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Abstract
In the milling process of titanium alloy thin-walled parts, because of its low stiffness, processing deformation easily occurs,
which results in in low-dimensional accuracy of machined surface and affecting the workpiece performance. Cutting force is the
main factor that causes cutting deformation. Cutting deformation also affects cutting force. There is a coupling relationship
between them. To solve the above problems, a method is proposed to predict the surface error by calculating the milling force by
varying the chip thickness and by coupling the force with the elastic deformation of the workpiece. Firstly, the analytical model of
bending elasticity deformation of thin-walled parts is established. Then, the micro-unit entrance angle and instantaneous chip
thickness are calculated by the contact relationship of workpiece deformation and the chip boundary decision conditions.
The cutting force and workpiece deformation at random rotating angle are obtained by iterative calculation method.
Finally, the surface error is predicted by calculating the deformation matrix and the principle of surface generation
mechanism. The simulation results are in good agreement with the experimental results, which verifies the accuracy of
the proposed method. The results provide theoretical support for milling process optimization and profile accuracy control
of titanium alloy thin-walled parts.
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1 Introduction

There is an increasing demand for thin-walled parts in aviation
field because that they can meet the requirements of high
specific strength, high specific stiffness, and high fatigue re-
sistance of aeronautical parts. Due to the low stiffness and
large size of thin-walled parts and the large amount of metal
removal, poor surface quality is caused by milling force and
workpiece deformation in manufacturing. The unsatisfactory
processing accuracy limits the production efficiency and re-
duces the assembly accuracy, which has become a difficult
problem in the development of aeronautical manufacturing.

Surface errors are mainly caused by deformation generated
by the milling force during the machining process. The per-
formance of workpiece materials, tool wear, and chatter of
machining system will have an important impact on the for-
mation of surface errors. Therefore, the key to predict the
surface errors of thin-walled parts is to model and analyze
the dynamics and deformation of the instantaneous contact
relationship between workpiece and tool. Surface errors can
be calculated by using finite element methods (FEM) and
analytic modeling. WAN [1, 2] establishes the prediction
method of machining errors in thin-walled parts milling pro-
cess by finite element method to compare the rigid and flex-
ible models. Three-dimensional irregular volume elements are
obtained, which can be used to predict the shape errors of
workpieces. Ratchev [3] predicts workpiece deformation by
cutting force and tool deflection finite element model of adap-
tive theory based onworkpiece deformation recognition meth-
od and key processing characteristics of tool force deflection
model, which provides input value for error compensation of
later prediction. Chen [4] proposes a unified analytical cutting
force model based on a predictive machining theory for vari-
able helix end mill considering cutter runout. In order to
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reduce the machining deformation, Gao [5] has established a
cutting force model and obtained a reasonable combination of
cutting parameters that directly affect the machining deforma-
tion. An effective compensation theory based onmodified tool
location has been proposed to plan the deformation control
method of tool path. Li [6] predicts the time-varying stiffness
of thin-walled parts by means of structural stiffness modifica-
tion method and avoids repeated cutting by means of the ini-
tial finite element model of workpiece. Lin [7] proposes a
novel cutting forces and tool deflection prediction methodol-
ogy for general flexible micro end mill in micromilling, which
includes the effect of exact trochoidal trace, tool run-out, and
deflection feedback together. Budak [8, 9] adopted the vari-
able stiffness finite element model of workpiece. Considering
the contact relationship between tool and workpiece caused by
static displacement, the model of milling force and surface
location error was established, and the dynamic model of
workpiece in milling process was established. In the finite
element calculation of cutting deformation, the accuracy of
the model and the factors such as boundary and load condi-
tions have a great influence on the calculation accuracy.

In the research of predicting surface error by analytical
modeling, Yang [10] proposed a new method to analyze mill-
ing force based on the shape feature of single-edge end milling
tools and classified it into three categories. Then, multi-edge
end milling tools were classified by considering the cutting
type of single-edge end milling tools and the tool-workpiece
contact angles in cutting. Desai [11] correlates the axial and
radial contact relationship between the tool and the workpiece
with the cutting conditions, and presents a method for calcu-
lating the surface error distribution. Denkena [12] reconstructs
the milling surface morphology by measuring the milling
force. Zheng [13] establishes an analytical model of surface
error considering the flexible characteristics of workpiece,
tool, and machine tool. It is concluded that the cutting force
pushes the tool away from the workpiece to form a positive
error at a smaller cutting depth. While the cutting force pulls
the tool toward the workpiece to produce an oversize cutting
phenomenon at a larger cutting depth, which results in a neg-
ative error. Based on the relationship between milling forces/
moments and instantaneous undeformed chip thickness,
Zhang [14] has built an analytical model for end milling sur-
face geometric error with considering cutting forces/moments
to predict the surface geometric error in the end milling con-
ditions. Kline [15] predicts surface errors according to cutting
conditions and tool-workpiece geometry/material properties
by combining the cutting force model of end milling with tool
deflection and workpiece deformation model. Song [16]
builds a three-dimensional cutting force model of the whole
tool based on discrete tool model and vector superposition,
and constructs a prediction model of the tool yield error and
the cutting force flexibility of rigid workpiece surface with the
feedback of the law of the influence of tool deformation on the

milling process. Eksioglu [17] proposed that the discrete-time
model can replace the flutter stability of cutting tools with
various geometric shapes and can predict complex numerical
simulations such as cutting forces, vibration, chip thickness,
and surface position errors. Yue [18] has concluded the meth-
od for avoiding chatter in cutting process, which leads to bet-
ter surface precision, higher productivity, and longer tool life.

In the process of building the cutting force model, all the
above analytical methods assume that the instantaneous unde-
formed chip thickness is a fixed value, and the coupling rela-
tionship among cutting force, workpiece deformation, and
chip thickness is not considered comprehensively, which is
inconsistent with the actual processing and affects the predic-
tion accuracy ofmachining errors. Dépincé [19] has calculated
milling force coefficients by approximate polynomial and
least squares method to establish a tool deformation error
model. Considering the tool-workpiece contact point and the
movement rule of cutting edge, a surface error model is built.
Wan [20] has built instantaneous undeformed chip thickness
model to calculate cutting force based on the relative position
between the centers of two adjacent tool teeth, which could
quickly identify the contact relationship between cutting edge
and workpiece.

In order to further improve the accuracy of surface error
prediction in thin-walled parts milling, this paper builds a
milling force prediction model with variable chip thickness
based on the elastic deformation principle of thin-walled parts.
The workpiece deformation is calculated by iteration method,
and the surface error of thin-walled parts is predicted by using
the principle of surface generation mechanism and the work-
piece deformation matrix. The validity of the surface error
prediction model is verified by comparing with the experi-
mental results.

2 Modeling milling force and the elastic
deformation of thin-walled parts

2.1 Modeling milling force

In thin-walled parts milling, milling force is the main factor of
workpiece deformation. In this paper, a milling force model is
built by geometric analysis method. The model considers that
the whole cutting physical process occurs in the shear zone,
and the force produced by the shear slip of the workpiece
material in the shear zone is the overall cutting force, so the
cutting force is expressed as a proportional function of the
chip load, and the proportional coefficient is named as the
cutting force coefficient. In the milling process, the cutting
edge is discretized into a finite number of axial disc elements
with equivalent length zi, j, and the cutting resultant force is
obtained by integration. Therefore, according to the instanta-
neous rigid force model [21] proposed by Altintas, the
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relevant tangential, radial, and axial cutting forces of the jth
disc element of the first cutting edge are obtained as follows:

FT ;i; j φð Þ ¼ KT ;i; j φð Þhi; j φð Þzi; j
FR;i; j φð Þ ¼ KR;i; j φð Þhi; j φð Þzi; j
FA;i; j φð Þ ¼ KA;i; j φð Þhi; j φð Þzi; j

ð1Þ

where FP,i,j (φ) is the tangential, radial, and axial unit milling
force acting on the tooth segment (i, j) when φ, P = T, R, A (T
stands for tangential, R for radial, and A for axial);φ is the tool
rotation angle; hi,j (φ) is the nominal chip thickness corre-
sponding to the segment (i, j) ofφ, which is equal to the height
of the matching unit beam segment; Zi,j is the nominal chip
width corresponding to the tooth segment (i, j) of φ; and KP,i,j

(φ) is the instantaneous milling force coefficient, P = T, R, A.
The unit forces FP,i,j acting on each tooth layer can be

transformed into FQ,i,j(Q = X, Y, Z) using Cartesian coordi-
nates, and then expressed as

FX ;i; j φð Þ; FY ;i; j φð Þ; FZ;i; j φð Þ� �T
¼ T θi; j φð Þ� �

FT ;i; j φð Þ; FR;i; j φð Þ; FA;i; j φð Þ� �T

T φð Þ ¼
sin φð Þ −cos φð Þ 0
cos φð Þ sin φð Þ 0

0 0 1

2
4

3
5

ð2Þ

The tool rotation angle φ can now be selected and
the combined forces in the X, Y, and Z direction can be
expressed as

FX ϕð Þ ¼ ∑
i; j
FX ;i; j ϕð Þ FY ϕð Þ ¼ ∑

i; j
FY ;i; j ϕð Þ FZ ϕð Þ ¼ ∑

i; j
FZ;i; j ϕð Þ ð3Þ

2.2 Modeling of workpiece deformation

According to the deformation characteristics of low stiffness
workpiece, the elastic deformation model of thin-walled parts
in milling process system is built. Based on the theory of
bending and torsion elasticity, the analytical formula of work-
piece elastic milling deformation is deduced [22]. The elastic
milling deformation of low stiffness workpiece will occur
when it is subjected to milling force. There is mainly the
bending and twisting elastic deformation caused by milling
force. The thin-walled parts are divided into two independent
geometric parts: the unprocessed and the processed. The elas-
tic deformation of the thin-walled parts is calculated. The ex-
pression of the elastic deformation of the thin-walled parts is
as follows:

δm ¼ δ
0
H−ap þ δap0 ð4Þ

where δ′H-ap is the unprocessed deflection variable; and δap0 is
the processed deflection variable.

The bending elastic deformation of the workpiece is caused
by cutting force FS,i,j (φ) at the height of ap0 from the work-
piece holding datum. The expression of bending deformation
of thin-walled parts is deduced as follows.

δ
0
H−ap ¼

FS;i; j φð Þ H−apð Þ3
3EI1

þ FS;i; j φð Þ H−apð Þ3
2EI1

þ φRFS;i; j φð Þ H−apð Þ2
tanβ*2EI1

þ FS;i; j φð Þ H−apð Þ2
EI1

S ¼ x; yð Þ
ð5Þ

δap0 ¼ FS;i; j φð Þ ap0ð Þ3
EI2

ð6Þ

where E is the elastic modulus of the workpiece material; I1 is
the moment of inertia at which material has not been removed
from the workpiece; I2 is the moment of inertia at which ma-
terial has been removed; and H is the height of the workpiece.

3 Prediction of machining errors for the side
milling of thin-walled parts

The milling force of thin-walled parts is closely related to the
dynamic elastic deformation of the milling process system and
it has a nonlinear relationship. In the dynamic milling force
model, the milling force makes the workpiece with low stiff-
ness deviate from the ideal cutting position and changes un-
deformed chip thickness, which is fed back to the cutting

system and the new instantaneous milling contact relationship.
The dynamic deformation mainly affects the entry angle and
instantaneous micro-element thickness in milling. In this pa-
per, the change of instantaneous thickness and entry angle of
side milling micro-element is studied, and the force-
deformation coupling relationship of side milling process sys-
tem for low rigidity parts is established.

3.1 Predicting the cutting entry/exit angle

In the process of Side Milling Thin-walled parts, each tool
tooth is in the process of continuous cutting. Therefore, it
should be calculated from the cutting point in the calculation
of instantaneous cutting thickness. The micro-elements in-
volved in cutting cause deformation δm of the workpiece, thus
affecting the entry angle φen of the next micro-elements in-
volved in cutting, as shown in Fig. 1. The micro-element cut-
out angle φex is calculated iteratively based on the
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instantaneous chip thickness, workpiece deformation, and
chip boundary conditions.

In the process of thin plate flank milling, the path of the
entry point of the workpiece is straight line, and the posi-
tion of the entry point is the same as that of the feed per
tooth. Because the thin-walled parts are deformed by mill-
ing force in the radial direction of the cutter, the entry angle
of the i+1th cutter tooth increases, so that the entry distance
of each micro-element cutting edge is less than the feed per
tooth. The actual entry point trace is obtained by calculat-
ing force and workpiece deformation. Based on the shape
characteristics of single-edge end milling tools analyzed by
Yang [10] and the axial and radial contact tool-workpiece
relationship proposed by Desai [11] as well as the elastic
deformation theory of thin-walled parts, the expression of
entry angle of micro-element is derived in the single-edge
cutting process as follows:

φn
en ¼ arcsin

R−ae þ δm
R

� �
ð7Þ

The entry angle φn
en of the j+1th element changes with the

workpiece deformation δm. When φn
en−φen≤dφ, the micro-

element cutting edge begins to participate in the cutting pro-
cess. When φn

en−φen > dφ, the deformation is too large and
the micro-element cutting edge does not contact the work-
piece. It is inferred that the micro-element cutting edge does
not participate in the cutting process. Therefore, the calculated
workpiece deformation δm and rotation increment dφ are the
criteria for judging whether jth micro-element cutting edge is
involved in cutting, as shown in Fig. 2:

When the jth tool teeth is cutting, the workpiece produces
deformation δm, which causes the j+1th tool teeth to fail to
reach the position of the cutting workpiece. Therefore, the
actual entry angle φn

en of the j+1th tool teeth is calculated
based on the deformation of the position.

3.2 Model for predicting instantaneous chip thickness

In the existing chip models, the calculation of cutting forces is
based on undeformed chip thickness. In the milling process,
with the change of tool rotation angle φ, the thickness of
micro-element generated at each instantaneous angle φ will
change accordingly.

The model of chip thickness change consists of two parts.
The first part is the model of chip thickness. The instantaneous
thickness change from small to large, and its expression is as
follows:

h1j φen þ n− jð Þdφð Þ ¼ R−
R−aeð Þ þ δmj φen þ n− jð Þdφð Þ

tan φen þ n− jð Þdφð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2 φen þ n− jð Þdφð Þ þ 1

q

1≤ j≤nð Þ

ð8Þ

P is the projection of the intersection point of the element
tangent thickness and the unmachined surface in the feeding
direction, A is the position of the maximum instantaneous
tangent thickness, and whether P and A cooperate again is
the judgment condition of the first part instantaneous tangent
thickness. The judgment expression is as follows:

P ¼ R−aeð Þ þ δmj φen þ n− jð Þdφð Þ
tan φen þ n− jð Þdφð Þ P≥R⋅cos φenð Þ− fð Þ ð9Þ

In the second part, the expression of instantaneous shear
thickness model from large to small is as follows:

R

R

δ1

Nominal 
processing surface

Deformed machined 
surface

Y

XO

Fig. 2 Workpiece deformation changes the disc element entry angle

Fig. 1 Workpiece deformation affects the entry angle of the disc element
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φ ¼ φen þ n− jð Þdφ 1≤ j≤nð Þ
h2j φð Þ ¼ R−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ f 2 þ δ2mj

	 

þ 2 f cosφ−δmjsinφ

� �2 þ 2 f cosφ−δmjsinφ
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2− f sinφþ δmjcosφ
� �2qr ð10Þ

Q is the projection of the intersection point of the tangential
thickness of the element and the machined surface in the feed-
ing direction. The judgment expression of Q from point A to
the cutting of the workpiece is as follows:

Q ¼ cosφ δmjsinφ− f
� �þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− f sinφþ δmjcosφ

� �2q� �
Q < R⋅cos φenð Þ− fð Þ

ð11Þ

The boundary of the thickness of the chip produced by the
disc element at any one instant is based on the positions of P
and Q, enabling a determination to be made as to whether the
current tooth is involved in cutting (see Fig. 3).

When the intersection point P exists between the chip
thickness h and the unmachined surface, the chip thickness
changes from small to large, and the chip thickness is calcu-
lated by Eq. (10). When the micro-element tool teeth rotate to
point A, the instantaneous chip thickness is the largest. When
the intersection point Q exists between the chip thickness h
and the trace of the upper tool teeth, the chip thickness de-
creases from large to small, and the chip thickness is calculat-
ed by Eq. (12). When the chip thickness h does not intersect
with the trace of the upper tool tooth, the micro tool tooth
moves out of the workpiece.

3.3 The relationship between milling force
and workpiece deformation

When machining thin-walled parts, the workpiece is
regarded as a weak rigid part and the cutting tool as a
rigid part, so the deformation mainly occurs on the work-
piece. In this paper, the relationship among instantaneous
thickness h, instantaneous cutting force F, and workpiece
deformation is analyzed, and then the coupling relation-
ship between force and deformation of thin-walled parts is
calculated, so that the surface error of thin-walled parts
can be obtained. In the milling process of thin-walled
parts, the deformation of workpiece is mainly caused by
Fy. Therefore, the relationship between Fy and δ is studied
in this paper. The solution process is as follows.

First of all, it is necessary to determine the functional rela-
tionship between the angular increment dφ and the length of
the axial disc element dz, as shown in the following equation:

dφ ¼ π⋅dz⋅tanβ
R

ð12Þ

The angle increment of each micro-element tool tooth in-
volved in cutting is dφ. When the first dφ is rotated by the tool
tip, assuming that the workpiece does not deform, the instan-
taneous micro-element tangential thickness [hj(φen + dφ), (j =
1)] and Fs,i,1(φen + dφ) are calculated. The force at this time
causes the deformation of the thin-walled parts to be
δm,1(φen + dφ), which is calculated as the initial value, as
shown in Figs. 4 and 5.

Y

XO

A P
Q

R

ae

Fig. 3 Judging the thickness of the chip in relation to the disc element at
any one instant

hi,1(d )

1th tooth

2th tooth

R

R

Y

XO

Fig. 4 First tooth chip thickness and the initial conditions
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When the tool continues to rotate to a certain instantaneous
positionφ, the instantaneous cutting thickness hj, cutting force
Fy, and deformation of thin-walled parts can be obtained ac-
cording to the initial value. By calculating the entry angle to

determine whether micro-element cutting edge j participates
in cutting, the instantaneous chip thickness boundary condi-
tions P and Q are determined, and the matrix of delta δmj is
obtained by iterative calculation method.

δmj ¼

δm1 φ1ð Þ 0 0 ⋯ 0 0 0
δm1 φ2ð Þ δm2 φ1ð Þ 0 ⋯ 0 0 0
δm1 φ3ð Þ δm2 φ2ð Þ δm3 φ1ð Þ ⋯ 0 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
δm1 φn−2ð Þ δm2 φn−3ð Þ δm3 φn−4ð Þ ⋯ δm j−2ð Þ φ1ð Þ 0 0
δm1 φn−1ð Þ δm2 φn−2ð Þ δm3 φn−3ð Þ ⋯ δm j−2ð Þ φ2ð Þ δm j−1ð Þ φ1ð Þ 0
δm1 φnð Þ δm2 φn−1ð Þ δm3 φn−2ð Þ ⋯ δm j−2ð Þ φ3ð Þ δm j−1ð Þ φ2ð Þ δmj φ1ð Þ

0 δm2 φnð Þ δm3 φn−1ð Þ ⋯ δm j−2ð Þ φ4ð Þ δm j−1ð Þ φ3ð Þ δmj φ2ð Þ
0 0 δm3 φnð Þ ⋯ δm j−2ð Þ φ5ð Þ δm j−1ð Þ φ4ð Þ δmj φ3ð Þ
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 ⋯ δm j−2ð Þ φnð Þ δm j−1ð Þ φn−1ð Þ δmj φn−2ð Þ
0 0 0 ⋯ 0 δm j−1ð Þ φnð Þ δmj φn−1ð Þ
0 0 0 ⋯ 0 0 δmj φnð Þ

2
666666666666666666664

3
777777777777777777775

ð13Þ

4 Machining error prediction

Due to the deformation of thin-walled parts, the contact points
on the workpiece surface deviate from those on the ideal con-
tour. After considering the deformation of the workpiece and
the points on the specified profile, the new position will be
calculated according to the rotation angle position of the cut-
ting edge. As a result, the simulated error surface caused by
workpiece deformation error can be presented by the contact
points obtained from each discrete position of the cutting edge
transferring along the machining path, as shown in Fig. 6.

Considering the deflection of the thin plate, the contact
point no longer stays on the straight line of the cutting edge
but changes according to the change of the deflection of the
thin-walled parts relative to the angle position of the cutting

tool. Therefore, the milling surface is the trace of the contact
point, which is a function of the tool angle position, and the
coordinates on the Y-Z plane depend on the deformation of the
workpiece (which is also a function). The trace of the contact
point is shown in Fig. 6. In this case, the Z axis corresponds to
the specified contour, and the trace of the contact point corre-
sponds to the deformed contour. In this trace, two contact
points 1 and 2 are considered. Their positions are determined
by ε1(z1, φ1) and ε2(z2, φ2), which correspond to the angular
positions of two cutting tools, φ1, φ2, and z1 and z2 along Z
axis, respectively. The relationship between the angular posi-
tion of the tool and the position Z is given by the following
formula:

Z ¼ Rφ
tanβ

Z∈ 0; ap½ � ð14Þ

On the basis of the coupling relationship between work-
piece deformation and milling force and the contact point
relationship, the expression of εj is obtained.

ε j ¼ R−
R2tanφ
cos2φ

− f 2tan3φ−δmjtanφ−2 f δmjtan2φ
� �

ð15Þ

5 Experimental verification

5.1 Experimental setup

A measure experiment was carried out to verify the above
analysis and compare the results to the predicted errors. The
machine tool adopts VDL-1000E three-axis NC machine tool
produced by Dalian Machine Tool. The cutter is flat-end

Fig. 5 The deformation of the workpiece according to the initial
conditions
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milling tool with 4 teeth and 10 mm diameter. The material of
the workpiece is TC4 titanium alloy, and its size is 200 ×
200 × 10mm.Workpiece fixing length is 200 mm and extend-
ed length is 150 mm. Kistler 5236B rotary dynamometer and
5238B charge amplifier were used to collect cutting force
signals during machining. Laser displacement sensor is used
to measure the deformation of workpiece in the process of
machining. A laser displacement sensor (KEYENCE LK-
H020; sampling period 5 μs) was used to measure the amount
of deformation of the workpiece. The selected single tooth
feed was 0.04 mm, the machine tool spindle speed was
1000 r/min, the axial depth of cut was 5 mm, and the radial
depth of cut was 0.4 mm. The experimental setup is shown in
Fig. 7.

5.2 Prediction of milling force

Milling force is the most important parameter in the machin-
ing of thin-walled workpieces because it affects the quality
and precision of the machined parts. The actual measured
milling force of a certain period of time, the predicted milling
force based on the variable chip thickness, and the milling
force of the undistorted chip thickness are shown in Fig. 8.

From Fig. 8, it can be seen that the predicted peak value of
the variable chip thickness of the feed direction milling force
FX is 8.3% lower than the average value of the measured peak
value, while the calculated peak value of the undistorted chip
milling force is 16.7% higher than the average value of the
measured peak value. The predicted peak value of the radial
milling force Fy was 6% lower than the average value of the
measured peak value, and the calculated peak value of unde-
formed chip thickness is 15.3% higher than the average value
of the measured peak value. It can be seen that in the actual
milling process, the elastic deformation and the chip thickness
decreases, so the force for undeformed chip thickness is larger
thin-walled parts than the measured value. The error between
the predicted milling force and the experimental value is
small, which meets the requirements of the predicted results.

5.3 Prediction of surface shape

The machined surface profile produced during the experiment
and the predicted surface profile are shown in Fig. 9. The
machined surface was simulated using simulation parameters
consistent with the test parameters. Themachining error main-
ly changes along the axial direction of the tool. Coordinate
measuring instrument was used for profile measurement. The
predicted shape of the surface contour of the workpiece is in
good agreement with the trend of the surface profile measured
during experimental processing.

The contour shape obtained from the experimental data shows
that the error deformation is large at the edge of thin-walled parts.
The main reason is that the small stiffness at the edge ofFig. 7 Experimental setup

Fig. 6 Milled surface generated by the actual contact points resulting
from deformation
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workpiece will produce large deformation during the cutting pro-
cess, and the average error value is 11%. When the tool moves
along the feed direction, the workpiece strength increases and the
deformation decreases, and the average error is less than 6%. The
predicted contour is smooth without considering vibration, tool
wear, and edge deformation of thin-walled parts. However, under
the coupling effect of various factors in the actual processing
process, the outline will appear obvious irregular shape.

A comparison between the experimental results regarding
workpiece surface error and the theoretically predicted results
are shown in Fig. 10.

The predictive values from P1 to Pn (Fig. 6) are compared
with the measured values corresponding to the surface sizes of
three different locations, as shown in Fig. 10. The surface error
value of the cutting edge position of the micro-element which
participates in cutting is larger than that of the micro-element
cutting edge position which participates in cutting. This is
because the number of micro-elements participating in the
cutting process reaches the maximum, the resultant force of
micro-elements cutting reaches the maximum, the deforma-
tion of thin-walled parts increases, and the surface error in-
creases. When the micro-element cutting edge removes the
workpiece one after another, the number of micro-elements
involved in cutting decreases, the cutting resultant force de-
creases, the deformation of thin-walled parts decreases, and
the surface error decreases accordingly.

Because of the complexity of edge cutting of thin-walled
parts and the influence of other factors, there is a certain de-
viation between the model and the measured value. The aver-
age error of the predicted value of the tool tip position is less
than 5%. The average error of the predicted value of the upper
boundary position of workpiece is less than 10% because of
the factors such as the smaller stiffness of workpiece and the
vibration of workpiece. From the results, it can be seen that the
trend of predicted andmeasured values coincides well, and the
error difference at the edge of thin-walled parts is stable. The
predicted workpiece deformation values are compared with
the experimental data, as shown in Table 1.

6 Conclusions

This paper has presented a method for predicting milling force,
elastic workpiece deformation, and surface errors based on the
coupled relationship between milling force and deformation
during the machining of thin-walled parts. According to the
findings of this study, the following conclusions are drawn:

1. The deformation of the workpiece causes a change in the
cutting contact relationship, resulting in a change in both
the cutting trace of the disc element and the geometry of
uncut chips. Based on the relationship between workpiece

(a) Theoretical prediction of the surface contour (b) Experimentally produced surface contour 

Fig. 9 Predicted surface profile
and experimentally machined
surface profile. a Theoretical
prediction of the surface contour.
b Experimentally produced
surface contour
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Fig. 8 Comparison of the
experimental measurements and
the predicted values for both
variable chip thickness and
undeformed chip thickness. Data
1—Fexp. Data 2—the predicted
force with variable chip thickness.
Data 3—the force for undeformed
chip thickness. a X force. b Y
force
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deformation and micro-element contact, the expression of
entry angle φen and the path of entry point are deduced,
and the entry angle is predicted as the condition for judg-
ing whether micro-element cutting edge is involved in
cutting. Cut-out angle φex is obtained by iteration calcu-
lation of instantaneous chip thickness and workpiece
deformation.

2. The variable chip thickness model of thin-walled parts is
established by the elastic deformation δ, and the geometric
boundary conditions of variable chip thickness are set up.

Based on the instantaneous rigid force model, the relation-
ship among instantaneous thickness h, instantaneous cut-
ting force F, and workpiece deformation δ is obtained.
Given the initial calculation conditions, the cutting force
Fx, cutting force Fy, and matrix of workpiece deformation
δmj under variable chip thickness is obtained.

3. The surface error changes of feed direction and axis are
calculated by using workpiece deformation matrix and
surface generation mechanism. Experiments verify the
surface error results of the theoretical model. The
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Fig. 10 Comparison of measured error and predicted error

Table 1 Workpiece deformed
results No. Time (s) Simulation deformation (μm) Measured values (μm) Error (%)

1 10.4813 0.6 0.69 13

2 10.4826 2.2 2.5 12

3 10.4839 6.6 5.9 − 6
4 10.4852 9.1 10.1 9

5 10.4865 7.8 8.6 9

6 10.4878 5.7 6.6 13.6

7 10.4891 3.4 3.9 12.8

8 10.4904 2 2.3 13

9 10.4917 0.9 1.1 18

10 10.4930 0.3 0.36 16.7
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mismatch between the predicted error and the experimen-
tal results in the feed direction of the workpiece was 11%,
but less than 6% for the start and middle positions. The
mismatch for the predicted error value in the axial direc-
tion was less than 5% at the depth of cut position and less
than 10% at the upper boundary of the workpiece. The
trend of the prediction curve has a high degree of coinci-
dence with the actual measured values.

When calculating instantaneous chip thickness, the trace
of the upper tooth is an idealized circular path, so there is a
certain deviation from reality in the chip thickness model.
In this paper, we focused on single flute cutting relation-
ships, so multi-flute cutting relationships were not ana-
lyzed. Therefore, it is necessary to further discuss the com-
plex cutting relationship.
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