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Abstract
The evaluation of contouring error is important for multi-axis CNC machines because the tolerance specifications of
manufactured parts are directly affected by contouring error. One of the fundamental quality inspections to verify that a
manufactured part meets the expected tolerance is via form error evaluations. However, the existing estimation methods of
contouring error are based on the position tolerance requirements. To meet the form tolerance requirements for the parts, this
paper focuses on developing a high-accuracy estimation method of contouring error that is not related to a datum (ND-contouring
error). In the proposed estimation method, at first, the minimum zone tolerance (MZT) method is used to transform the ideal tool
tip path to match the actual one. Subsequently, by comparing the position and orientation between the actual point and the nearest
point on the transformed ideal tool path, the ND-contouring error and orientation contouring error of the tool can be estimated,
respectively. In addition, the difference between the proposed estimation method and previous evaluation methods is compar-
atively analyzed. Finally, simulations and experiments are conducted by applying the S-shaped and B-shaped machining trajec-
tories, respectively, and the results all verify the estimation accuracy of the ND-contouring error estimation method. By adoption
of compensation based on the ND-contouring error estimation, the contouring error could be significantly reduced, which will
improve the quality of parts.
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1 Introduction

Multi-axis CNC machine tools have been extensively used to
machine parts with sculptured surfaces in the fields of
machinofacture and aerospace [1]. Due to the dynamic incom-
patibility among different axes, servo lag, nonlinearity, distur-
bance, and other factors [2], the contour accuracy of the ma-
chine tool is unsatisfactory. Many studies have focused on
obtaining better contour tracking performance. Contouring
error reduction methods in multi-axis CNC machining have
been reviewed in reference [3]. The existing methods involve
two major categories: tracking error control for single axis and
contouring error control considering the coupling effect of
each axis on the contour accuracy.

Tracking error control is used to reduce the positioning
error of each axis. Some methods, such as feed-forward track-
ing control (FFTC) [4], feed-forward friction observer (FFFO)
[5], zero phase error tracking control (ZPETC) [6], and sliding
mode control (SMC) [7], are studied to improve the tracking
performance of each axis. Ideally, in the case where the track-
ing error of each axis is zero, there is no contouring error.
However, it is impossible to obtain a perfect contour that is
perfectly consistent with the ideal contour because of the lim-
ited bandwidth. In addition, R. Ramesh [8] has revealed that
small contouring errors can still be obtained, even with signif-
icant tracking errors of each axis. Therefore, the contouring
accuracy improvement should not focus only on the tracking
control of each axis.

To obtain a better contouring accuracy, many researchers
are dedicated to reducing the contouring error directly. In
1980, Koren [9] estimated the contouring error using the lin-
earity of the tracking error of the driver and compensated the
contour control signal of the speed loop of each axis using a
cross-coupled controller (CCC). Since then, the information
of multi-axis is comprehensively used to estimate and control
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the contouring error. Most studies focused on the derivation of
contouring error estimation algorithms because high-precision
contouring error estimation is the prerequisite for improving
the accuracy of the contour. There are two basic directions that
may be followed to estimate the contouring error.

The first way is related to the tracking performance of the
tool tip position; the current actual tool tip position and the
corresponding ideal tool tip position are used to estimate the
contouring error [10, 11]. Chung [12] proposed a method of
tangent approximation to estimate the contouring error. Yang
[13] calculated the contouring error of an arbitrary smooth
path based on coordinate transformation and circular approx-
imation. Lou [14] improved contouring accuracy using natural
local approximation. Liu [15] derived the second-order Taylor
approximation. Unlike the first contouring error estimation
method, which is affected by the tracking performance, the
second effort only needs the position information of the actual
tool tip and ignores the position information of the corre-
sponding ideal tool tip at the current moment [16].

The above contouring error estimation methods in Refs.
[11–16] are directed to two-axis or three-axis machines with-
out rotary axes. As we know, the rotation axis is the important
factor to harm the accuracy of the tool tip position, which has a
nonlinear relationship with the linear movement. After esti-
mating the tool tip contouring error, the tool orientation error
is calculated by using the linear approximation method [17].
Yang [18] obtained the online five-axis contouring error by
calculating the distance from the point to the short line that
represents the ideal tool tip trajectory and further improved to
enhance the estimation accuracy [19]. The Ferguson curve
approximation between discrete points is used to obtain the
tool tip contouring error, and the tool orientation error is cal-
culated by direct interpolation [20].

The ultimate goal of contouring error control is to improve
the quality of part machining. The geometric error is an im-
portant index to evaluate the machining quality of machined
parts. In the ISO/1101 standard, four kinds of geometrical
tolerance are specified, namely, tolerances of form, orienta-
tion, location, and run-out. The form tolerances are not related
to a datum, while the others are related to a datum. The pre-
vious contouring error is defined as the minimum distance
between the actual point and the ideal tool path in a fixed
coordinate system. The previous contouring error evaluation
methods are related to a certain and constant datum and focus
on the reduction of the position error of path to obtain a better
position accuracy of parts. However, to our knowledge, the
form error has not been considered alone to obtain a better
form accuracy of parts.

The form error is an important fundamental quality charac-
teristic to verify that a manufactured part meets the expected
tolerances [21]. On the one hand, parts with form accuracy
requirements have a wide range of applications in the
manufacturing field. For example, in the fields of aerospace,

parts with sculptured surfaces are widely used. For sculptured
surface parts, the main item for evaluating the machining ac-
curacy is the surface profile not related to a datum (ND-sur-
face profile). On the other hand, it takes several processing
steps to process a part from its original state to a finished
product. The technological datum is a benchmark set during
the machining process and can be divided into an assembly
datum, a positioning datum, a measurement datum, and a pro-
cess datum. Generally, in a multistage machining system, the
technological datum is different in serious processing opera-
tions. For example, in the actual machining process, the ma-
chining datum of some parts may be cut off in the next pro-
cess. Therefore, in some processes, we only need to ensure the
form accuracy of the parts.

In this paper, a new estimation method of novel dynamic
(ND)-contouring error is proposed for the machined work-
piece with form error requirements. To distinguish from the
definition of previous contouring error, ND-contouring error
is defined in this paper. A nonlinear mathematical model for
ND-contouring error evaluation is established based on the
minimal zone condition. More precisely, first, tool tip path
matching is used to evaluate the form error so that the actual
tool path of the machining state up to the current time is close
enough to its corresponding ideal tool tip path. Then, the
shortest distance from the current actual tool tip position to
the transformed ideal tool tip path is calculated, which is ex-
actly the evaluation result. Finally, the proposed method is
verified by simulations and experiments.

Unlike previous studies, the purpose of this paper is to
guarantee the accuracy of the form of the tool tip path.
Previous works are mainly dedicated to reducing the
contouring error directly to obtain a better position accuracy
of tool path. In this paper, to obtain better form accuracy of the
tool path, the ND-contouring error is proposed to control the
form error directly. Compared to the novelty of previous work,
that of this paper includes the following:

(1) A high-accuracy estimation algorithm of multi-axis ND-
contouring errors for parts with form tolerance require-
ment is proposed.

(2) The form-matching algorithm and the minimum zone
method are applied in the estimationmethod to guarantee
the accuracy of estimation.

(3) Based on the trajectory-independent information and
universality of the homogenous transfer matrix (HTM)
method, the proposed algorithm is adapted to different
types of the machining trajectory and the machine tool.

The remainder of the paper is organized as follows. The
definition of proposed ND-contouring error and the compari-
son of previous estimation is expounded in Section 2.
Section 3 presents the matching algorithm and the ND-
contouring error model. The simulations and experiments
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are performed in Section 4. Finally, the conclusion is drawn in
Section 5.

2 Advantages of the proposed ND-contouring
error estimation

2.1 Assessment of manufactured sculptured surface
parts

Without loss of generality, sculptured surface parts are used as
our research object. The main item for evaluating the machin-
ing accuracy of complex surfaces is the ND-surface profile,
which describes the difference between the measured actual
surface and the ideal surface.

According to ISO/1101 [22], for the profile tolerance of a
surface not related to a datum, the tolerance zone is limited by
two surface enveloping spheres of diameter 2ξ, the centers of
which are situated on a surface having the theoretically exact
geometrical form. As shown in Fig. 1, the actual surface is
limited by the two surfaces (top deviation surface and bottom
deviation surface in Fig. 1). The central surface formed by the
centers of these spheres is located between the top and bottom
deviation surfaces. The center surface has the same geometri-
cal form as the ideal surface.

There are two key problems in solving the ND-surface
profile error evaluation of sculptured surface parts. One prob-
lem is the registration of the center surface. The other problem
is to find the closest points on the ideal model that correspond
to measured actual points. Many researchers have developed
the free-form surface-matching problem. Least squares meth-
od (LSM) [23] and minimum zone tolerance (MZT) [24] are
the two common methods in the literature, and many optimi-
zation algorithms are proposed to optimize the model to

achieve the optimal matching [21, 25]. LSM is one of the
common methods because it is easy to compute. However,
the LSM cannot guarantee the minimum zone solution spec-
ified in the ISO/1101 standard and ASME_Y14.5.1M-1994
[26]. According to the ASME_Y14.5.1M-1994 (the industry
standard), when assessing the form error of workpiece, the
position of the fitting element should meet the principle of
the minimum conditions; that is, the measured maximum fac-
tor of the actual element is the smallest. This outcome can
result in the overestimation of form tolerances and erroneous
disposal of the workpiece. To improve the estimation accura-
cy, the MZT is used in this paper. The MZT to assess the ND-
surface profile error refers to the minimum distance between
the top deviation surface and bottom deviation surface, which
is essentially a nonlinear optimization problem.

According to the definition of ND-surface profile, three
mathematical models to evaluate the ND-surface profile error
are given as follows:

way1 : min max F U ;Xð Þ½ �−min F U ;Xð Þ½ �f g;
way2 : min max F U ;Xð Þ½ �f g;
way3 : max min F U ;Xð Þ½ �f g;

ð1Þ

where U is the ideal feature parameter set, and X is the actual
feature parameter set. The second way is used to establish the
mathematical model for evaluating the ND-surface profile er-
ror to meet the standard definition of the profile error as re-
ported in ISO/1101.

The measurement surface is represented by a limited num-
ber of measurement points, and eachmeasurement point in the
design surface has a unique corresponding ideal point which is
nearest to the measured actual one. The measurement point
and the ideal point combine the measurement point set and the
theoretical point set, respectively. Obviously, the measure-
ment points and the corresponding ideal points will form point

Top deviation surface

Bottom deviation surface

The actual surface 

Center surface 

The ideal surface 

x
y

z

o

Fig. 1 Surface profile tolerances
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pairs. The matching transformation is obtained by minimizing
the maximum distances of the collective point-to-point.

error Uð Þ ¼ min 2max diji ¼ 1; 2; :::; nð Þ½ � ð2Þ

The target element di, which is the distance from the mea-
suring point to the ideal surface profile, is used to evaluate the
model.

The distance from the measuring point to the surface to be
measured can be expressed as the Euclidean distance between
two points of the point pair.

d p; Sð Þ ¼ p−qk k2 ð3Þ

where p is any point in the set of measurement points, q is any
point in the set of ideal points, and S is the measured surface.

According to the definition of free-form surface profile
tolerance in ASME and ISO/1101, combined with the above
distance function, the measuring point inside the tolerance
zone should satisfy the following formula:

jd p; Sð Þj≤ξ ð4Þ

2.2 Comparison between the proposed
ND-contouring error and previous contouring error

It is obvious that the tool tip position of a machine tool and
the point position of workpiece could be mapped with each
other. Therefore, we transform the improvement of the
workpiece machining quality into the reduction of the form
error of the tool path. In the ISO/1101 standard [22], for the

profile tolerance of a line not related to a datum, the toler-
ance zone is limited by two lines enveloping circles of
diameter 2ξ, the centers of which are situated on a line
(centerline in Fig. 2) having the theoretically the exact
geometrical form. As shown in Fig. 2, the centerline has
the same form as the ideal tool path. The radius of the
circles is ξ, and the form error of the actual tool path is
2ξ. The value of 2ξ is related to the location of the
centerline, and the location of centerline can be represent-
ed by the three translation parameters (δx, δy, δz) and three
rotation parameters (α, β, γ). In Fig. 2, the difference be-
tween previous contouring error and the proposed ND-
contouring error is illustrated. The definition of the pro-

posed ND-contouring error is the minimum distance PaPc
��!

between the actual point Pa and the centerline when the
centerline is under the condition that the value of 2ξ is the

smallest, while the previous contouring error PaPi
��!

is the
minimum distance between the actual point Pa and the
ideal tool path in a fixed coordinate system.

As shown in Fig. 3, an example is given to explain the
definition of the proposed ND-contouring error more
clearly. The processing status up to the current moment
is represented by the curve Pa0Paτ . Note that the actual
tool tip path PaoPaτ and the ideal tool tip path PioPiτ have
the same geometrical form. As mentioned above, previous
studies on the contouring error algorithm focused on
obtaining the high-precision ε value as shown in Fig. 3a,
where ε is the minimum distance between the current
actual point Paτ and the ideal tool tip path in the given
coordinate system. However, when the actual tool tip path
and the “centerline” completely coincide with each other,
the radius ξ of the circles is zero. Thus, the form error of
the actual tool tip path PaoPaτ is zero. Therefore, unlike

Actual tool path

Ideal tool path

aP

Previous contouring error

2 : Form error of actual tool path

Proposed ND-contouring error

X

Y

O

Centerline

iP

:a iP P

cP :a cP P

Fig. 2 The definition of the proposed ND-contouring error
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the conventional method considering the error value as
ε1(ε1 ≠ 0), the proposed ND-contouring error is zero
ε2(ε2 = 0) as shown in Fig. 3b.

According to the above analysis, the contouring er-
rors are estimated differently by the two different
methods. Obtaining a high-accuracy estimation of
contouring error is crucial to improving the machining
accuracy. To show the advantages of the proposed
contouring error, the form error of the compensated tool
tip path based on the two different estimated contouring
errors is compared. Assuming that the estimated error
can be fully compensated in the next process of ma-
chining, the two error estimation methods in Fig. 3 will
form two different compensated actual tool tip paths. As
shown in Fig. 4, the compensated actual tool tip path is
indicated by the solid blue line. It is obvious that the
form error of the actual tool tip path in Fig. 4a is larger
than that in Fig. 4b. This outcome demonstrates that the
previous estimation does not necessarily guarantee
contouring accuracy for the objects with form error re-
quirements. Thus, the ND-contouring error has an ad-
vantage in obtaining a better form accuracy.

3 Estimation algorithm of ND-contouring
error

3.1 Point-set matching for the registration
of free-form tool tip path curves

Based on the ND-surface profile error estimation, the MZT is
used in this paper to evaluate the tool path form error.
According to the definition of the ND-contouring error, the
ideal tool tip path should be matched to the actual tool tip path
to evaluate the ND-contouring error. First, the ideal tool tip
points are densified by NURBS curve interpolation. The ideal
tool tip path C′ is described in NURBS with parameter u,
which is defined by the following form.

C
0
uð Þ ¼

∑
n

j¼0
Qi jw jN j;p uð Þ

∑
n

j¼0
wjN j;p uð Þ

¼ ∑
n

j¼0
Qi jR j;p uð Þ ð5Þ

Rj;p uð Þ ¼ wjN j;p uð Þ
∑
n

k¼0
wkNk;p uð Þ

ð6Þ

(a) Previous contouring error estimation (b) Proposed contouring error estimation

Fig. 3 The different error value of two estimation methods. a Previous contouring error estimation. b Proposed contouring error estimation

(a) Previous contouring error estimation (b) Proposed contouring error estimation

Fig. 4 The different actual tool tip paths of two estimation methods. a Previous contouring error estimation. b Proposed contouring error estimation
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whereQi j represents the set of control points,wj represents the

weight, and Nj, p(u) represents the normalized B-spline basis
function of degree p.

As shown in Fig. 5, δ represents the chord error. δmax rep-
resents the preset chord error tolerance. During the interpola-
tion process, the discrepancy between the interpolated short
line segments and the ideal tool tip path will not exceed the
preset chord error tolerance δmax, which is typically set as 1 or
less than 1 μm [27–29].

In our case, C′ is obtained as a set of ideal tool tip points
Pij(j = 1, ..., n). For each actual point Pa, the corresponding

closest point can be found in set C ′. Assuming Pi j
0

j ¼ 0; :::; nð Þ is the closest point found on the ideal tool tip
path corresponding to actual tool tip point Pa j j ¼ 0; :::; nð Þ,
the distance d Pa j ;C

0� �
between the actual tool tip point Pa j

and the ideal tool tip path C′ is defined by reference to
Section 2.1. By this definition, we have

d Pa j ;C
0

� �
¼ minP0

ik
∈C0

;k∈ 0;:::;mf gd Pa;Pikð Þ

¼ d Pa j ;P
0
i j

� �
P
0
i j
∈C0

; j∈ 0;:::;nf g

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0
i j−xa j

� �2
þ y0

i j−ya j

� �2
þ z0i j−za j

� �2
r

ð7Þ

where d Pa j ;C
0� �

is the Euclidean distance between the two

points Pa j xa j ; ya j
; za j

� �
and P

0
ij x

0
i j ; y

0
i j ; z

0
i j

� �
.

P
0
ij ¼ x

0
i j ; y

0
i j ; z

0
i j

� �
¼ argminP0

ik∈C
0
;k¼0;:::;md Pa;P

0
ik

� �
; j

¼ 0; :::; n ð8Þ

The two objects, actual tool path and ideal tool path, are
represented by a set of 3-D points, which are considered the
samples of a curve. The actual tool tip path is represented by a
limited number of actual tool tip points Pa j j ¼ 0; :::; nð Þ,
which are obtained by sampling, and each actual tool tip point
in the ideal tool tip path has a unique corresponding closest
point.

The matching process is shown in Fig. 6. In the matching
process of the current sampling time τ, the MZT algorithm is
employed. First, the position of the actual tool tip path point
cloud Pa0 ;Pa1 ;⋯;Paτf g and the corresponding closest points
Pi0

0
;Pi1

0
; :::;Piτ

0� �
in the ideal tool tip path are obtained in

workpiece coordinate as shown in Fig. 6a. The location of
the “centerline” in Section 2.2 can be obtained by transferring
the ideal tool tip path. Thus, the point clouds

Pi0
0
;Pi1

0
; :::;Piτ

0� �
are moved to approach the actual

Pa0 ;Pa1 ;⋯;Paτf g by minimizing the maximum distance be-
tween two point clouds to meet the minimum zone solution
specified in ISO/1101 standard. Subsequently, the ideal point

clouds Pi0
0
;Pi1

0
; :::;Piτ

0� �
are rotated and transferred as rigid

body transformation by using rotation matrix R(τ) and transla-
t ion mat r ix T ( τ ) to fur ther approach the ac tua l
Pa0 ;Pa1 ;⋯;Paτf g as shown in Fig. 6b.

Assuming Pt
τð Þ ¼ Pt j

τð Þ ¼ xt j
τð Þ; yt j

τð Þ; zt j
�n

τð ÞÞj j ¼ 1; 2

; :::; τg is the transformed ideal tool tip point set corresponding

to the ideal tool tip point set Pi
τð Þ ¼ Pi0

0
;Pi1

0
; :::;Piτ

0� 	
, we

can get:

Pτ ψ τð Þ
α ;ψ τð Þ

β ;ψ τð Þ
γ ; ξ τð Þ

x ; ξ τð Þ
y ; ξ τð Þ

z

� �
¼ Pi

τð Þ R τð Þ T τð Þ

0 1


 �
ð9Þ

max

Ideal tool tip path

Interpolated short line-segments

x

yO

Fig. 5 Illustration of the line segment approximation

Actual tool tip path

Ideal tool tip path

y

z

x
o

aP

(a) initial postures

Actual tool tip path

Ideal tool tip path

Transformed ideal tool tip path

(b) minimizing the maximum distance

Fig. 6 The matching process of actual tool tip path points to the ideal tool tip path. a Initial postures. b Minimizing the maximum distance
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where ψ τð Þ
α , ψ τð Þ

β , and ψ τð Þ
γ are the rotation angles of the actual

tool tip path along the x, y, and z axes, respectively; andξ τð Þ
x ,

ξ τð Þ
y , and ξ τð Þ

z are the translations in the x, y, and z directions,
respectively.

T τð Þ ¼ ξ τð Þ
x ; ξ τð Þ

y ; ξ τð Þ
z

h iT
ð10Þ

R τð Þ ¼
cosψ τð Þ

β cosψ τð Þ
γ sinψ τð Þ

α sinψ τð Þ
β cosψ τð Þ

γ −cosψ τð Þ
α sinψ τð Þ

γ cosψ τð Þ
α sinψ τð Þ

β cosψ τð Þ
γ þ sinψ τð Þ

α sinψ τð Þ
γ

cosψ τð Þ
β sinψ τð Þ

γ sinψ τð Þ
α sinψ τð Þ

β sinψ τð Þ
γ þ cosψ τð Þ

α cosψ τð Þ
γ cosψ τð Þ

α sinψ τð Þ
β sinψ τð Þ

γ þ sinψ τð Þ
α cosψ τð Þ

γ

−sinψ τð Þ
β sinψ τð Þ

α cosψ τð Þ
β cosψ τð Þ

α cosψ τð Þ
β

2
664

3
775 ð11Þ

The relationship between the ideal tool tip path and the
transformed ideal tip tool path used for comparison is usually
represented by the transformation matrix (M(τ)), which is de-
fined as follows [30].

M τð Þ ψ τð Þ
α ;ψ τð Þ

β ;ψ τð Þ
γ ; ξ τð Þ

x ; ξ τð Þ
y ; ξ τð Þ

z

� �
¼ R τð Þ T τð Þ

0 1


 �
ð12Þ

The objective function is set up using the second method
mentioned in Section 2.1. In other words, the six parameters
relative to the surface pose are optimized by the objective
function.

Min F M τð Þ
� �h i

¼ Min maxj¼0;:::;τ2d j ψ τð Þ
α ;ψ τð Þ

β ;ψ τð Þ
γ ; ξ τð Þ

x ; ξ τð Þ
y ; ξ τð Þ

z

� �h oi
ð13Þ

Based on the evaluation of ND-surface profile, the points
on the actual tool path and the points on the ideal path should
be matched, and the matching transformation is calculated by
minimizing the maximum distances of the collective point-to-
point. The goal of path matching is to make the ideal path
close enough to the actual path. Therefore, at the current time
τ, the objective function F is defined as the maximum distance
between two point clouds:

Min F M τð Þ
� �h i

¼ Min maxj¼0;:::;τ‖Pt j
τð Þ−Pa j‖

n o

¼ Min maxj¼0;:::;τ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xt j τð Þ−xa j

� �2 þ yt j
τð Þ−ya j

� �2
þ zt j τð Þ−za j

� �2r" #( )

ð14Þ

Actual tool tip path

Ideal tool tip path

Transformed ideal tool tip path

( )

tPnP

y

z

x
o

aP

Fig. 7 Calculate ND-contouring
error

Fig. 8 Kinematics structure of the simulation and experiment
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Here, Pt j
τð Þ xt j

τð Þ; yt j
τð Þ; zt j

τð Þ
� �

and Pa j xa j ; ya j
; za j

� �
are

the transformed ideal tool tip points and actual tool tip points,
respectively. The symbols ∗j and ∗(τ) mean the variables ∗ at
time j and τ, respectively. Min[∗] denotes the minimum
function.

Following this, we can obtain the transformation matrix
(M(τ)).

M τð Þ ¼ argMin max
τ

j¼1
‖M τð ÞP τð Þ

t j −Pa j‖

� 
ð15Þ

3.2 Estimation of new contouring error

Once the ideal tool path is located, the ND-contouring error
can be obtained by calculating the minimum distance of the
actual tool tip and the transformed ideal tool tip path. As
shown in Fig. 7, point Pnτ is the closest point to the actual
tool tip Paτ on the transformed ideal tool tip path, and the ND-
contouring error is ε.

The multi-axis contouring error consists of several drive
axis tracking errors based on the structure of the machine tool.

Without the loss of generality, we take the type of five-axis
machine tool with a tilting rotary table (Fig. 8) as an example
for discussion. The forward kinematics describe the tool pose
in the workpiece frame Pi j ;Oi j

� �
j¼0;:::;n as a motion command

f u n c t i o n t o t h e f i v e d r i v e r s o f t h e ma c h i n e
Di j X i j ; Y i j ; Zi j ;Ai j ;Bi j

� �
j¼0;:::;n.

Assuming themachine tool has zero geometric errors, the tool
forming point and the workpiece forming point will completely
overlap. According to the relationship described in Fig. 9,
TbTPT = TbwPw can be obtained. Here, PT = (0 0 − L 1)T are
the coordinates of the tool forming point in the tool coordinate
system, and L is the distance from the tool tip point to the center

of rotation. TbT ¼ ∏
t¼1

t¼n;Ln 8ð Þ¼0
TLt 8ð ÞLt−1 8ð Þ and Tbw ¼ ∏

u¼1

u¼n;Ln 4ð Þ¼0

TLu 4ð ÞLu−1 4ð Þ are the homogenous transformation matrices of the

tool chain and the workpiece chain, respectively.
The coordinates of the workpiece forming point in the

workpiece coordinate system can be written as follows:

Pw ¼ ∏
u¼1

u¼n;Ln 4ð Þ¼0
TLu 4ð ÞLu−1 4ð Þ

" #−1

∏
t¼1

t¼n;Ln 8ð Þ¼0
TLt 8ð ÞLt−1 8ð Þ

" #
⋅PT ð16Þ
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Fig. 9 The coordinate system
structural diagram

Fig. 10 Illustration of the ND-
contouring error estimation
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Ta01 ¼
1 0 0 0
0 1 0 0
0 0 1 Za

0 0 0 1

2
664

3
775; Ta12 ¼

1 0 0 0
0 cosAa −sinAa 0
0 sinAa cosAa 0
0 0 0 1

2
664

3
775; Ta23 ¼

cosBa 0 sinBa 0
0 1 0 0

−sinBa 0 cosBa 0
0 0 0 1

2
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3
775; Ta34 ¼

1 0 0 xaw
0 1 0 yaw
0 0 1 zaw
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2
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3
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Ta05 ¼
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3
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1 0 0 xat
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The ideal input commands for each driver, after the drive
system, are converted to the actual positions of each axis
Daj X a j ; Ya j ; Za j ;Aa j ;Ba j

� �
. Then, the position of an actual

tool point Pa j xa j ; ya j
; za j

� �
in the workpiece coordinate sys-

tem is obtained by homogenous transfer matrix method [18].

Fig. 11 Three possible cases in discrete calculation of contouring error [18]
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O

Ideal tool tip path

Actual tool tip and pose

x

y

z

o

Fig. 12 The definition of tool
orientation contouring errors

Int J Adv Manuf Technol (2019) 101:1403–1421 1411



xa j ¼ X a jcos Ba j

� �þ Lcos Aa j

� �
sin Ba j

� �þ Za jcos Aa j

� �
sin Ba j

� �þ Ya jsin Aa j

� �
sin Ba j

� �
ya j

¼ Ya jcos Aa j

� �
−Lsin Aa j

� �
−Za jsin Aa j

� �
za j ¼ X a jsin Ba j

� �
−Zacos Aa j

� �
cos Ba j

� �
−Ya jcos Aa j

� �
sin Ba j

� �
−Lcos Aa j

� �
cos Ba j

� �
8<
: ð17Þ

According to the definition of the contouring error, the
normal deviation of the actual tool tip position from the ideal
tool tip path is:

ε ¼ εx; εy; εz
� � ¼ Pn−Pa ¼ xn−xa; yn−ya; zn−za½ � ð18Þ

where Pn = [xn, yn, zn] is the nearest point on the transformed
ideal tool tip path.

As shown in Fig. 10, the ND-contouring error is the normal
deviation of the actual tool tip position from the transformed
ideal tool path.

P τð Þ
tτ ¼ M τð Þ ∏

u¼1

u¼n;Ln 4ð Þ¼0
T τð Þ
Lu 4ð ÞLu−1 4ð Þ

" #−1

∏
t¼1

t¼n;Ln 8ð Þ¼0
T τð Þ
Lt 8ð ÞLt−1 8ð Þ

" #
⋅PT ð19Þ

ετ ¼ Paτ−P
τð Þ
nτ ¼ xaτ−xn j

τð Þ; yaτ−yn j

τð Þ; zaτ−zn j
τð Þ

h i
ð20Þ

Fig. 13 Flowchart of the ND-
contouring error estimation
algorithm
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Here, P τð Þ
tτ ¼ M τð ÞP

0
iτ is the current ideal position P

0
iτ on the

transformed ideal tool path in the workpiece coordinate sys-
tem, and Pnτ is the nearest point on the transformed ideal tool
path in the vicinity of the actual point position.

In the process of densifying the sampling ideal tool tip
points by NURBS curve interpolation, the ideal tool path is
transformed by line segments, which have enough accuracy to
represent the original reference tool path. Thus, at the first

step, the nearest position P τð Þ
t j relative to the actual point can

be found using the following formula.

P τð Þ
t j ¼ argmin j¼0;1;:::τ‖P

τð Þ
t j −Paτ ‖ ð21Þ

Then, three cases may occur, and the definitions of
contouring error in each case are shown in Fig. 11.

After the nearest tool tip position Pnτ ¼ xnτ ; ynτ ; znτ
� �T

is
obtained, the tool orientation contour error εOτ is defined as

the angular orientation difference between Oaτ ¼
iaτ ; jaτ ; kaτ
� �

and Onτ ¼ inτ ; jnτ ; knτ
� �

. The definition of tool
orientation contouring errors is shown in Fig. 12.

The ND-contouring error of tool tip and tool orientation is
conducted as follows:

Δτ ¼ ‖ετ‖ ¼ ‖P τð Þ
aτ −Pnτ ‖ ¼ P τð Þ

aτ −Pnτ

� �T
P τð Þ
aτ −Pnτ

� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xa j

τð Þ−xnτ
� �2 þ ya j

τð Þ−ynτ
� �2

þ za j
τð Þ−znτ

� �2r
ð22Þ

ΔOτ ¼ ‖εOτ ‖ ¼ ‖O τð Þ
aτ −Onτ ‖

¼ O τð Þ
aτ −Onτ

� �T
O τð Þ

aτ −Onτ

� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ia j

τð Þ−inτ
� �2 þ ja j

τð Þ− jnτ
� �2

þ ka j
τð Þ−knτ

� �2
r

ð23Þ

Combined with the registration of the free-form tool tip
path in Section 3.1, the integrated flowchart of the ND-
contouring error estimation algorithm is shown in Fig. 13.
The actual tool tip position and tool orientation in the work-
piece frame are calculated from the homogeneous matrix
transformation. The ideal tool tip points are densified by
NURBS curve interpolation. To achieve sufficiently accuracy
to represent the original ideal tool path, the discrepancy

Individual-axis close-
loop control

(Encoder & Grating)

A axis

B axis

Z axis

X axis

Y axis

Servo motion

Servo drive

Secondary 

development 

interface

Motion system NC system PC

Data acquisition

ND-contouring error estimation

NURBS interpolation
5-axis inverse kinematic

S-curve acceleration and deceleration
Read NC program

NURBS interpolation
5-axis inverse kinematic

S-curve acceleration and deceleration

Fig. 14 Virtual five-axis machine
tool used in the experiments

Fig. 15 S test piece
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between the interpolated short line segments and the ideal tool
tip path is limited to the preset chord error tolerance δmax. The
closest points corresponding to each actual tool tip point are
searched from the densified ideal tool tip points.
Subsequently, the actual tool tip points and their correspond-
ing ideal tool tip points are matched, and the matching trans-
formation is calculated byminimizing the maximum distances
of the collective point-to-point. Finally, the ND-contouring
error is estimated by calculating the minimum distance of
the actual tool tip and the transformed ideal tool tip path,
and the tool orientation contour error is estimated by calculat-
ing the difference between the actual tool orientation and the
tool orientation at the nearest tool tip point.

4 Simulation and experiment

4.1 Verification of the contouring error estimation
accuracy

The proposed five-axis ND-contouring error estimation meth-
od is verified on a five-axis experimental platform with the

HNC control system (Fig. 14). Each axis has independent
closed-loop control through the encoder and grating ruler.
Although the platform is different from the real five-axis ma-
chine tool, the platform does not influence the verification of
the proposed ND-contouring error estimation algorithm.
Three translational movements are achieved by using a ball
screw, while the two rotary axes are not assembled to the
machine body. The platform does not affect the verification
of the proposed contour error estimation algorithm, although
the experiment platform in the study is slightly different to a
real five-axis machine because the ND-contouring error cal-
culation is essentially a geometric issue [18]. In addition, as
we know, for a real five-axis machine tool, there are many
factors that can cause position errors for the tool tip point,
such as the contouring error, the quasi-static geometric error,
and the dynamic geometric error [31]. It is difficult to know
how much tool tip error of a real five-axis machine tool is
affected by the contouring error. Thus, it is reasonable to ver-
ify the accuracy of the proposed estimation algorithm using
this experimental platform.

In the experiment, the NC program is input to the CNC
system via the USB interface. The S-curve acceleration and
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Fig. 16 The tool orientation paths of a S-path and b B-path in the sphere coordinate

0 500 1000 1500 2000 2500

Points

0

0.05

0.1

0.15

0.2

0.25
Actual position - transformed ideal position

N
D

-
r

orre
g

ni
r

u
ot

n
oc

: 
m

m

(a) S-path

0 500 1000 1500 2000 2500 3000 3500 4000 4500

Points

0

0.05

0.1

0.15

Actual position transformed ideal position

N
D

-
r

orre
g

ni
r

u
ot

n
oc

: 
m

m

(b) B-path

Fig. 17 Experimental results of the tool tip position ND-contouring error for the a S-path and b B-path
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(a) S-path (b) B-path

Fig. 18 The estimated tool tip position splines and their discrepancy with the ideal positions for the a S-path and b B-path
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Fig. 19 Servo system block
diagram

Fig. 20 Servo system of the
translation axis
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deceleration method is applied in the drive control. The max-
imum velocity constraint is 250 mm/s, and the maximum ac-
celeration is ± 500 mm/s2 for each axis. During the operation
of the experimental platform, we collected the data in real time
through the secondary development interface provided by
Wuhan Huazhong Numerical Control Co., Ltd. (HNC). The
data collected include actual positions and command positions
of five drivers, and the actual positions are fed back by the
grating ruler. The collected actual position and command po-
sition of five drives are defined in the machine coordinate
system. The tool actual position Pa and the ideal position Pi
in the workpiece frame are obtained by the HTM method and
are then used in the proposed contouring error estimation
algorithm.

Two representative trajectories are adopted to verify the
proposed ND-contouring error estimation method. The first
trajectory is the five-axis S tool path (S-path) [32]. The S-
path is generated by the S test piece (ISO 10791-7) as shown

in Fig. 15. The S test piece has obvious advantages to reflect
the dynamic error such as servo mismatch, nonlinear error,
reverse error, and poor rigidity of machine tools. The S test
piece is used to identify the performance of a five-axis ma-
chine tool [33, 34].

The second trajectory is the five-axis butterfly-shaped tool
path (B-path). The B-path used in this paper is obtained by
making some adjustments to the butterfly-shaped trajectory in
the reference [35]. The butterfly-shaped trajectory has various
changes of curvature. The trajectory in the reference [35] is
tilted 10° so that it becomes a three-dimensional tool tip path.
For the tool orientation, the motion relational expression of the
rotary axis A and B is as follows:

A ¼ π
9
sin ωtð Þ

B ¼ π
9
sin ωt þ π

2

� �
¼ π

9
cos ωtð Þ

ωT ¼ 2π

8>><
>>: ð24Þ

Fig. 21 Servo system for the
rotation axis

Table 1 Physical meaning of
symbols Symbol Physical meaning Symbol Physical meaning

Jm Moment of inertia of the motor θm Angular displacement of the motor

Cm Damping coefficient of the motor Rg Gear ratio

Tg Output torque of gear transmission Cig Damping coefficient of between motor and
gear transmission

fm Friction torque of the motor Tm Output torque of the motor

Jw Moment of inertia of worm gear θw Angular displacement of worm gear

Cw Damping coefficient of worm gear Rw Worm gear ratio

Ciw Damping coefficient between the
workbench and worm gear

Jt Moment of inertia of workbench

θt Angular displacement of workbench Ct Damping coefficient of workbench

ft Friction torque of workbench Tw Output torque of workbench
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where T is the total time of the tool movement, and t ∈ [0,
T].The tool orientation paths of S-path and B-path in sphere
coordinate are shown in Fig. 16.

The ND-contouring errors of the five-axis S-path and B-
path are shown in Fig. 17. As the ND-contouring error in this
paper is not related to a datum, the way to verify the efficiency
of contouring error estimation in reference [18] that compared
the estimated and actual contouring error is not applicable
here. To test and verify the accuracy of the proposed five-

axis contouring error estimation algorithm, an estimation tool
tip position spline is obtained by adding the real-time estimat-
ed contouring error vector to the corresponding actual tool tip
position. The estimated tool tip position spline can reflect the
information of the estimated ND-contouring error. The object
in this study is the form error of tool tip position spline, and the
form error between the estimated and ideal tool tip position
splines can reflect the accuracy of the estimation algorithm.
The difference between the estimation trajectory and the ideal

(a) Position response of each axis (b) Tracking error of each axis

Fig. 22 a Position response and b
tracking error of each axis
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trajectory is negligibly small (Fig. 18), and their discrepancy is
a few thousandths of the corresponding ND-contouring error.
The distribution of the discrepancy values is shown in the
chromatogram, and the size of the values is represented by
different colors. The experimental results show that the dis-
crepancy between the estimated and actual paths for S-path
and B-path curve is less than 1 μm and 0.4 μm, respectively.
The estimation accuracy of the proposed method is within an
acceptable range of five-axis CNC machining.

4.2 Verification of the effectiveness of compensation
based on the proposed ND-contouring error
estimation

Since the ND-contouring errors have been estimated with high
accuracy, ND-contouring error is controlled to verify the ef-
fectiveness of the proposed estimation method. The motion

system model of each axis for a five-axis machine tool is first
established. The translational and rotary axes have similar
control systems [32] as shown in Fig. 19. By incorporating
servo control links and mechanical transmission links, the
whole virtual motion systems of the rotary axis and transla-
tional axis are established as displayed in Fig. 20 and Fig. 21,
respectively (Table 1).

The virtual motion system and the real motion system are
given the same command position. The actual positions of the
five virtual feed drives are obtained by simulation. The actual
positions of the real five-axis experimental platform are ob-
tained by measurement. The command position, the actual
position of simulation, and the measurement of each axis are
shown in Fig. 22. The tracking errors of virtual motion system
and the real motion system are placed in the same graph for
easier comparison. It can be seen that the results of the virtual
kinematic responses are close to those of the actual response.

Fig. 23 Control structure of five-
axis contouring error. xi, yi, zi, Ai,
Bi: Ideal commands of x, y, z, A,
and B axes. xa, ya, za, Aa, Ba:
Actual outputs of x, y, z, A, and B
axes. xc, yc, zc, Ac, Bc:
Compensated commands of x, y,
z, A, and B axes
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In the experiment of ND-contouring error control, it is reason-
able to use the virtual motion system instead of the experi-
mental platform for experiments.

The estimated five-axis ND-contouring error is controlled
by the position loop of each drive axis [36] as shown in
Fig. 23. According to the proposed ND-contouring error esti-
mation algorithm, the nearest tool tip position and tool

orientation are obtained. The nearest tool tip position and tool
orientation are transformed to the position of each axis by
inverse kinematic transformation. Then, the estimated ND-
contouring error components on each drive are compensated
to the position commands of the corresponding drive. The
ND-contouring error during five-axis following of the S-path
and B-path are resimulated. As illustrated in Fig. 24 and

Fig. 24 Simulation results of tool tip position contouring error for the S-path

Fig. 25 Simulation results of tool tip position contouring error for the B-path
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Fig. 25, the ND-contouring errors of the S-path and B-path are
both significantly reduced compared with the original ND-
contouring error. Specifically, as presented in Table 2, the
MAX and RMS values of the S-path are reduced by 62.03%
and 61.07%, respectively. The MAX and RMS values of the
B-path are reduced by 80.96% and 82.47%, respectively.
Hence, the proposed ND-contouring error estimation algo-
rithm can be effectively adopted for ND-contouring error con-
trol to improve the five-axis CNC machine tool machining
accuracy.

5 Conclusions

Contouring error is a critical concern that affects the machin-
ing accuracy of high-performance parts with complex curved
surfaces. The estimation accuracy of contouring error will also
impact the error compensation effect of a machine tool, which
will ultimately affect the quality of parts. Previously presented
contouring error estimation methods focus on the reduction of
the position error of the path to obtain better position accuracy
of parts. Unlike previous estimation methods, this paper pre-
sents an ND-contouring error estimation algorithm focusing
on the form error requirements. The ideal tool tip path has
been transformed to match the actual one using the MZT
method, and the ND-contouring error and orientation
contouring error of a tool were estimated based on the trans-
formed ideal tool path. Compared with previous contouring
error, the proposed ND-contouring error obtains better form
accuracy. The extensive simulation and experimental results
demonstrate that the proposed multi-axis ND-contouring error
estimation method is effective and accurate.
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