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Abstract
In practical machining, flank milling path generation methods of blade surfaces should concern machine axes’ motions to
improvemachined surface quality, as well as the gouging-avoidance with the hub surface and the geometric deviation constraints.
The smoothness of the tool orientation in the part coordinate system cannot assure the smooth rotary axis motions of a five-axis
machine tool, since the conversion of tool orientation from the part coordinate system to the machine coordinate system is
nonlinear. A flank milling path is represented with the cutter reference point trajectory and the displacement curves of the two
rotary axes in this research, so that the machine axes’motions along the tool path can be directly smoothed when generating the
path. The point-to-surface distance function is adopted to evaluate the geometric deviation, and an algorithm based on the
differential evolution algorithm is presented to solve the distance function robustly. The sum of the squares of the first, second,
and third derivatives of the cutter reference point trajectory and the two rotary axes’ displacement curves are adopted as the
smoothness indicators. Then, a flank milling path generation model for blade surface smoothing the machine axes’motions and
considering the hub surface gouging-avoidance and geometric deviations constraints is developed. Numerical examples and
machining experiments for five-axis flank milling of a blade surface are given to confirm the validity and effectiveness of the
proposed approach.
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1 Introduction

Fans, compressors, and impellers are the main components of
turbo-machinery. At present, blade surfaces of these turbo-
machinery parts are mainly manufactured by five-axis com-
puter numerical control (CNC) milling with two distinct
methods: point milling and flank milling. Flank milling com-
paratively outweighs point milling in several respects: higher
material removal rate, elimination of hand finish, and so on.
Therefore, five-axis flank milling has been widely applied in
blade surface machining.

Many researchers have studied the methods of impeller
machining. Fan et al. [1] presented five-axis flank milling tool

path generation methods in rough and semi-finish machining
for centrifugal impeller with arbitrary blade surfaces. Focused
on blade finishing, Calleja et al. [2] described a cutting force
prediction method of blade flank milling. Later, they devel-
oped a flank milling path generation method for freeform sur-
faces with ball-end cutters, and the method can compute
patches that well approximate the input freeform surface [3].
Tapered ball-end cutters are usually employed in impeller ma-
chining because of its high stiffness. Moreover, the blade sur-
face and the fillet can be machined in a single pass using the
ball-end cutters, and the ball-end of the cutters should be tan-
gent to the hub surface to avoid gouging. Lu et al. [4] devel-
oped a model to optimize the geometry of conical cutters for
impeller flankmilling. Based on the on-machinemeasurement
inspection system, Huang et al. [5] introduced an integrated
machining deviation compensation strategy, which can be
used in the blade surface machining.

High surface finish quality and accuracy are the fundamen-
tal requirements for blade surface flank milling. Dramatic
changes in machine axes’ motions from one cutter location
to another one will result in poor surface quality by leaving
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tool marks. The surface quality could be improved by mini-
mizing the accelerations and the vibrations of the machine tool
components. Due to the complexity of the inverse kinematical
transformation (IKT) of five-axis machine tools, it is difficult
to anticipate the machine tool kinematical behavior during
tool path generation [6]. Therefore, researchers prefer to
smooth the tool path, mainly the tool orientation, in the part
coordinate system (PCS) [7–10]. However, considering the
structure of five-axis machine tools and the kinematical char-
acteristics of the joints, smooth tool orientations in the PCS do
not necessarily mean smooth motions of the rotary axes of the
machine tool. It is especially the case at the singular point of
the five-axis machine tool. At the singular point, slight chang-
es of the tool orientation in the PCSmay cause a great rotation
of the machine axes, no matter how smooth the tool orienta-
tions in the PCS are [6, 11]. Therefore, the issue of smoothing
the machine axes’ motions should be concerned.

In five-axis machining, different methods were proposed to
smooth the rotary axes’ motions. Based on the domain of
admissible orientation (DAO) concept, Castagnetti et al. [12]
optimized the rotary axis movements for tool path generation.
Taking the physical limits of the drives into account, Beudaert
et al. [13] proposed an algorithm to iteratively smooth the joint
motions along the tool path to raise the real feed rate.
Plakhotnik et al. [14] developed an optimization method of
finding a sequence of tool orientations that can minimize the
displacements of the machine rotary axes. Lin et al. [15] de-
scribed a method of avoiding singularities by translating the
tool orientations in the configuration-space (C-space), and the
orientation polyline was translated by a minimum translating
vector to avoid the singularities. Later, they developed a mod-
ified particle swarm optimization algorithm to find an optimal
translating vector in the C-space to control the machined sur-
face textures as well as the machining errors [16]. Geng et al.
[17] generated smooth tool paths for sculptured surface ma-
chining by considering the joint movements between two
neighboring cutter locations in the machine tool frame. Hu
et al. [18] presented a new five-axis tool path generation al-
gorithm taking the specific machine tool’s kinematic and dy-
namic loading constraints into consideration. Srijuntongsiri
et al. [19] revealed a method to minimize the kinematic error
in five-axis machining by inserting additional cutter locations
between key cutter locations and rotating/translating the part
surface into an optimal position. Lu et al. [20] developed a
smooth flank milling path generation method based on the
gradient-based differential evolution method, considering the
rotary axis motions of the five-axis machine tool. The control
points of the tool axis trajectory surface represented in the
PCS were optimized to smooth the two rotary axis move-
ments. Later, they also presented a smoothing approach,
which was applied directly to the rotary axis motions [21].

However, the constraint of gouging-avoidance with the hub
surface for blade surface milling path generation is not con-
cerned in these two methods. Besides, the trajectory of the
cutter reference point was not optimized neither. Finding the
collision-free tool orientations in the C-space, Mi et al. [22]
then introduced a difference graph to find a smoother tool
orientation.

The tool path generation algorithm should not only take the
performance of the machine tool into account but also respect
the geometric deviations of the tool path. It is especially true
for five-axis flank milling tool path of blade surfaces. Lartigue
et al. [23] developed a flank milling tool path deformation
method to make the envelope surface fit the ideal surface as
much as possible, and only the geometric deviations were
concerned. The methods proposed in Refs. [7, 10] increased
the tool path smoothness by minimizing the strain energy of
the tool axis trajectory surface. However, the tool path
smoothing was realized in the PCS, and the machine axes’
movements were not taken into account. Affouard et al. [11]
proposed an algorithm to deform the tool path avoiding the
tool transitioning in the singular cone, and the displacements
applied to the control points were limited, so that the actual
tool path still satisfied the given geometric tolerance.
However, this algorithm was applied to point milling, not
flank milling.

The deformation method is usually employed to optimize
and correct the flank milling tool path, mainly reducing the
geometric deviations between the envelope surface and the
design surface. The geometric deviations and the smooth
movements of the machine axes should be confronted simul-
taneously when deforming a tool path. Besides, different from
planning a flank milling path for a single surface, the hub
surface gouging-avoidance constraint should be concerned
as well for blade surfaces milling path generation. The cutter’s
ball-end should be tangent to the hub surface at the corre-
sponding cutter contact point, thereby ensuring it does not
gouge the hub surface. Different from the previous research,
a flank milling tool path in this research is represented with the
cutter reference point trajectory in the PCS and the displace-
ment curves of the two rotary axes of the used machine tool.
Then, the smoothing optimization in this research is applied
directly in the rotary axis movements, and the cutter reference
point trajectory is also optimized. Moreover, the geometric
deviations and the hub surface gouging-avoidance constraints
are also taken into account.

The remainder of this paper is organized as follows. The
preliminaries for five-axis flank milling path generation are
presented in Sect. 2, including the tool path representation
method and the point-to-surface distance function based tool
path optimization method. In Sect. 3, the smoothness tool path
indicators and the geometric constraints are introduced, and
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the model and algorithm for smoothness tool path optimiza-
tion are described as well. Numerical examples andmachining
experiments are presented in Sect. 4, and conclusions are giv-
en in Sect. 5.

2 Preliminaries

2.1 Tool path representation

The geometric model of a tapered ball-end cutter is shown in
Fig. 1a, and the ball center c is selected as the cutter reference
point. The parameters of the cutter are ball radius of the tool
rball, tapered angle φ, and cutter length H. The cutter surface
can be constructed by using a one-parameter family of
spheres, as shown in Fig. 1b. The radius r of any sphere can
be expressed as

r að Þ ¼ rball þ a⋅sinφ ð1Þ
where a is the distance between the associated sphere
center and the cutter reference point c, and a∈ a0; a1½ � ¼
0; H−rballð Þ⋅tan φð Þ þ rball

cos φð Þ
� �

⋅tan φð Þ þ H−rballð Þ
h i

.

Each cutter location along a tool path consists of a position
and a unit orientation. The position constitutes the cutter ref-
erence point trajectory when the cutter moves along the tool
path.When the cutter location data of the tool path is obtained,
the IKT of the particular five-axis machine tool is used to
convert the cutter location data into NC code, acquiring the
rotary axes’ positions. Therefore, a five-axis milling path can
be represented by three B-spline curves, which are the spline
P(u) for the cutter reference point trajectory in the PCS and the
other two splines represent the movements of the two rotary
axes along the tool path. The tool orientation curve O(u) of a
path can be represented with the two rotary axis displace-
ments, as shown in Fig. 2b. For an AC-type table-tilting

machine tool, O(u) can be expressed as

O uð Þ ¼
Oi uð Þ
O j uð Þ
Ok uð Þ

2
4

3
5 ¼

sin CC uð Þð Þ⋅sin CA uð Þð Þ
cos CC uð Þð Þ⋅sin CA uð Þð Þ
cos CA uð Þð Þ

2
4

3
5 ð2Þ

where CA(u), CC(u) are the displacement curves of the two
rotary axes of the specified machine tool along the tool path,
which can be calculated by interpolating the rotary axes’ po-
sitions of the discrete cutter location data along the tool path.
To synchronize the tool reference point position and tool ori-
entation, the knot vector of P(u) and O(u) are identical.
Therefore, the tool axis trajectory surface of a flank milling
tool path can be expressed as Eq. (3),

Saxis w; v; uð Þ ¼ P uð Þ þ v⋅O uð Þ ð3Þ
where w = [w0, … ,wm − 1]

T ∈ℝm denotes the control points
of P(u) and O(u) and v ∈ [0,H − rball] for ball-end cutters.
Suppose the number of the control points of P(u) is l, then
m = 3l + l + l.

The way to calculate the control points of P(u) and O(u) is
described as follows. Let ci(i = 0, 1, … , l − 1) denote the giv-
en cutter reference points along a path. The parameter values
of ci(i = 0, 1, … , l − 1) are calculated by using the chord-
parameterization method, as the expression in Eq. (4).

t0 ¼ 0;

tk ¼ tk−1 þ ‖ck−ck−1‖; k ¼ 1;…; l−1

�
ð4Þ

Then the knot vector {u0, u1, … , un}(n = l + p) can be
evaluated with the parameter values {t0, t1, … , tl − 1} accord-
ing to Eq. (5), where p denotes the degree of B-spline curve.

u0 ¼ ⋯ ¼ up ¼ 0; un−p ¼ ⋯ ¼ un ¼ tl−1;

u jþp ¼ 1

p
∑

jþp−1

i¼ j
ti; j ¼ 1;…; l−1−p:

8<
: ð5Þ

Then the control points can be obtained by solving linear
equations, which can be referred to Ref. [24]. [up, ul] is the
parameter domain of P(u) and O(u).

2.2 Representation of cutter swept envelope
as a sphere-swept surface

A two-parameter family of spheres would be generated when
the cutter moves along a tool path. The cutter swept surface is
identically the envelope surface of this two-parameter family
of spheres, as illustrated in Fig. 3. The radius r of any sphere in
the family depends on the cutter shape, and S represents the
trajectory surface of the sphere center. Both of them can be
expressed as the following smooth functions of parameters a
and u [25].

S w; a; uð Þ ¼ Saxis w; a; uð Þ; r w; a; uð Þ ¼ rball þ a⋅sinφ ð6Þ

ϕ
H

c

(a) Parameters of a tapered

ball-end cutter

c

r
a

H

(b) Cutter surface

Fig. 1 Geometric model of a tapered ball-end cutter
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where u ∈ [up, ul] and a ∈ [a0, a1].More details can be found in
Ref. [25].

2.3 Geometric deviation evaluation

For a flank milling tool path, the geometric deviation of a
point on the design surface is defined as the signed orthogonal
distance between the point to the cutter swept surface X, and
the distance function can be calculated as

dp;X wð Þ ¼ sign⋅min
a;uð Þ

‖p−X w; a; uð Þ‖ ð7Þ

dp, X(w) < 0 and dp, X(w) > 0 indicate overcut and undercut,
respectively. According to Refs. [25, 26], the geometric devi-
ation of point p can be calculated as

dp;X wð Þ ¼ min
a;uð Þ

‖p−S w; a; uð Þ‖−r w; a; uð Þ
� �

ð8Þ

The minimal value of Eq. (11) can be obtained by
solving a system of nonlinear equations [25]. Since the
tool path is represented with the two rotary axis dis-
placement curves, it is complicated to find a good initial
solution when solving the equations. Hence, an algo-
rithm based on the different evolution (DE) algorithm
is developed to solve Eq. (8), calculating the geometric
deviation and the associated parametric coordinate (a, u)
robustly. Details of the algorithm can be found in
Appendix A, and more introductions of DE algorithm
and its improved methods can be found in Refs. [27,
28]. The first-order differential increment of the distance
function dp,X(w) with respect to the control points w can

be computed as

Δdp;X wð Þ≈ ∑
m−1

j¼0
Sw j w; a; uð Þ � S w; a; uð Þ−p

‖S w; a; uð Þ−p‖

" #
⋅Δw j

¼ − ∇dp;X wð Þ� �T � Δwð Þ ð9Þ

Formore details on Eq. (9), the readers can refer to Ref. [25].

3 Model and algorithm for smoothness flank
milling path generation

The smoothness of the tool path is a key criterion for blade
surfaces flank milling. The object of tool positioning for blade
surface flank milling is to seek a solution preserving smooth-
ness of the tool path, while considering the geometric devia-
tions and the hub surface gouging-avoidance constraints.

3.1 Smoothness indicators for the tool path

When a tool path is represented with Eq. (3), from the geo-
metric point of view, the sum of the squares of the first,

P(u)

(a) Cutter reference point trajectory 

O(u)

(b) Tool orientation curve

Fig. 2 Cutter reference point
trajectory and tool orientation
curve

envelope surface X
Fig. 3 Surface swept by a tapered ball-end cutter along a five-axis motion

,i
d p X w

pi

X

Fig. 4 Constraint of geometric deviations
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second, and third derivatives of the three B-spline curves can be the indicators to denote the smoothness of the tool path,
which are formulated in Eq. (10).

F first;A ¼ ∫ulup
dCA uð Þ

du

� �2

du; F first;C ¼ ∫ulup
dCC uð Þ

du

� �2

du; Fsecond;A ¼ ∫ulup
d2CA uð Þ

du2

� �2

du;

Fsecond;C ¼ ∫ulup
d2CC uð Þ
du2

� �2

du; F third;A ¼ ∫ulup
d3CA uð Þ

du3

� �2

du; F third;C ¼ ∫ulup
d3CC uð Þ

du3

� �2

du;

F first;pt ¼ ∫ulup
dP uð Þ
du

� �2

du; Fsecond;pt ¼ ∫ulup
d2P uð Þ
du2

� �2

du; F third;pt ¼ ∫ulup
d3P uð Þ
du3

� �2

du

ð10Þ

The weighted sum method is the best known and simplest
method for evaluating a number of alternatives in terms of a
number of decision criteria. Therefore, it is used to score the
smoothness of a given tool path, and its matrix form is
expressed in Eq. (11),

Fsmooth ¼ DA
TKADA þ DC

TKCDC þ Dpt
TKptDpt ð11Þ

where Bi, p(u) is a B-spline basis function of degree p. KA, KC,
Kpt are termed the stiffness matrices, and KA;ij ¼ ∫ulup

wfirst⋅Bi;p
0
uð ÞBj;p

0
uð Þ þ wsecond⋅Bi;p

0 0
uð ÞBj;p

0 0
uð Þ þ wthird⋅

�
Bi;p

0 0 0

uð Þ Bj;p
0 0 0
uð ÞÞdu; 0≤ i; j≤ l−1. wfirst, wsecond, and wthird are the

weights which are estimated to make F1 =DA
TGDA, F2 =

DA
TLDA, and F3 = DA

TRDA have identical magnitude

o r d e r s , w h e r e Gij ¼ ∫ulup Bi;p
0
uð ÞBj;p

0
uð Þ� �

du;Lij ¼ ∫ulup
Bi;p

0 0
uð ÞBj;p

0 0
uð Þ� �

du;Rij ¼ ∫ulup Bi;p
0 0 0
uð ÞBj;p

0 0 0
uð Þ� �

du. In this

work, wfirst = 1/F1, wsecond = 1/F2, wthird = 1/F3. KC and Kpt can
be estimated with the similar way. DA ∈ℝl, DC ∈ℝl, Dpt ∈ℝ3l

are the control points of the two rotary axis displacement curves
and the cutter reference point trajectory, respectively.

3.2 Constraint of geometric deviations

To satisfy the requirement of machining accuracy, the distance
from a point on the design surface to the envelope surface
swept by the cutter motions should be smaller than the toler-
ance δ. For a set of data points {pi ∈ℝ3, i = 0,⋯, n1} sampled

from the blade surface, we have the following constraint func-
tions, as illustrated in Fig. 4.

C1 jdpi;X wð Þj≤δ; i ¼ 0;⋯; n1 ð12Þ

3.3 Constraint of tangent the cutter’s ball-end
with the hub surface

When a ball-end cutter is used to mill blade surfaces, the ball-
end of the cutter should be tangent to the hub surface at each
cutter location, ensuring the cutter is gouge-free with the hub
surface. As a result, the blade surface and the fillet are ma-
chined in a single pass. As illustrated in Fig. 5, dci;S0 wð Þ−rball
¼ 0 means that the ball-end of the cutter is tangent to the hub
surface S0. For a set of cutter reference points {ci ∈ℝ3, i = 0,
⋯, n2} sampled from P(u), we have the following constraint
functions to avoid much material being left behind milling or
the cutter gouging the hub surface,

C2 jdci;S0 wð Þ−rballj≤ε i ¼ 0;⋯; n2 ð13Þ
where ε is the prescribed tolerance.

3.4 Model for smoothness flank milling tool path
optimization

The tool path can be applied a deformation, so that the enve-
lope surface of the tool movement best fits the design surface

c
0,dc S

gouging

tapered 

ball-end 

cutter

blade 

surface

hub surface

(S0)

c

Fig. 5 Constraint of tangent the
cutter’s ball-end with the hub
surface
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[23]. Let {pi ∈ℝ3, 0 ≤ i ≤ n1} and {ci ∈ℝ3, 0 ≤ i ≤ n2} denote
the point sets sampled from the design surface and P(u), re-
spectively. The objective is to smooth the machine axes’ mo-
tions while meeting the geometric constraints, including the
geometric accuracy δ and the gouge-free between the cutter’s
ball-end and the hub surface. Therefore, it is a constrained
nonlinear optimization problem (CNOP).

P1 s:t: min
w∈ℝm Fsmooth

jdpi;X wð Þj≤δ; i ¼ 0;⋯; n1
jdci;S0 wð Þ−rballj≤ε; i ¼ 0;⋯; n2

Sequential quadratic programming (SQP) is an iterative
method for constrained nonlinear optimization and has been
used successfully on many practical CNOP. The SQP method
solves a sequence of optimization sub-problems, each of
which optimizes a quadratic model of the objective subject
to a linearization of the constraints. Here, we apply the SQP
method to problem P1, and the sub-problem is the formula in
P2.

P2 s:t:

min
w∈ℝm

Δwð ÞTY Δwð Þ þ Δwð ÞTYw
−δ≤dpi;X wð Þ þΔdpi;X wð Þ≤δ; i ¼ 0;⋯; n1

−ε≤dci;S0 wð Þ−rball þΔdci;X wð Þ≤ε; i ¼ 0;⋯; n2

where

Y ¼
y
0

0½ �3l�l 0½ �3l�l
0½ �l�l λA⋅KA 0½ �l�l
0½ �l�l 0½ �l�l λC⋅KC

2
4

3
5; y

0 ¼
λls⋅Kpt 0½ �l�l 0½ �l�l
0½ �l�l λls⋅Kpt 0½ �l�l
0½ �l�l 0½ �l�l λls⋅Kpt

2
4

3
5 ,

w ¼
Dpt

DA

DC

2
4

3
5. The weightings λls, λA, and λC are estimated to

make the multiplied results λls ⋅Dpt
TKptDpt, λA ⋅DA

TKADA,
and λC ⋅DC

TKCDC have the same magnitude orders. The
weightings λls, λA, and λC are change in each iteration.
Moreover, the weights of determining the stiffness matrices
KA, KC and Kpt are also change in each iteration. Now, we
present the following algorithm for smoothness flank milling
tool path generation.

D = 37 mm

1
4

.2
6

 m
m

Fig. 6 The blade surface and the impeller model

(a) Evolution of A axis (b) Evolution of C axis
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Fig. 7 Evolutions of the two rotary axes along the initial path
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Fig. 8 The curvature plot for P(u) of the initial path
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Algorithm

As with any nonlinear optimization problem, a good initial
solution is needed when solving P1. Penalty methods are a
certain class of algorithms for solving constrained optimiza-
tion problems. They replace a constrained optimization prob-
lem by a series of unconstrained problems, and the uncon-
strained problems are formed by adding a term, called a pen-
alty function. On the other hand, smoothing the rotary axes’
motions of a machine tool needs to deform the tool path, and
compromise has to be made between the smoothness and geo-
metric deviations of the tool path. Hence, the weighted sum
method is utilized, and the object function of tool path gener-
ation becomes

P3 min
w∈ℝm F ¼ λls⋅ ∑

n1

i¼0
dpi;X wð Þ	 
2 þ λA⋅DA

TKADA

þ λC⋅DC
TKCDC þ λpt⋅Dpt

TKptDpt

þ λpenalty⋅ ∑
n2

i¼0
dci;S0 wð Þ−rball
� �2 ð14Þ

The Gauss-Newton method can be applied to solve Eq.
(14), and the corresponding algorithm can be found in
Appendix B.

(a) (b)

Fig. 9 Distributions of the
geometric deviations a before
optimization and b after
optimization
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4 Simulations and machining experiments

To demonstrate the validity of the proposed method,
numerical examples and machining are given in this
section. The proposed algorithm is implemented in
C++ with the 3D geometric modeler ACIS. Figure 6
presents the tested blade surface and the associated im-
peller model. The fillet radius on the blade root is 1 mm.
A tapered ball-end cutter with the parameter rball = 1 mm,
φ = 5∘, H = 20 mm is used in this case study. The five-axis
machine tool utilized for the experimental tests is DMG
Ultrasonic 10, which is a AC-type table-tilting machine
tool, and the CNC system is SIEMENS 840D solutionline.
The forward kinematics of this machine tool is expressed as

i ¼ sin Cð Þ � sin Að Þ; j ¼ cos Cð Þ � sin Að Þ; k ¼ cos Að Þ:

Fifty cutter locations are first determined using the
Chiou’s method [29] combined with the bisection meth-
od to satisfy the hub surface gouge-free constraint [30].
The tolerance between the ball-end of the cutter and the
hub surface is set 0.01 mm. After acquiring the cutter
locations, the corresponding positions of the rotary axes
for each cutter location can be calculated with the IKT
of the machine tool [20]. The cutter reference point
trajectory and the displacement curves of the two rotary
axes along the initial path can be acquired by the inter-
polation method in Ref. [31], and the degree of B-spline
curve here is 5. The evolutions of the two rotary axes A

(a) Evolutions of A axis (b) Evolutions of C axis
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Fig. 10 Evolutions of the two rotary axes along the optimized path
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results of the CAM software
results of the proposed method

Fig. 11 Comparisons of the
curvature value along P(u)
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and C during the initial tool path are shown in Fig. 7.
Curvature is chosen as an important criterion for motion
curve because sharp bends in it mean strong motion
changes. Thus, a cutter reference point trajectory with
small curvature is preferred. The curvature plot for the
cutter reference point trajectory of the initial path is
given in Fig. 8, and oscillations can be found. For the
initial path, the smoothness indicators in Eq. (10) are
Ffirst, A = 0.049, Fsecond, A = 1.8e − 3, Fthird, A = 1.3e − 3,
Ffirst, C = 0.063, Fsecond, C = 4.5e − 3, Fthird, C = 4.2e − 3,
Ffirst, pt = 24.42, Fsecond, pt = 0.461, and Fthird, pt = 7.145.

To evaluate the geometric deviations, 100 × 30 points
are sampled on the design surface, and 100 points are
sampled on P(u). The parameters used in the algorithm
to calculate the geometric deviations are M = 50, T =
100, and CR = 0.3. The maximal undercut and overcut

of the initial tool path are 0.0031 and 0.081 mm, re-
spectively. The maximal undercut and gouging between
the cutter’s ball-end and the hub surface along the ini-
tial path are 0.0096 and 0.0098 mm, respectively, satis-
fying the specified tolerance.

Before using the SQP method to solve the smoothness
flank milling path generation model, P3 is solved to obtain a
good initial solution first. λpenalty = 1000, and n1 and n2 in P1
are 100 × 30 and 100, respectively. After three iterations, the
maximal undercut and overcut of the obtained path are 0.018
and 0.012 mm, respectively. The maximal undercut and goug-
ing between the cutter’s ball-end and the hub surface are 0.003
and 0.0014 mm, respectively, which are controlled within the
specified tolerance. In addition, the smoothness indicators in
Eq. (10) become Ffirst, A = 0.046, Fsecond, A = 1.2e − 3, Fthird,

A = 2.32e − 5, Ffirst, C = 0.043, Fsecond, C = 1.1e − 3, Fthird, C =
4.31e − 5, Ffirst, pt = 24.38, Fsecond, pt = 0.174, and Fthird, pt =
0.0134. The distributions of the geometric deviations of the
paths before and after optimization are shown in Fig. 9.

A compromise between the geometric deviations and
smoothness of the tool path has to be made to find a
best tool path to ensure high-performance machining
[7]. Therefore, the specified geometric tolerance is set
0.035 mm in this case. After the smoothness optimiza-
tion with the SQP method setting the maximal number
of iterations to 3, the smoothness indicators become
Ffirst, A = 0.044, Fsecond, A = 8.6e − 4, Fthird, A = 1.84e − 5,
Ffirst, C = 0.041, Fsecond, C = 9. 8e − 4, Fthird, C = 1.78e −
5, Ffirst, pt = 24.30, Fsecond, pt = 0.159, and Fthird, pt = 8.6e
− 3, which are all smaller than those of the initial solu-
tion. The evolutions of the two rotary axes along the
optimized tool path are illustrated in Fig. 10, compared
with those of the initial path. The curvature value along
P(u) of the optimized path is also presented in Fig. 11.
After the optimization, the positions of C axis along the
path change more slowly, and the curvature values

Fig. 12 Distribution of the geometric deviations
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Fig. 13 Comparisons of the evolutions of the two rotary axes
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along P(u) vary gently, indicating the effectiveness of
the proposed method. Besides, the distribution of the
geometric deviations of the optimized path is presented
in Fig. 12, satisfying the specified geometric accuracy
requirement.

Remark: The computational time of the smoothness opti-
mization with the SQP method depends on parameters n1 and
n2. It is better to reduce the number of sampling points to
shorten the computational time.

The CAM Software MAX-PAC is employed to gen-
erate the blade surface flank milling path as well, and
the results are used to compare with those of our meth-
od. The associated rotary axis displacements along the
path are given in Fig. 13, as well as the results obtained
with our method. It can conclude that the C axis move-
ments of the path generated by our method are smooth-
er than those obtained by the MAX-PAC. The curvature
value along P(u) is also shown in Fig. 11, compared
with that of our method. The curvature values at the
beginning and end of the path generated with the
CAM software, which are the engage and retract move-
ments, are large. However, dramatic changes can be
found in the curvature plot of the path, denoting the
cutter reference point trajectory is not fairness.

Finish milling of the blade surface is also conducted.
The material of the impeller is aluminum alloy 6061.
Semi-finish is utilized to leave a uniform thickness al-
lowance for finish milling. The finish cutting conditions
are spindle speed = 8000 rpm, feed rate = 800 mm/min,
and finish milling allowance = 0.3 mm. Both the paths
generated by our method and the CAM software are
used in the finish milling. The machined surfaces with
these two methods are similar, and no tool marks are
left on the machined surfaces. Figure 14a presents the
simulation result milled by the path calculated with our
method in the Vericut software, and Fig. 14b shows the
photograph of the machined surface milled by the iden-
tical path. Even though the programmed feed rate in the
finish milling is fixed, the planned tool path can also

influence the machining time significantly. As can be
seen from the CNC system, both the feed rates during
the machining with the two paths change frequency. The
CNC system can time the machining time, and the ma-
chining time of the path obtained with our method and
the CAM software are 60 and 75 s respectively. The
reason why our method’s machining time is shorter is
that the trajectory of the cutter reference point and the
C axis movement generated by our method are smooth-
er than those of the CAM software, and then the aver-
age feed rate during the machining is higher. The effec-
tiveness of the developed method is thus experimentally
confirmed.

5 Conclusions

This paper presents an approach to generate smooth
five-axis flank milling tool paths for blade surfaces con-
sidering the geometric constraints of hub surface
gouging-avoidance and accuracy. The algorithm smooths
the rotary axis motions directly, and the cutter reference
point trajectory is optimized as well. The sum of the
squares of the first, second, and third derivatives of
the displacement curves for the two rotary axes and
the cutter reference point trajectory is adopted as the
smoothness indicators. The smoothness optimization
model is established as a constrained nonlinear optimi-
zation problem, and then the SQP and the Gauss-
Newton methods are employed to solve the problems.
Simulations and machining experiments have been car-
ried out to confirm the practicability and effectiveness
of the proposed method.
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Fig. 14 The simulation and
machining results
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The Gauss-Newton method of solving P3

Equation (14) can be written as

min
w∈ℝm

F ¼ λls⋅ ∑
n1

i¼0
dpi;X wð Þ	 
2 þ wTYw

þ λpenalty⋅ ∑
n2

i¼0
dci;S0 wð Þ−rball
� �2 ð16Þ

Let wk be a candidate solution to Eq. (16) in the kth itera-
tion and consider a perturbation of the form wk +Δwk. The
object function becomes

min
Δw∈ℝm F ¼ λls⋅ ∑

n1

i¼0
dpi;X wk

� �þΔdpi;X wk
� �	 
2 þ λpenalty⋅ ∑

n2

i¼0
dci;S0 wk

� �þΔdci;S0 wk
� �	 
2

þ wk
� �T

Y k wk
� �þ 2 wk

� �T
Y k Δwk

� �þ Δwk
� �T

Y k Δwk
� �h i

ð17Þ

Compute the displacement vector Δwk for the control
points wk by minimizing Eq. (17). Therefore, Δwk can be
found by calculating

Δwk ¼ λls⋅ A1
k

� �T
A1

k
� �þ λpenalty⋅ A2

k
� �T

A2
k

� �þ Y k
h i−1

⋅ λls⋅ A1
k

� �T
b1

k þ λpenalty⋅ A2
k

� �T
b2

k− wk
� �T

Y k
� �

ð18Þ

where A1 ¼
∇dp0;X wk

� �T
⋮

∇dpn1 ;X wk
� �T

2
64

3
75, A2 ¼

∇dc0;S0 wk
� �T

⋮
∇dcn2;S0 wk

� �T
2
4

3
5, b1 ¼ dp0;X wk

� �
⋮

dpn1;X wk
� �

2
4

3
5,

and b2 ¼
dc0;S0 wk

� �
⋮

dcn2;S0 wk
� �

2
4

3
5. Please note that the weightings λls, λA,

and λC are change in each iteration. Replacing the control
points by wk + 1 =wk +Δwk and repeating these steps until
convergence, that is, until the maximal number of iterations
is reached or the incremental change of the control points falls
below a prescribed threshold.
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