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Abstract
The determination of the accuracy of part geometry is based on the precise prediction of the springback–radius in sheet bending.
Incorporating strength ratio, normal anisotropy, the strain-hardening exponent, and the geometric ratio, a simplified model is
proposed to predict the springback–radius in V-die bending based on elementary bending theory. Experiments were conducted to
validate the derived equation based on the proposedmodeling for this radius. The calculation of springback–radius agrees closely
with the experimental results, proving the reliability of the present model. To reduce springback and achieve the correct radius of
bent parts in the sheet bending process, the effects of process parameters, including punch radius, material strength and sheet
thickness, on springback–radius ratio (punch radius divided by the radius of bending after unloading) were experimentally
examined to identify those that govern springback variations for a high-strength steel sheet. The manner in which the strength
ratio (material constant divided by elastic constant), normal anisotropy, strain-hardening exponent, and geometric ratio (sheet
thickness divided by punch diameter) affect springback–radius in the V-die bending process for high-strength steel sheet is
theoretically examined. Finally, a relationship between mechanical properties and geometric parameters to limitation condition of
springback based on springback–radius concept in V-die bending process is examined. The goal is to improve the accuracy of the
springback–radius after unloading in the V-die bending process.
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1 Introduction

In manufacturing processes, structural stamping parts are typ-
ically fabricated in sheet metal bending processes. V-die bend-
ing is one of the most important sheet metal bending process-
es, which comprises two important sub-processes—air-bend-
ing and coining. The development of bending mechanics in-
volves improving the following important practical tech-
niques; the first is for predicting springback for bending die
design, process programming and bending radius (or angle)
control, and the second is for assessing the failure mechanism
that is caused by the stretching of the outer surface at the

bending point or bendability (which is occasionally defined
as the minimum of the bending radius). The cause of the
springback phenomenon is the elastic recovery after
unloading, which refers to the recovery of the radius of cur-
vature of a bent material fiber as the bending moment is re-
moved in the unloading procedure. In process programming in
bending, the essential die design, process control, and bent
radius assessment are based on the precise prediction of
springback.

Many researchers have sought to improve our understand-
ing of the bending process. Gardiner [1] was the first to study
the springback of metals and derived an equation for the
springback–radius based on elementary theory. Datsko and
Yang [2] studied the bendability of materials and identified a
relationship between bendability and the material’s tensile
properties. Takenaka et al. [3] studied the relationships be-
tween material’s tensile characteristics and bendability. They
presented a method to measure the values of these character-
istic. Cupka et al. [4] presented a new fine-bending technique
based on the application of counter pressure. Kals and
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Veenstra [5] studied the critical bent radius in sheet bending.
Ogawa et al. [6] developed an elastic–plastic finite element
model to simulate accurately springback processes in sheet
metal bending. Wang et al. [7] developed a mathematical
model of the bending of sheet metal under plane strain condi-
tions. Leu [8] proposed a simplified bending model to deter-
mining the minimum bending radius (or bendability) and an-
gle of bending before and after bending (or springback) for
anisotropic sheet metals. Leu [9] studied how the parameters
of the V-die bending process affected the springback of sheet
steel based on a finite-element analysis. Huang [10] studied
the characteristics of coining process of V-die bending using
elastic–plastic finite-element simulation and analysis.
Recently, Leu [11] studied the reduction of springback when
the coining force is applied in the V-die bending process.
Bakhshi-Jooybari et al. [12] experimentally and theoretically
studied the springback phenomenon in both U-bending and V-
bending processes for CK67 anisotropic steel sheet.
Narayanasamy and Padmanabhan [13] studied how to calcu-
late the bend force in the air-bending process using response
surface methodology. Yu [14] studied the variation of elastic
modulus with plastic deformation and examined how the elas-
tic modulus affects springback during plastic deformation.
Ozturk et al. [15] found that heat reduces the springback of a
titanium sheet. Chatti and Hermi [16] studied the characteris-
tics of springback with nonlinear elastic recovery. Baseri et al.
[17] developed a model of springback in a V-die bending
process using a back-propagation algorithm with fuzzy learn-
ing. Chen and Jiang [18] studied the effect of grain size on the
micro V-bending process for a very thin metal sheet. Lee et al.
[19] studied the effect of the anisotropic hardening of sheet
metal on springback in pre-strained U-drawing/bending. Jiang
and Chen [20] studied the effect of grain size of metal on
springback during micro tube-bending. Fu [21] studied the
factors that control springback in air-bending by performing
a numerical analysis in ABAQUS FEA software. Malikov
et al. [22] experimentally and theoretically studied the charac-
teristics of bending force in the air-bending of structured sheet
metals. Song and Yu [23] studied the springback of a T-section
beam by combining a finite-element method with a neural
network technique. Recently, Leu [24] conducted pioneering
work on the deviation of the bending point in symmetric V-die
bending with asymmetric sheet length.

Most sheet metals are fabricated by rolling. The me-
chanical properties of sheet metal vary with rolling direc-
tion as a result of their either having a preferred crystal-
lographic orientation or mechanical fibering. In this study,
a model that incorporates both normal anisotropy and
strain-hardening is presented, and their effects on predict-
ed springback–radius are considered. High-strength steel
(HSS) has the advantages of being stronger and cheaper
than other conventional metals. HSS is widely used in the
fabrication of automotive structural parts, especially to

reduce weight and energy consumption in their manufac-
ture. Weinmann and Shippell [25] studied the effect of
geometric parameters, including those of both bending
tool and the workpiece, on bending forces and springback
in the V-die bending of a high-strength low-alloy steel
sheet. Ramezani et al. [26] studied the springback behav-
ior of high-strength steel sheets in the V-bending process
using finite-element analysis and a Stribeck friction mod-
el. Fu and Mo [27] conducted numerical analysis of the
characteristics of the incremental air-bending process for
high-strength sheet metal. Ramezani and Mohd Ripin [28]
studied the V-die bending process of aluminum alloy
6061-T4 sheets using a dry friction model that incorporat-
ed the strain-hardening exponent and the contact area ra-
tio in ABAQUS/Standard software. Fu and Mo [29] stud-
ied the characteristics of springback in the air-bending of
high-strength sheet metal using the GA–BPNN technique.
Kardes Sever et al. [30] studied the effect of variation of
the E-modulus on springback in V-bending and U-
bending processes for advanced high-strength steel
AHSS-DP 780 under plastic deformation. Recently, Leu
[31] studied the deviation of the position of the bending
point in the V-die bending process with asymmetric dies
for high-strength steel sheets SPFC 440 and 590 of JIS
G3135. Leu [32] studied the precise prediction of
springback by considering the high-order (quadric) term
of bending strain under nonlinear plastic deformation.
While considerable progress has been made in improving
the modeling of sheet bending, existing theories must be
further developed to the practical applications of recent
findings. The anisotropy of sheet metal, a mechanical
property, must be considered to enable the more realistic
modeling of sheet metal forming. Moreover, a relationship
between mechanical properties and geometric parameters
to limitation condition of springback is valuable to under-
stand springback mechanism and improve springback
reduction.

In bending, tool design and production scheduling usually
account for a large part of the setup time owing to the occur-
rence of springback. A simplemethod for precisely computing
springback–radius, which significantly reduces design time
and programming setup time, is therefore very practically
valuable. In this study, material characteristics, such as non-
linear strain-hardening and normal anisotropy, and tool geom-
etry, including sheet thickness and punch radius, are incorpo-
rated into the model of pure bending under the plane strain
condition. A simplified equation for computing springback–
radius is developed based on the work of Leu [32], in which
only the linear term in the circumferential strain of bending is
considered. The proposed model differs from others as the
bending radius after unloading (or springback–radius) is con-
sidered to obtain a more precise value of the springback to
determine accurately the bent shape within the region of

914 Int J Adv Manuf Technol (2019) 101:913–926



nonlinear plastic-deformation. In this study, famous
Gardiner’s equation [1] is used to compare with the present
model. Morrison’s work [33] is adopted to connect Gardiner’s
work [1] to plastic deformation with the effects of K and n in
order to easy compare Gardiner’s work with the present mod-
el. A series of experiments is conducted herein to verify the
presented model. In addition, two published experimental
works, carried out by Lopez et al. [34] and Zhang et al. [35],
are used to verify the present model. Finally, the limitation
condition of springback, an inequality, based on springback–
radius concept is discussed. The developed equation is a
guideline for tool and product design.

2 Analysis

To explore the relationship between mechanical properties
and geometric parameters to limitation condition of
springback based on springback–radius concept in V-die
bending process, a proper model of bending with
springback–radius is first developed.

To reduce the complexity of modeling, the following as-
sumptions are made. (1) The material is a rigid-plastic and
strain-hardening material with Hill’s plastic anisotropy. (2)
The bending deformation is under plane strain conditions.
(3) The Bauschinger effect and strain rate are negligible.

The normal anisotropic value, which is a mechanical prop-
erty of sheet metal material, is generally defined as

R ¼ R0 þ 2R45 þ R90

4
ð1Þ

where R0, R45, and R90 are the anisotropic values that are
measured at 0, 45, and 90° of rolling direction.

The strain-hardening behavior of the sheet is expressed as

σe ¼ Kεnp ð2Þ

where σe is the effective stress, εp is the effective strain, and K
is a material constant (or strength coefficient). The power-law
equation can be obtained from a simple tensile test.

Figure 1 shows a schematic diagram of the V-die bending
process, and Fig. 2 shows a pure bending model, drawing on
the work of Leu and Zhuang [32]. They are used to develop
the springback model of V-die bending.

2.1 Pure bending moment M

From Fig. 2, the applied pure bending moment under the
plane strain condition, based on the elementary bending
theory, is as follows.

M ¼ 2b∫
t
2
0σθydy ð3Þ

where σθ is the circumferential stress

σθ ¼ 1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p σe and εθ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p

1þ R
εp ð4Þ

obeying Hill’s theory of plastic anisotropy; εθ is the circum-
ferential strain, and R is the normal anisotropy. Under the
plastic deformation, the circumferential strain εθ can be
expressed as

εθ ¼ ln
ρþ y
ρ

� �
ð5Þ

Neglecting the quadric term in the series, representation of
the natural logarithm function enables the circumferential
strain to be reduced to a linear term.

εθ ¼ ln 1þ y
ρ

� �
≈

y
ρ

� �
ð6Þ

Consideration of the linear term yields the circumferential
stress σθ as

σθ ¼ 1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p σe ¼ 1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p Kεnp ¼
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p K
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p εθ

� �n

¼ K
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p
� �1þn

εnθ

ð7Þ

Substituting Eq. (7) into Eq. (3) yields the applied bending
moment of pure bending as

M ¼ K
4

bt2

1þ nð Þ
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p
� �1þn t

2ρ

� �n

ð8Þ

Equation (8) gives the applied bending moment, which is a
function of tool geometry and material properties, as derived
by Leu [8].

2.2 Springback–radius ratio R0/Rf

Springback is caused by the elastic recovery of materials upon
unloading. The precise determination of springback is critical to
determining the accuracy of part geometry. The unloading mo-
mentΔM is assumed to have the same magnitude as the applied
bending momentM, but the opposite sign,ΔM= −M. The elas-
tic deformation is given by
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Δσθ ¼ −
My
I

¼ E
0
Δεθ ð9Þ

where

E
0 ¼ E

1−ν2ð Þ ð10Þ

Under the plane strain condition

Δεθ ¼ Δσθ

E
0 ¼ −

My
E

0
I

ð11Þ

and

Δεθ ¼ y
1

ρ*
−
1

ρ

� �
ð12Þ

From Eqs. (11) and (12), the following relationship is
obtained.

1

ρ*
¼ 1

ρ
−
M
E

0
I

ð13Þ

where ρ and ρ∗ are the radii of the neutral axes before and after
unloading, respectively.

Under elastic unloading, according to elementary bending
theory, the unloading moment ΔM is

ΔM ¼ −M ¼ bEt3

12 1−v2ð Þ
1

ρ
−
1

ρ*

� �
ð14Þ

where (1 − υ2) ≈ 1 or E ≈ E′ is assumed. Substituting Eq. (8)
into the above equation yields springback–radius ratio, de-
fined as ρ/ρ∗, as

ρ
ρ*

¼ 1−
3

2

K
E

1

1þ nð Þ
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p
� �1þn t

2ρ

� �n−1

ð15Þ

The terms R0 and Rf are punch radius and bending radius
after unloading, respectively, and R0 ≈ ρ and Rf ≈ ρ∗ are as-
sumed. Hence, Eq. (13) can be rewritten as

R0

Rf
¼ 1−

3

2

1

1þ n

� �
K
E

� �
1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2R

p
� �1þn t

2R0

� �n−1

ð16Þ

Equation (16) gives the springback–radius ratio, which is a
function of the material properties (strength ratio K/E, strain-
hardening exponent n, and normal anisotropy R) and tool ge-
ometry (thickness ratio t/2ρ). As reliability and accuracy of the
equation of springback–radius ratio was proved, the limitation
condition of springback, a relationship between mechanical
properties and geometric parameters, can be properly ex-
plored. Subsequently, the validation of equation and discus-
sion of relationship are shown as follows.

V-die bending

Rf

R0

M-M -M

Rd Rd

under bending
unloading or springback

punch and die

t

Rp

R0 = Rp W

W: die opening: 45

punch

die

(b) Springback after unloading(a) V-die bending processFig. 1 a V-die bending process b
Springback after unloading

M M
t

yo
yi

ydy

ro ri

b

Fig. 2 Pure bending model [32] in which ri = R0 = Rp and ro = ri + t
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3 Results and discussion

In the first view of Eq. (16), the springback–radius is simply
proportional to the strength constant K and inversely propor-
tional to the modulus of elasticity E below the elastic limit.
The modulus of elasticity E, or stiffness, is an important me-
chanical property.

To explore the relationship to limitation condition of
springback, the first work is to verify the developed model
of bending with springback–radius using experiment.
Experimental measurements and numerical predictions were
made. Experiments were conducted on the springback–radius
of bending with various values of the process parameters,
including punch radius, sheet thickness and material strength.
The experiments verified the efficiency of the developedmod-
el. A numerical simulation was also conducted to study the
effects of some process parameters on the springback–radius
of the V-die bending process, using Eq. (16). Then, a relation-
ship between mechanical properties and geometric parameters
to limitation condition of springback, an inequality, based on
springback–radius concept is examined in the final discussion.

3.1 Verification of springback–radius Rf

3.1.1 Verification of springback–radius Rf using experiments

Experimental materials were obtained from China Steel
Corporation and are listed in Table 1 [32]. Figures 1 and 3
display the schemes of die, punch head, and hydraulic test
machine. Table 2 presents the detailed dimensions of the tools
that were used in the experiments. WD-40 mineral oil, a lu-
bricant, was used. Experiments were performed using a 300-
kN hydraulic test machine, and optical equipment was used to
measure the springback angle. Springback–radius after
unloading is difficult to directly measure its value in test.
Therefore, a relationship is used to calculate the radius after
bending. The relationship is based on the assumption that the
bent length under bending (punch radius × bending angle)
equals the bent length after bending or unloading
(springback–radius × springback angle) in middle line of sheet
thickness. First, three or two closer experimental data,
springback angle after bending, obtained from five bending
tests were employed to average the springback angle and then
calculate the springback–radius using the mentioned relation-
ship. The calculated springback–radius was truncated to three
places of decimal in number.

The predicted values of springback–radius, calculated
using Eq. (16), are compared with experimental values. The
predicted values of springback–radius agree closely with the
experimental values in Table 2, in which the range of error A,
Rf −Re

f , is from − 0.003 to − 0.034, indicating the reliability of

the present method. Additionally, a numerical calculation of

Gardiner’s equation [1], a famous springback–radius equation
used in many textbooks and reports, and the experimental data
of two previously published experiments, Lopez et al. [34]
and Zhang et al. [35] were adopted herein to objectively con-
firm the efficiency of the developed model for more various
sheet materials.

3.1.2 Verification of springback–radius Rf using Gardiner’s
work [1]

To verify the efficiency of the present model, Eq. (17), derived
by Gardiner [1] and used in many textbooks and reports, is
compared with Eq. (16).

R0

Rf
¼ 4

R0Y
Et

� �3

−3
R0Y
Et

� �
þ 1 and

R0

Rf

¼ R0

t

� �
Y
E

� �
þ 1

� �
⋅ 2

R0

t

� �
Y
E

� �
−1

� �2
ð17Þ

or

R0

Rf
¼ 4

1

2

Y
E

2R0

t

� �3

−3
1

2

Y
E
2R0

t

� �
þ 1 ð18Þ

where Y is the yield stress and the effect of plastic deformation
(material strength or strain-hardening exponent) is not consid-
ered. According toMorrison [33], yield stress Y can be obtain-
ed from the intercept of the strain-hardening portion of the
stress–strain curve and the elastic modulus line:

Y ¼ K
En

� � 1
1−n

ð19Þ

Equation (18) can be rewritten as

R0

Rf
¼ 4

1

2

t
2R0

� �−1 K
E

� � 1
1−n

" #3
−3

1

2

t
2R0

� �−1 K
E

� � 1
1−n

" #
þ 1

ð20Þ
which is a modified form of Gardiner–Morrison’s equation,
which connects Gardiner’s work to plastic deformation with
the effects of K and n. Equation (20) includes the same pa-
rameters as Eq. (16), so a comparison can be easily made.

The predicted values of springback–radius that are calcu-
lated by the method herein (Eq. (16)) and the method of
Gardiner–Morrison (Eq. (20)) are compared with the experi-
mental measurements in Table 2. From the errors (error A in
the present work and error B in Gardiner–Morrison’s work),
the springback–radius that is calculated herein agrees closely
with the experimental results and substantially more closely
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than that calculated using Gardiner–Morrison’s method in
cases with a large bend radius. However, both methods yield
small errors (error A and error B) for a small bend radius. The
small difference between these two calculated values of
springback–radius demonstrates the reliability of the present
method and that the presented model is better than the
Gardiner–Morrison model for predicting the springback–
radius of a high-strength steel sheet.

3.1.3 Verification of springback–radius Rf using
Lopez-Castro’s work [34]

To enable the practical application of the presented model, a
published experiment that was performed by Lopez-Castro
et al. [34] was repeated herein to confirm Eq. (16). Table 3 pre-
sents themechanical properties of bright mild steel sheets EN-3B
and CR-4, which were used in the experiments of Lopez-Castro
et al. [34]. The springback–radius ratios, calculated using Eq.
(16), are compared with the experimental measurements that
were made by Lopez-Castro et al. [34] and presented in Fig. 4.
The springback–radius ratio that is calculated herein using Eq.

(16) agrees closely with the experimental data of Lopez-Castro.
However, in the case of material CR-4, a clear difference exists,
perhaps as a result of the neglect of the anisotropic property or the
inhomogeneous properties of the sheet metal in the calculation
(in which R is assumed to be unity).

Beyond the comparison between the springback–radius ratio
obtained using Eq. (16) and that obtained experimentally by
Lopez-Castro et al. [34], the accuracy of Gardiner’s prediction
is studied because Gardiner’s work (Eq. (18)) provided the yield
stress of experimental materials. Figure 5 compares the
springback–radius ratio obtained using Eq. (16) with that obtain-
ed by Gardiner’s equation based on the experiment that was
performed by Lopez-Castro et al. [34] for two bright mild steel
sheet materials, EN-3B and CR-4. The springback–radius ratio
that is calculated by the present work and that obtained using
Gardiner’s equation both agree closely with the experimental
value obtained by Lopez-Castro [34].

Figure 6 compares the springback–radius ratio obtained
using Gardiner’s work (Eq. (18)) with that obtained using
Gardiner–Morrison’s work (Eq. (20)) based on the experimen-
tal results of Lopez-Castro et al. [34] for two bright mild steel

(a) Rp = 6 mm (c) Press for bending experiments

(b) Rp = 3 mm

Fig. 3 Experimental tools for V-
die bending, W= 25 mm and
Rd = 3 mm taken from [32]. a
Rp = 6 mm. b Rp = 3 mm. c Press
for bending experiments

Table 1 Material properties of
HSS sheet manufactured by
China Steel Company [32]

JIS
G3135

t (mm) E (GPa) ν σy (MPa) σe ¼ Kεnp (MPa)

SPFC 440 1.4 205 0.3 285.9 σe ¼ 745:9ε0:201p

SPFC 440 1.8 205 0.3 313.9 σe ¼ 739:9ε0:201p

SPFC 590 1.8 205 0.3 287.8 σe ¼ 1161:6ε0:257p
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sheet materials, EN-3B and CR-4. The prediction made using
Gardiner’s work is more accurate than that made using
Gardiner–Morrison’s work, indicating that Morrison’s model
seems not suitable for determining the hardening effect of
plastic deformation in Eq. (19).

Finally, Fig. 7 compares the springback–radius ratio ob-
tained using Gardiner’s work with that obtained using
Lopez-Castro’s work (Eq. (21) shown as follows) based on
the experiment of Lopez-Castro et al. [34]. However, the work
of Lopez-Castro seems unsuitable for predicting the
springback–radius ratio for sheet metal CR-4. A negative
springback–radius ratio (R0/Rf = − 2.3) was calculated using
the following Eq. (21), shown in Fig. 7, inconsistent with
the actual limitation conditions of springback, R0/Rf > 0.
Lopez-Castro’s equation [34] for the springback–radius ratio
is as follows.

R0

Rf
¼ 24KER3

h

nþ 2
εnþ2
t −hnþ2

R

� �þ 4 RhYEð Þ3−12R3
hYEε

2
t þ 1

or

R0

Rf
¼ 3

nþ 2

2R0

t

� �3 K
E

� �
εnþ2
t −

t
2R0

� �nþ2
 !

þ 1

2

2R0

t

� �3 K
E

� � 3
1−n

−
3

2

2R0

t

� �3 K
E

� � 1
1−n

ε2t þ 1

ð21Þ
However, Gardiner’s equation, Eq. (17), is a special

case of Lopez-Castro’s equation, Eq. (21), when n = 0,
K = Y, and εt = Y/E.

3.1.4 Verification of springback–radius Rf using Zhang’s work
[35]

To extend the application of the present model, the experiment
of Zhang et al. [35] is used to verify the model herein and

compare it with that of Gardiner’s equation. Table 4 presents
the materials that were used by Zhang et al. [35]—HSS and Al
6111-T4 sheet metals. The values of springback–radius that
were calculated using the present model (Eq. (16)) are com-
pared with the experimental values that were measured by
Zhang et al. [35] in Table 5. Clearly Zhang’s model best fits
(smallest difference between calculation and experiment, error
2) the experimental values. Then, the errors (error 1) indicate
that the springback–radius that was calculated herein (Leu’s
work) agrees closely with the experimental results and is bet-
ter than that obtained using Gardiner’s work (error 3) as pre-
sented in Figs. 8 and 9. The small difference between the
calculated and experimental values of springback–radius indi-
cates the reliability of the method herein, and the fact that the
present model is better than that of Gardiner [1] for calculating
the values of springback–radius of aluminum and high-
strength steel sheet metals.

A comparison of present model to other models in
predicting springback–radius for various sheet metals is made
to find out the accuracy of each model as shown in Table 6.

1. First column of Table 6 for steel sheet SPFC (Cold-
reduced high strength steel sheet): The accuracy of
present model is better than Gardiner–Morrison’s
equation in the case of large punch radius (Rp =
6 mm) and small die corner radius (Rd = 3 mm). On
the other hand, the accuracy of Gardiner–Morrison’s

Table 2 Tool dimensions and
experimental results concerning
V-die bending

Thickness

t (mm)

Calculation

Rf (mm)

Calculation

R*
f (mm)

Experiment

Re
f (mm)

Error A

Rf −Re
f

Error B

R*
f −R

e
f

RP = 6 mm

Rd = 3 mm

SPFC 440 1.4 6.180 6.378 6.183 − 0.003 0.195

SPFC 440 1.8 6.150 6.284 6.155 − 0.005 0.129

SPFC 590 1.8 6.206 6.495 6.231 − 0.025 0.264

RP = 3 mm

Rd = 3 mm

SPFC 440 1.4 3.052 3.092 3.077 − 0.025 0.015

SPFC 440 1.8 3.043 3.069 3.076 − 0.024 − 0.007
SPFC 590 1.8 3.061 3.119 3.095 − 0.034 0.024

W = 25 mm in Fig. 1; lubricant: WD-40 mineral oil and R = 1; Rf calculated using Eq. (16); R*
f calculated using

Eq. (20), taken from Gardiner–Morrison’s work

Table 3 Material properties of sheet metal EN-3B and CR-4 used by
Lopez-Castro et al. [34]

Material t (mm) E (GPa) Y (MPa) σe¼Kεnp (MPa)

CR-4 1.0 211.0 250.0 σe ¼ 413:0ε0:1282p

EN-3B 3.0 190.0 450.0 σe ¼ 708:0ε0:0764p

EN-3B 5.0 195.0 320.0 σe ¼ 588:0ε0:1530p
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equation is better than the present model in the case of
small punch radius (Rp = 3 mm) and small die corner
radius. Punch radius significantly affects springback
behavior.

2. Second column of Table 6 for steel sheets CR-4 and
EN-3B (Bright mild steel sheet) [34]: The Lopez-
Castro’s model failed to predict springback–radius in
the case of CR-4 because a negative springback–
radius was obtained. The accuracy of Gardiner’s

equation is better than the others in the case of CR-
4. On the other hand, the accuracy of the present
model is better than the others in the case of EN-3B.
The calculated value of the case CR-4 seems varied
and unpredictable, which calculated value may be an
exact solution (0.0% error by Gardiner [1]) or too
large (83.16% error by Gardiner–Morrison’s equation,
Eq. (20)) or fail to predict (a negative value by Lopez-
Castro’s model [34]).

Fig. 6 Comparison of springback–radius ratio obtained using Gardiner’s
work [1] with that obtained using Gardiner–Morrison’s work (Eq. (20)),
based on experiment conducted by Lopez-Castro et al. [34]

Fig. 7 Comparison of springback–radius ratio obtained using Gardiner’s
work [1] with that obtained using Lopez-Castro’s work [34], based on
experiment conducted by Lopez-Castro et al. [34]

Fig. 5 Comparison of springback–radius ratio obtained using present
model Eq. (16) and that obtained using Gardiner’s work [1], based on
experiment conducted by Lopez-Castro et al. [34]

Fig. 4 Comparison of springback–radius ratio obtained using present
model Eq. (16) and the experimental value obtained by Lopez-Castro
et al. [34] with two bright mild steel sheet materials, EN-3B and CR-4
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3. Third column of Table 6 for sheet metals HSS and 6111-T4
(high strength steel and aluminum alloy sheets) [35]: The
accuracy of Zhang’s model is better than the present model
for steel sheet HSS. Then, the accuracy of the present model
is better than Gardiner’s model for steel sheet HSS. On the
other hand, the accuracy of the present model is close to
Zhang’s model in the case of 6111-T4. Of all the three
models, the accuracy of Gardiner’s equation seems the worst
for aluminum alloy 6111-T4.

In general, the present model shows its reliability and effi-
ciency in predicting springback–radius of steel metal sheet
even though it is not the best model of all these models.

3.2 Effects of material properties and tool geometry
on springback–radius

3.2.1 Effects of material properties and tool geometry
on springback–radius based on experimental results

Figure 10a–c plots the experimentally determined effects
of punch radius, sheet thickness, and material strength

on springback–radius. Figure 10a indicates that the
springback–radius slightly decreases as the sheet thick-
ness increases for material SPFC 440, with a punch
radius Rp = 6 and 3 mm. This effect arises from the fact
that increasing the thickness reduces the elastic recovery
of a sheet by increasing the bulk deformation. However,
the increase in the springback–radius is limited for Rp =
3 mm. The punch radius apparently has an important
ro le in spr ingback. Figure 10b indica tes that
springback–radius increases with material strength
(SPFC 590 > SPFC 440) at t = 1.8 mm and Rp = 6 and
3 mm. This effect arises from the fact that reducing
material strength reduces the elastic recovery by reduc-
ing the rigidity of the materia l . However, the
springback–radius at Rp = 6 mm is only slightly larger
than that at Rp = 3 mm, indicating that the punch radius
has an important role in springback. Figure 10c indi-
cates that the springback–radius increases with the

Table 4 Material properties of
sheet metal HSS and 6111-T4
used by Zhang et al. [35]

ν E
(GPa)

R σe ¼ Kεnp (MPa)

HSS

0 0.3 217.50 1.520 σe ¼ 645:24ε0:25177p

45 0.3 220.03 2.096 σe ¼ 632:11ε0:25332p

90 0.3 230.56 2.375 σe ¼ 615:09ε0:25409p

6111-T4

0 0.346 70.5 0.894 σe ¼ 550:4ε0:223p

45 0.333 71.4 0.611 σe ¼ 534:5ε0:224p

90 0.346 69.6 0.660 σe ¼ 533:5ε0:231p

t = 1 mm and Rn = 24 mm for HSS and 611-T4 sheet metal.

Fig. 8 Comparison of springback–radius in Gardiner’s work [1], Zhang’s
work [35], and Leu’s work (Eq. (20)) for sheet metal HSS, based on
experiment conducted by Zhang et al. [35]

Table 5 Experimental results concerning V-die bending performed by
Zhang et al. [35]

A
(mm)

B
(mm)

C
(mm)

D
(mm)

Error 1
B-A

Error 2
C-A

Error 3
D-A

HSS

0° 26.48 26.24 26.61 25.73 − 0.24 0.13 − 0.75
45° 26.83 26.40 26.90 25.84 − 0.43 0.07 − 0.99
90° 26.72 26.31 26.80 25.71 − 0.41 0.08 − 1.01
6111-T4

0° 30.76 31.01 30.73 29.89 0.25 − 0.03 − 0.57
45° 30.10 30.13 29.96 29.22 0.03 − 0.14 − 0.88
90° 29.98 30.14 29.92 29.21 0.16 − 0.06 − 0.77

Experimental value of R
0
n (= Rf) based on Rnθ1 ¼ R

0
nθ

0
1, A: experimental

data; B: the present model (Leu’s work); C: Zhang’s equation; D:
Gardiner’s equation
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punch radius for SPFC 440 and 590, t = 1.4 and
1.8 mm. This effect arises from the fact that reducing
the punch radius reduces the elastic recovery by con-
centrating the plastic zone in the bent part of workpiece.
The increase in the springback–radius of SPFC 590 at
t = 1.8 mm is larger than that of SPFC 440. From
Fig. 10a–c, increasing the sheet thickness, reducing the
material strength, and reducing the punch radius effec-
tively reduce the increase in the springback–radius (or
springback) in the V-die bending process.

3.2.2 Effects of material properties and process geometry
on springback–radius ratio R0/Rf in theoretical manner

In addition to experiments, numerical simulations, based on
the present model (Eq. (16)) and Gardiner–Morrison’s work
(Eq. (20)), were performed to study the effect of the process
parameters, strength ratio K/E, strain-hardening exponent n,
geometric ratio t/2R0, and normal anisotropy R, on the
springback–radius ratio R0/Rf in the V-die bending process,
as presented in Figs. 11 and 12.

Figures 11a–c compares the effects of process parameters
on springback–radius ratio in this work and in Gardiner–
Morrison’s work. The relationship is similar in both cases,
but the rates of change with process parameters differ. The
results of Gardiner–Morrison are always greater than those
obtained using the present model, Eq. (16). Figure 11 supports
the following conclusions. (i) The springback–radius ratio de-
creases almost linearly as the strength ratio increases and the
rate of decrease increases with n and t/2R0; (ii) the
springback–radius ratio increases with the strain-hardening
exponent or geometric ratio. For large n, R, and t/2R0

(Fig. 11a), reducing K/E slightly increases the springback–
radius ratio for the rate reduced in the present model.
Generally, the effect of K/E on the springback–radius ratio is
greater for smaller values of n, R, and t/2R0 in the present
model. On the other hand, the springback–radius ratio remains
constant under increasing n and t/2R0 (Fig. 11a) or increasing
K/E and n (Fig. 11c). For large values of n, the effects of K/E
and t/2R0 on springback–radius ratio are very limited
(Fig. 11b) in the Gardiner–Morrison’s model.

The effect of normal anisotropy R was ignored by
Gardiner’s work [1] and Lopez-Castro’s work [34].

Table 6 Errors of springback–radius in percentage between experiment and prediction for different models

Error % (Cal-Exp) / Exp × 100% Present experiment Lopez-Castro’s experiment [34] Zhang’s experiment [35]

SPFC 440
t = 1.4

SPFC 440
t = 1.8

SPFC 590
t = 1.8

CR4
t = 1

EN3B
t = 3

EN3B
t = 5

HSS 6111-T4

Leu’s model, Eq. (16) A − 0.048 − 0.081 − 0.40 35.93 − 0.50 − 2.01 00 − 0.91 0.81

450 − 1.60 0.09

B − 0.81 − 0.78 − 1.09 900 − 1.53 0.53

Gardiner’s model [1] or Eq. (17) Non 0.00 11.90 − 2.90 00 − 2.83 − 1.85
450 − 3.68 − 2.92
900 − 3.77 − 2.56

Gardiner–Morrison, Eq. (20) A 3.15 2.09 4.23 83.16 12.74 5.76 Non
B − 0.48 − 0.22 − 0.77

Lopez-Castro’s model [34] Non Fail 15.45 − 2.16 Non

Zhang’s model [35] Non Non 00 0.49 − 0.09
450 0.26 − 0.46
900 0.29 − 0.20

A: Rp = 6 mm, Rd = 3 mm; B: Rp = 3 mm, Rd = 3 mm; (Cal-Exp) / Exp = (prediction-experiment)/experiment × 100%

Fig. 9 Comparison of springback–radius in Gardiner’s work [1], Zhang’s
work [35], and Leu’s work (Eq. (20)) for sheet metal 6611T4, based on
experiment conducted by Zhang et al. [35]
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Parameter normal anisotropy R is an individual charac-
teristic of mechanical property, which included in the
present model is the feature of this study. Figure 12
presents the effect of normal anisotropic parameter on
springback–radius ratio for different values of strength
ratio, strain-hardening exponent and geometric ratio,
based on the present model. The effect of normal an-
isotropy R on the springback–radius ratio is the same as
that of K/E, closely linear relationship that the
springback–radius ratio decreases almost linearly as nor-
mal anisotropy increases.

3.3 A relationship between mechanical properties
and geometric parameters to limitation condition
of springback based on springback–radius concept

The reliability and efficiency of the present model of
bending used to predict springback–radius have been
proved shown in Sects. 3.1 to 3.2. Subsequently, the
constraining condition on springback, 0 < R0/Rf < 1,
arose for more understanding the springback behavior
and more effectively improving the springback reduc-
tion. However, this topic is important but seldom be
mentioned at present.

Gardiner’s work [1] is very famous and common use
in the springback–radius prediction. Therefore, a further
analysis concerning the critical condition (or limitation
condition) in Gardiner’s work, Eq. (17), is as follows.
With respect to the constraining condi t ion on
springback, 0 < R0/Rf < 1, the condition of 0 < R0/Rf al-
ways holds in Eq. (17), and a relation that is based on
the condition R0/Rf < 1 can be obtained as follows.

Y
E

� �
R0

t

� �
<

ffiffiffi
3

p

2
or

Yffiffiffi
3

p
E

� �
<

t
2R0

� �
ð22Þ

where (Y/E)(R0/t) = 1/2 is no permitted since R0/Rf ≠ 0 accord-
ing to Eq. (17). Equation (22) is based on Gardiner’s equation
and shows an interesting relationship between material char-
acteristics (Yand E) and geometric parameters (t and R0) under
the constraining condition (limitation condition) on
springback, 0 < R0/Rf < 1. The free springback is under the
condition of R0/Rf = 1, and a relationship between material
characteristics (Y and E) and geometric parameters (t and R0)
is obtained as.

(a)

(b)

(c)

�Fig. 10 a Effect of thickness on springback–radius for various punch
radii. b Effect of material strength on springback–radius for various
punch radii. c Effect of punch radius on springback–radius for different
thicknesses and material strengths
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Yffiffiffi
3

p
E

� �
¼ t

2R0

� �
ð23Þ

From Gardiner–Morrison’s equation, a similar relation to
Eq. (23) that pertains the constraining condition on springback
is

1ffiffiffi
3

p K
E

� � 1
1−n

<
t

2R0

� �
ð24Þ

Equation (24) that is based on Gardiner–Morrison’s equa-
tion shows an interesting relationship between material char-
acteristics (K, E and n) and geometric parameters (t and R0).
Under the condition of R0/Rf = 1, a relationship between ma-
terial characteristics (K, E, and n) and geometric parameters (t
and R0) to free springback is obtained as
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Fig. 12 Effect of normal anisotropic parameter on springback–radius
ratio for different values of strength ratio, strain-hardening exponent
and geometric ratio, based on the present model

�Fig. 11 a Comparison of effects of strength ratio on springback–radius
ratio for different strain-hardening exponents and geometric ratios; blank
symbol indicates present model, and solid symbol indicates model of
Gardiner–Morrison. b Comparison of effects of strain-hardening
exponent on springback–radius ratio for different strength ratios and
geometric ratios; blank symbol indicates present model, and solid
symbol indicates model of Gardiner–Morrison. c Comparison of effects
of geometric ratio on springback–radius ratio for different strength ratios
and strain-hardening exponents; blank symbol indicates present model,
and solid symbol indicates model of Gardiner–Morrison’s work
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Under the constraining condition (limitation condition) on
springback, 0 < R0/Rf < 1, the presented model, Eq. (16),
yields a relationship as follows.

K
E

� � 1
1−n 3

2

1

1þ n

� �� � 1
1−n 1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2R
p
� �1þn

1−n

<
t

2R0

� �
ð26Þ

Equation (26) is similar with Eqs. (23) and (24), in which
unit is dimensionless and shows a more complicated and gen-
eral relationship between material characteristics (K, E, R, and
n) and geometric parameters (t and R0). However, the relation-
ship between material characteristics (K, E, R and n) and geo-
metric parameters (t and R0) to free springback, satisfying the
condition of R0/Rf = 1, is obtained as

K
E

� � 1
1−n 3

2

1

1þ n
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1−n 1þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2R
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� �1þn

1−n

¼ t
2R0

� �
ð27Þ

The constraining condition (limitation condition) on
springback is defined as 0 < R0/Rf < 1. However, a negative
springback–radius ratio (R0/Rf = − 2.3 < 0) was calculated
using Lopez-Castro’s work [34] (Eq. (21)) shown in Fig. 7
(the case of sheet metal CR-4), which is inconsistent with
the actual conditions of springback, R0/Rf > 0. Lopez-
Castro’s work seems unsuitable for analyzing the constraining
condition of springback, but the other constraining conditions
of springback, i.e., analyzed that

εnþ2
t þ nþ 2

6

K
E

� �2þn
1−n

−
nþ 2

2

K
E

� � n
1−n

ε2t <
t

2R0

� �nþ2

ð28Þ

The above equation is a complicated relationship between
material properties (K, E, n and εt) and process geometry (t
and R0), so further work is needed to clarify the contradiction
of the condition of R0/Rf < 0. However, the relationship be-
tween material characteristics (K, E, n and εt) and geometric
parameters (t and R0) to free springback, satisfying the condi-
tion of R0/Rf = 1, is obtained as

εnþ2
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2
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2R0
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ð29Þ

Varied conditions of free springback, such as Eqs.
(23), (25), (27), and (29), show that the relationship
between mechanical properties and geometric parameters
is restricted to a specific relation. Therefore, a more
complete study is needed to clarify and distinguish the
effects of process parameters on springback reducing for
precisely shape control in bending process.

4 Conclusions

This work develops a simplified method, incorporating
strength ratio K/E, geometric ratio t/2R0, normal anisotropy
R and strain-hardening exponent n, for estimating the
springback–radius ratio in V-die bending, based on elementa-
ry bending theory and the pure bending model. A series of
experiments are conducted to confirm the proposedmodel and
to clarify the effects of punch radius, sheet thickness, and
material strength on springback–radius. Using this simplified
method, the relationship between mechanical properties and
geometric parameters to limitation condition of springback,
especially for the free springback condition, is examined.
The following findings were obtained.

(1). A comparison between predicted and experimental
values indicates agreement, indicating the reliability of
the presented model. The model herein is more accurate
than previously developed models for predicting
springback of steel metal sheet, such as those of
Gardiner [1] and Gardiner–Morrison (Eq. (20)).

(2). In the developed model, the springback–radius is simply
proportional to the initial strain and inversely propor-
tional to the modulus of elasticity within the elastic limit,
owing to the linear elastic recovery.

(3). The experimental results demonstrate that increasing the
sheet thickness, reducing the material strength and re-
ducing the punch radius effectively reduce the
springback–radius in the V-die bending process.

(4). Numerical simulations indicate that the springback–radius
ratio increases as the normal anisotropy and the strength
ratio increase or as the geometric ratio and strain-
hardening exponent decrease. The effects of K/E and t/
2R0 are limited for large values of n. Generally, the effect
of K/E exceeds those of small values of n, R, and t/2R0.

(5). An interesting relationship (an inequality) between ma-
terial characteristics (Y, K, E, R and n) and geometric
parameters (t and R0) under the constraining condition
(limitation condition) of springback, 0 < R0/Rf < 1, is de-
rived.Moreover, the free springback under the condition
of R0/Rf = 1 is also discussed, and a relationship between
material characteristics and geometric parameters for
free springback is obtained. However, a more complete
study to clarify and distinguish the effects of process
parameters on the constraining condition of springback
is needed for precisely shape control in bending process.

This work can be used as a process design guideline
for reducing the springback of high-strength steel sheets
in V-die bending.
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