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Abstract
In order to improve the efficiency and precision of abrasive belt grinding of the free-form surface, a novel trajectory planning
approach based on machining accuracy control is proposed in this paper. At the same time, a method to optimize the size of the
contact wheel based on the diploid genetic algorithm is also presented. Then, the effectiveness of the method is necessary to
demonstrate through an abrasive belt grinding experiment of the aero-engine blade. The results show that the blade profile
accuracy after grinding by using the proposed method can better meet the corresponding tolerance requirements, and the surface
quality and accuracy of blade profile are improved effectively.
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1 Introduction

The free-form surface products have delicate appearance,
controllable shape, and excellent properties in aerodynam-
ics, hydrodynamics, and thermodynamics, which have
made it widely applied in aerospace, shipbuilding, auto-
mobile, energy, national defense, and other special indus-
try products [1, 2]. The research on automatic grinding
and polishing technology of the free-form surface in
China is relatively lagging behind, and it is still mainly
in the stage of the workpiece that is ground and polished
by hand, which has low efficiency and high labor inten-
sity. Unfortunately, the quality of the workpiece grinding
and polishing often relies on the skill and experience of
the workers [3, 4]. Because of that, the method of manual
grinding and polishing failed to meet the processing re-
quirements in aviation, shipbuilding, and other fields.
Therefore, seeking an efficient grinding method of the
free-form surface has become a research hotspot in the
field of computer numerical control (CNC) machining.
In the CNC machining process of the free-form surface,

the tool-path planning method has a direct impact on the
machining accuracy and efficiency [5].

In the field of the abrasive belt grinding free-form sur-
face, the maximization of the path interval in the process-
ing can be achieved by optimizing the attitude angle of
the contact wheel [6], which can effectively improve the
machining efficiency. At present, many researchers have
made lots of effort into theoretical research of abrasive
belt grinding at moment.

Jourani et al. [7] presented a three-dimensional numer-
ical model to study the contact between the belt constitut-
ed by abrasive grains and the surface. Huang et al. [8] put
forward to a new measurement method of three-
dimensional grinding force with mutual perpendicular
and independent elastic elements which can effectively
alleviate the inherent contradiction between the natural
frequency and sensitivity in the traditional dynamometer.
Hou et al. [9] proposed an effective method of the grind-
ing surface based on the second-order osculation princi-
ple, which proved to be a practical machining method.
Zhao et al. [10] studied the factors affecting the surface
quality of the grinding parameters and optimized the
grinding process parameters to improve surface quality.
However, they did not consider the path change in the
grinding process. Chaves-Jacob et al. [11] pointed out that
optimizing the tool path can improve tool wear and sur-
face coverage. Chen et al. [12] presented a novel method
for tool-path generation to realize three-axis automatic
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machining of the free-form surface. Yang et al. [13] pre-
sented a path planning method of belt grinding for error
region. However, this method was too complex to im-
prove the processing efficiency. The error region and the
magnitude of the error must be determined after the finish
machining of aero-engine blades. Aiming at the problem
of the unequal interval in space between the two adjacent
lines in the equal parameter trajectory planning, He et al.
[14] proposed an accurate overlapping method of the
equal parameter path interval. Yang et al. [15] calculated
the bandwidth of the whole cutting trajectory by using a
second-order Taylor approximation, increasing the origi-
nal cutting bandwidth by 26.5%. However, the calculation
of the parameters is very difficult and the objects are
studied by milling. At present, methods of trajectory plan-
ning commonly used in abrasive belt grinding and
polishing are the iso-parametric method and equal residu-
al high method. The trajectory of the tool generated by the
iso-parametric method is relatively simple, but it is affect-
ed by the defined scallop height h, residual height, and the
curvature of the free-form surface. Selected parameters of
the tool path are more conservative and there is the re-
dundant tool path. Though the optimal trajectory can the-
oretically be produced by the residual altitude method.
The maximal distance calculation of the adjacent tool path
is assumed to be in a plane, which means that the tangent
vector direction of the adjacent tool-path trajectory is par-
allel. However, the fact is not that, and it is easy to cause
a large deviation in the calculation of step distance for the
curved surface. Due to the irregularity and constantly
change the curvature of the free-form surface, it is very
important to select the row spacing and step in the grind-
ing process. If the size of the contact wheel is not selected
correctly, the machining efficiency and machining preci-
sion will be directly affected. Therefore, it is very impor-
tant to choose reasonable contact wheel size for free sur-
face abrasive belt grinding. Current selection methods in-
clude empirical selection methods and curvature analysis
methods [16]. The former chooses the tool size to be more
conservative. The processing efficiency of the uncertainty
is high, and it needs to repeatedly try to choose. The latter
chooses the biggest tool size according to the result of
surface curvature analysis. Compared to the experience
selection method, the curvature analysis method is more
scientific, but it is limited by the surface of discrete pre-
cision. It goes to save the calculation accuracy on the
basis of the calculation time.

Aiming at the existing problems and shortcomings in the
trajectory planning of free-form surface grinding, this paper
studies the method of line processing, and proposes a new
method which can optimize the size of the contact and the
grinding parameters that of suitable for the surface machining
process.

2 The optimal method for the optimal size
of the contact wheel based on the genetic
algorithm

2.1 Contact wheel size optimization standard
and solution formula

Figure 1 shows a schematic diagram of abrasive belt grinding
discussed in the paper. The principal curvature of the free-
form surface determines the curvature radius of the surface.
When machining the free-form surface, especially surface
with a concave area, if the contact wheel radius is larger than
the smallest curvature radius of the grinding point, local inter-
ference occurs, as shown in Fig. 2, which affects the process-
ing quality and precision. In order to avoid interference, we
must ensure that the contact wheel radius is less than the
minimum principal curvature radius of the surface. Let ρmax

be the maximum principal curvature of the surface, so the
value of the contact wheel radius R should be less than 1/ρmax.

Figure 3 shows two grinding methods for common aero-
engine blades of the free-form surface. The contact area be-
tween the contact wheel and the surface is large in the hori-
zontal spacing method and the grinding efficiency is high
which is easy to produce the ripples along the length of the
blade while the contact area between the contact wheel and the
surface is small in the vertical spacing method and the ma-
chining accuracy is high and machining efficiency is low. In
order to solve the problem of the low efficiency of the CNC
machining of the free-form surface, this paper proposes a kind
of technical approach which can improve the machining effi-
ciency and satisfy the machining accuracy at the same time.
Thismethod is based on the error precision control principle to
select the size of the contact wheel and the machining param-
eters. As shown in Fig. 4, AD is the width of the contact wheel
and its value is W. The radius of curvature of the grinding
point in the direction of the contact wheel is Rc. The gap

Fig. 1 Abrasive belt grinding
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between the contact wheel and the surface is ε, and the ma-
chining allowance is h.

The gap between the contact wheel and the surface should
satisfy Eq. (1).

ε≤h≤Rc−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rc

2− W=2ð Þ2
q

ð1Þ

In order that avoid the gap between the contact wheel and
the curved surface is greater than the expected machining
allowance, the width of the contact wheel should satisfy
Eq. (2).

W ≤2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ε⋅Rcmin−ε2

p
ð2Þ

Where the radius Rcmin is the minimum radius of curvature
of all grinding points in the direction of the contact wheel.

2.2 The maximum and minimum principal curvature
of a surface by the genetic algorithm

According to Eq. (2), the problem of solving the size of the
contact wheel can be transformed to find the maximum prin-
cipal curvature of the free-form surface and the maximum
principal curvature of all grinding points in the axial direction

of the contact wheel. In order to maximum the width of con-
tact area between the contact wheel and the surface during the
grinding, the contact axis should always follow the first prin-
cipal curvature direction of grinding point, so we only need to
know the maximum principal curvature of the free-form sur-
face and the maximum principal curvature in the first principal
curvature direction [17]. The problem of finding the optimal
solution in a typical group is how to find the main curvature
parameters in the knife site quickly and accurately.
Considering that the free-form surface includes two parame-
ters u and v, this paper proposes a new algorithm to solve the
problem of the solution of the maximum principal on the free-
form surface and the first principal direction of the curvature
surface based on the double genetic algorithm.

Assume that the function of the free form is S(u, v).

S u; vð Þ ¼
x u; vð Þ
y u; vð Þ
z u; vð Þ

2
4

3
5 u; v∈ 0; 1½ � ð3Þ

Where u, v is the parameters of the free-form surface. The
three components x, y, and z are the two element differentiable
functions of the parameters u and v. When u and v change
continuously within a defined domain, it forms a surface with
its corresponding points (x, y, z). According to the solving for-
mula of differential geometry, the normal curvature of the
point on the free surface is as follows:

kn ¼ Ldu2 þ 2Mdudv þ Ndv2

Edu2 þ 2Fdudv þ Gdv2
ð4Þ

In Eq. (4), E = Su ⋅ Su, F = Su ⋅ Sv, andG = Sv ⋅ Sv are the first
kind of basic quantity of the surface. L = n ⋅ Suu, M = n ⋅ Suv,
and N = n ⋅ Svv are the second kind of basic quantity of the
surface. And Su, Sv, Suu, Suv, and Svv represent the first- or
two-order partial derivatives. n represents the unit normal vec-
tor at the grinding point.

n ¼ Su � Sv
jSu � Svj ð5ÞFig. 3 Grinding manners. a Transverse processing. b Longitudinal

processing

Fig. 4 Machining error along the axial direction

Fig. 2 Local interference
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The principal curvature of the point on a free surface is the
maximum and minimum of the normal curvature. According
to the Gauss curvature and the mean curvature, the maximum
and minimum principal curvature can be obtained as follows:

k1;2 ¼ H �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H2−K

p
ð6Þ

whereH is the mean curvature and K is the Gauss curvature of
the surface at arbitrary point P. From the above formula, we
know that the main curvature K is a function of parameters u
and v, and it needs to be considered at the same time. u and v
are encoded by binary coding, and one of the individuals in
the population is established together. Because the genetic
algorithm is similar to the algorithm of solving the maximum
principal curvature and the maximum principal curvature in
the first principal curvature direction in the free-form surface,
this paper explains the algorithm of the maximum principal
curvature on the free surface.

Figure 5 shows the algorithm flowchart presented in this
paper. The fitness function and the specific algorithms are
described as follows:

Fitness function:

P xið Þ ¼
1−0:5� kmax−k

kmax−kχ

� �0:5

k > kχ

1

1þ kmax−k
kmax−kχ

� �2 k≤kχ

8>>>><
>>>>:

ð7Þ

In Eq. (7), kχ = (1 − χ) × kmin + χkmax, k, kmax, and kmin

represent the principal curvature calculated by the pres-
ent individual, the maximum and minimum principal cur-
vature of the population respectively. χ is the adjustment
coefficient and its value is 0.5 in this paper. The fitness
function satisfies the non-negative and single value con-
tinuity requirements of the genetic algorithm and has the
dynamic adjustment ability with the evolutionary
process.

The descriptions of the genetic algorithm are as follows:

Step 1. Set the number of the initial population is m
and the number of the digits of binary code

Fig. 5 The flowchart of the
genetic algorithm
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which represents the length of the gene is n.
The 8-bit binary is illustrated here as an
example.Pc is the cross probability and Pv is
the mutation probability. Binary code is gener-
ated randomly to represent the individual of a
population, in which the binary code number is
insufficient with 0 in the front.

Step 2. Decompose the individual’s binary code into a
single chromosome on the parameters u and v,
and calculate the actual parameter values of u
and v. According to the above Eq. (5), the value
of main curvature can be calculated. The fitness
value of the principal curvature of the individual
is obtained as the evaluation index in Eq. (7),
and the roulette wheel method is used to elimi-
nate the individuals who are not satisfied with
the presupposition fitness.

Step 3. According to fitness function, individuals with
higher fitness function should be selected based
on the probability of the roulette wheel method
to enter the next generation. Among them, the
individual 00000000 and the boundary individ-
ual 11111111 of the maximum value of the fit-
ness function in the present age directly enter
the generation.

Step 4. The crossover and mutation operation of the new
generation population is carried out according to
the crossover probability Pc and the mutation prob-
ability Pv.

Step 5. Recalculation of principal curvature according to a
new generation of the population

Step 6. Repeat steps (2) to (5) until the genetic algorithm
ends and record the maximum principal curvature
value k of the output and the corresponding param-
eters u and v.

2.3 The contact wheel size selection
of non-interference efficient wide line machining

Through the above algorithm, we can get the maximum prin-
cipal curvature km(um, vm) on the free-form surface, and the
principal curvature radius Rcmin of the first principal curvature
can determine the minimum principal curvature radius of the
surface.

Rm ¼ 1=km ð8Þ
The width of wheel width:

W ≤2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h⋅Rcmin−h2

q
ð9Þ

Rm should be less than or equal to the standard contact
wheel foot radius and W should be less than or equal to the
standard width of the contact wheel. Based on the proposed
algorithm, the contact wheel radius of an aero-engine blade
grinding is calculated as R = 14.8 mm (here we take R =
15 mm) and W = 8 mm. In order to verify the effectiveness
of the proposed algorithm, five grinding experiments were
carried out. Figure 6 shows the relationship between five con-
tact wheels with different radii and grinding time and surface
roughness under the same grinding condition. It can be seen
that with the increase of the contact wheel radius, the grinding
efficiency is gradually improved, but the surface quality after
grinding is gradually reduced. Especially, when the size of the

Fig. 6 An experimental curve of five contact wheels with different radii
grinding the blade profile

Fig. 7 Adaptive trajectory planning

Fig. 8 The flexible adaptive processing effect diagram
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contact wheel is larger than the maximum radius of curvature
of blade profile, the surface quality drops sharply, which is
caused by local interference during the grinding process.
Considering the machining quality and efficiency, the size of
the contact wheel obtained by the proposed algorithm can
avoid local interference in the grinding process and improve
the machining efficiency and accuracy effectively.

3 The adaptive wide line trajectory planning
algorithm

The ordinary iso-parametric line trajectory planning method
turns into a curve because of its straight-line transformation in
the parameter domain to Euclidean geometry space. The ad-
jacent two equal parameter line paths with fixed parameter
intervals are not equidistant in space [18]. Therefore, there is
a need for a certain overlap between adjacent tracks in the
wide line processing. However, it is still a technical problem
in the field of precision CNC programming that how to deter-
mine the row spacing to ensure that the minimum overlap of
two rows of adjacent cutter rails close to zero is still close to
zero. Aiming at the problem of the minimum overlap between

adjacent knife and rail and the self-characteristics of transverse
and wide line grinding, by effectively calculating the distance
from each grinding point on the first principal curvature direc-
tion to the machining distance, and as the grinding point of
adjacent track, the grinding points can be adaptive to the con-
tact wheel axis. Moreover, it can also avoid the problem of
solving the minimum lap in the wide line processing, and
ensure the stability of the row spacing between the adjacent
knife and rail.

3.1 Calculation of adjacent grinding points

Take the width of the contact wheelW as the grinding distance
of the grinding process. From the foregoing description, we
can see that the nearest grinding point of grinding point is the
distance from W to the first principal curvature direction.
When the known surface function is S(u, v), the current grind-
ing point is Ci, j(ui, vj). P1 is the direction vector of the first
principal curvature direction. P2 is the direction vector of the
second principal curvature direction. u and v are the parameter
increments of two grinding points. The derivation of the pa-
rameters of the adjacent grinding points is as follows:

Because the first principal curvature direction vector is per-
pendicular to the second principal curvature direction vector,
so

P1⋅P2 ¼ 0 ð10Þ

It is also known that the vector formed by the current grind-
ing point and the adjacent grinding point is along the direction
of the first principal curvature and its distance is Rs that is the
width of the contact wheel.

Ci; jCiþ1; j
�������⇀

⋅P1 ¼ W

Ci; jCiþ1; j
�������⇀

⋅P2 ¼ 0

8<
: ð11Þ

The Taylor formula is used to expand the functionCi + 1, j at
Ci, j and omit the remainder of the two orders, which we can
obtain the following:

Fig. 10 Comparison of blade profile before and after grinding. a Before grinding. b After grinding

Fig. 9 Renderings of two kinds of trajectory planning
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Ciþ1; j ¼ Ci; j þ Su
0
⋅Δuþ Sv

0
⋅Δv ð12Þ

Set T ¼ −
Sv

0
⋅P2

Su
0 ⋅P2

ð13Þ

Simultaneous Eqs. (5), (6), (7), (8), and (9), we can obtain
the following:

Δu ¼ T ⋅Δv ð14Þ

Δv ¼ W

T ⋅Su
0 ⋅P1 þ Sv

0 ⋅P1
ð15Þ

According to Eqs. (10) and (11), the relation between ad-
jacent grinding points can be obtained:

uiþ1 ¼ ui þΔu
v jþ1 ¼ v j þΔv

�
ð16Þ

3.2 Flexible adaptive processing of grinding point
trajectory

As shown in Fig. 7, a schematic diagram of the trajectory
planning proposed in this article is presented. Because of the
existence of some characteristics of the twisted blade surface,

the grinding point, and a grinding point in its first curvature
direction distance spacing within the scope of the intersection,
the situation is easy to cause the processing head reciprocating
machining vibrations caused by processing vibration grain
defects. So, in this paper, a flexible adaptive processing plan-
ning method is proposed to exchange the parameter informa-
tion of the adjacent grinding points to realize the grinding
point trajectory. The effect diagram is shown in Fig. 8. The
idea is to traverse all new grinding points, remove the grinding
point located outside the boundary, and insert the new bound-
ary points. The grinding points in the different trajectories are
traversed and the accuracy of the step size is calculated be-
tween the adjacent grinding points. The grinding points in the
recent trajectories are traversed and the distance between ad-
jacent grinding points is calculated. If the distance does not
meet the requirement of step accuracy, a dichotomous inter-
polation is used to update the grinding point sequence until all
adjacent grinding points meet the requirements of the step
size.

3.3 Generating steps of the adaptive grinding path

The main steps of the adaptive grinding path planning for the
free surface are as follows:

Table 1 The error data before and
after basin of blade grinding Detection area minError/mm maxError/mm averError/mm stdError/mm

Before processing A 0.0129 0.0245 0.017 0.1401

B 0.0131 0.0243 0.0172 0.1404

After processing A 0.0066 0.0104 0.0086 0.0387

B 0.0031 0.0053 0.0039 0.0172

Fig. 11 The error data before and
after basin of blade grinding
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(1) First, the complex surface model is identified by feature
recognition, and the long boundary line in the complex
surface is selected as the initial track line of the tool.
Then, according to the minimum step length principle,
the grinding point is discredited by the dichotomous
method.

(2) Calculate the adjacent grinding points of the initial grind-
ing point in the direction of the first main curvature.

(3) Flexibility and interpolation for newly obtained grinding
points

(4) Repeat step (2) and step (3) until the grinding point
covers the whole surface, and converts the track of the
grinding point to the locus of the knife site.

Figure 9 is a comparison diagram of processing a single
surface model of the aero-engine blade applied the method

presented in this paper and an equal parameter trajectory plan-
ning method.

By contrast, we can intuitively find that the path generated
by the method of line distance adaptive trajectory planning
presented in this paper is always changing along the principal
curvature direction of grinding point on the surface which
effectively guarantee the best fit between the grinding head
and workpiece, and at the same time, it also solves the prob-
lem of unequal space on the adjacent trajectories of equal
parameters.

4 Experimental

The adaptive trajectory planning method proposed in this pa-
per is verified by the experiment of processing the basin of an

Fig. 12 Blade surface roughness
before and after grinding. a The
roughness of a sampling point in
region A before grinding. b The
roughness of a corresponding
sampling point in region A after
grinding. c The roughness of a
sampling point in region B before
grinding. d The roughness of a
corresponding sampling point in
region B after grinding
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aero-blade on the CNC abrasive belt grinder (MTS1000-400-
6NC). At the same time, we also conduct a grinding experi-
ment on iso-parametric trajectory planning of the aero-blade.
As shown in Fig. 10, regionA is processed with iso-parametric
trajectory planning while region B is processed with adaptive
trajectory planning. Considering the practical application and
processing efficiency of the engineering and the flexible con-
tact of the sand belt itself, the radius and width of the contact
wheel are properly amplified. The radius of the contact wheel
is 15 mm and the width is 8 mm. The belt speed is 12 m/s. The
abrasive grain is 280# and the tolerance is 3.0 μm.

5 Results and discussion

As shown in Fig. 10, the comparison of the whole shape of the
blade before and after the grinding process shows that the
machining surface is smooth without any defects such as cur-
vature interference, and the machining quality is good. We
also find that region B has better gloss than region A. In the
grinding process, the adaptive trajectory planning automati-
cally adjusts the processing step length according to the cur-
vature of the processed surface, making the surface smoother
after machining than iso-parametric trajectory planning.

The measurement data is measured using hexagon global
series three coordinate-measuring machines. After data pro-
cessing, as shown in Table 1, the error data before and after
basin of blade processing are obtained from the blade surface.

Figure 11 clearly shows the error data before and after basin
of blade processing. Through comparative analysis, it was
found that the minimum surface error of region Awas reduced
from 0.0129 to 0.0066 mm, and the error reduced by 48.8%.
The maximum error was reduced from 0.0245 to 0.0104 mm,
and the error reduced by 57.6%. The average error decreased
from 0.017 to 0.0086mm, which decreased by 49.4%, and the
standard error decreased from 0.1401 to 0.0387 mm, which
decreased by 72.4%. The minimum surface error of region B
was reduced from 0.0131 to 0.0031 mm, with a decrease of
76.3%; the maximum error was reduced from 0.0243 to
0.0053 mm, with a decrease of 78.2%; the average error was
reduced from 0.0172 to 0.0039mm, with a decrease of 77.3%;
and the standard error was reduced from 0.1404 to
0.0172mm, with a decrease of 87.7%. According to the above
error comparison, it can be clearly found that the machining
error through adaptive trajectory planning is significantly
smaller than that of iso-parameter trajectory planning.

The Marsurf roughness profilometer was used to detect the
surface roughness of area A and area B before and after ma-
chining. As shown in Fig. 12, it can be seen that the roughness
of the surface which is processed has been greatly improved.
The reason is that the complex interaction between abrasive
belt and a metal layer on the surface of the workpiece can
smooth the original bump on the surface of the workpiece.

As a result, the roughness profile is smaller and more uniform,
so the roughness of the machined surface is effectively re-
duced, and the surface quality of the blade surface after grind-
ing is greatly improved compared with that before processing.

6 Conclusion

In this paper, an adaptive trajectory planning approach of
abrasive belt grinding for the aero-engine blade is presented.
The presented method analyzes the relationship between the
width of the contact wheel and the curvature of the surface
which avoid the interference between them. The conclusions
can be drawn as follows:

(1) When using the diploid genetic algorithm to optimize the
size of the contact wheel, local interference can be effec-
tively avoided in the grinding process.

(2) The best fit of the contact wheel and the workpiece is
realized by controlling the posture of the contact wheel
during the processing cycle and the optimum grinding
effect is achieved by adaptive trajectory planning based
on error control for grinding point.

(3) Compared with the iso-parametric trajectory planning,
the adaptive trajectory planning proposed in this paper
has higher precision and efficiency in blade grinding.
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