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Abstract
The calculation accuracy of instantaneous uncut chip thickness (IUCT) plays a very important role in the modeling of milling
processes. Tool runout is an obstacle to the accurate calculation of IUCT in micro-milling. This paper focuses on the calculation
of IUCTand proposes a newmethod for determining the IUCT inmicro-milling. Firstly, the effects of tool runout and single-edge
cutting on nominal uncut chip thickness were analyzed. Then, the calculation methods of nominal uncut chip thickness and actual
uncut chip thickness in micro-milling were proposed respectively, which took into account the impact of tool runout, single-edge
cutting, intermittent chip formation, and the minimum chip thickness. The pseudo-single-edge cutting whichmay occur in single-
edge cutting was discussed. Finally, nominal uncut chip thickness and actual uncut chip thickness in micro-milling were analyzed
respectively. The calculated results showed higher accuracy compared to conventional method.
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1 Introduction

Micro-milling is a direct and effective manufacturing method
which has high rate of material removal for manufacturing
micro-structures [1, 2]. Surface quality, cutting forces, process
stability, and other machining process performance are needed
to be accurately predicted to establish automation or optimi-
zation model of the machining processes [3]. A key issue in
such predictions is to calculate the instantaneous uncut chip
thickness (IUCT), which plays a very important role in the
modeling of milling processes as it is closely related to the
cutting forces, tool life, machining quality, and process stabil-
ity. However, tool runout is an obstacle to accurately calculate
the IUCT which is caused by manufacturing and assembling
errors that result in the deviation between tool axis and spindle
axis [4]. In micro-milling, tool runout will significantly affect
IUCT in two aspects. Firstly, the IUCTs of different cutting
edge are not equal at the same cut depth. In some situations,
only one cutting edge removes material effectively, which is
the so-called single-edge cutting. Secondly, the IUCTs of the

same edge change with the axial depth of cut because tool
runout angle changes along with the helix angle of the milling
cutter. Moreover, the single- and multiple-edge cutting alter-
nate occur at different cutting depths which will lead the real
cutting edge to withstand greater cutting force resulting in
easier to wear or breakage.

Martellotti established cutting edge trajectories model and
proposed an approximate algorithm for IUCT [5]. Spiewak
established an analytical modeling of cutting edge trajectories
in milling processes which used uniform transformation tech-
nique and matrix formulation of the tool geometry. And then,
he proposed an improved IUCT computing method [6, 7].
Montgomery et al. analyzed the chatter vibration waves which
were left on the milled surface and proposed a dynamic mill-
ing model in which the IUCT was calculated from cutting
edges motion [8, 9].

As tool diameter and feed per tooth decreasing sharply, the
calculation method of IUCT in conventional milling cannot be
used directly in micro-milling. Bao et al. calculated the IUCT
which took into account tool runout and trajectories of the tool
tips and established a cutting force model in micro-milling
[10, 11]. Vogler et al. proposed a mechanistic cutting force
model which was based on the slip-line model. In their model,
the minimum chip thickness was considered in the calculation
of the IUCT [12]. Rodríguez et al. simplified the milling cutter
as a cantilever beam which deflected under cutting force.
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Then, the deflection was introduced into the calculation of
IUCT [13]. Jun et al. computed the IUCT and established a
cutting force model which included the elastic recovery of
workpiece and dynamic deflection of tool [14]. Li et al. also
established a cutting force model. In their model, tool runout
and the minimum chip thickness were introduced in the cal-
culation of IUCT [15].

At present, many methods for calculation IUCT have been
proposed, but there are still some shortcomings in the calcu-
lation for IUCT in micro-milling. This paper proposes a new
method for determining IUCT in micro-milling which consid-
ering tool runout, minimum chip thickness, single-edge cut-
ting, and other factors. The proposed method can be applied
not only in micro-end milling, but also in micro-side milling.

2 Tool runout and single-edge cutting

Figure 1 shows tool runout where Os, Ot, and R are rota-
tion center of spindle and milling cutter and tool radius
respectively. Tool runout length r is defined as the dis-
tance between points Os and Ot; tool runout angle θ is
defined as the anti-clockwise angle between the line
connecting points Os and Ot and y-axis positive direction
in the tool tip plane. k1 and k2 represent the first and
second cutting edges which are set to 0 and 1, respective-
ly. When single-edge cutting occurs, only one cutting
edge has the real IUCT. Furthermore, tool runout angle
varies along the tool helix angle, which results in different
IUCTS of the same cutting edge in different axial
position.

In micro-side milling, axial depth of cut cannot be
neglected. Taking into account the helix lag angle α(z),
single-edge cutting criterion can be written as

ζ ¼ f t−j2rcos α zð Þ þ θð Þj ð1Þ
where ft is feed per tooth; α(z) is the helix lag angle at axial
height of z, which could be calculated as

α zð Þ ¼ ztanβ=R ð2Þ

where z is axial height of the milling cutter and the origin
position is at the tool tip (z = 0); β is helix angle of the cutter.

In micro-end milling, the effect of axial position of the
milling cutter could be ignored, so single-edge cutting criteri-
on could be simplified as

ζ ¼ f t−j2rcosθj ð3Þ

3 Instantaneous uncut chip thickness
algorithm

3.1 Nominal uncut chip thickness

The IUCT in conventional milling can be approximated by the
following Eq. (5):

hn γð Þ ¼ f tsinγ ð4Þ
where γ is position angle of the cutting edge.

Due to the little feed per tooth, tool runout, and single-edge
cutting significantly affect the calculation of IUCT in micro-
milling, as shown in Fig. 2. In this paper, nominal uncut chip
thickness (NUCT) refers to the theoretical uncut chip thickness,
without considering intermittent chip formation and minimum
chip thickness. The NUCTs in multiple-edge cutting are shown
in Fig. 2 a, b. When the tool has no runout, the NUCTs of each
cutting edges are equal; when the tool has runout, the NUCTs of
each cutting edges are obvious different. When single-edge
cutting occurs, as shown in Fig. 2 c, only one cutting edge
has the real NUCTs. From Fig. 2, it can be seen that Eq. (4)
does not take into account the impact of tool runout and single-
edge cutting. Therefore, it is unfavorably to be used to precisely
calculate the NUCT in micro-milling.

Figure 3 shows the cutting edge trajectories at the axial
height of z which taking into account tool runout. Feed direc-
tion is along the X-axis to simplify the model.

In this proposed NUCT algorithm, it is necessary to ensure
that the current tool center point O0 (x0, y0), the point on the
previous cutting edge trajectory Pex (xex, yex), and the point on
the current cutting edge trajectory P0(x, y) are collinear, which
satisfy the following equation:

Fig. 1 Tool runout
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x0−xð Þ= y0−yð Þ ¼ x−xexð Þ= y−yexð Þ ð5Þ

where

x0 ¼ ft þ rsin ωt þ θþ α zð Þð Þ
y0 ¼ rcos ωt þ θþ α zð Þð Þ

�
ð6Þ

x ¼ ft þ Rsin ωt−πkð Þ þ rsin ωt þ θþ α zð Þð Þ
y ¼ Rcos ωt−πkð Þ þ rcos ωt þ θþ α zð Þð Þ

�
ð7Þ

where f is feed rate, t is current cutting time, ω is the angular
velocity of the tool, and k is the kth cutting edge.

Before NUCT calculation, it should be judged whether
single-edge cutting occurs at the axial height of z.
Equation (1) could be used when axial depth of cut cannot
be neglected. Correspondingly, Eq. (3) could be used when

axial depth of cut could be neglected. When single-edge cut-
ting occurs, the point Pex (xex, yex) is on the previous cutting
edge trajectory of the same cutting edge, which could be
expressed as

xex ¼ f tex þ Rsin ωtex−πkð Þ þ rsin ωtex þ θþ α zexð Þð Þ
yex ¼ Rcos ωtex−πkð Þ þ rcos ωtex þ θþ α zexð Þð Þ

�

ð8Þ
where tex is the previous cutting time which satisfies Eq. (5).

When multiple-edge cutting occurs, point Pex (xex, yex)
may be on the previous cutting edge trajectories of anoth-
er cutting edge (in the range of the intersection points) or
the same cutting edge (out of the range of the intersection
points), which could be seen in Fig. 3. So, the intersection
points of the cutting edge trajectories in feed direction
must be calculated firstly. The intersection points satisfy
the following conditions:

X

Y

Uncut chip thickness of k1

Uncut chip thickness of k2

1st cutting edge

2nd

cutting

edge

X

Y
1st cutting edge

Uncut chip thickness of k1

Uncut chip thickness of k2

2nd

cutting

edge

(a) When the tool has no runout (b) When the tool has runout and multiple-edge 

cutting occurs

X

Y
1st cutting edge

Uncut chip thickness of k1

2nd

cutting

edge

(c) When single-edge cutting occurs

Fig. 2 NUCTs in different situations.When the tool has no runout (a). When the tool has runout and multiple-edge cutting occurs (b). When single-edge
cutting occurs (c)
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f t1 þ Rsin ωt1−πk1ð Þ þ rsin ωt1 þ θþ α zð Þð Þ− f t2−Rsin ωt2−πk2ð Þ−rsin ωt2 þ θþ α zð Þð Þ ¼ 0
Rcos ωt1−πk1ð Þ þ rcos ωt1 þ θþ α zð Þð Þ−Rcos ωt2−πk2ð Þ−rcos ωt2 þ θþ α zð Þð Þ ¼ 0

�
ð9Þ

where t1 and t2 are the cutting times of k1 and k2 respectively.
According to the characteristics of cutting edge trajectories,
the initial values of t1 and t2 in the first quadrant are selected as
0 and π/ω respectively, and the initial values of t1 and t2 in the
fourth quadrant are selected as π/ω and 2π/ω respectively.

As shown in Fig. 3, NUCTof the second cutting edge is in
the range of the intersection points and point Pex (xex, yex) is on
the previous cutting edge trajectory of the first cutting edge,
which could be expressed as

xex ¼ f tex þ Rsin ωtex−π k−1ð Þð Þ þ rsin ωtex þ θþ α zexð Þð Þ
yex ¼ Rcos ωtex−π k−1ð Þð Þ þ rcos ωtex þ θþ α zexð Þð Þ

�

ð10Þ

For the first cutting edge, when NUCT is in the range
of the intersection points, point Pex (xex, yex) is on the
previous cutting edge trajectory of the second cutting
edge which could be expressed by Eq. (10). When
NUCT of the first cutting edge is out of the range of the
intersection points, the first cutting edge is still single-
edge cutting, point Pex (xex, yex) is on the previous cutting
edge trajectory of the same cutting edge, which could be
expressed by Eq. (8).

Substituted Eq. (6), (7), (8), and (10) into Eq. (5), the fol-
lowing equation can be obtained:

when single-edge cutting occurs,

tan ωt−πkð Þ Rcos ωt−πkð Þ þ rcos ωt þ θþ α zð Þð Þ−Rcos ωtex−πkð Þ−rcos ωtex þ θþ α zexð Þð Þð Þ
−ft−Rsin ωt−πkð Þ−rsin ωt þ γ0 þ α zð Þð Þ þ f tex þ Rsin ωtex−πkð Þ þ rsin ωtex þ θþ α zexð Þð Þ ¼ 0

ð11Þ

when multiple-edge cutting occurs,

tan ωt−πkð Þ Rcos ωt−πkð Þ þ rcos ωt þ θþ α zð Þð Þ−Rcos ωtex−π k−1ð Þð Þ−rcos ωtex þ θþ α zexð Þð Þð Þ
−ft−Rsin ωt−πkð Þ−rsin ωt þ θþ α zð Þð Þ þ f tex þ Rsin ωtex−π k−1ð Þð Þ þ rsin ωtex þ θþ α zexð Þð Þ ¼ 0

ð12Þ
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Fig. 3 Cutting edge trajectories at
the axial height of z

(12)
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Since axial component of the feed in the adjacent cutting
period has little effect on the calculation of NUCT, it is as-
sumed that zex is equal to z to simplify Eq. (11) and (12). Then,
the unique unknown tex in Eq. (11) and (12) can be solved by
iterative algorithm. The equations have complex structures
and a huge amount of data, so the calculation time will be
greatly extended if the initial value is not selected properly.

When single-edge cutting occurs, the initial value t0 should
be selected as

t0 ¼ t−2π=ω ð13Þ

when multiple-edge cutting occurs, t0 should be selected as

t0 ¼ t−π=ω ð14Þ

After the unknown tex is solved, coordinate values of the
points O0, Pex, and P0 could be obtained by Eq. (6), (7), (8),
and (10), NUCT hn (t, k, z) of the kth cutting edge at cutting
time of t and axial height of z could be obtained by:

hn t; k; zð Þ ¼ R− x0−xexð Þ2 þ y0−yexð Þ2
� �0:5

ð15Þ

3.2 Actual uncut chip thickness

Micro-milling has significant scale effects [16, 17]. When
IUCT is less than the minimum chip thickness hmin, workpiece
is elastically deformed and does not form chips; when IUCT is
greater than or equal to the minimum chip thickness hmin,
cutting chip will form, as shown in Fig. 4. The elastic recovery
of the workpiece should be taken into account when calculat-
ing the actual uncut chip thickness (AUCT).

Thus, taking into account the scale effects, the AUCT ha
could be calculated as when single-edge cutting occurs,

ha t; k; zð Þ ¼ ha t−2π=ω; k; zð Þ þ hn t; k; zð Þ;when ha t−2π=ω; k; zð Þ < hmin

ha t; k; zð Þ ¼ hn t; k; zð Þ;when ha t−2π=ω; k; zð Þ≥hmin

�

ð16Þ
when multiple-edge cutting occurs,

ha t; k; zð Þ ¼ ha t−π=ω; k−1; zð Þ þ hn t; k; zð Þ;when ha t−π=ω; k−1; zð Þ < hmin

ha t; k; zð Þ ¼ hn t; k; zð Þ;when ha t−π=ω; k−1; zð Þ≥hmin

�

ð17Þ

Figure 5 shows cutting edge trajectories in single-edge cut-
ting. It can be seen that if the cumulative elastic deformations of
the first cutting edge is still less than the minimum chip thick-
ness, another cutting edge may cut the elastic recovery part of
the workpiece, but no material will be removed. Relative to
single-edge cutting, this phenomenon could be called as “pseu-
do-single-edge cutting,” which may only occurs when the
NUCT is very small. The AUCTof pseudo-single-edge cutting
has significance for predicting of cutting force, but it is difficult
to be observed. In Fig. 5, when the AUCT of the first cutting
edge elastic deform two times and the AUCT is still smaller
than the minimum chip thickness, the second cutting edge will
plowing cut the elastic recovery part of the workpiece. The
cumulative cutting time m before forming the chip can be cal-
culated by using the following formula:

m ¼ hmin=2 f td e ð18Þ
where the symbol “⌈⌉” is upper rounding function.

In single-edge cutting, the cutting edge which not involved
in cutting is called “non-cutting edge” in this paper. The lag
cutting cycle of the non-cutting edge (the second cutting edge
in Fig. 5) n should be calculated as

n ¼ −ζ=2 f td e ð19Þ

Pseudo-single-edge cutting occurs when m is greater than n.
The AUCT of the non-cutting edge in pseudo-single-edge cut-
ting is also based on the collinear points ofO0, Pex*, and P0, but
the point Pex* is on the nth previous cutting edge trajectory.

4 Results and discussions

4.1 NUCT in micro-end milling

The NUCTs and cutting parameters in micro-end milling are
shown in Fig. 6. Figure 6 a shows the NUCTs when the tool

Rt

ha

Elastic deformation

Rt

ha

Removed material

(a) ha < hmin (b) ha ≥ hmin

Fig. 4 Scale effect in micro-
milling (Rt is tool edge radius). ha
< hmin (a). ha ≥ hmin (b)
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Fig. 6 NUCTs of different cutting edge. When the tool has no runout
(R = 500 μm, r = 0 μm, θ = 0°, z = 0 μm, ft = 0.6 μm, Ω = 20,000 rpm)
(a). When the tool has runout and multiple-edge cutting occurs (R = 500

μm, r = 5 μm, θ = 88°, z = 0 μm, ft = 0.6 μm,Ω = 20,000 rpm) (b). When
single-edge cutting occurs (R = 500 μm, r = 5 μm, θ = 80°, z = 0 μm, ft =
0.6 μm, Ω = 20,000 rpm) (c)

X

Y
1st cutting edge

Uncut chip thickness of k1

Uncut chip thickness of k2

2nd

cutting

edge

Fig. 5 AUCTs in single-edge cutting Fig. 7 The values of single-edge cutting criterion in effective cutting edge
range (R = 500 μm, r = 5 μm, θ = 80°, ft = 0.6 μm)
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(a) z=0 µm (b) z=125.2 µm

(c) z=151.2 µm (d) z=177.2 µm

(e) z=300 µm (f) z=2000 µm
Fig. 8 NUCTs in different axial height z = 0 μm (a) z = 125.2μm (b) z = 151.2 μm (c) z = 177.2 μm (d) z = 300 μm (e) z = 2000μm (f) (R = 500 μm, r =
5 μm, θ = 80°, ft = 0.6 μm)
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has no runout. The two cutting edges have the same NUCTs at
the same position angle and the peak values of NUCTs are
equal to feed per tooth. The IUCTs which are calculated by
conventional method are also shown in the picture. The con-
ventional method also shows good calculation accuracy when
the tool has no runout. When the tool has runout and multiple-
edge cutting occurs, the NUCTs are shown in Fig. 6 b. Under
the influence of tool runout, NUCTs of the first cutting edge
are much larger than that of the second cutting edge at the
same position angle. The peak values of NUCTs of cutting
edges are 0.945 and 0.255 μm respectively, and the sum of
them is twice of the feed per tooth. The result of the IUCTs
which calculated by the conventional method deviated greatly.

When single-edge cutting occurs, only one cutting edge has
the real NUCT. The peak value of NUCT is 1.2 μm, which is
twice of the feed per tooth as shown in Fig. 6 c. The conven-
tional method cannot be used to calculate the IUCT when
single-edge cutting occurs.

4.2 NUCT in micro-side milling

According to Eq. (1), the distribution of single-edge cutting
criterion value in the effective cutting edge range (0 to
2000 μm) can be obtained when tool radius, tool runout
length, tool runout angle, and feed per tooth are 500 μm,
5 μm, 80°, and 0.6 μm respectively, as shown in Fig. 7.

Fig. 9 AUCTs in different situations. When the tool has no runout (R =
500 μm, r = 0 μm, θ = 0°, ft = 0.6 μm) (a). When the tool has runout and
multiple-edge cutting occurs (R = 500 μm, r = 5 μm, θ = 88°, ft = 0.6 μm)

(b).When single-edge cutting occurs (R = 500 μm, r = 5μm, θ = 80°, ft =
0.6 μm) (c). When pseudo-single-edge cutting occurs (R = 500 μm, r =
5 μm, θ = 85°, ft = 0.2 μm) (d)
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From Fig. 7, it can be seen that multiple-edge cutting only
occurs in the range of axial position from 99.2 to 203.2 μm
(between the black lines) and the remaining positions are
single-edge cutting.

According to the proposed NUCT algorithm described
above, NUCTs at different axial heights were calculated.
Single-edge cutting occurs in the range from 0 to 99.2 μm
in the axial position. Only the first cutting edge has the
real NUCTs, and the peak value of NUCT is twice of the
feed per tooth, as shown in Fig. 8 a. In the range from
99.2 to 151.2 μm, single-edge cutting changing into
multiple-edge cutting, NUCTs of the first cutting edge
gradually decrease when NUCTs of the second cutting
edge synchronously increase. Figure 8 b shows the
NUCTs at the middle point of this axial position range.
At the position of 151.2 μm in the axial position, NUCTs
of the two cutting edges are substantially equal, as shown
in Fig. 8 c. Single-edge cutting changing into multiple-
edge cutting gradually, where the axial position is in the
range from 151.2 to 203.2 μm. NUCTs of the first cutting
edge decrease when NUCTs of the second cutting edge
synchronously increase. Fig. 8 d shows the NUCTs at the
midpoint of this axial position range. When the axial po-
sition exceeds 203.2 μm, single-edge cutting reappears
and the second cutting edge becomes the real cutting
edge. NUCTs in 300 and 2000 μm are shown in Fig. 8
e, f respectively.

4.3 AUCT results

According to the proposed method, the AUCTs in 5
rotation cycles are shown in Fig. 9, in which the min-
imum chip thickness is chosen as 0.8 μm [12]. Figure 9
a shows the AUCTs when the tool has no runout.
Because of the size effects in micro-milling, AUCTs
of the two cutting edges are different in each cutting
cycle and the chip will form in each rotation cycle.
Figure 9 b shows the AUCTs when the tool has runout
and multiple-edge cutting occurs. AUCTs of the two
cutting edges are greatly different in each cutting cycle
and the chip will also form in each rotation cycle.
Figure 9 c shows the AUCTs when single-edge cutting
occurs. Under this condition, only one cutting edge has
the real AUCT when the other cutting edge does not
participate in cutting. However, the chip will also form
in each rotation cycle. Figure 9 d shows the AUCTs of
the non-cutting edge in single-edge cutting. Under the
given cutting parameters, the non-cutting edge will cut
the elastic recovery workpiece for every two rotation
cycles. As shown in Fig. 9, size effect which includes
intermittent chip formation and single-edge cutting has
large effect on the AUCTs in micro-milling.

5 Conclusions

Due to the calculation, accuracy of IUCT is very important to
model milling processes, a new method for determining the
IUCT in micro-milling is proposed in this paper. Based on the
work performed, the following conclusions can be drawn:

1. The effects of tool runout and single-edge cutting on
NUCT have been analyzed. The results show that
NUCTs are different when the tool has no runout, the tool
has runout and multiple-edge cutting occurs, and single-
edge cutting occurs. The conventional method cannot be
used in micro-milling.

2. A newmethod for calculating NUCT inmicro-milling has
been proposed. The method takes into account the effects
of single-edge cutting, tool runout, and helix lag angle,
which can be used not only for micro-endmilling, but also
for micro-side milling.

3. The calculation method of AUCT in micro-milling has
been proposed in which the intermittent chip formation
and minimum chip thickness are considered.
Furthermore, in some especial cutting parameters,
pseudo-single-edge cutting may occur in single-edge
cutting.

4. NUCTs in micro-end milling and micro-side milling are
analyzed respectively. The results show that NUCTs of
different cutting edges are not equal at the same axial
depth of cut. However, NUCTs of the same cutting edge
change with the axial positions of the tool because the tool
runout angle changes along with the helix angle.

5. AUCTs are analyzed when the tool has no runout, the tool
has runout and multiple-edge cutting occurs, and single-
edge cutting occurs. The results show that the proposed
method takes into account the scale effect of micro-
milling and shows more details which is accurate and
versatile. It provides a new approach for the needs of both
analytical and numerical modeling of micro-milling
process.
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