test piece is overcut.

Therefore, if the S-shaped test piece forms a larger machin-
ing error in the vicinity of points 79 and 167, it can be exclud-
ed from δx(z).

8. Error characteristics caused by error parameter δy(c)

As shown in Fig. 25, the most prominent feature of
error spatial morphology caused by δy(c) is a sudden
change of a larger error value at point 122. According
to the previous analysis, the error parameter δy(c) is one
of the main factors that cause the error mutation in the
middle of the test piece.

In addition, δy(c) can make the tool shift in the Y direction,
so it has a significant effect on the spatial error when the
surface normal vector is perpendicular to X-axis near the 79
and 167 points, while the machining error of the test piece is

44

79 115 124

167

216

Fig. 24 The error spatial morphology caused by δx(z)

57 79
129 167

187

Fig. 23 The error spatial morphology caused by εy(y)
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smaller when the surface normal vector is perpendicular to Y-
axis in the vicinity of points 24, 36, 209, and 221.

Therefore, the larger machining errors near points 79 and
167 may be caused by δy(c).

9. Error characteristics caused by error parameter εz(c)

As shown in Fig. 26, at points 10, 87, 116, 124, 156, and
167, the increment of C-axis angular positioning error relative
to tool setting position is 0, so the machining error of the test
piece caused by εz(c) is 0. While at points 52, 100, 138, and
197, the increment of C-axis angular positioning error relative
to tool setting position is the maximum value, so machining
errors caused by εz(c) appear the extreme points.

10. Error characteristics caused by error parameter εx(b)

As shown in Fig. 27, at points 24, 36, 208, and 221,
the surface normal vector of the test piece is approxi-
mately perpendicular to Y-axis, so the spatial error
caused by εx(b) is 0, and at point 122, the angle between

the surface normal vector and X-axis is smaller, so the
machining error caused by εx(b) is also smaller. In addi-
tion, at points 79 and 167, the surface normal vector is
nearly perpendicular to X-axis, so machining error value
caused by εx(b) is the most prominent.

Therefore, the larger machining errors near points 24, 36,
208, and 221 can be excluded from εx(b), while the larger
machining errors near points 79 and 167 may be caused by
εx(b).

3.4 The causation analysis of contour error
for S-shaped test piece

Based on the analysis in Sects. 3.2 and 3.3, the relation-
ships between geometric error parameters and error spa-
tial morphologies of test piece can be obtained. Thus,
the causation analysis of machining error of S-shaped
test piece can be developed from two aspects: the cau-
sation analysis of local error and the causation analysis
of global error.

10

52

87
100

116 124

138

156 167

197

Fig. 26 The error spatial morphology caused by εz(c)

122

79 167

24

36
209 221

Fig. 25 The error spatial morphology caused by δy(c)
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3.4.1 The causation analysis of local error

The causation analysis method of local error aims to
decouple the key geometric error parameters which affect
the machining error of local regions for S-shaped test
piece. While, as shown in Fig. 8, the geometric charac-
teristic that the S-shaped test piece has five special re-
gions determines that some special points on the test
piece can be analyzed. This paper takes examples of
points 79,167, 24, 36, 208, and 221 to develop the cau-
sation analysis of local error.

According to Sect. 3.2, at points 79 and 167, the motion
directions of Y-axis will change (as shown in Fig. 16b) and the
surface normal vectors are approximately perpendicular to X-
axis (as shown in Fig. 16f). Therefore, for these machining
regions, the following conclusions can be drawn:

1. Angular error parameters around Y-axis have little effect on
contour error of the test piece. For example, machining er-
rors caused by error parameters εy(x) (as shown in Fig. 20)
and εy(y) (as shown in Fig. 23) are approximately 0.

2. Angular error parameters around X-axis have great influ-
ence on contour error of the test piece. For example, error
spatial morphologies caused by error parameters, such as
εx(x) (as shown in Fig. 19), εx(y) (as shown in Fig. 22) and
εx(b) (as shown in Fig. 27), appear prominent peaks.

3. Linear error parameters of the translational axes along X
direction have a very small effect on contour error of the
test piece. For example, machining errors caused by error
parameters, such as δx(x) (as shown in Fig. 18) and δx(z)
(as shown in Fig. 24) are approximately 0.

4. Linear error parameters of the translational axes along Y
direction have a very big impact on contour error of the
test piece. For example, error parameter δy(y) (as shown in
Fig. 21) leads to a prominent peak in error spatial mor-
phology of the test piece.

5. Since the direction of radial run-out error for rotary axis is
easily changed, it should be combined with the rotation
angle of rotary axis to judge this direction. Therefore, the
analysis of the influence of radial run-out error for the
rotary axis on machining error should be based on the
specific conditions. For example, at point 79, the rotation

24 36
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167

208 221

Fig. 27 The error spatial morphology caused by εx(b)
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angle of C-axis is about 90°, so error parameter δy(c) (as
shown in Fig. 25) has a greater impact onmachining error.

6. In addition to the above factors, the absolute value of
machining error caused by each error parameter should
also be taken into account. Although error spatial mor-
phologies caused by some error parameters appear the
peak at the analysis points, they have no effect on the
whole machining error because these error values are rel-
atively small.

Furthermore, according to Sect. 3.2, at points 24, 36, 208,
and 221, the X-axis motion directions will change (as shown
in Fig. 16a), and the surface normal vectors are approximately
perpendicular to Y-axis (as shown in Fig. 16f). Although the
error analysis at these points can refer to the analysis ideas of
points 79 and 167, the surface normal vectors have a faster
transition and a larger fluctuation in these regions, and error
spatial morphologies are not as prominent as that of points 79
and 167. Therefore, for machining regions formed by points
24–36 and 208–221, the following conclusions can be drawn:

1. Angular error parameters around Y-axis have great influ-
ence on the contour error of the test piece. For example,
machining errors caused by error parameters εy(x) (as
shown in Fig. 20) and εy(y) (as shown in Fig. 23) are
larger and appear local extreme points.

2. Angular error parameters around X-axis have a very small
effect on contour error of the test piece, such as εx(x) (as

shown in Fig. 19), εx(y) (as shown in Fig. 22), and εx(b)
(as shown in Fig. 27).

3. Linear error parameters of the translational axes along X
direction have a very big impact on contour error of the
test piece, such as δx(x) (as shown in Fig. 18) and δx(z) (as
shown in Fig. 24).

4. Linear error parameters of the translational axes along Y
direction have a very small effect on contour error of the
test piece, such as δy(y) (as shown in Fig. 21) and δy(c) (as
shown in Fig. 25).

Please note that the conclusions of Articles (1) to (4) are
applicable to machining process of any S-shaped test piece,
while Articles (5) to (6) are affected by the specific machining
process. Moreover, points 79 and 221 are just within the range
of regions 2 and 5 in Fig. 8 respectively, which verifies the
geometric property that the S-shaped test piece has the special
point.

According to the above analysis, the key error parameters
of regions 2 and 5 can be obtained. Then, machining errors of
these two regions are selected to be repaired respectively. Let
the key error parameters εx(y), εx(x), δy(z), δy(y), δy(x), δx(c),
δx(b), εx(z), εz(x), εy(c), and εz(y) in region 2 be 0 and other
error parameters remain unchanged, and the machining error
of the test piece between points 70 and 90 is shown in
Fig. 28a. In addition, let the key error parameters εy(y),
εy(x), δx(y), δx(x), δx(z), εz(x), εy(z), δy(c), δy(b), δx(c), and
δx(b) in region 5 be 0 and other error parameters remain un-
changed, and the machining error of the test piece between
points 220 and 240 is shown in Fig. 28b. Based on Fig. 28a, b,
mean values of absolute machining errors are obtained, as
shown in Table 5.

From Table 5, it can be seen that mean values of absolute
machining errors before and after repair are reduced from
0.090 mm to 0.015 mm and from 0.060 mm to 0.007 mm in

Table 5 Mean values of machining errors

Before repair (mm) After repair (mm) Reduction ratio (%)

Region 2 0.090 0.015 83

Region 5 0.060 0.007 88
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Fig. 29 Increment of machining error caused by single geometric errors
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regions 2 and 5, respectively, and the reduction ratio is
accounted for 83% and 88% in regions 2 and 5, respectively.
It is obvious the analysis method of local error spatial mor-
phology can decouple the key error parameters in the local
regions of the test piece.

3.4.2 The causation analysis of global error for S-shaped test
piece

According to Sect. 3.3, the machining errors caused by differ-
ent error parameters are different. Compared to the increment
of machining error caused by each geometric error parameter,
the larger the increment, the greater the influence of error

parameter on machining error. Thus, the key parameters of
global error can be determined, as shown in Fig. 29.

In error spatial model, let the top seven error parameters
εx(y), εy(z), δx(b), δx(c), δy(c), δy(b), and εy(c) shown in Fig. 29
be 0 and other error parameters remain unchanged, then the
machining errors of three test lines L1, L2, and L3 (as shown
in Fig. 5) for S-shaped test piece are shown in Fig. 30. It can be
seen in Fig. 30 that global repaired results are not beyond the
tolerance. Therefore, the causation analysis of contour error
for S-shaped test piece is correct and feasible.

4 Experimental verification

To verify the effectiveness of the proposed method, a cutting
experiment is carried out. Figure 31 shows the flow chart of
the cutting experiment.

The rough machining process of the S-shaped test piece
made of 2A12 high-strength aluminum alloy is implemented
on a three-axis milling machine. Then, subsequent machining
processes are developed on a FAMT XKAS2525 × 60 (as
shown in Fig. 2), which is suitable for high-speed milling of
large and heavy parts in automobile and aviation industries. In
addition, the S-shaped strip is milled by using a ϕ20 bar mill-
ing cutter, and the cutting parameters and procedures of the
test piece are shown in Table 6.

During the cutting experiment, the room temperature
should be controlled at about 20°. The experimental data is
measured three times, and the average value is taken to reduce
the effect of thermal error and improve the stability of mea-
surement data. To minimize the influence of dynamic error as
much as possible, the thickness of the S-shaped strip is in-
creased from 3 mm described in the standard [8] to 8 mm.
What is more, to reduce the effect of installation errors, the S-
shaped test piece is carefully mounted on the worktable and
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the installation direction of its CS coincides with that of MCS,
as shown in Fig. 32.

Since tool setting position is considered as the reference
position in the cutting process, it is first determined by milling
datum surfaces on the base of the test piece, as shown in
Fig. 33. Then, the cutting of test piece is carried out by utiliz-
ing the NC instruction in Sect. 2.3. In order to improve the
surface quality of the test piece, the cutting allowance is grad-
ually decreasing. Cutting experiment of the S-shaped test
piece is shown in Fig. 34a. Figure 34b shows the finished S-
shaped test piece.

In order to compare with the analysis results in Sect. 3.4,
error analysis and detection experiment of S-shaped test piece
aim with the same side surface shown in Fig. 6. On three
measuring lines L1, L2, and L3, 90 detection points are evenly
selected. According to the theoretical value and normal vector
of the detection point calculated in Sect. 2, the test piece error
is measured by a coordinate measurement machine (CMM):
Zeiss PRISMO 125751, Germany, as shown in Fig. 35.
Figure 36 shows error detection results. Please note that the
outward direction of test piece surface is positive.

From Fig. 36, it can be seen that the error of the test piece
on the smaller side of X coordinate is positive, showing the
undercut, and the error on the larger side of X coordinate is
negative, showing overcut. And, the error change trends on
the three measurement lines are basically the same as that
shown in Fig. 15. Detection errors on three different heights

of test piece are also analyzed one by one, as shown in Fig. 37.
From Fig. 37, the Z-direction error of the test piece is the
smallest; the X-direction error is positively correlated with X
coordinate, and the change trend of Y-direction error is smaller
in both ends and larger in the middle. In addition, the sudden
change in the middle of the test piece is caused by X-direction
error. In other words, the X-direction error has the greatest
influence on the spatial error of the test piece.

Obviously, the above analysis results are very similar to
those of Sect. 3.2, which verifies the correctness of error spa-
tial model for the test piece.

Finally, according to the patent requirement of the S-
shaped test piece [8], the machining error is not more than
0.05 mm. While, as is seen in Fig. 36, most of the detection
points on the finished surface for test piece are out of toler-
ance. Therefore, to improve machining accuracy of the test
piece, the top 7 global key error parameters εx(y), εy(z),
δx(b), δx(c), δy(c), δy(b), and εy(c) displayed in Fig. 29 are
directly compensated based on offset function of external CS
for the machine tool after the position errors, which are calcu-
lated by using the key error parameters and error spatial mod-
el, are sent from the thermal offset correction interface of the
machine tool to the CNC system, and the S-shaped test piece
is machined and detected in the same way. The detection re-
sults shown in Fig. 38 indicate the test piece has very few
points that are not within the tolerance range after the key error
parameters are compensated. In addition, compared with

Table 6 Cutting parameters of S-shaped test piece

Procedure Description Spindle speed (r·min−1) Feed speed (mm·min−1) Cutting allowance (mm)

1 Milling datum surface 12,000 800 –

2 Semi-finishing 10,000 1000 2.25

3 Semi-finishing 10,000 1000 0.25

4 Finishing 12,000 800 0

Xw

Yw Zw

X

Y Z
Datum hole

WCS

MCS

wq

Worktable

Fig. 32 Installation mode of the
S-shaped test piece
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Figs. 30 and 38, the graphs of detection results after compen-
sation and global repaired results are almost similar.
Therefore, the causation analysis method presented in this
paper based on error spatial morphology of S-shaped test
piece is completely feasible and correct.

5 Conclusions

In this paper, a novel causation analysis method based on error
spatial morphology of S-shaped test piece is developed, and
the key geometric error parameters causing contour errors of

test piece are decoupled. Firstly, tool axis surface error model
is built based on multi-body system (MBS) theory. To elimi-
nate the effect of theoretical errors for S-shaped test piece on
tool axis, the optimized tool path is planned based on the
three-point tangential method. As a basis, the NC instruction
of test piece processing is calculated by considering tool set-
ting position. Thus, the error spatial model of test piece is
established and error spatial morphology of test piece is
characterized.

Then, considering all geometric error parameters and a sin-
gle geometric error parameter respectively, spatial morphol-
ogies of machining errors for test piece are drawn. As a basis,

X-direction

Z-direction

Y-direction

X
Y

Z

Tool setting position

cq

MCS

Base

Fig. 33 Determination of tool
setting position

Test piece

Finished surface

(a)

(b)

Fig. 34 Cutting test of the S-shaped test piece. a Cutting scene. b The finished test piece
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the relationships between geometric error parameters and er-
ror spatial morphologies are analyzed by combining the geo-
metric characteristics of the test piece. In order to decouple the
key geometric error parameters affecting contour error of test
piece, the causation analysis method of local error and global
error are presented. After repairing the local and global key
error parameters of the test piece obtained from these two
analysis methods respectively, the local machining errors are
reduced by more than 80%, and the global machining error is
not beyond the tolerance.

Finally, the cutting experiments of S-shaped test piece on
the five-axis machine tool (FAMT) XKAS2525 × 60 are car-
ried out. Error detection results of test piece are basically the
same as that shown in error spatial morphologies of test piece,
which verifies the correctness of error spatial model for the
test piece. After compensating the top 7 error parameters εx(y),
εy(z), δx(b), δx(c), δy(c), δy(b), and εy(c) obtained from the
causation analysis method of global error in CNC system,
and re-cutting and detecting test piece under the same condi-
tions, the detection results indicate the test piece has very few

Detection surface

of test piece

CMM

Positive

direction

Fig. 35 Error detection of the S-
shaped test piece

Fig. 36 Detection errors of the S-
shaped test piece

Int J Adv Manuf Technol (2019) 103:3529–3556 3553



points that are not within the tolerance range. And, detec-
tion results after compensation and global repaired results
are almost similar. Therefore, a reasonable conclusion can
be drawn that the causation analysis method presented in
this paper based on error spatial morphology of S-shaped
test piece is completely feasible and correct. Thus, the
work can intuitively reflect the mapping relationship be-
tween geometric error of machine tool and error spatial
morphology of test piece, directly represent error spatial
distribution of the S-shaped test piece surface, grasp the
influence law and degree of geometric error on the spatial

error of test piece, decouple the key geometric error param-
eters which affect the machining error of test piece, and
provide a comprehensive error analysis method in the ac-
ceptance and performance testing of FAMTs by using the
S-shaped test piece.

Despite the progress made in this study, only geometric
errors are considered. However, some other errors, such as
thermal error, cutting-force-induced error, dynamic error etc.,
also have influence on contour error of test piece. Therefore,
further researches should be done for all of the errors, or at
least most of them.
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Appendix 1

ex ¼ δx xð Þ þ δx yð Þ þ δx zð Þ−εz xð Þyþ εy xð Þzþ εy yð Þz−εxyyþ εxzz
þδx cð Þcos cð Þ−εy bð Þsin cð Þ−δy cð Þsin cð Þ þ εy xð Þq3z þ εy xð Þq4z

þεy xð Þq5z þ εy xð Þq6z þ εy yð Þq4z þ εy yð Þq5z þ εy yð Þq6z þ εy zð Þq5z
þεy zð Þq6z−εz xð Þq3y−εz xð Þq4y−εz xð Þq5y−εz yð Þq4y−εz yð Þq5y

−εz zð Þq5y þ εxcq6z−εxyq4y−εxyq5y þ εxzq5z þ εxzq6z þ δx bð Þcos bð Þcos cð Þ
þδz bð Þcos cð Þsin bð Þ−lcos cð Þsin bð Þ−εy xð Þlcos bð Þ−εy yð Þlcos bð Þ

−εy zð Þlcos bð Þ−εxclcos bð Þ−εxzlcos bð Þ þ εy cð Þq6zcos cð Þ−εz cð Þq6ycos cð Þ
−εz xð Þq6ycos cð Þ−εz yð Þq6ycos cð Þ−εz zð Þq6ycos cð Þ−δx bð Þεy xð Þsin bð Þ

−εxyq6ycos cð Þ−εx bð Þlsin cð Þ þ εx cð Þq6zsin cð Þ−εz cð Þq6xsin cð Þ
−εz xð Þq6xsin cð Þ−εz yð Þq6xsin cð Þ−εz zð Þq6xsin cð Þ−εxyq6xsin cð Þ
−εy bð Þlcos bð Þcos cð Þ−εy cð Þlcos bð Þcos cð Þ−εx cð Þlcos bð Þcos cð Þ
−εbzlcos bð Þsin cð Þ þ εz cð Þlsin bð Þsin cð Þ þ εz xð Þlsin bð Þsin cð Þ
þεz yð Þlsin bð Þsin cð Þ þ εz zð Þlsin bð Þsin cð Þ þ εxblsin bð Þsin cð Þ

þεxylsin bð Þsin cð Þ

ey ¼ δy xð Þ þ δy yð Þ þ δy zð Þ−εx xð Þz−εx yð Þz−εyzzþ δy bð Þcos cð Þ
þδy cð Þcos cð Þ þ δx cð Þsin cð Þ−εx xð Þq3z−εx xð Þq4z−εx xð Þq5z
−εx xð Þq6z−εx yð Þq4z−εx yð Þq5z−εx yð Þq6z−εx zð Þq5z−εx zð Þq6z

þεz xð Þq3x þ εz xð Þq4x þ εz xð Þq5x þ εz yð Þq4x þ εz yð Þq5x þ εz zð Þq5x
þεxyq4x þ εxyq5x−εycq6z−εyzq5z−εyzq6z þ δx bð Þcos bð Þsin cð Þ
þδz bð Þsin bð Þsin cð Þ−εx xð Þlcos bð Þ−εx yð Þlcos bð Þ−εx zð Þlcos bð Þ

þlεx bð Þcos cð Þ−εyclcos bð Þ−εyzlcos bð Þ−εx cð Þq6zcos cð Þ
þεz cð Þq6xcos cð Þ þ εz xð Þq6xcos cð Þ þ εz yð Þq6xcos cð Þ þ εz zð Þq6xcos cð Þ

þεxyq6xcos cð Þ þ εy cð Þq6zsin cð Þ−εz cð Þq6ysin cð Þ−εz xð Þq6ysin cð Þ
−εz yð Þq6ysin cð Þ−εz zð Þq6ysin cð Þ−εxyq6ysin cð Þ−εx cð Þlcos bð Þcos cð Þ
þεbzlcos bð Þcos cð Þ−εy bð Þlcos bð Þsin cð Þ þ εy cð Þlcos bð Þsin cð Þ
−εz cð Þlcos cð Þsin bð Þ−εz xð Þlcos cð Þsin bð Þ−εz yð Þlcos cð Þsin bð Þ
−εz zð Þlcos cð Þsin bð Þ−εxblcos cð Þsin bð Þ−εxylcos cð Þsin bð Þ

ez ¼ δz cð Þ þ δz xð Þ þ δz yð Þ þ δz zð Þ þ εx xð Þyþ δz bð Þcos bð Þ−δx bð Þsin bð Þ
þεx cð Þq6y þ εx xð Þq3y þ εx xð Þq4y þ εx xð Þq5y þ εx yð Þq4y þ εx yð Þq5y

þεx zð Þq5y−εy cð Þq6x−εy xð Þq3x−εy xð Þq4x−εy xð Þq5x−εy yð Þq4x
−εy yð Þq5x−εy zð Þq5x−εxzq5x þ εyzq5y−εy xð Þq6xcos cð Þ

−εy yð Þq6xcos cð Þ−εy zð Þq6xcos cð Þ−εxcq6xcos cð Þ−εxzq6xcos cð Þ
þεycq6ycos cð Þ þ εy bð Þlsin bð Þ þ εy cð Þlsin bð Þ þ εx xð Þq6xsin cð Þ

þεx yð Þq6xsin cð Þ þ εx zð Þq6xsin cð Þ þ εy xð Þq6ysin cð Þ þ εy yð Þq6ysin cð Þ
þεy zð Þq6ysin cð Þ þ εxcq6ysin cð Þ þ εxzq6ysin cð Þ þ εycq6xsin cð Þ
þεyzq6xsin cð Þ þ εy xð Þlcos cð Þsin bð Þ þ εy yð Þlcos cð Þsin bð Þ
þεy zð Þlcos cð Þsin bð Þ þ εxclcos cð Þsin bð Þ þ εxzlcos cð Þsin bð Þ
−εx xð Þlsin bð Þsin cð Þ−εx yð Þlsin bð Þsin cð Þ−εx zð Þlsin bð Þsin cð Þ
−εyclsin bð Þsin cð Þ−εyzlsin bð Þsin cð Þ þ εx bð Þεy zð Þεxblcos cð Þ

Table 7 Control points of S-shaped test piece (unit: mm)

Number x y z Number x y z

1 − 58.502 − 97.5 0 51 − 52.898 − 97.5 40
2 − 57.844 − 83.855 0 52 − 51.456 − 84.644 40
3 − 57.185 − 70.211 0 53 − 50.014 − 71.788 40
4 − 56.598 − 56.563 0 54 − 48.664 − 58.922 40
5 − 56.335 − 42.905 0 55 − 47.975 − 46.005 40
6 − 56.327 − 29.245 0 56 − 47.883 − 33.07 40
7 − 56.454 − 15.585 0 57 − 48.197 − 20.137 40
8 − 56.546 − 1.925 0 58 − 48.711 − 7.211 40
9 − 56.34 11.733 0 59 − 49.155 5.718 40
10 − 55.444 25.362 0 60 − 49.174 18.653 40
11 − 53.286 38.842 0 61 − 48.241 31.551 40
12 − 49.039 51.803 0 62 − 45.52 44.18 40
13 − 41.914 63.41 0 63 − 39.981 55.823 40
14 − 31.799 72.517 0 64 − 31.132 65.177 40
15 − 19.528 78.427 0 65 − 19.759 71.242 40
16 − 6.174 81.161 0 66 − 7.171 74.085 40
17 7.458 80.912 0 67 5.741 74.037 40
18 20.737 77.813 0 68 18.361 71.303 40
19 33.067 71.944 0 69 30.134 66 40
20 43.868 63.673 0 70 40.533 58.344 40
21 52.697 53.28 0 71 49.202 48.767 40
22 59.377 41.386 0 72 56.082 37.828 40
23 64.049 28.561 0 73 61.388 26.038 40
24 67.174 15.268 0 74 65.534 13.787 40
25 69.389 1.789 0 75 69.001 1.324 40
26 71.37 − 11.727 0 76 72.304 − 11.184 40
27 73.833 − 25.161 0 77 75.968 − 23.59 40
28 77.458 − 38.324 0 78 80.508 − 35.699 40
29 82.827 − 50.87 0 79 86.394 − 47.208 40
30 90.289 − 62.288 0 80 93.949 − 57.69 40
31 99.877 − 71.983 0 81 103.318 − 66.58 40
32 111.298 − 79.429 0 82 114.306 − 73.362 40
33 124.043 − 84.274 0 83 126.473 − 77.685 40
34 137.522 − 86.335 0 84 139.275 − 79.384 40
35 151.131 − 85.519 0 85 152.143 − 78.347 40
36 164.196 − 81.644 0 86 164.388 − 74.291 40
37 175.804 − 74.528 0 87 174.935 − 66.894 40
38 184.888 − 64.392 0 88 182.53 − 56.493 40
39 190.879 − 52.153 0 89 186.84 − 44.329 40
40 194.265 − 38.935 0 90 188.757 − 31.547 40
41 195.875 − 25.375 0 91 189.237 − 18.622 40
42 196.466 − 11.729 0 92 189.006 − 5.688 40
43 196.523 1.931 0 93 188.498 7.238 40
44 196.393 15.591 0 94 188.033 20.167 40
45 196.296 29.251 0 95 187.852 33.102 40
46 196.388 42.911 0 96 188.158 46.034 40
47 196.778 56.566 0 97 189.136 58.931 40
48 197.426 70.211 0 98 190.575 71.788 40
49 198.085 83.855 0 99 192.017 84.644 40
50 198.744 97.5 0 100 193.458 97.5 40
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