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Abstract
For successful development of the intelligent manufacturing of freeform surfaces using STEP-CNC with online toolpath
generation capability, it is required to make a choice of the optimal representation of a 3D model which will be used
for machining. Traditionally, most existing CAD-CAM systems use NURBS to design freeform surfaces and to perform
toolpath generation in order to machine them. The introduction of T-splines to CAD systems and some reported results of
using them in manufacturing makes it possible to consider T-splines, or more generally T-NURCCs (Non-Uniform Rational
Catmull-Clark Surfaces with T-junctions), as a good solution for the development of the STEP-NC-based manufacturing of
freeform surfaces because of their advantages over NURBS. Therefore, this paper gives an overview of the main arguments
in favor of choosing the T-spline surface representation for integration within STEP-CNC systems. We examine the prospects
for T-splines to become an integral part of modern manufacturing systems, and highlight some important properties of T-
splines which are the most beneficial for manufacturing processes. The paper presents the results of the development of a
complete T-spline-enabled STEP-CNC system which can strategically support online toolpath generation for three-axis ball
end machining of simple T-spline surfaces using four different freeform strategies defined in ISO 14649-11. These results
represent the implementation of the first stage of the development process of intelligent STEP-CNC systems, and in the
future more research is needed in this direction.
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1 Introduction

Increasing the level of data exchange between CAx-systems
remains a priority for the development of the intelligent
manufacturing [1]. CAD-CAM systems supporting the ISO
14649-based STEP-NC data format to communicate with
STEP-CNC (STEP-compliant CNC) provide a possibility
of the feature oriented data representation and bidirectional
dataflow [2]. Moreover, the integration of CAM functional-
ity into a STEP-CNC system makes it possible to generate
toolpaths online (inside the system) for different machining
features, including freeform surfaces [3, 4].
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The large amount of research on the STEP-NC-based
manufacturing [5–7] opens up the potential for intelligent
STEP-CNC systems to be introduced in the foreseeable future.
These systems will be expected to perform tool selection,
toolpath planning and generation, cutting and control
operations autonomously, and human-machine interactions
are to be minimized. STEP-CNC systems can be classified
into three types: with conventional control, with new control
and with new intelligent control [8]. The new intelligent
control type of STEP-CNC implies that machining tasks
intelligently and autonomously can be performed by a CNC
based on the comprehensive information of ISO 14649
[3, 8]. Such systems must be able not only to interpret a
STEP-NC program and execute motions (as in the first two
types of STEP-CNC), but also comply with the entire set
of criteria imposed on the intelligent STEP-CNC systems.
These criteria are STEP-NC interpreter, STEP-NC executor;
tool path generation; 3D STEP-NC viewer; e-manufacturing
ability (enables a distributed and networked manufacturing
process); interaction of STEP-NC info (the possibility to
edit the machining parameters on a STEP-CNC controller);
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online closed-loop manufacture (collecting and processing
of feedback information on a CNC controller); sensor-based
manufacture (sensor feedbacks are supported); open-CNC
architecture; and reconfigurable control network [6, 8].

In this paper, the possibility to use such intelligent
manufacturing systems for freeform machining has been
investigated. And, it was proposed to revise the choice of the
optimal freeform surface representation which would be the
most appropriate to use in STEP-NC-based manufacturing
applications.

When designing freeform surfaces, contemporary CAD
systems almost always produce models in which several
trimmed surfaces are merged together. Commonly used
NURBS representation has proven its reliability for both
CAD and manufacturing applications [9, 10]. Many CAM
systems are capable to perform toolpath generation for
trimmed freeform surfaces using different techniques [11, 12].
However, presence of multiple trimmed NURBS patches
makes it possible for cracks and ripples to appear along
the edges of adjacent patches. Although in modern CAD
systems the computational algorithms can deal with these
cracks quite successfully, handling them in CAM environ-
ment sometimes may require human-machine interactions,
at least for the verification and possible correction. There-
fore, it may bring ambiguity to the online toolpath gen-
eration process in the systems with CAM functionalities
transferred into a STEP-CNC. This can compromise the
machining safety of the system.

Unlike the NURBS surfaces, T-splines allow to represent
any complex model as a single gap-free surface which does
not require trimming operations [13]. Moreover, T-splines
have the advantages of fewer control points, gap-free model
representation capability and localized refinement opera-
tions [13, 14]. At the same time, internally a T-spline surface
can be viewed just as a collection of Bézier patches that are
joined edge-to-edge in a non-rectangular array (although T-
splines can be rational, it is possible to convert them into
a set of Bézier patches, if it is necessary for some applica-
tions). Therefore, any computational algorithm that works
on Bézier patches will work equally well on T-spline surfaces.
In view of these, T-splines bring significant advantages to the
online freeform toolpath generation, and can be considered
as a reasonable choice for the development of the STEP-
NC-based manufacturing of freeform surfaces [5, 15]. In
this paper, T-spline surfaces are the surfaces that may
have extraordinary points (T-NURCCs); whereas, simple
T-spline surfaces refer to those without extraordinary points.

The first manufacturing results for simple T-spline surfaces
were presented in Gan et al. [15]. The introduction of
STEP-compliant data models for T-splines in our previous
research [16] made possible their further definition in terms
of STEP-NC and, consequently, integration within a STEP-
CNC system [5]. Important issues of the efficient and robust

toolpath generation for T-spline surfaces using one freeform
machining strategy defined in ISO 14649 were investigated,
and a prototype T-spline-enabled STEP-CNC system was
introduced.

This paper emphasizes the importance of choosing the T-
spline surface representation when implementing freeform
machining operations within STEP-CNC systems. As the
development of such systems with intelligent functionalities
is very complicated, it was proposed to distinguish several
stages of this process. In this research, we only focus on
the implementation of the first stage, that is the development
of a real T-spline-enabled STEP-CNC system which
can strategically support online toolpath generation for
freeform machining of simple T-spline surfaces using dif-
ferent freeform machining strategies. Although the specific
approach to generating toolpaths in manufacture of freeform
surfaces depends on the selected machining methodology,
and there exist many different toolpath generation algo-
rithms [17–19], only four freeform machining strategies
defined in ISO 14649-11 have been considered. And, a prac-
tical STEP-CNC system with online toolpath generation
capability for three-axis ball end machining has been built.

2 Preference for using T-splines
in STEP-NC-basedmanufacturing

This section discusses the main arguments for using
T-splines for the development of the STEP-NC-based
manufacturing of freeform surface and for integration
within STEP-CNC.

2.1 Definition of T-spline

T-splines were first introduced in Sederberg et al. [13, 14],
and can be viewed as a modification of the NURBS
representation with much more topological flexibility. In
comparison to NURBS surfaces, T-splines have significant
advantages that mainly are fewer control points, gap-free
model representation capability, and localized refinement
operations.

As a T-spline is an analytical parametric surface, its
representation in three-dimensional space can always be
calculated by means of the following point-based equation:

S(s, t) =
∑n

i=1PiBi(s, t)wi
∑n

i=1Bi(s, t)wi

(1)

where Pi are the control points, wi are weights, and Bi(s, t)

are the T-spline blending functions given by:

Bi(s, t) = Ni(s) · Ni(t) (2)

In Eq. 2, Ni(s) and Ni(t) are B-spline basis functions
associated with the individual knot vectors in s and t
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directions correspondingly (recently cubic B-spline basis
functions are commonly used). Unlike the NURBS, for T-
splines the components of the knot vectors, si and ti , for
each basis function are deduced from the T-mesh, which is
a grid that may have T-junctions [13].

In presence of extraordinary points, T-splines (more pre-
cisely, T-NURCCs) employ rules for subdivision surfaces
that facilitates the representation of surfaces which are not
parametrically rectangular.

2.2 T-spline and STEP-CNC

The development of sustainable STEP-CNC systems for
commercial applications is still on a primitive level [20].
However, there is a possibility that the introduction of
intelligent functionality to CNC using comprehensive
STEP-NC data will gradually attract the attention of not
only researchers but also manufacturers.

Implementation of the fully autonomous manufacturing
approach to freeform machining using STEP-CNC is quite
challenging. For example, as the toolpath computing tasks
are carried out online on MMIs of CNC systems, the comput-
ing efficiency and robustness of toolpath generation algo-
rithms should at first be considered. Thus, high reliability
and flexibility requirements are imposed on the freeform
surface representation used for machining. Though the
NURBS surface representation has performed quite well in
both design and manufacturing applications, we propose to
consider T-splines as a better solution for the integration
within STEP-CNC due to their advantages which will be
discussed later in this section.

Because the development of a T-spline-enabled STEP-
CNC system with intelligent functionality is very compli-
cated, it is proposed to distinguish several stages of this
process. Possible development stages can be determined as
follows:

(1) Developing a real T-spline-enabled STEP-CNC sys-
tem which can strategically support online toolpath
generation for freeform machining of simple T-spline
surfaces using different freeform strategies. At this
stage, different freeform machining strategies have to
be implemented and integrated within a STEP-CNC
system, enabling the system to perform online tool-
path generation. Obviously, the results of this stage
are of limited value for real-life applications because
only simple T-spline surfaces were considered, but
these results can demonstrate the validity of the idea to
use the STEP-CN representation of a T-spline model
and manufacturing data in order to generate a toolpath
inside the STEP-CNC followed by real cutting.

(2) Developing universal online toolpath generation algo-
rithms that can handle both regular simple cases and

the cases when T-spline surfaces have extraordinary
points. This implies enabling the system to machine
complex surfaces by converting them into a set of more
simple regions followed by performing toolpath gen-
eration over these regions separately. Different regions
can be processed using different machining strategies,
and special techniques may be used to deal with the
neighborhoods of extraordinary points.

(3) Developing algorithms and methods for the tool
selection, tool orientation identification (for five-
axis machining), cutting parameters selection, control
operations, and status monitoring. All these algorithms
have to be integrated within the STEP-CNC system
enabling it to perform its functionality based on
the information provided by a STEP-NC file and
supplementary databases.

(4) Developing a T-spline enabled STEP-CNC system
with smart features. This stage implies the imple-
mentation of principals of intelligent manufacturing
as deep as possible. The implementation results of
the previous stages have to be combined together to
enable the system to perform all necessary work using
its own capabilities, minimizing interactions with a
human. Once the system receives the input STEP-
NC file which contains the information about the
T-spline model and manufacturing data, it can auto-
matically perform feature recognition, detect extraor-
dinary points, if needed, divide the whole complex
surface into simple regions depending on the type and
location of extraordinary points and surface topology,
perform tool selection, toolpath planning and genera-
tion, cutting and control, as well as status monitoring
and recovery. To improve the decision making abil-
ities of such systems, some features of the artificial
intelligence (AI)-based approach may be used. To ele-
vate the performance, the system can be connected to a
powerful data center and other systems to utilize their
computing resources for computationally expensive
operations.

Further in this paper, the implementation results of the
first stage will be presented.

2.3 Advantages of the T-spline surface
representation

From the point of view of the traditional manufacturing
approach, the advantage of T-splines over NURBS mainly
relates to the design stage. In terms of manufacturing,
localized refinement operations (introduced with T-splines)
can be useful for the efficient implementation of subdivision
algorithms, in which a complex surface is subdivided into a
set of feature-based regions.
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However, advantages of the T-spline surface representa-
tion can be fully estimated only in the context of the intel-
ligent manufacturing approach. That is, the manufacturer
may only need to influence the design stage by defining
the surface in terms of the manufacturing features and by
specifying all required manufacturing parameters according
to the STEP-NC standard. After this, the task of toolpath
planning and generation is assigned to the intelligent STEP-
CNC system which is able to perform some functions of
the manufacturer. So, this approach can be viewed as a
goal for future development rather then the current state in
manufacturing of freeform surfaces.

Obviously, it is almost unrealistic to expect that all
CAD/CAM systems will start using T-splines, but T-
spline can be viewed as a superset for several other
surface representations, including NURBS. Therefore, by
implementing T-splines in STEP-CNC systems, we can
solve the problem of freeform surface machining more
globally (most probably, models which use other surface
representations can be easily converted and represented
using T-splines).

Thus, the advantages of using T-splines have been
considered in the following aspects:

– convenience and safety
– implementation of the machining process

From the point of view of convenience and safety, T-splines
were evaluated as a part of the STEP-NC communication
interface between a CAD environment and STEP-CNC.
With the increasing number of T-spline applications [21, 22],
a question about the method to manufacture new created
T-spline models will arise. A possible easy solution is to
convert a T-spline surface into a set of NURBS patches
and use existing CAM systems to generate toolpaths. But,
in terms of the STEP-NC-based manufacturing, we want
the STEP-CNC system to receive as complete information
about the model as possible. Converting the surface
into patches may alter the original explicit representation
of some surface features (e.g., after the conversion, no
extraordinary points exist in the definition of the surface
anymore, yet some manufacturing requirements might be
imposed over the neighborhood of extraordinary points).

Potentially, in the future some CAD systems (with STEP
compliant CAM functionality) will be enabled to export a
STEP-NC file which will contain full information about the
model and all necessary manufacturing data. The STEP-NC
file can then directly be transferred to the intelligent STEP-
CNC system that will perform all the operations online in
order to machine the surface. Thus, if the freeform surface
is represented in the STEP-NC file by the unambiguously
defined T-spline model, it gives more freedom to the
STEP-CNC to use different approaches to the machining

process. Moreover, it provides more safety as the STEP-
NC file at some stage of the life cycle may be subjected
to modifications using different software, and the trimmed
surfaces may need the additional check for cracks before
dispatching to a machine (such checks are unnecessary for
gap-free T-spline surfaces).

When implementing the machining process, the T-spline
representation ensures more flexibility. If a complex T-
spline model has been converted into a set of NURBS
patches, it is highly likely that configurations of these
patches need to be considered during the toolpath genera-
tion. Hence, the methodologies which are used for machin-
ing somehow depend on the initial surface representation,
and a more general representation of the surface gives more
freedom in the design of machining processes. When the
surface is represented in the STEP-NC file as a single
gap-free T-spline model with extraordinary points, differ-
ent feature-based regions on the surface can be derived
inside the STEP-CNC system exclusively for the purpose of
optimizing the machining process.

3 Toolpath generation for freeform
machining

The first stage of the development of the intelligent
STEP-NC-based manufacturing of freeform surfaces (see
Section 2.2) implies that a STEP-CNC system must be
enabled to support the online toolpath generation for simple
T-spline surfaces using different machining strategies. To
machine a freeform surface, many different strategies and
methods can be used [9, 15, 18]. This paper focuses on
the implementation of four freeform machining strategies
defined in ISO 14649-11. These strategies may not be
optimal from the point of view of approximation quality
or minimizing the error between the tool and the design
surface, but the purpose of the current development stage
is to implement all the standard strategies. Later, new more
advanced machining methodologies [17–19] can be added
to the STEP-NC standard and implemented in the system.

3.1 Freeformmachining strategies in ISO 14649-11

In ISO 14649-11, the freeform strategy defines the machin-
ing strategy used for milling operations. The definition of
the milling strategy and the tolerances allow a STEP-CNC
system to autonomously calculate the resulting toolpaths out
of these values [23]. There are four freeform strategies pre-
sented in the standard: UV strategy, Plane Cutter Contact
strategy, Plane Cutter Location strategy, and Leading Line
strategy.

Under the UV strategy, toolpaths are determined to
follow the parameter lines in the local (u, v) coordinate
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Fig. 1 Freeform machining strategies in ISO 14649-11

system (Fig. 1a). The forward direction (used in the first
cut) and the sideward direction (in which the second cut
is offset from the first) have to be specified in order to
perform the toolpath generation process. According to the
definition of the Plane Cutter Contact strategy, the cutter
contact paths are generated by intersecting the target surface
with a family of parallel planes, as shown in Fig. 1b. Unlike
the previous strategy, the Plane Cutter Location strategy
defines cutter location paths as a result of the intersection
of the target surface, offset by the cutter radius, with
planes (Fig. 1d). Both methods require the normal of the
planes used for intersection with the target surface to be
specified. According to the Leading Line strategy, toolpaths
are obtained by projecting a curve on the workpiece surface
along the z-axis of the local coordinate system (Fig. 1c). The
curve is given as an attribute.

Because all of these strategies are subtypes of the
freeform strategy, they have the following common
attributes: the path mode type, cut mode type, tolerances,
and stepover (the stepover can either be explicitly specified
or be calculated out of the values of the tolerances). The path
mode specifies the milling direction. This can be forward (or
unidirectional) milling or zigzag (or bidirectional) milling.

The cut mode is used to decide whether the climb or conven-
tional milling mode should be used. The components of the
tolerances are the chordal tolerance and the scallop height
(Fig. 2). These values are necessary for the forward-step
and side-step calculations which were discussed in detail in
our previous research [5]. The stepover defines the distance
between two neighboring toolpaths.

Toolpath generation processes under the definitions of all
strategies are performed for three-axis ball end machining.

3.2 UV strategy

UV strategy defines the milling process as following iso-
parametric lines of the parametric domain. A detailed survey
on the toolpath generation in terms of UV strategy has
been presented in our previous research [5]. The algorithm
consists of the following main stages:

– Identification of rectangular T-regions.
Because T-spline can be irregular in the parametric

domain (i.e., T-image), it is often useful, in order to
reduce computing efforts, to represent the T-image as
a set of several regular, rectangularly shaped regions

Fig. 2 Definitions of the
tolerances in ISO 14649 [23]
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(called T-regions) [5]. T-region represents a collection
of T-faces, and it can be viewed as a regular tensor
product patch. Thus, the entire T-image is divided into a
set of rectangular regions (as big as possible) using the
special algorithm of T-regions generation [5]. Figure 3
shows the result of the T-regions generation for a given
parametric domain.

– Toolpath generation for each T-region.
All T-regions are parametrically rectangular, there-

fore toolpath generation is relatively simple and can be
performed for each T-region independently.

This approach is not necessarily optimal for manufac-
turing, but in many cases it may significantly reduce the
complexity of the problem which is often very important
in terms of online toolpath generation. Therefore, it can be
considered as a legitimate option. The resulting toolpaths
(sequence of CC points) can be generated after specifying all
the necessary parameters and performing forward-step and

Fig. 3 The result of T-regions generation process

side-step calculations. Calculated toolpaths for the mouse
model are shown in Fig. 4a. In order to perform real machin-
ing, the location of the cutting tool can be derived at each
CC point through tool offsetting.

3.3 Plane Cutter Contact strategy

The cutter contact paths under the definition of Plane Cutter
Contact strategy are generated by intersecting the target T-
spline surface with parallel planes. Thus, the distance in
which the next cutting plane is offset from the previous
one (side-step) has to be determined in order to design
the toolpaths. Moreover, the distance between two adjacent
CC points (forward-step) must be calculated to ensure
machining accuracy. Toolpath generation is carried out
based on the parameters provided by STEP-NC code.

3.3.1 T-spline surface-plane intersection

Surface-surface intersection is a fundamental geometrical
problem. Generally, there are many different approaches to
solve this problem, e.g., by using analytic, lattice, marching,
or subdivision methods [24]. It is often a good idea to
formulate the general surface-surface intersection problem
as a root-finding problem of an underconstrained piecewise
polynomial system. Recently, a method to solve such
systems with decomposition and a subdivision-based solver
was presented in [25]. Bartoň et al. [26] proposed a method
that can guarantee univariate solutions of underconstrained
polynomial systems via no-loop and single-component
tests. Both of these methods enable the efficient detection
of the correct topology of the intersection curve, and can be
implemented to solve the toolpath generation problem for T-
spline surfaces in the future. In the context of Plane Cutter
Contact strategy, the problem is formulated as T-spline
surface-plane intersection problem. For each individual T-
face (a face by face intersection approach has been used),
resulting intersection curves will be topologically simple
in the most cases. Moreover, as the toolpath generation
problem is to be solved in terms of three-axis ball end
milling, it is assumed that the complexity of the problem
is not very high. Therefore, a more simple and easy to
implement method can be used.

Thus, the solution for the rational polynomial parametric
surface-implicit algebraic surface intersection problem can
be used [27]. This problem is defined as:

S(s, t) =
(

X(s, t)

W(s, t)
,

Y (s, t)

W(s, t)
,

Z(s, t)

W(s, t)

)T

∩ f (r) = 0,

0 ≤ s, t ≤ 1

(3)
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Fig. 4 Results of toolpath calculations using the proposed algorithms for different simple T-spline models and strategies

where r denotes coordinates in Euclidean space. The
implicit algebraic surface f (x, y, z) = 0 of total degree m

can be represented as:

f (x, y, z) =
m∑

i=0

m−i∑

j=0

m−i−j∑

k=0

cijkx
iyj zk (4)

By substituting x = X(s,t)
W(s,t)

, y = Y(s,t)
W(s,t)

, z = Z(s,t)
W(s,t)

into Eq. 4 and multiplying by Wm(s, t) we can obtain an
algebraic curve equation F(s, t) = 0.

Consider a plane equation in an implicit form:

ax + by + cz + d = 0 (5)

Then, in terms of T-spline surface definition (1), the
intersection curve equation can be represented as:

F(s, t) =
∑n

i=1c
B
i Bi(s, t)

∑n
i=1Bi(s, t)wi

= 0, (6)

where cB
i = (axi + byi + czi + d)wi , and xi , yi , zi and wi

are Euclidean coordinates and weights of the control points,
respectively.

Once the intersection curve equation is obtained, the
problem of intersection is reduced to the problem of the
curve tracing (marching). A somewhat complex intersection
curve, F(s, t) = 0, may involve various branches (from
border to border), internal loops, and singular points [27],
as shown in Fig. 5. Consequently, so-called characteristic

points may occur: border points, turning points, or singular
points correspondingly.

Efficient detection and calculation of turning and
singular points is a quite extensive problem, and it can
hardly be covered within the scope of this paper. Patrikalakis
et al. [27] provides a detailed survey on calculation of the
characteristic points. As an example, the calculation of a
border point (a point of the intersection curve that lays
on any of the borders of the (s, t) parametric domain)
can be considered. It involves the solution of an univariate

Fig. 5 Algebraic intersection curve in parametric space
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polynomial equation. Thus, using Eq. 6, the equation for the
border along s = 0 is:

F(0, t) =
∑n

i=1c
B
i Bi(0, t)

∑n
i=1Bi(0, t)wi

= 0 (7)

Newton-Raphson method along with adaptive subdivi-
sion techniques is used to find all the local solutions on each
border of the domain.

3.3.2 Domain decomposition

Having found all characteristic points of the intersection
curve, the domain decomposition has to be performed for
every face involved in the intersection [28]. The algorithm
allows to trace the intersection curve in an efficient way
without missing any important curve features. Assuming
there are only two border points inside a domain (no
loops inside), these points belong to the same component
of the intersection curve. Moreover, there is exactly one
component of the intersection curve inside this domain.
Hence, the algorithm is designed to subdivide the original
domain into smaller subdomains such that each subdomain
contains exactly one curve component (Fig. 6).

Krishnan et al. [28] presented a detailed description of
the domain decomposition process. In this paper, the main
steps of the algorithm are briefly reviewed:

1. Given a set of points, S, on the intersection curve inside a
domain. The cardinality of S is checked. If the cardinality
is two, then there is a single curve component inside the
domain, and the decomposition terminates.

2. If the cardinality is greater than two, the domain is
subdivided along isoparametric lines determined by the

parametric values of the points of S. Intersections of
these isoparametric lines with the intersection curve
define new points inside the domain. These points are
further inserted into the appropriate subdomains.

3. If needed, the domain decomposition is applied
recursively to each subdomain. The minimal size of
subdomains can be limited by specifying a tolerance
value.

3.3.3 Tracing of the intersection curve

Once domain decomposition is completed, the tracing
process can be performed for each component of the
intersection curve in order to generate all the points of this
curve. Any of the two border points can be used as a starting
point.

One possible solution is to trace the algebraic curve
F(s, t) = 0 using differential curve properties [27]. Another
approach is to march the intersection curve as a curve on
the two intersecting surfaces [29]. Patrikalakis et al. [29]
presented a robust marching method to trace an intersection
curve of two parametric surfaces. The proposed method can
be used to march a T-spline-plane intersection curve as a
special case. In this paper, we present the basic equations
used to calculate the intersection curve in terms of the
proposed method.

A curve s = s(u), t = t (u) in the (s, t) plane defines a
curve c(u) = S(s(u), t (u)) on a parametric surface S(s, t).
The first derivative of the intersection curve, c′(u), can be
derived from a curve on the parametric surface using the
chain rule:

c′(u) = Sss
′ + St t

′, (8)

Fig. 6 T-face domain
decomposition. a First level.
b Second level

(a) (b)



Int J Adv Manuf Technol (2019) 102:1–16 9

where Ss = ∂S
∂s

and St = ∂S
∂t

. By taking the inner product on
both sides of the Eq. 8 with Ss and St , the values of s′ and t ′
can be evaluated as:
{

s′ = det(c′,St ,N(s,t))
N(s,t)·N(s,t)

t ′ = det(Ss ,c
′,N(s,t))

N(s,t)·N(s,t)
,

(9)

where det denotes the determinant and N(s, t) = Ss × St

is the normal vector of S(s, t). The Runge-Kutta method is
employed to compute the points of the intersection curves
by integrating the initial value problem for a system of
nonlinear ordinary differential equations (9).

The marching direction when two surfaces intersect
transversally can be obtained as follows:

c′(u) = N(s, t) × Np

|N(s, t) × Np| , (10)

where Np is a normal vector of the intersecting plane.

3.3.4 Toolpath generation results

The normal of the plane (its plane normal) is used to
construct an oriented bounding box of the surface in
order to generate the toolpaths. Hence, the location of the
first cutting plane can be obtained. After performing the
intersection of the surface with the first cutting plane, a side-
step value is calculated, and the next cutting plane can be
derived.

The algorithm has been tested on different T-spline
models and has performed stable results for different sets of
the input parameters. Toolpath generation results for zigzag
milling of a simple T-spline surface are presented in Fig. 4b.

3.4 Plane Cutter Location strategy

The definition of the Plane Cutter Location strategy implies
the need to obtain a surface offset from the target surface by

the tool radius and further perform the intersection of this
surface with a set of parallel planes.

An offset surface is a surface whose points are
equidistant from the specified surface, and it can be
used to generate gouge-free toolpaths [30]. Offset surfaces
of rational polynomial parametric surfaces (including T-
splines) cannot be represented exactly within the same
class of functions describing the progenitor surface [31].
Therefore, if the offset surface has to be represented in
the same form as the progenitor surface, approximation is
required. Even if the progenitor is regular, its offset may
have cusps and self-intersections. Thus, the loops that are
resulted by self-intersections must be trimmed off.

Much research work has been done on the approximation
of offset surfaces [32], and most of the well known
algorithms could be applied for T-splines. However, in the
presence of self-intersections, complex and time consuming
calculations are required in order to detect and remove
them. Therefore, it has been proposed to use an alternative
and more simple method, which can be referred to as
the direct positioning approach [33]. The implementation
of the proposed algorithm requires approximating the T-
spline surface using triangular mesh surface representation.
Toolpath generation results obtained by using this method
can guarantee good machining accuracy results when the
sufficiently fine triangular mesh approximation of the
surface is provided, and our developed T-spline kernel can
generate triangular mesh approximations online for any
given accuracy.

3.4.1 Alternative algorithm

According to the proposed algorithm, the location of a
Cutter Location (CL) point is obtained by moving a sphere
with the center in this point towards the target surface until it
“touches” the surface, as shown in Fig. 7. As the result, the
obtained CL point will be located above the target surface,

Fig. 7 The process of obtaining
a CL point



10 Int J Adv Manuf Technol (2019) 102:1–16

offset by the radius of the sphere. By imposing constraints
on the point movements (to move only along the line which
is parallel to the z-axis and belongs to the intersecting
plane), the algorithm can generate CL points which form
the “intersection curve” of the offset surface with the plane
(Fig. 8). The proposed algorithm can handle the cases when
self-intersections of the offset surface may occur.

Once a T-spline surface is represented using the
triangular mesh approximation, the AABB (axis-aligned
bounding box) tree [34], a component of the very powerful
library (CGAL) containing various geometric algorithms
written in C++, can be used to perform efficient intersection
and distance queries. The initial location of a CL point and
the tool radius are given as an input for the algorithm.

To adjust the location and to define approximate
boundaries in which the z value of the CL point may vary
(the boundaries can be extended, but some initial guess is
very useful), five ray-to-surface intersections are performed
using AABB tree algorithms. The CL point with coordinates
(x, y, z) and four points with coordinates (x + r, y, z), (x −
r, y, z), (x, y+r, z) and (x, y−r, z) define the corresponding
rays that are parallel to the z-axis and directed towards the
surface. Thus, the corresponding intersection points on the
surface provide a good initial guess about the boundaries
(see Fig. 9).

To calculate the final location of the CL point, a black-
box optimization problem has to be solved, and it is defined
as:

|f (z) − r| = 0 (11)

where z is the variable, f (z) is a current distance from the
CL point and the surface, and r is the tool radius.

The problem is solved using BOBYQA algorithm [35]
realized in the NLopt library (an efficient library for non-
linear local and global optimization written in C++) [36].
This algorithm is used to perform derivative-free bound-
constrained optimization using an iteratively constructed

Fig. 9 Initial location of a CL point

quadratic approximation for the objective function. At every
iteration, f (z) value is calculated using AABB tree algo-
rithm for the closest point and distance evaluation. The
iteration process terminates when specified accuracy results
are achieved (in our experiments, the tolerance value was
set to 0.001). With this approach, a global solution for the
given problem can be calculated very efficiently.

As the result, after computing final locations of each CL
point with a given accuracy, the set of all CL points may
be viewed as the discrete (pixel) approximation of a virtual
offset surface. Due to the discrete nature of this method,
it is best suited for semi finishing operations (though it
can also be successfully used for finishing operations). The
algorithm demonstrates good performance results, which is
very important in terms of the online toolpath generation
that has to be performed inside a CNC system, using its
CPUs. Moreover, concurrent computing techniques can be
utilized to elevate the performance of the algorithm.

Fig. 8 Intersection curve,
cross-section of the offset
surface
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If for some reason, one needs to return from the triangular
mesh approximation to the original T-spline surface repre-
sentation and to get parametric coordinates of the closest
points (footpoints), the projection and distance detection
problem has to be solved as described in Section 3.4.2. The
initial value for the Newton iteration can be derived as fol-
lows: the calculated final location of a CL point defines
the corresponding footpoint on the triangular mesh and the
triangle to which this point belongs; provided that the para-
metric coordinates of all three vertices of the triangle are
known, the approximate parametric coordinates of this foot-
point can be obtain. It is assumed that the computation of
projection points using the Newton-like method will provide
global solutions, because the initial values are derived based
on the results of the previous global optimization. Other-
wise, some global solvers have to be used to find the closest
point globally, such as in van Sosin et al. [25].

Thus, using the algorithm in Section 3.4.2, the footpoints
on the T-spline surface for all CL points can be found,
and the corresponding distances can be calculated. Usually,
toolpath generation results obtained using a triangular mesh
surface approximation are good enough, so there is no
practical need to adjust the results using the original T-spline
surface representation.

Figure 4c shows the toolpath generated by using the
proposed algorithm on a simple T-spline model which
has a groove in the middle (the offset magnitude here
significantly exceeds the principal radii of curvature of
the surface). The generated toolpath does not contain self-
intersections, therefore gouge-free milling is guaranteed.
The distances between every CL point and the surface are
equal to r ± 0.001 mm.

3.4.2 Projection and distance detection problem

This section discuses the problem of projecting a point in
Euclidean space onto a T-spline surface in order to calculate
a minimal distance between this point and the surface.

Piegl et al. [37] addresses this problem for NURBS
curves and surfaces. The Newton iteration method is used
to find a point on the surface so that the distance between
point P and the surface is minimal, as shown in Fig. 10. A
start value, (s0, t0), for Newton iteration is given as an input
for this algorithm.

Form the vector function:

r(s, t) = S(s, t) − P (12)

and two scalar equations [37] (see Fig. 10):

f (s, t) = r(s, t) · Ss(s, t) = 0

g(s, t) = r(s, t) · St (s, t) = 0 (13)

Fig. 10 Point projection

To solve Eq. 13 define:

δi =
[

�s

�t

]

=
[

si+1 − si
ti+1 − ti

]

Ji =
[

fs ft

gs gt

]

=
[ |Ss |2 + r · Sss Ss · St + r · Sst

Ss · St + r · Sts |St |2 + r · Stt

]

ki = −
[

f (si, vi)

g(si, vi)

]

where Sss = ∂2S
∂s2 , Stt = ∂2S

∂t2 and Sst = Sts = ∂2S
∂s∂t

. All
the functions in the matrix Ji are evaluated at (si , ti). At the
ith iteration, a (2 × 2) system of linear equations with the
unknown δi must be solved. The system is given as:

Jiδi = ki (14)

From δi we can derive:

si+1 = �s + si

ti+1 = �t + ti (15)

Zero tolerance (a zero cosine measure), ε1, can be used
to indicate convergence. Thus, convergence criteria is given
as:

|Ss(si, ti) · (S(si, ti) − P) |
|Ss(si, ti)||S(si, ti) − P| ≤ ε1

|St (si , ti) · (S(si, ti) − P) |
|St (si , ti)||S(si, ti) − P| ≤ ε1 (16)

If any of these conditions is not satisfied, a new value
(si+1, ti+1) has to be computed using Eq. 15. Then, the new
value is verified to ensure that the parameters stay in range.

Additionally, the value can be checked, whether parameters
do change significantly or not, using the following condition:

|(si+1 − si)Ss(si , ti) + (ti+1 − ti )St (si , ti)| ≤ ε2 (17)

where ε2 denotes a zero measure of Euclidean distance.
Iteration terminates if any of the conditions, Eq. 16 or

Eq. 17, is satisfied.
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3.5 Leading Line strategy

The definition of the Leading Line strategy requires the
projection of a given curve (a sequence of discrete points)
onto a T-spline surface along the z-axis of the local
coordinate system in order to generate the toolpaths. The
curve (leading line) is defined in the STEP-NC code by
means of the its line attribute.

To project a point of the given leading line onto the surface,
let two non parallel vectors,

−→
X and

−→
Y , be perpendicular

to the z-axis. Then, for any given point, P, one can find
a point on the surface S(si, ti) at which the vector

−→
PS is

perpendicular to the vectors
−→
X and

−→
Y (if such a point

exists) using Newton iteration method, as shown in Fig. 11.
The start value, (s0, t0), for Newton iteration is the point
on the surface closest to the line parallel to the z-axis and
passing through the point P.

Form the vector function

r(s, t) = S(s, t) − P (18)

and the two scalar equations:

f (s, t) = r(s, t) · −→
X = 0

g(s, t) = r(s, t) · −→
Y = 0 (19)

The calculation sequence is the same as described in
Section 3.4.2, except that the matrix, Ji , is defined as:

Ji =
[

fs ft

gs gt

]

=
[ −→

X · Ss
−→
X · St−→

Y · Ss
−→
Y · St

]

and, to indicate convergence, zero tolerances, zero measure
of Euclidean distance, ε1, and zero cosine measure, ε2, have
to be used. Thus, the first and second convergence criteria
are given as:

|S(si , ti) − P| ≤ ε1, (20)

Fig. 11 Point projection along z-axis

and

|−→X · (S(si , ti) − P) |
|−→X ||S(si, ti) − P|

≤ ε2

|−→Y · (S(si , ti) − P) |
|−→Y ||S(si, ti) − P|

≤ ε2 (21)

If at least one of the two conditions, Eq. 20 or Eq. 21,
is satisfied, the iteration terminates, otherwise a new value
(si+1, ti+1) has to be computed.

The selected vectors
−→
X and

−→
Y have to ensure conver-

gence of the method (their directions may be determined by
projecting the vectors Ss and St on the x-y plane).

The toolpaths are generated by performing projection
of each point of the given leading line, and the result is
obtained as a sequence of CC points.

To show the flexibility of the used algorithm, Fig. 4d
presents the result of projecting a set of curves onto the
T-spline surface (curves form the emblem of our research
group which is a bunch of grapes and the word “GrapeTec”).

4 Development of the STEP-CNC system

This section presents the results of the development of a
practical T-spline enabled STEP-CNC system with online
toolpath generation capability. Also, issues of integrating
the toolpath generation algorithms within the STEP-CNC
system are discussed.

4.1 Representation of T-splinemodels
andmanufacturing data within STEP-NC

All necessary information for a STEP-CNC system that
must be provided in order to machine a T-spline surface has
to be represented in a STEP-NC file. This means that the
T-spline model itself and all manufacturing data are to be
defined by means of the STEP-NC code. The information
within the STEP-NC code is represented as the object-
oriented data, therefore various intelligent manufacturing
functionalities can be implemented based on the provided
abundant information.

The manufacturing feature is treated as a machining
target of STEP-NC, therefore STEP-compliant T-spline data
models have to be linked to the manufacturing feature.
STEP-compliant data models for T-splines were introduced
in our previous research [16]. In terms of STEP-CN,
the entity t spline surface is inherited from the bounded
surface, so that it can be contained by the manufacturing
feature region surface list defined in the standard [23], as
shown in Fig. 12.

To represent manufacturing data in terms of STEP-NC,
the entity freeform operation inherited from the abstract
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Fig. 12 General scheme of main
components and data flows of
the STEP-CNC-based
manufacturing of simple
T-spline models

supertype machining operation has to be defined, as shown
in Fig. 12. The definition implies that all attributes
of the operation (toolpath, tool direction, start point,
retract plane, cutting tool, machining technology, machine
functions, approach, and retract strategies, etc.) have to
be determined. Most of the attributes are optional, and
their combinations depend on the selected operation setup.
Thus, in the case of online toolpath generation, the
attribute its machining strategy determines which of the
four freeform strategies defined in the standard will be
used in order to perform toolpath generation. In this case,
some other attributes (e.g., the its toolpath attribute that
may contain a list of explicitly specified toolpaths) will be
ignored.

4.2 Development results

The introduction of the STEP-compliant CNC system
supporting the surface direct interpolation technology for
machining of simple T-spline surfaces can be considered
as an important step towards the development of intelligent
manufacturing, and it represents the implementation of the
first stage of this process.

A prototype STEP-CNC system supporting the T-spline
freeform machining functionality has been introduced in our
previous research [5]. This paper presents the development
results of the first practically built T-spline enabled STEP-
compliant CNC system with online toolpath generation
capability. The system is able to perform three-axis ball end
machining of simple T-spline surfaces in terms of the four
different strategies defined in the standard [23].

The system is established on an open-architecture CNC
platform TwinCAT, promoted by BECKHOFF GmbH,
Germany. It contains three main architectural components:
MMI (Man Machine Interface), PLC (Programmable
Logical Control), and NCK (Numerical Control Kernel), as
shown in Fig. 13.

In order to integrate the T-spline within the STEP-
CNC, most modifications have been carried out on the
MMI. In particular, a STEP-NC parser, an online toolpath
generator, and a STEP-NC simulator were embedded in
the system. The data flow within MMI has the following
order: the STEP-NC file (which contains the attribute of
the freeform operation its machining strategy allowing to
select one of the four freeform strategies) is parsed into
memory and passed to the toolpath generator, then obtained
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Fig. 13 System architecture, data flows, general appearance of the developed STEP-CNC system and cutting results

toolpaths, after simulation and verification, are sent to
the NCK via ADS (Automation Device Specification).
The toolpath generator is responsible for performing the
toolpath generation process according to the definitions of
the selected strategy. The developed toolpath generation
algorithms are integrated into to the system by means of the
real-time CAM library rtcam.lib.

The second main architectural component PLC is
developed according to the IEC 61131-3 standard using the
soft-PLC technology [38]. The soft-PLC kernel provides
the logical mapping functionality to Ether-CAT connected
devices, such as servo axes, inputs and outputs, etc.

NCK contains the following functional components: a
look ahead buffer which allows to reduce the real-time
requirement on MMI, an accelerator/decelerator responsible
for generation of the gently changed TCP speeds, and a

rough interpolator providing a capability to smooth the axis
motions.

5 Discussion and conclusion

This paper shows a real possibility of the successful devel-
opment of a T-spline enabled STEP-CNC system capable
of strategically supporting online toolpath generation for
freeform machining. To comply with the requirements of the
first stage of the intelligent manufacturing development pro-
cess, such systems must support different freeform machin-
ing strategies (at least the four basic freeform machining
strategies defined in ISO 14649-11). Therefore, the paper
surveys algorithms and methodologies of toolpath gener-
ation in terms of all the four freeform strategies. Finally,



Int J Adv Manuf Technol (2019) 102:1–16 15

a practical STEP-CNC system has been built, the toolpath
generation algorithms have been implemented inside the
system, and real cutting of simple T-spline surfaces has been
performed.

Though the results presented in this paper are of limited
value for real-life applications, because only simple T-spline
surfaces have been considered, these results demonstrate
the validity of the idea to use T-splines in the STEP-
NC-based manufacturing of freeform surfaces. Thus, the
focus of further research has to be the implementation of
the next development stages of a T-spline-enabled STEP-
CNC system with intelligent functionalities (as discussed in
Section 2.2).
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19. Bo P, Bartoň M, Plakhotnik D, Pottmann H (2016) Towards
efficient 5-axis flank cnc machining of free-form surfaces via
fitting envelopes of surfaces of revolution. Comput Aided Des
79:1–11

20. Latif K, Yusof Y (2016) New Method for the development of
sustainable STEP-Compliant Open CNC System. Procedia CIRP
40:230–235

21. Sederberg MT, Sederberg TW (2010) T-splines: a technology for
marine design with minimal control points. In: 2nd Chesapeake
power boat symposium 2010

22. Bazilevs Y, Calo VM, Cottrell J, Evans J, Hughes T, Lipton S et
al (2010) Isogeometric analysis using t-splines. Comput Methods
Appl Mech Eng 199(5):229–263. Computational Geometry and
Analysis

23. ISO 14649-11 (2004) Industrial automation systems and
integration—physical device control - data model for computer-
ized numerical controllers—part 11: process data for milling

24. Patrikalakis NM, Prakash PV (1990) Surface intersections for
geometric modeling. ASME J Mech Des 112(1):100–107

25. van Sosin B, Elber G (2017) Solving piecewise polynomial
constraint systems with decomposition and a subdivision-based
solver. Comput Aided Des 90:37–47. https://doi.org/10.1016/j.cad.
2017.05.023; sI:SPM2017
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