
ORIGINAL ARTICLE

A new trochoidal pattern for slotting operation

Zhaoyu Li1 & Ke Xu2
& Kai Tang1

Received: 20 June 2018 /Accepted: 29 October 2018 /Published online: 6 November 2018
# Springer-Verlag London Ltd., part of Springer Nature 2018

Abstract
Slotting is a common machining operation in manufacturing. Trochoidal milling is a good strategy for slotting, owing to
its reduced cutting force load and better heat dissipation, which help significantly prolong the tool service life.
Nevertheless, the traditional circular type trochoidal milling suffers from a longer total machining time due to its
unfavorable chip removal rate. As an improvement to this quandary, a new type of trochoidal pattern is proposed in
this paper, which is applicable to an arbitrary complex slot with a curved boundary and varying width. This new type is
more flexible to adjust, unlike the conventional circular type whose adjustment margin is severely limited. Then, towards
the objective of minimizing the total machining time, optimization is performed to find the best tool path of the new
trochoidal pattern for the given slot, subject to the given threshold on the maximum cutter-workpiece engagement angle
which is the key to gauge the heat dissipation and cutting force. Both computer simulations and physical cutting
experiments are conducted and the results have confirmed the intended advantages of the proposed new type of
trochoidal pattern over the traditional circular type.
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1 Introduction

Slotting is a popular means for initiating a rough milling
process such as pocketing. Typically, there are two popular
tool path patterns for a slotting process: contour parallel and
direction parallel [1]. These two patterns typically require a
full (cutter-workpiece) engagement angle, resulting in a
larger cutting force, the worsened heat dissipation problem,
as well as the accelerated tool wear, especially when cutting
hard materials such as Ni-Ti alloy. Intuitively, people intend
to avert these issues by reducing the feed rate and limiting
the material removal rate (MRR), while the machining effi-
ciency is degraded. Cutters equipped with super hard mate-
rials are also adopted for slotting super alloys [2], but with
only marginal improvement.

Therefore, in the era of high speed machining (HSM),
trochoidal tool path is becoming more and more popular
for slotting and pocketing operation. Traditional trochoidal

tool path can be viewed as a combination of a cyclic cir-
cular motion and a linear motion [3, 4]. By adopting the
trochoidal trajectory, the full-engagement situation can be
avoided upon a proper selection of step distance [5].
Trochoidal milling has recently gained its popularity in
corner machining [6–8]; also, added with its better dynam-
ics, it is now widely used in cutting hard materials, like
NiTi-based super alloy [9–11]. Additionally, there are also
plenty of work about trochoidal tool path planning for
pocket milling, such as references [12–14].

As cyclic as the trochoidal milling is supposed to be, the
cutting force changes periodically during the milling pro-
cess. Various studies on cutting force-related subjects in
trochoidal machining have been reported. A detailed anal-
ysis on trochoidal milling was made by Otkur and Lazoglu
[4], in which the change of engagement angle was ana-
lyzed and a cutting force model was established. In refer-
ence [15], Pleta et al. built a cutting force analysis model
based on the real cutting chip thickness, which can be used
to analyze more complex trochoidal trajectories. Kardes
and Altintas [16] established a model of mechanics and
dynamics for the circular type trochoidal milling process,
introducing a way to lower the chatter and improve the
machining stability.
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As iswell known, trochoidalmilling is superior for its reduced
cutting force load; however, its supremacy is mostly attributed to
high-speed machining, where very high spindle speed and feed
rate are attainable. When it comes to conventional machining
with limited spindle speed and feed rate, trochoidal milling is
never among the top choices for high efficiency. To improve its
efficiency, people have tried to find a better combination of ma-
chining parameters such as cutting depth, cutting speed, and feed
rate [17, 18]. Aside from the machining efficiency, these param-
eters were also investigated by Rauch et al. [3] for enhancing the
stability and safety of trochoidalmilling. Furthermore, to increase
the MRR, from the perspective of machining stability, a method
for optimizing the step distance of trochoidal milling was pro-
posed by Yan et al. [19]. Wang et al. [20] presented an adaptive
method for trochoidal milling, in which the radius of circular
trochoidal tool path was adjusted to fit into the given complex
pocket, and the step distance was also adjusted accordingly to
maintain a relatively stable cutting depth and MRR. Some other
perspectives for trochoidal milling optimization were also sug-
gested. Salehi et al. [21] proposed an epicycloidal tool path mill-
ing strategy, whose trajectory is the combination of two trochoi-
dal motions. A novel milling-milling strategy and its realizing
mechanism were proposed by Li et al. [22], in which the cutter
holder was designed to hold several cutters to perform a trochoi-
dal trajectory. The MRR can be improved markedly with this
method but with limited applications.

All of the above research works target at raising the effi-
ciency of trochoidal milling by adjusting various machining

parameters or finding their best combination. However, none
of them ever attempted to optimize the shape of the cyclic
trochoidal curve itself. In trochoidal milling, within each cut-
ting cycle, the engagement angle varies between zero and a
maximum, whereas only in a very small portion of the cycle is
the engagement angle near the maximum. Therefore, the av-
erage value of engagement angle is much lower than the max-
imum, dragging down the MRR and hence the machining
efficiency. This situation will never get resolved if the trochoi-
dal curve maintains its circular form.

Motivated by the above prescribed problem, in this paper,
we present a new type of trochoidal tool path for cutting an
arbitrary slot with a curved boundary and varying width.
Basically, unlike the conventional circular type, for our new
type, the basic trochoidal curve is not an arc but a polynomial
curve that is adjusted adaptively towards the objective of min-
imizing the total machining time, subject to the constraint of a
given maximum engagement angle. More specifically, for an
arbitrary slot, the total length of our new type of trochoidal tool
path will always be shorter than that of the traditional circular
type, while both respecting the given threshold on the engage-
ment angle. Our computer simulation as well as physical cut-
ting tests have confirmed this and validated the effort.

2 Spline-based trochoidal pattern

To cut a 2D slot (or simply slot), compared to the traditional
circular trochoidal pattern, the new spline-based trochoidal pat-
tern to be presented next strives to maximize the average cutter-
workpiece engagement angle towards the specified threshold and
hence improve the MRR (i.e., the cutting efficiency). But first of
all, we need to give a concise representation of a general slot.

2.1 Parameterization of an arbitrary slot

Any slot can be fully described by its upper and lower bound-
ary curve. In order to standardize the mathematical formula-
tion to facilitate our new trochoidal pattern generation, we
establish a parametric transformation between any slot and a
unit square of parametric domain, as follows.
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Fig. 1 a Geometric
representation of a slot; b
parameterization of the slot
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Fig. 2 Front curve and tool path
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Refer to Fig. 1a, the upper and lower boundary curve of the
slot are C1(u) and C2(u), respectively. As we are dealing with a
slot which by default is long and hence the shapes of its two ends
are insignificant, we can assume that the two ends are simply line
segments. Therefore, the slot can be represented by the ruled
surface between the two boundary curves, i.e., Eq. (1) below:

r u; vð Þ ¼ 1−vð ÞC1 uð Þ þ vC2 uð Þ ð1Þ

Obviously, this is a one-to-one mapping. In addition, asC1(u)
and C2(u) are assumed to be regular and at least twice differen-
tiable, the tangent condition is well preserved from the parametric
domain to the object domain. Specifically, if any two C1 curves
σ1 and σ2 in the uv domain are tangent to each other at a point p,
then, their images r(σ1) and r(σ2) must be tangent to each other at
point r(p). This property will be fully exploited by us to optimize
the shape of the front curve. But first, a formal description of the
front curve in slot machining is given next.

2.2 Definition of the front curves

During a slot cutting process, the envelope profile formed by the
moving cutter during each engaging cycle is referred as the front
curve, as shown in Fig. 2, where the green curve is the trajectory
of the cutter’s center, namely, the tool path. Geometrically, the
front curve is simply the (self-interference removed) offset curve
of the cutter by the cutter’s radius, and vice versa. Apparently, the

front curve fully determines the profile of the in-process slot,
which in turn directly affects the subsequent cutting process.
Therefore, the entire slot cutting process can be represented by
a series of advancing front curves and our objective is to find
such a series that will result in a shorter total machining time
(with respect to a constant feed rate) while subject to the maxi-
mum engagement angle threshold.

We note that a better front curve should have the fol-
lowing two properties in order to achieve a higher machin-
ing efficiency. First, the corresponding tool path should be
short. Secondly, with respect to the current front curve, the
next one should advance as far as possible, as long as the
engagement angle does not exceed the threshold. Because
our slot is a general one with varying width and curved
boundary curves, we are facing a global optimization prob-
lem; that is, two locally optimal adjacent front curves
might well be inferior in terms of the final total machining
time. To make it computationally feasible, we adopt the
following optimization strategy: while front curves could
be all different from each other, their inverse images in the
uv parametric domain are identical copies that are placed
along the u-axis with variable step-over distances, as illus-
trated in Fig. 3. Let us refer to these inverse image curves
as uv-front curves. While the displacement between each
two neighboring uv-front curves is yet to be determined, let
us first give a mathematical description of the uv-front
curves.
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Fig. 3 Mapping front curves from
the parameter domain to the
object domain
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Fig. 4 a The first and last uv-front
curve S1 and SN; b the sequence of
uv-front curves
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We use the cubic spline to represent a uv-front curve.
Consider the very first uv-front curve S1: while it must start
at (0, 0) (since, as assumed, the cutting starts at the lower-left
corner of the slot), it does not have to end at (0, 1) (note that, as
this is a slot cutting, the cutting time spent at the two ends is
negligible to that spent in the main body of the slot). However,
because every front curve must be co-tangent with the bound-
ary curves of the slot, the tangents at the two ends of every uv-
front curve must be along the u-axis. So, as illustrated in
Fig. 4a, let the three scalars {u0, t0, t1} define S1, where u0
defines the horizontal position of the end point, whereas t0 and
t1specify the magnitudes of tangents at the two end points.
Mathematically, we have the following equation:

S1 :
u1 sð Þ ¼ t0sþ 3u0−2t0 þ t1ð Þs2 þ −2u0 þ t0−t1ð Þs3
v1 sð Þ ¼ 3s2−2s3

s∈ 0; 1½ �
�

ð2Þ
Let Si(s) = {ui(s), vi(s)} (i = 1, 2, …, N) denote the se-

quence of uv-front curves, starting from S1 and ending at
SN for some N yet to be determined. We impose that for the
last uv-front curve SN, it must end at (1, 1) in the uv-do-
main, as shown in Fig. 4a. Because all the uv-front curves
are assumed to have an identical shape, as shown in Fig.
4b, letting Δui be the displacement between Si and Si + 1,
Si then is related to S1 by the following equation:

Si :
ui sð Þ ¼ u1 sð Þ þ ∑ j¼i−1

j¼1 Δu j

vi sð Þ ¼ 3s2−2s3
s ∈ 0; 1½ �

(
ð3Þ

Let Fi = r(Si)(i = 1, 2,…) denote the sequence of corre-
sponding front curves in the slot. Our task now becomes to
find proper values for the parameters {t0, t1, u0, u1, u2,…} so
that, when the last front curve FNreaches the end of the slot for
someN, the total length of the tool path of theN front curves is
the shortest while the maximum engagement angle constraint
is respected between any consecutive front curves Fi and Fi + 1
for i = 1, 2, …, N-1.

3 Optimization of the front curves

3.1 Treatment of the maximum engagement angle
constraint

As shown in Fig. 5, the region sandwiched between the pre-
vious and current front curve, i.e., Fi and Fi + 1, is exactly the
material removed by the cutter along the tool path of the cur-
rent front curve Fi + 1. Obviously, to shorten the total machin-
ing time and also to advance the cutter as far as possible, a
larger Δui is preferred. However, as illustrated in Fig. 6, a
larger Δui also induces a larger engagement angle which must
be capped under a given threshold.

Let θi _max denote the maximum engagement angle when
cutting the (i + 1)th chip, namely, the material between the
front curves Fi and Fi + 1. Once the current uv-front curve Si
is known, as all the uv-front curves have the same shape, if
Δui is also determined, so is Si + 1 and Fi + 1, and hence the
maximum engagement angle θi _max between Fi and Fi + 1. In
particular, we will use Δui _max to denote the Δui that will
make θi _max reach the given maximum engagement angle
threshold θs. To calculate Δui _max, we offer two simple strat-
egies: the uniform distribution and the sequential maximiza-
tion, as elaborated next.

3.1.1 Uniform Δui

In this simple strategy, all the Δu0
is are the same for i = 1, 2,

…, N. In other words, the uv-front curves S
0
is are uniformly

distributed along the u-axis; that is, Si = S1 + (i − 1)Δuc for
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Fig. 5 The material to be removed between two consecutive front curves
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Fig. 6 The maximum
engagement angle between Fi

and Fi + 1, is proportional to the
displacement Δui
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some constant Δuc. Letting Propagation_Constant_Interval
(S1, Δuc) denote the procedure that generates the uniformly

distributed S
0
is corresponding to a given S1 and Δuc, we

adopt a simple dual-direction bi-section approach to
calculate Δuc, as outlined below.

Obviously, setting Δui to be a constant tends to be conser-
vative, albeit the nice uniformity pattern of front curves. As
an improvement, sequential maximization tries to maxi-
mize Δui for every i, starting from the first uv-front
curve S1.
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3.1.2 Sequential maximization of Δui

Basically, given an Si, we can increase the displacement Δui as
much as possible until the angle θi _ max reaches the
threshold θs. In our implementation, we use a variant of
Newton’s iterative method to find the Δui that realizes the
equality θi _max = θs (details omitted). Therefore, given the first
uv-front curve S1, we can sequentially generate the following
ones S2, S3, ..., until the last one SN, and be ascertained that,
except for perhaps the last chip between r(SN − 1) and r(SN), for
every pair of r(Si) and r(Si + 1), the angle θi _max is maximized
to be θs. Though by nature this is only a local optimization, our
preliminary tests have shown that in many cases, it fares very
close to the global optima (obtained in our tests by exhaustive
search).

3.2 Formulation of the optimization

Regardless of uniform or sequentially maximized Δui, as long
as the first uv-front curve S1 is given, the rest of the uv-front
curves {S2, S3, …, SN} are fully determined. As S1 is deter-
mined by the three parameters {u0, t0, t1} (see Fig. 4a), they
become the variables of our optimization problem. Referring
to Fig. 2, let Ti denote the corresponding tool path of the front

curve Fi, which is essentially the offset of Fi with the tool
radius Rs. Assuming a constant feed rate, the cutting time of
Ti can then be represented by its length, i.e., li. Thus, for any
trio {u0, t0, t1}, there is a corresponding total length of the
cutting tool paths, i.e., Lt(u0, t0, t1) = ∑

i
li. The following for-

mulation of optimization is then in order:

obj : min Lt u0; t0; t1ð Þf g
s:t: : Rmin > Rs

ð4Þ

where Rmin stands for the smallest radius of curvature on any
front curve Fi. The constraint Rmin > Rs must be respected due
to two obvious reasons: (1) a tool of radius Rs can never cut
out a front curve of curvature larger than 1/Rs; and (2) even if
we ignore this physical infeasibility (as Ti is a self-
intersection-removed offset of Fi), we must not allow the vi-
olation Rmin < Rs to occur near the two ends of the front curve,
for otherwise overcut would happen at the boundary of the
slot, as illustrated in Fig. 7.

Finally, about the specific optimization technique for solv-
ing Eq. (4), in the current implementation, we use the Genetic
Algorithm, although other popular ones such as the Particle
Swarm Optimization may well suit our need.

4 Experimental results

A prototype of the proposedmethod has been implemented by
us in MATLAB. To compare the proposed new trochoidal
milling pattern with the traditional circular trochoidal milling,
several freeform slots are selected for simulation tests, as well
as one physical cutting test. For all the tests, the engagement
angle threshold θs is set at 100

°.
Before reporting the test results though, it is necessary to

mention the non-active part on a tool path. As milling is a
continuous cutting process, the tool paths T1, T2,…, TN-1 must
be connected together. Specifically, the end point of the front
curve Fimust be at least C1 continuously connected to the start
point of the next front curve Fi + 1 by some smooth curve, e.g.,
the green ones in Fig. 8. These connection curves are said to
be non-active (i.e., non-cutting) since, except near their end
points, the corresponding tool does not cut the material. In our
implementation, these connection curves are also defined as
cubic splines, which are easy to adjust. Because they are non-
active, they could be adjusted to be short, as long as the tan-
gent continuity at the ends is ensured. Once these connection
curves are defined, their corresponding tool paths can be read-
ily obtained by means of offsetting, resulting in a single and
C1 continuous tool path for milling the entire slot. As indicat-
ed in Eq. (4), only the active cutting tool path is considered in
the efficiency calculation, while the non-active part is usually
assigned with a much faster feed rate and is thus negligible
compared to the active part.

Overcut

Fig. 7 The occurrence of overcut at the boundary of the slot

y

Fig. 8 Active front curves (red) and non-active connection curves (green)
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For the first simulation test, three cutters with radius 0.3,
0.4, and 0.5 units were selected and tested on a simple
cone-shaped slot, while sequentially maximized Δui’s were
used. The simulation results are shown in Figs. 9, 10, and
11, where the red curves are the generated front curves and
their connection curves and the green ones are the

corresponding tool paths (in the left column, only active
front curves are shown).

The test data from Figs. 9, 10, and 11 clearly indicate that
the efficiency improvement of ours over the traditional tro-
choidal milling increases with the decrease of the tool radius.
That is, the proposed trochoidal milling pattern is more

(a) (b)

(c) (d)

Fig. 9 a, b The proposed
trochoidal tool path, total active
tool path length is 63.32 units. c, d
The traditional circular trochoidal
milling, total active tool path
length is 84.48 units; efficiency
improvement = 25% (cutter
radius = 0.3 units)

(a) (b)

(c) (d)

Fig. 10 a, b The proposed
trochoidal tool path, total active
tool path length is 49.34 units. c, d
The traditional circular trochoidal
milling, total active tool path
length is 62.24 units; efficiency
improvement = 20.73% (cutter
radius = 0.4 units)
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effective when a smaller tool is used. However, a smaller tool
always leads to a longer tool path length and hence a longer
machining time, in addition to other limiting factors such as a
smaller feed rate and lower stiffness of the tool. Therefore, a
trade-off is required.

As a validation of efficiency enhancement by our meth-
od, for the case of cutter radius = 0.3 units, Fig. 12 shows
the varying cutter-workpiece engagement angle of the front
curves of our tool path vs. the traditional circular trochoi-
dal tool path. The curves in Fig. 12 represent the engage-
ment changing situation of cutter in every trochoidal cut-
ting path, as many cutting paths are needed for machining
one slot. The change of color of curves from red to blue
indicates the sequence of the corresponding front curve
during the process. The pure red curve identifies the en-
gagement changing situation of the first trochoidal cutting

path while the pure blue curve the final trochoidal cutting
path. As evidently seen in Fig. 12a, b, while in both tool
paths, the maximum engagement angle is capped under the
given 100° threshold, ours tried to push the average up-
ward. As the material removal rate (MRR) is positively
related to the engagement angle, a larger average of en-
gagement angle indicates a faster MRR, thus a shorter total
machining time.

From now on, for the rest of the tests, the cutter radius is set
to be 0.3 units and θs remains to be 100°.

The results of the second simulation test are given in
Fig. 13. As revealed from the figure, this time, the outcome
of uniform distribution of front curves did not fare very well
(achieving almost zero reduction in total machining time over
the traditional one), while the sequential maximization ap-
proach achieved a reduction of 12.2%.

(a) (b)

(c) (d)

Fig. 11 a, b The proposed
trochoidal tool path, total active
tool path length is 41.08 units. c, d
The traditional circular trochoidal
milling, total active tool path
length is 50.11 units; efficiency
improvement = 18.02% (cutter
radius = 0.5 units)

(a) (b)

Fig. 12 The cutter-workpiece
engagement angle of our new
trochoidal tool path (a) and the
traditional circular trochoidal tool
path (b) of simulation test 1
(cutter radius = 0.3 units)
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Figure 14 shows the results of our last test. The same
shape of the slot was also used by Wang et al. [20] in their
test using the traditional trochoidal milling method. This

time, our new trochoidal tool path (using the sequentially
maximized Δui) enjoys a commanding 26% reduction in
total machining time over the traditional one.

(c) (d)

(e) (f)

(g) (h) (i)

(a) (b)

Fig. 13 a, b The traditional
circular trochoidal milling, total
active tool path length is
182.88 units. c, d The proposed
trochoidal tool path, uniform Δui,
total active tool path length is
181.82 units. e, f The proposed
trochoidal tool path, sequentially
maximized Δui, total active tool
path length is 160.58 units. g–i
The engagement angle of a, b, c,
d, and e, f, respectively
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Finally, as a further validation of our work, we also
performed a physical cutting experiment using the two tool
paths from the last simulation test, i.e., Fig. 14. The mate-
rial to cut was Bakelite; the spindle speed was set at
8000 rpm; and the feed rate of the active cutting part of
tool paths was 500 mm/min, while that for the no-cutting
part was coded with the rapid transit command in the final
G-code program. The total time of slotting taken by the
traditional method is 132 s, while that taken by ours is only
99 s, a reduction of 25%, which finds a good agreement
with the simulation result of 26%. The finally machined
slots are shown in Fig. 15.

5 Conclusion

Traditional circular type trochoidal milling is a popular strategy
for slotting operation, as it avoids the full cutter-workpiece
engagement and hence prolongs the tool service life.
However, its drawback is also obvious, as within each trochoi-
dal cycle, the engagement angle reaches the maximum only in
the middle position and its average value is low, which signif-
icantly drags down the material removal rate. To address this
issue, in this paper, we have proposed a new type of trochoidal
pattern for milling an arbitrary slot with a curved boundary and
non-constant width. By means of finding a suitable basic shape

(a) (b)

(c) (d)

(e) (f)

Fig. 14 a, b The traditional
circular trochoidal milling, total
active tool path length is
92.74 units. c, d The proposed
trochoidal tool path, sequentially
maximized Δui, total active tool
path length is 68.59 units. e, f The
engagement angle of a, b and c, d,
respectively

(a) (b)

Fig. 15 The physically machined
slots using the tool paths from the
last simulation test (i.e., Fig. 14):
a by the traditional trochoidal tool
path and b by our new trochoidal
tool path (using the sequentially
maximized Δui)
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of the front curve and then adaptively maximizing the step-over
distance between consecutive front curves, a higher average of
engagement angle can be achieved (but still under the specified
threshold on the maximum), thus raising the material removal
rate and shortening the total machining time accordingly. As
expected, the improvement in machining efficiency by our new
type over the traditional one becomes more prominent with the
decrease of the cutter radius, which has also been confirmed by
our simulation tests.

The future work in this subject may focus on several aspects.
First, in this work, the sole constraint on the step-over distance
is the threshold on maximum engagement angle, which indeed
is critical. Nonetheless, there could be other types of constraints
that need to be considered, such as the avoidance of chattering
which is related to not only the step-over distance but also the
feed rate. Secondly, our current optimization algorithm is rather
simplistic (even with the sequentially maximized step-over dis-
tance); we ought to ask if a more elaborated one could be
developed. Finally, we will explore possible applications of
the proposed type of trochoidal pattern to other areas in
manufacturing, not limited to only the slotting operation.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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