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Abstract
It has been proven that micro-geometry of abrasive grits can influence the maximum cutting depth, thereby strongly affecting
the material removal mechanism in grinding of brittle materials. The influence of grit micro-geometry on subsurface
integrity, however, is not yet fully understood. In this paper, we aim to understand how grit micro-geometry affects
subsurface damage and the material removal volume. An analytical model that takes into account grit micro-geometry and
the intrinsic material removal mechanism is developed for predictions of material removal volume and subsurface damage.
Results show that increasing the apex angle or grit tip radius tend to deteriorate subsurface integrity by extending the depth
of subsurface damage. Moreover, it is found that the grit tip radius strongly affects the ductile-to-brittle transition in one
grit pass along the contact trajectory. If ductile-to-brittle transition occurs in a grit pass with the brittle mode dominated,
the predictive model indicates that the material removal volume decreases with an increasing apex angle or edge radius of
abrasives. On the other hand, non-monotonic dependence of material removal volume on grit micro-geometry turns up for
ductile-material removal in grinding of brittle materials. The predictive model is validated qualitatively and quantitatively,
demonstrating good agreement with earlier reports. The proposed predictive model enables making proper choice of highly
engineered abrasives in grinding of brittle materials.

Keywords Micro-grinding · Subsurface damage · Brittle material removal · Micro-geometry · Ductile regime machining

1 Introduction

The demand for brittle materials has been continuously
growing in optical industries because of their attractive
properties including bubble-free characteristics, stable
optical qualities, low amount of inclusions, high electrical
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isolation, high resistance to corrosion, wear, chemicals, and
heat [1]. Grinding is one of the most effective ways to
machine brittle materials [2, 3]. Brittle materials, however,
suffer from poor machinability due to high hardness, high
brittleness, and low fracture toughness. Therefore, it is
of great importance to study the mechanism of material
removal and machining induced part integrity degradation
in grinding of brittle materials.

Material removal mechanisms generally can be catego-
rized into two types: brittle fracture and ductile deformation.
In grinding of brittle materials, brittle fracture often occurs,
and materials are removed through the propagation and
intersection of cracks. It was first found by Giovanola and
Finnie [4] that the ductile mode of material removal can
be achieved in machining of certain types glasses. Since
then, ductile material removal in grinding of brittle materi-
als has been investigated and has been actively studied. It
was reported by many researchers that the scale of grind-
ing operations affects the material removal mode. Bifano
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et al. [5] investigated analytically and experimentally the
infeed rates necessary for ductile-regime grinding of brittle
materials and showed that all brittle materials can undergo
plastic flow if the depth of machining is small enough.
Liu et al. [6] proved that ductile chip formation can be
achieved if the undeformed chip thickness is small enough
and the undeformed chip thickness is smaller than the tool
cutting edge radius. Arif et al. [7] proposed a model to pre-
dict critical undeformed chip thickness for ductile-to-brittle
transition. Zhu et al. [8] demonstrated that the maximum
undeformed chip thickness is a governing factor for ductile-
regime grinding. Chen et al. [9] used single grit experiment
tests to investigate the brittle-to-ductile transition in micro-
grinding of single crystal silicon and developed a model to
describe the energy interaction. A review of ductile regime
machining was given by Neo et al. [10].

The mechanism of material removal plays a decisive
role in surface and subsurface damage in grinding of
brittle materials. Two principal crack systems, i.e., lateral
cracks and median cracks, are involved in formation of
damage [11]. Lateral cracks are responsible for material
removal, and median cracks are responsible for strength
degradation [12]. Many efforts have been conducted to
study subsurface damage developed during grinding of
brittle materials theoretically. A model for subsurface
damage estimation from abrasive sizes was developed by
Lambropoulos [13]. Jing et al. [14] proposed an analytical
model for investigating deformation and machining-induced
damage associated with brittle solids. Gu et al. [15]
developed a model describing the correlation between
scratch hardness and the depth of subsurface cracks for
optical glass BK7. Chen et al. [16] suggested that the
depth of median crack can be correlated with the plastic
deformation zone based on the work of Jing et al. [14].
Taking into account elastic stress field to the median crack
propagation in grinding of brittle materials, Li et al. [17]
suggested a theoretical model describing the relationship
between surface roughness and subsurface damage. Wang
et al. [18] discussed the relationship between subsurface
damage and grinding parameters considering kinematic
characteristics of the micro-grinding processes. Quan et
al. [19] studied the depth of subsurface damage in micro-
grinding of brittle materials with consideration of abrasive
grit rotations, and their results indicate that both the
median and lateral cracks incline gradually as the angle
of rotation increases. Malkin and Guo [20] derived the
maximum penetration for idealized grinding wheels with
triangular abrasive grits equally spaced around the wheel
periphery. Song and Yin investigated [21] the quantitative
effect of diamond bur grit sizes on subsurface damage, and
their results indicate that smaller grit sizes tend to reduce
subsurface damage. Axinte et al. [22] studied the influence
of single grit micro-geometry on grinding behavior of

ductile and brittle materials and enabled choosing proper
grit shapes for machining brittle materials.

Besides theoretical studies, experimental studies have
provided much information on subsurface damage. Grind-
ing mechanisms for ceramics were studied using a techno-
logical basis for cost-effective machining by Malkin and
Hwang [23]. Li et al. [24] evaluated the subsurface dam-
age of BK7 glasses and found that the theoretical ratio of
subsurface damage to surface roughness is directly propor-
tional to loads of abrasive grains and hardness of optical
materials. Xu et al. [25] investigated the maximum cutting
depth generated after sawing granite over a wide range of
operating conditions, and the experiments indicate that the
maximum cutting depth is related to the active grit geome-
try and machined parameters. Pei et al. [26] investigated the
effects of grinding parameters such as feedrate and wheel
rotational speed on the depth of subsurface crack by a set
of factorial design experiments. Randi et al. [27] established
a method for estimating the depth of subsurface damage
by correlating surface microroughness measurements to the
depth of subsurface damage in grinding of single crystalline
optical materials. The depth and distribution of subsurface
damage induced by rotary ultrasonic machining and con-
ventional grinding processes were studied by Lv et al. [28].
It was found that the surface qualities can be improved
by increasing cutting velocities or decreasing workpiece
feed velocities. Ohta [29] examined the subsurface dam-
age and proposed using the small-tool polishing method and
the slanted-polishing method to reduce the depth of finish-
ing removal. Simulations and numerical experiments were
used as effective tools to investigate the material removal
mechanism and the effect of grinding parameters on ground
surface quality using finite element simulations [30–32].

Not only machining difficulty, but also machining
efficiency involved with grinding of brittle materials is an
impediment to application of advanced materials. Major
factors that influence machining rate are static force,
vibration amplitude, rotating speed, grid size, and grit
number. Hu et al. [33] presented a predictive model of the
material removal rate and shedded light into the material
removal mechanism. Schmitz and Ziegert [34] presented an
empirical equation of material removal ratio related to the
axial depth of cut, radial depth of cut, and linear feed rate in
milling processes. Ramesh et al. [35] reported experimental
evaluation of ultra-high speed advanced ceramic grinding
and showed that the material removal rate increases with
increasing wheel speed. An expression of material removal
rate considering the specific energy consumption was
derived by Peng and Xu [36]. Bastawros et al. [37] used the
finite element method to analyze the material removal rate
in chemical-mechanical planarization process. Wang et al.
[38] noted that the material removal volume increases with
increasing grinding depths or apex angles of abrasive grits.
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Though considerable efforts have been spent to study
subsurface damage and material removal rate in grinding
of brittle materials, no detailed study has been reported
on effects of grit micro-geometry on subsurface damage
and material removal volume for machining of brittle
materials that account for both brittle and ductile material
material mechanisms. In this paper, we aim to analytically
understand the influences of grit shapes on subsurface
damage and material removal volume including sharp
abrasive grits with various half apex angles and round
grits with different edge radii. The remaining of this paper
is arranged as follows. Section 2 presents a formula for
predicting subsurface damage and material removal volume.
Section 3 discusses the influence of grit micro-geometry
parameters on subsurface damage. Section 4 summarizes
concluding remarks.

2Model formulation

2.1 Single-grit micro-grindingmodel

Figure 1 shows a schematic plot of undeformed chip with
a length of l generated by a single grit in micro-grinding
processes. hi is the instantaneous cutting depth of the
abrasive grit increasing from 0 to the maximum undeformed
chipthickness hm. bi is the effective grinding width of a grit.

To study the influence of grit micro-geometry, both sharp
and round abrasive grits are considered in the present study.

Fig. 1 Undeformed chip with a triangular cross-section with sharp tip
and b triangular cross-section with a round tip

A grit with perfectly sharp edge can be described by the
half apex angle α as shown in Fig. 1a. For round abrasive
grits, the tip radius R is considered as shown in Fig. 1b.
The effects of grit size and geometric effects on subsurface
damage and material removal processes are intrinsically
complicated, it is therefore worth making a few assumptions
as

i Abrasive grits are considered as rigid cones;
ii Elastic recovery is ignored as the cutting depth is much

larger than the elastic recovery depth;
iii Effects of tool vibration are ignored, and the grinding

process is assumed continuous; and
iv The instantaneous effective rake angle of a grit is

considered to be the same as the half apex angle.

The analogy for peripheral surface grinding is illustrated
in Fig. 2. The chip outflows along the instantaneous rake
angle in micro-grinding is shown in Fig. 2a. Grinding
related parameters are illustrated in Fig. 2b, in which vs is
the grinding wheel speed, vw is the workpiece speed, ap

is the grinding depth, hm is the maximum cutting depth,
and dw is the grinding wheel diameter. The effective wheel
diameter de is expressed as [20]

de = dw(1 + vw/vs)
2. (1)

The maximum angular rotation angle θm is given as [39]

θm = arcsin(2
√

ap/de). (2)

Fig. 2 a Geometry schematic of peripheral surface grinding and b
parameters associated with micro-grinding by a single-grit
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The instantaneous cutting depth hi is given as [39]

hi = hm

2

√
de

ap

θi . (3)

To derive the maximum cutting depth hm of round-
tip grits, we follow the procedure in [20]. The spacing L

between successive cutting points is [20]

L = 1

Cb̄
, (4)

where C is the number of active grits per unit area, and b̄ is
the average effective grinding width of a grid depending on
the grit geometry and the average cutting depth h̄ as

b̄ = 2

(
h̄ + R

sinα
− R

)
tanα (5)

Since hm is very small for micro-grinding, h̄ can be
approximately taken as half of the maximum cutting depth

h̄ = hm

2
. (6)

Hence, the spacing between successive cutting points can be
calculated as

L = cosα

C(hm sinα + 2R − 2R sinα)
. (7)

By considering the single grit grinding process, the
maximum cutting depth (undeformed chip thickness) hm

depends on the undeformed chip length and grinding
parameters as [20]

hm = 2L
vw

vs

√
ap

de

. (8)

Substituting Eq. 7 into Eq. 8 and solving for hm, the
maximum cutting depth is found to be

hm = 1

Cvs

(CRvs − CRvs cscα

±
√

(−CRvs +CRvs cscα)2+2C

√
ap

de

vsvw cotα

⎞

⎠

(9)

Because the half apex angle is in the range of 0 < α < π/2,
hm must be non-negative

hm = 1

Cvs

(CRvs − CRvs cscα

+
√

(−CRvs +CRvs cscα)2+4C

√
ap

de

vsvw cotα

⎞

⎠

(10)

Setting the tip radius to 0 μm, Eq. 10 reduces to

hm =
√
2vw cotα

Cvs

√
ap

de

, (11)

which is equivalent to the derivation of maximum unde-
formed chip thickness for sharp grits in [20]. Thereby, the
correctness of Eq. 10 is verified.

2.2 Volume of material removed by ductile and
brittle modes

In micro grinding, the volume of material removal is
affected by grit micro-geometry. Depending on the maxi-
mum cutting depth, two scenarios need to be considered.

1. The maximum cutting depth hm is smaller than the
edge radius. Material is removed in the ductile mode
along the grit pass [6], and the contact trajectory length,
denoted by ld in Fig. 3, is

ld = l, (12)

where l = √
apde is the full contact length of a grit. The

cross-sectional area Ad depends on the value of hm as

Ad =
{

Ad
1 for hm � R(1 − sinα)

Ad
2 for R(1 − sinα) < hm � R

(13)

Ad
1 = 1

2
(π − 2α)R2 − R2 sinα cosα (14)

Ad
2 =

(
R cosα + R

cosα
− R tanα + hm tanα

)

×(hm − R + R sinα) + 1

2
(π − 2α)R2

−R2 sinα cosα (15)

The material removal volume per grit per pass is

V d =
{

V d
1 for hm � R(1 − sinα)

V d
2 for R(1 − sinα) < hm � R

(16)

V d
1 =

∫ l

0
Ad
1

(
1 − z

l

)2
dz (17)

V d
2 =

∫ l1

0
Ad
1

(
1 − z

l

)2
dz +

∫ l−l1

0
Ad
2

(
1 − z

l

)2
dz

(18)

where

l1 = R(1 − sinα)ld

hm

. (19)

Ductile mode 

R

Fig. 3 The geometry of material removal volume by plastic flow
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After substituting the expression of Ad , V d can be
evaluated

V d
1 = 1

6
(π − 2α)R2ld − 1

3
R2ld sinα cosα. (20)

V d
2 = 1

6
(π−2α)R2ld − 1

3
R2ld sinα cosα

+ ld
3 − l1

3

3ld2

(
R cosα+ R

cosα
−R tanα+hm tanα

)

×(hm − R + R sinα). (21)

2. The maximum cutting depth hm is larger than the edge
radius. The ductile material removal mode first takes
places since the grit cutting depth hi is still smaller
than the edge radius. The length denoted by ld can be
determined as

ld = R

hm

l. (22)

Once the grit cutting depth is greater than the edge
radius, the material removal mode switches to brittle
mode as shown in Fig. 4 with the contract trajectory
length denoted by lb . Therefore, we can write

lb = l − ld . (23)

In brittle mode, material is removed by crack propagation
that originates from lateral cracks beneath the plastically
deformed region [40]. A schematic plot of subsurface
damage consisting of lateral and median cracks is shown in
Fig. 5. By assuming that the lateral crack length cl varies
proportionally, the cross-section area can be approximated
by

Ab = 1

2
π

[
cmax
l

(
1 − z

l

)]2
, (24)

where z is the distance to the maximum lateral crack length
cmax
l . The material removal volume in brittle mode is

V b =
∫ l−ld

0
Abdz = l3 − l3d

6l2
π(cmax

l )2. (25)

Ductile-to-brittle mode 

Plastic 

zone

Lateral 

crack

R

Fig. 4 The geometry of material removal volume by plastic flow and
brittle fracture

workpiece

ihlc

mc

Lateral crack

Median crack

Abrasive grain

Plastic zone

ib

Fig. 5 Schematic plot of cracks induced by scratching brittle materials

Therefore, the total volume of material removed along the
grit contact trajectory is

V = V d + V b = 1

6
(π − 2α)R2l1

−1

3
R2l1 sinα cosα + l3 − l3d

6l2
π(cmax

l )2. (26)

The evaluation of cmax
l will be given in the following

section.

2.3 Depth of median cracks and subsurface damage

The analogy for peripheral surface grinding is represented
in Fig. 6. In this schematic model, the distance between the
tip of grinding grit and the final grinding surface yi can be
obtained as [20]

yi = 1

4
deθ

2
i , (27)

where θi is the abrasive grit rotation in micro-grinding.
When the maximum cutting depth hm is smaller than

the edge radius, material is removed in the ductile mode
[6], leaving behind a crack-free machined surface [5]. In

Workpiece
Median crack

Final grinding surface

Trajectory of

 abrasive particle

Fig. 6 Schematic plot of horizontal surface grinding
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Table 1 Material properties of optical glass BK7 [15]

Properties Value

Young’s modulus E(GPa) 82

Poisson’s ratio ν 0.203

Vickers hardness Hs (GPa) 7.7

Fracture toughness Kc (MPam1/2) 0.82

Active grit density C (grit/mm2) 3.2

contrast, when the maximum cutting depth hm is greater
than the edge radius, ductile-to-brittle transition takes place
as the grit cutting depth increases from 0 to hm as shown in

Fig. 4. Hence, there exists a critical rotation angle θc where
mode switching occurs

θc = 2R

hm

√
ap

de

. (28)

It has been found that two lateral cracks and one median
crack usually appear in grinding of brittle materials [11] as
shown in Fig. 5. The depths of median and lateral crack,
denoted by cm and cl respectively, are given as [14–16]

cm = 0.206

(
E

Hs

)1/3

(cosα)4/9
(

P

Kc

)2/3

, (29)

cl =
[
3(1 − 2ν)

5 − 4ν
+ 2

√
3

π(5 − 4ν)

E

σy

cotα

]1/2

hi tanα, (30)
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Fig. 7 The critical angle θc versus a the ratio vs/vw , b the grinding depth ap , and c the grit tip radius
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where P is the normal force, Hs is the scratch hardness
of workpiece materials, Kc is fracture toughness, β is the
elastic recovery coefficient, E is Young’s modulus, ν is the
ratio of Poisson, and σy is the yield stress. The maximum
lateral crack length cmax

l can be determined by substituting
hi with hm in Eq. 29.

For round-tip grits, the projection of contact area in the
normal direction is

AN = π(hi − R + R/ sinα)2 tan2 α. (31)

Scratch hardness is defined as [41]

Hs = P

AN

. (32)

By substitutive Eqs. 31 and 32 into Eq. 29, the depth of
median crack considering grit micro-geometry is obtained
as

cm = 0.442
(EHs)

1/3

K
2/3
c

(tanα)4/3(cosα)4/9(hi+ R

sinα
−R)4/3.

(33)

The depth of subsurface damage generated by grinding of
brittle materials depends on the depth of median cracks, grit
cutting depth, and grit rotation as

dSSD = cm − hi cos θi − yi . (34)

After substituting Eq. 29 into Eq. 34, the final equation of
dSSD can be obtained.

3 Results and discussions

In the following sections, the proposed predictive model
is used to investigate the grit size effect on the volume
of material removal and subsurface damage. Various apex
angles and grit tip radii are studied. Material properties
of the workpiece used in case studies are summarized in
Table 1.

3.1 Effect of grit micro-geometry onmaterial
removal volume

The material removal volume depends on the material
removal mechanisms. Under the condition of hm �
R, material removal is accomplished via severe plastic
deformations. For hm > R, ductile-to-brittle transition
occurs in a grit pass because the instantaneous engaged
depth hi is continuously increasing. Hence, it is meaningful
to evaluate the critical angle θc at which the mode switching
occurs. As a case study, the edge radius is set toR = 0.2μm
to ensure that the condition hm > R is satisfied, the half
apex angle is α = 30◦, and dw = 400 mm. The maximum
cutting depth is hm = 1.28 μm by evaluating Eq. 8. It is

found that the critical angle θc increases with increasing
vs/vw ratio or the grinding depth as shown in Fig. 7a. By
setting the ratio vs/vw to a constant, the influence of ap on
the critical angle θc is shown in Fig. 7b. Note that vs/vw is
set to 200 for case studying, and changing vs/vw does not
affect the general trend. Additionally, the influence of edge
radius on the critical angle θc is demonstrated in Fig. 7c
for various apex angles. Increasing the edge radius or apex
angle is beneficial in term of achieving larger θc, meaning a
larger portion of material is removed in the ductile mode.

Figure 8a plots the relationship between the maximum
cutting depth hm against the half apex angle α. In general,
the maximum cutting depth decreases as the half apex angle
increases. It is also evident that the maximum cutting depth
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sharp tip grit

0 5 10 15 20 25 30
0

0.5

1

1.5
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Fig. 8 The maximum cutting depth hm versus a the half apex angle of
the abrasive grit α and b the grit tip radius R
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hm generated by round grits is lower than that generated
by sharp grits. It is worth noting that the difference in hm

between sharp grits and round grits reduces as the half
apex angle increases. With a half apex angle of 70◦, the
difference in hm due to grit tip geometry is only around
3.5%. Hence, the effect of tip radius is negligible for large
half apex angles. Figure 8b shows the effect of grit tip radius
on the maximum cutting depth with the half apex angle set
to 60◦. hm decreases as the tip radius increases for round
abrasives. Our observations regarding the grit size effect on
the maximum cutting depth is consistent with the study by
William et al. [41].

Figure 9 shows the relationship between the maximum
cutting depth and grit tip radius for various half apex
angles. The general trend is that the maximum cutting depth
decreases as the grit tip radius increases. In addition, the half
apex angle affects the maximum cutting depth. When the tip
radius is small, sharper grits result in greater cutting depths.
For instance, considering perfectly sharp grits (R = 0 μm),
hm is approximately 4.2 μm for α = 30◦, greater than
hm = 2.5 μm for α = 60◦ by 68%. More importantly, it
is found that smaller half apex angles lead to greater cutting
depths for small grit tip radii (R < 3 μm approximately).
This trend, however, is reversed for grits with a large edge
radius. In Fig. 9, addition lines representing hm = R and
hm = R(1 − sinα) are plotted. As mentioned in Section 2,
materials are removed in the ductile mode if hm < R. In
contrast, if hm � R, material is removed in the ductile mode
first, and the mode switching from the ductile mode to the
brittle mode occurs once the rotation angle reaches θc. The
conditions of hm = R are 2.20 μm, 2.45 μm, 2.55 μm for
half apex angles of 30◦, 45◦, 60◦, respectively. Given the
condition of hm � R, the material removal volume in a grit
pass can be calculated by evaluating Eq. 26.
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Fig. 9 The maximum cutting depth hm versus tip radiusR for different
apex angles

The effect of tip radius on the material removal volume
under the condition of hm > R is demonstrated in Fig. 10a.
It is observed that the volume decreases as the radius
increases, and larger material removal volumes are obtained
for smaller half apex angles. On the other hand, given the
condition hm < R, two scenarios exist, i.e., hm < R(1 −
sinα) and R(1 − sinα) � hm < R as described by Eq. 16.
The effect of increasing R on the material removal volume
is non-monotonic as shown in Fig. 10b. For α = 30◦, the
condition of hm = R(1 − sinα) is reached when R =
3.9 μm; for α = 45◦, the condition of hm = R(1 − sinα)

is reached when R = 5.79 μm; for α = 60◦, the condition
of hm = R(1 − sinα) is reached when R = 10.34 μm by
referring to Fig. 9.
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3.2 Effect of grit micro-geometry on subsurface
damage

The evolution of median crack depth as a grit rotates is
shown in Fig. 11. For sharp abrasive grits (i.e., grit tip
radius R = 0 μm), median cracks show up as soon as the
grit comes into contact with the workpiece. To investigate
grit size effect on subsurface damage, the tip radius is set
to 0.5 μm, and the half apex angle is set to 30◦. The
calculated maximum cutting depth is hm = 3.89 μm.
Since the maximum cutting depth is greater than the edge
radius, the material is first removed in the ductile mode
without causing damage and then removed in the brittle
mode that induces subsurface damage in the workpiece. As
indicated by Eq. 28, the ductile–brittle transition takes place
as the critical angle of rotation θc is reached. The calculated

critical angle of rotation θc for ductile-to-brittle transition
is 0.0009 rad as indicated by the dashed line in Fig. 11a.
It is observed that the depth of median crack increases as
grit the rotates, consistent with the simulations conducted
by Wang et al. [18]. Another observation from Fig. 11a is
that although cm is small initially for the sharp grit, the
value of cm increases faster compared to that associated
with round grits. Figure 11b shows the relationship between
the median crack depth and rotation angle for various half
apex angles. It is observed that larger half apex angles lead
to deeper median crack depths. In addition, it is found that
increasing grit tip radius tends to increase θc, meaning that
more material is removed in the ductile mode for grits with
larger tip radii. The critical rotation angles of ductile-to-
brittle transition θc are 0.0009 rad, 0.0011 rad, and 0.0014
rad for half apex angles of 30◦, 45◦, and 60◦, respectively.
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Fig. 11 Influence of a sharp versus round grit tip, b abrasive grit half apex angle α, c grit edge radii R, and d different the critical angle θc on the
depth of the median crack cm
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The effect of grit tip radius on the median crack depth is
shown in Fig.11c. It is evident that larger grit tip radii cause
deeper median cracks. Figure 11d demonstrates that the
maximum depth of median crack increases as the critical
angles θc increases.

Figure 12a plots the predicted depth of subsurface
damage for varying half apex angles. The trend is similar to
that of cm. Subsurface damage increases as grit rotates, and
larger half apex angles lead to severer subsurface damage.
The effect of grit tip radius on the depth of the subsurface
damage is shown in Fig. 12b. Figure 12c shows that the
maximum subsurface damage increases with the critical
angle, indicating that there is a trade-off to be made: to
achieve fine grinding quality, larger θc is desired in order to
have larger volume of materials removed in the ductile mode
in a grit pass; the downside of larger θc, however, is that
larger maximum median cracks are induced, deteriorating
part integrity.

3.3 Validation of the predictivemodel

Grinding experiments were conducted to study subsurface
damage. The material selected for this experiment is the
optical glass BK7. The dimension of the workpiece is
60 mm × 40 mm × 20 mm. Experiments were carried
out on the high-speed grinder MKL7132X8/17. The wheel
has a diameter of 400 mm and a width of 15 mm. Typical
subsurface damage after grinding tests is shown in Fig. 13.
Lateral cracks are readily observed, rationalizing the use of
maximum lateral crack length in the predictive model of
material removal volume in the brittle mode.

To investigate the influence of grit micro-geometry
on material removal volume in a grit pass and induced
subsurface damage, it is desired to use engineered grinding
tools with controlled abrasive shapes. Cheng et al. [9]
reported an experimental study on brittle-ductile transition
using single grit scratching tests. In single scratching passes
with decreasing cutting depth as shown in Fig. 14, mode
transitions are observed, bolstering the theoretical analysis
of ductile-to-brittle mode transition presented in Section 2.
Predictions of the effect of apex angle on subsurface damage
shown in Figs. 11b and 12a agree with the experimental
observation that larger angles cause severer fracture in
workpiece. Additionally, the experimental observation that
increasing grinding speed tend to extend the ductile-mode
removal length in a grit pass can also be explained by
our analytical model. By substituting Eq. 10 into Eq. 22,
it can be show that the ductile-mode removal length is
proportional to

√
VsVw.

To qualitatively validate the analytical model, the predicted
subsurface damage is compared against experimentally
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Fig. 12 The depth of the subsurface damage (SSD) versus a abrasive
grit half apex angle α, b grit edge radius R, and c the critical angle θc
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Fig. 13 Observations of typical subsurface damage by a optical
microscopy and b SEM

fitted lower and upper bounds suggested by Lambropoulos
[13] as 0.3L0.68 < subsurface damage(μm) < 2L0.85 in
terms of the grid size L. The lower and upper bounds are
valid for all optical glasses, BK7 included, and regardless
of feeds and speeds [13]. In the present study, the same
parameters as those in previous case studies are used, i.e.,
vs/vw = 200, ap = 5 μm, and dw = 400 mm. The grit
tip radius is R = 2 μm. With α = 60◦, hm = 2.23 μm.
Keeping constant the maximum undeformed chipthickness

half apex angle (°)
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Fig. 15 Comparison of predicted maximum subsurface damage
against experimentally fitted bounds [13]

hm and varying the apex angle lead to different contact
area sizes. For half apex angles of 30◦, 45◦, and 60◦, the
radii of projected contact area, illustrated in Fig. 5 as bi ,
are 4.88 μm, 6.12 μm, and 8.80 μm, respectively. By
setting bi as the grid size L, the lower and upper bounds
of subsurface damage can be determined. The comparison
between analytical predictions and experimentally fitted
bounds is shown in Fig. 15. It can be seen that analytical
predictions of subsurface damage are very close to the upper
bounds determined from the experiments for the half apex
angle α � 45◦. On the other hand, the analytical model
overpredicts the subsurface damage for α = 60◦. Note
that the median crack depth cm describe by Eq. 29 is more
appropriate for sharp grits. A grit with the apex angle of
2α = 120◦ is rather blunt, tending towards generating
inclined double cracks rather than a single median crack [9].

Lastly, analytical predictions of subsurface damage for
various apex angles are supported by the simulations
conducted by Wang et al. [18]. Severer subsurface damage
is observed for larger the apex angles in their simulations,
and collapse phenomenon shows up in workpiece for the
apex angle 2α = 120◦.

Fig. 14 Experimental
observations of ductile-to-brittle
transition in a single path of
scratching test with decreasing
cutting depth. Adapted from [9]
with permission
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4 Conclusions

In this paper, a predictive model of material removal volume
and subsurface damage with consideration of grit micro-
geometry is proposed. Depending on the size of edge radius
compared to the maximum undeformed chip thickness,
ductile or ductile-to-brittle material removal mechanism can
be invoked. For ductile material-removal with the properties
of brittle materials, no subsurface damage is induced and
material is removed by forming severely sheared chips. On
the other hand, brittle material-removal induces subsurface
damage, the material removal volume in a grit pass needs to
consider the length of lateral cracks.

The effects of the grit edge radius and the apex angle
on subsurface damage and material removal volume are
studied. The main conclusions are summarized as follows.
The critical angle of ductile-to-brittle transition depends
on grit micro-geometry and machining parameters as well.
Increasing the apex angle or the edge radius tend to decrease
the maximum undeformed chip thickness, a decisive factor
for material removal mechanisms. Under the condition of
the undeformed chip thickness larger than the edge radius,
material removal volume in a single pass is dominated by
brittle fracture, and the predictive model indicates that the
materials removal volume decreases as the edge radius or
the apex angle. On the other hand, under the condition of
the undeformed chip thickness smaller than the edge radius,
there is a non-monotonic dependence of material removal
volume on grit micro-geometry. Lastly, the maximum
subsurface damage increases with the critical angle. Larger
tip radii result in a greater volume of material removed in the
ductile mode. But severer subsurface damage is caused after
the material removal mode is switched to the brittle mode.
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