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Abstract
A significant size effect will occur on the tool part of micro-end mill due to its small diameter, which means the internal structure
of the tool part material will affect the mechanical properties of the tool part. In view of this, a comprehensive method considering
size effect is proposed in this paper to predict both the static and dynamic behaviors of micro-end mill more accurately. Based on
the strain gradient elasticity theory (SGET) and Hamilton’s principle, dynamic model of micro-end mill tool is presented, in
which the Timoshenko beam model (TBM) considering the shear deformations and rotary inertia effects is employed. Based on
the presented model, the static and dynamic behaviors of micro-end mill is obtained utilizing the finite element method (FEM).
The influences of size effect onmicro-end mill are investigated in detail by contrasting the static and dynamic behaviors of micro-
end mill with different tool diameters and different length-to-diameter ratios, respectively. In order to verify the accuracy and
efficiency of the presented method, an improved experiment is performed in this paper.
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Nomenclature
A Area of cross-section
E Young’s modulus
I Inertia moment of micro-end mill
Ke Element stiffness matrix
L Total length of micro-end mill
Lt Tool length of micro-end mill
M Boundary classical moments
Me Element mass matrix

Mh Boundary higher-order moments
Qh Boundary higher-order force
T Kinetic energy
U Strain energy
V Boundary shear force
W Work done by external force
ds Shank diameter of micro-end mill
dt Tool diameter of micro-end mill
k Bulk modulus
k1, k2, k3, k4, k5,
k6

Coefficients

ks Shear coefficient
l0, l1, l2 Material length-scale parameters
pi, τijk

(1), mij
s Higher-order stresses tensors

q Distributed lateral force
w Transverse displacement
β Shear angle
γ Taper angle of micro-end mill
γi Dilatation gradient tensor
εij Strain tensor
ηijk

(1) Deviatoric stretch gradient tensor
μ Shear modulus
v Poisson’s ratio
ρ Density
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σij Stress tensor
φ Rotation angle
χij

s Symmetric part of the rotation gradient
tensor

1 Introduction

Micro-parts with small size and high precision are increasing-
ly playing a significant role in industries such as aerospace,
biomedicine, electronics, information technology, and others
[1, 2]. Micro-milling technology is one of the most versatile
methods for manufacturing micro-parts due to its unique ad-
vantages of excellent three-dimensional machining capability,
high machining accuracy, and variable processing materials
[3, 4]. In order to achieve higher machining accuracy, the
micro-end mill selected in micro-milling becomes smaller
and smaller, and at present, the micro-end mill with tool di-
ameter of 10 μm has been commercialized. Due to poor rigid-
ity, micro-end mill has severe deflection and vibration than
traditional end mill, which will affect the micro-milling force
and machined surface quality [5, 6]. In order to satisfy the
high-quality and high precision requirements of micro-parts,
it is crucial to predict and control the vibration of the micro-
end mill.

A number of researches have been done with regard to
micro-end mill, and many micro-end mill models have been
presented in recent years. Mustpha and Zhong [7] derived the
governing equations of shank, taper, and flute of micro-end
mill, respectively, and solved these sets of equations through
spectral finite element method. Filiz [8] presented a three-
dimensional model for micro-end mill considering the com-
plex structure of fluted section and researched the effect of
tool structure parameters on the natural frequencies based on
the three-dimensional model. Yılmaz [9] presented an analyt-
ical model to determine the frequency response functions in
tool point of micro-end mill using inverse stability analysis.
Rodrigues [10] developed a tool deflection model based on
the elasticity of materials theory and found that the effect of
tool deflection will decrease the micro-milling force magni-
tude. Duncan et al. [11] presented an improved receptance
coupling substructure analysis model for micro-end mill to
predict the dynamic response of tool point. The research on
the model and response of micro-end mill with tool diameter
above 500 μm is quite mature. However, the research on
micro-end mill with tool diameter less than 500 μm is rare.

In order to research the milling tool handily, the end mill is
commonly assumed as a Euler-Bernoulli beammodel (EBM).
For example, Mijušković et al. [12] researched the tool deflec-
tion by building a static tool deflection analytical model based
on Euler-Bernoulli beam model. Li et al. [13] researched the
influence of geometrical features on tool static rigidity by
assuming the end mill as Euler-Bernoulli beam. However,

on account of the stubby nature of micro-end mill and high
rotational speed in milling process, shear deformations and
rotary inertia cannot be neglected and the Euler-Bernoulli
beam model becomes less accurate. Therefore, the
Timoshenko beam model (TBM) begins to be used to substi-
tute Euler-Bernoulli beam model. Filiz et al. [14, 15] present-
ed an analytical model of micro-end mill using Timoshenko
beam model to research its dynamic characteristics, and the
model was validated by experiment. Jun et al. [16] investigat-
ed the dynamic characteristics of micro-end mill using
Timoshenko beam model by approximating the cross section
of the fluted region to be circular.

The previous studies believe that the only difference be-
tween the micro-end mill and the macro-end mill is just the
difference of size, so that all the studies research the micro-end
mill based on the classical theory (CT). However, with the
reduction of the tool diameter of micro-end mill, the internal
structure of the material will affect the mechanical properties
of the tool part of micro-end mill, and many new varieties
such as kinetic and mechanic characteristics will occur, which
is called size effect [17, 18]. Because of the lack of intrinsic
length scale, the classical continuum theory fails to predict
such size-dependent phenomenon [19]. During the past sev-
eral years, some new high-order continuum theories have been
developed and employed. Mindlin et al. [20] proposed the
couple stress theory (CST) in which the function of strain
energy considered strain tensor and rotation gradient tensor.
For isotropic linear elastic material, the constitutive equation
contains two material length-scale parameters in addition to
the two elastic parameters, elastic modulus and Poisson’s ra-
tio. Due to the difficulties in determining the material length-
scale parameters, Yang et al. [21] modified the couple stress
theory in which a new additional equilibrium condition, mo-
ment of couple, based on the classical couple stress theory was
introduced to govern the behavior of higher-order stresses and
the equilibrium of force couple. In the modified couple stress
theory (MCST), only one material length-scale parameter is
contained in the constitutive equation. Although the couple
stress theory contains material length-scale parameters de-
scribing the size effect, other tensors like strain gradient tensor
are neglected. In order to perfect the high-order continuum
theory, Mindlin et al. [22] proposed a strain gradient elasticity
theory (SGET) in which the strain tensor, rotation gradient
tensor, and stretch gradient tensor were considered in the func-
tion of strain energy. And the material length-scale parameters
in strain gradient elasticity theory are three times more than
the classical couple stress theory. Based on the strain gradient
elasticity theory, Lam et al. [23] introduced a new equilibrium
condition, moment of couple, to govern the behavior of
higher-order stresses. In this theory, the strain energy is asso-
ciated with the strain tensor, rotation gradient tensor, stretch
gradient tensor, and dilatation gradient tensor, and the consti-
tutive equation only contains three length-scale parameters. In
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micro-milling process, the micro-end mill is assumed to be
flexible relative to the rigid workpiece in most cases due to
the size of the workpiece being usually larger than that of the
micro-end mill [24]. As a consequence, the vibration ampli-
tudes of micro-end mill are regarded as dominant factors af-
fecting the surface roughness [25]. The research on the deflec-
tion and response of micro-end mill under the influence of size
effect is crucial to improving the machined surface quality.

This paper presents a comprehensive method to re-
search the static and dynamic problems of micro-end mill
and study the influences of size effect on static deflection
and vibration of micro-end mill. To begin with, the dy-
namic model (governing equations and boundary condi-
tions) of micro-end mill is derived based on SGET and
Hamilton’s principle. Considering the shear deformations
and rotary inertia effects, TBM is used in the derivation.
Then the static deflection, modal characteristic, and dy-
namic response are obtained based on the finite element
method. Meanwhile, the experiments are conducted to
verify the accuracy and efficiency of the presented meth-
od. The conclusions are given in the end.

2 Model of micro-end mill

In general, the structure of micro-end mill can be divided into
three parts, namely, shank, taper, and tool. As shown in Fig. 1,
the geometric parameters of micro-end mill include total
length (L), shank diameter (ds), taper angle (γ), tool diameter
(dt), and tool length (Lt). Due to the existence of micro-flute in
tool part, it is difficult to establish the dynamic model of the
tool part of micro-end mill directly. Based on the equivalent
method, the tool part is assumed to be a uniform beam which
diameter is reduced to 68% [26].

In order to consider the size effect in micro-end mill model,
the SGET is used to replace the CT. In strain gradient elastic
theory, the strain energy of micro-end mill is associated with
the dilatation gradient tensor (γi), the deviatoric stretch gradient
tensor (ηijk

(1)), the symmetric part of the rotation gradient tensor
(χij

s), and the higher-order stresses (pi, τijk
(1), and mij

s) besides
the strain tensor (εij) and the classical stress tensor (σij) [23].

U ¼ ∭Ω σijεij þ piγi þ τ 1ð Þ
ijk η

1ð Þ
ijk þ ms

ijχ
s
ij

� �
dV ð1Þ

Fig. 1 Model of micro-end mill
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where the expression of εij, γi, ηijk
(1), χij

s, σij, pi, τijk
(1), and mij

s

are given in Appendix 1.
Based on the TBM considering the shear deformations and

rotary inertia effects, the strain energyU of the micro-end mill
can be determined. The detailed derivation process is shown
in Appendix 2.

U ¼ 1

2
∫L0

k1 þ k3ð Þφ″2 þ I xð Þ k þ 4

3
μ

� �
þ k2

� �
φ

02

þk4 −w″ þ 2φ
0

� �2
þ k5 w″ þ φ

0
� �2

þ k6 w
0
−φ

� �2
2
64

3
75dx ð2Þ

where,

k1 ¼ 2μl20I ; k2 ¼ 2μAl20; k3 ¼
4

5
μl21I ; k4 ¼

8

15
μAl21; k5

¼ 1

4
μAl22; k6 ¼ ksμA ð3Þ

here, l0, l1, and l2 are the material length-scale parameters
which associated with size effect, ks is the shear coefficient, A
is the area of cross-section, and I is the inertia moment of
micro-end mill. It should be noted that A and I are functions
of length (x).

The kinetic energy can be given by [27].

T ¼ 1

2
∫L0 ρIφ˙

2 þ ρAw˙
2

� �
dx ð4Þ

Additionally, the work done by distributed lateral force (q)
along the x-axis, the boundary shear force (V), the boundary
higher-order force (Qh), the boundary classical moments (M),

and the boundary higher-order moments (Mh) can be
expressed as [28].

δW ¼ ∫L0qδwdxþ Vδw L
0 þ Qhδφ
�� ��L

0
þMδw

0 L
0 þM hδφ

0�� ��L
0

ð5Þ

According to Hamilton’s principle [29], the governing
equations of micro-end mill are derived as follows:

k4 þ k5ð Þw 4ð Þ þ −2k4 þ k5ð Þφ‴−k6 w″−φ
0

� �
þ ρA€w ¼ q

k1 þ k3ð Þφ 4ð Þ− −2k4 þ k5ð Þw‴− EI þ k2 þ 4k4 þ k5ð Þφ″−k6 w
0
−φ

� �
þ ρI €φ ¼ 0

ð6Þ

From Eq. (6), it can be found that the micro-end mill model
derived based on the SGET contains three material length-
scale parameters (l0, l1, and l2) that can reflect the size effect.
It should be noted that the governing equations will degener-
ate to those derived based on theMCSTwhen the twomaterial
length-scale parameters l0 and l1 are equal to zero. Further, the
governing equations will degenerate to those derived based on
the CT when the other material length-scale parameter l2 is
also equal to zero. Furthermore, when the shear deformations
are neglected, the governing equations will degenerate to
those based on the EBM.

In order to solve the governing equations of micro-end
mill, the finite element method (FEM) is utilized. Now, a
two-node Timoshenko beam element is assumed and two de-
grees of freedom (lateral deflection and rotation angle of
cross-section) are assigned to each node. According to
weighted-residual method, the final weak form of Eq. (6) over
an element (xa, xb) can be expressed as

0 ¼ ∫xbxa
k4 þ k5ð Þ d

2v1
dx2

d2w
dx2

þ −2k4 þ k5ð Þ d
2v1
dx2

dφ
dx

þk6
dv1
dx

dw
dx

−k6
dv1
dx

φþ v1ρA
d2w
dt2

−v1q

2
664

3
775dx

−v
0
1 xað ÞQ1−v1 xað ÞQ3−v

0
1 xbð ÞQ5−v1 xbð ÞQ7

0 ¼ ∫xbxa
k1 þ k3ð Þ d

2v2
dx2

d2φ

dx2
þ −2k4 þ k5ð Þ dv2

dx
d2w
dx2

þ v2ρI
d2φ

dt2

þ EI þ k2 þ 4k4 þ k5ð Þ dv2
dx

dφ

dx
−k6v2

dw
dx

−φ
� �

2
664

3
775dx

−v2 xað ÞQ2−v
0
2 xað ÞQ4−v2 xbð ÞQ6−v

0
2 xbð ÞQ8

ð7Þ

where Qi (i = 1,2,… ,8) is shown in Appendix 3.
Now, assuming that w and φ is interpolated by the follow-

ing forms [30].

w x; tsð Þ ¼ ∑
m

j¼1
we

j tsð Þψ 1ð Þ
j xð Þ;φ x; tsð Þ ¼ ∑

n

j¼1
φe

j tsð Þψ 2ð Þ
j xð Þ ð8Þ

and substituting v1 ¼ ψ 1ð Þ
i xð Þ and v2 ¼ ψ 2ð Þ

i xð Þ and Eq. (8)
into Eq. (7), the element stiffness matrixKe and element mass
matrix Me are obtained, and they are shown as follows.

Fig. 2 Pseudocode of the proposed method
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Different with the classical theory, the element stiffness matrix
is not only related to stress tensor but also to the dilatation
gradient tensor, the deviatoric stretch gradient tensor, and the
symmetric part of the rotation gradient tensor. When the size
effect is neglected,Kd, Ks, and Kr in Eq. (9) are equal to zero
and the stiffness of micro-end mill is the same with the stiff-
ness derived based on the classical theory. As a result, the
stiffness of micro-end mill will increase when size effect is
considered.

Ke ¼ Kc þKd þKs þKr ¼ Kc11 Kc12

Kc21 Kc22

� �
þ Kd11 Kd12

Kd21 Kd22

� �

þ Ks11 Ks12

Ks21 Ks22

� �
þ Kr11 Kr12

Kr21 Kr22

� � ð9Þ

Me ¼ M11 M12

M21 M22

� ��
Fe ¼ F1

F2

� �
ð10Þ

where,

Kc11
ij ¼ ∫xbxa k6

dψ 1ð Þ
i

dx

dψ 1ð Þ
j

dx
dx;

Kc22
ij ¼ ∫xbxa EI

dψ 2ð Þ
i

dx

dψ 2ð Þ
j

dx
þ k6ψ

2ð Þ
i ψ 2ð Þ

j

 !
dx

Kc12
ij ¼ ∫xbxa −k6

dψ 1ð Þ
i

dx
ψ 2ð Þ

j

 !
dx ¼ Kc21

ij

Kd22
ij ¼ ∫xbxa k1

d2ψ 2ð Þ
i

dx2
d2ψ 2ð Þ

j

dx2
þ k2

dψ 2ð Þ
i

dx

dψ 2ð Þ
j

dx

 !
dx

Ks11
ij ¼ ∫xbxak4

d2ψ 1ð Þ
i

dx2
d2ψ 1ð Þ

j

dx2
dx;

Ks22
ij ¼ ∫xbxa k3

d2ψ 2ð Þ
i

dx2
d2ψ 2ð Þ

j

dx2
þ 4k4

dψ 2ð Þ
i

dx

dψ 2ð Þ
j

dx

 !
dx

Ks12
ij ¼ ∫xbxa −2k4ð Þ d

2ψ 1ð Þ
i

dx2
dψ 2ð Þ

j

dx

 !
dx ¼ Ks21

ij

Kr11
ij ¼ ∫xbxak5

d2ψ 1ð Þ
i

dx2
d2ψ 1ð Þ

j

dx2
dx;Kr22

ij ¼ ∫xbxa k5
dψ 2ð Þ

i

dx

dψ 2ð Þ
j

dx

 !
dx

Kr12
ij ¼ ∫xbxak5

d2ψ 1ð Þ
i

dx2
dψ 2ð Þ

j

dx
dx ¼ Kr21

ij

M 11
ij ¼ ∫xbxa ρAψ 1ð Þ

i ψ 1ð Þ
j

� �
dx;M 22

ij ¼ ∫xbxa ρIψ 2ð Þ
i ψ 2ð Þ

j

� �
dx

F1
i ¼ ∫xbxaqψ

1ð Þ
i dxþ Q2i−1; F

2
i ¼ Q2i

ð11Þ

In order to overcome the shear-locking phenomenon,
the Lagrange interpolation functions of ψi

(1) and ψi
(2) are

selected as cubic polynomial and quadratic polynomial,
respectively. Then the stiffness matrix and mass matrix
of each unit are assembled to obtain the overall stiffness
matrix and mass matrix. Since most finite element soft-
ware is based on traditional continuum theory, it cannot
be used to solve the size-dependent static and dynamic
behaviors of micro-end mill. In this paper, the size-
dependent static and dynamic behaviors of micro-end mill
are obtained with the help of MATLAB software. The
number of beam element in the shank part, taper part,
and tool part is 500, 500, and 200, respectively, and the
pseudocode of the proposed method is shown in Fig. 2.

3 Result analysis and discussion

3.1 Static deflection of micro-end mill

In micro-milling process, the shank of micro-end mill is
fixed on the spindle of micro-milling machine while the
tool part is free. Hence, the micro-end-mil is assumed as a
cantilever Timoshenko beam. In order to study simply, the
micro-milling force is equivalent to a concentrated con-
stant force acting on the tool tip to research the deflection
of micro-end mill in some cases. Therefore, the displace-
ment of the micro-end mill is only a function of the length
(x), independent of the time (t). Under the action of
micro-milling force (F), the static deflection of micro-
end mill can be obtained through {u} = K−1F.

In order to reveal the static deflection characteristics of
micro-end mill, some numerical results are obtained and
shown in Figs. 3 and 4 and Table 2. The geometric prop-
erties of micro-end mill selected in this section are shown
in Table 1. And the material of micro-end mill is tungsten
carbide of which density (ρ) = 14,900 kg/m3, Young’s
modulus (E) = 630 GPa, Poisson’s ratio (v) = 0.22, and
shear coefficient (ks) = 0.9. At present, the material
length-scale parameters of many metals have been evalu-
ated by experiment or derivation. Voyiadjis et al. [31]
obtained the value of material length-scale parameters
for cold-rolled 1018 steel and oxygen-free high-conduc-
tivity copper which were 13 and 1.5 μm, respectively,
based on experimental observations. Song et al. [32] ob-
tained the material length-scale parameters of face-
centered cubic metals (Cu, Al, Ni, Ag, Au, Pt, and Pd)
that ranged from 0.5 to 3 μm. However, the value of
material length-scale parameters for tungsten carbide has
not been reported. Without loss of generality, assume the
material length-scale parameter l0 = l1 = l2 = 10 μm for
tungsten carbide here.
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Since the micro-milling force is about 0.5 N in micro-
milling process [24], in order to match the actual situation,
the concentrated constant force (F) = 0.5 N is selected.

Figure 3 shows the static deflection results of micro-
end mill calculated based on the SGET, the MCST, and
the CT, respectively. The horizontal axis in Fig. 3 means
the length coordinate value of micro-end mill, and the
selected Cartesian coordinate system is shown in Fig.
1b. In Fig. 3, solid line, long dashed line, and dashed
line represent the deflections calculated based on SGET,
MCST, and CT when the micro-end mill is taken to be a
TBM, respectively. Meanwhile, dotted line, double

dashed-dotted line, and dashed-dotted line represent the
deflections calculated based on SGET, MCST, and CT
when the micro-end mill is taken to be a EBM, respec-
tively. It can be obviously found that the deflection of
micro-end mill mainly occurred in the tool part because
of the small tool diameter. For instance, the deflection of
the tool part contributes 90% to the total deflection based
on the new model when the tool diameter equals to 1 μm
and tool length equals to 10 μm. And with the increase
of tool diameter, the deflection of tool part decreases.
This phenomenon is the same as the research proceeded
by Goran [12]. From Fig. 3c and Table 2, it can be found

Fig. 3 Deflections of micro-end
mills with different geometries
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that the maximum deflection of micro-end mill predicted
by CT is about four times than that predicted by MCST
and seven times than that predicted by SGET when the
micro-end mill is taken to be a TBM. This is because the
MCST considers the effect of rotation gradient tensor
which can increase the stiffness of micro-end mill in ad-
dition to the strain tensor considered in classical theory.
And relative to the MCST, the effect of stretch gradient
tensor and dilatation gradient tensor are also taken into
account in the SGET. When the micro-end mill is
modeled as an EBM, the maximum deflection of micro-
end mill is smaller than that when the micro-end mill is
modeled as a TBM due to the shear effect being ignored
in EBM. The influence of size effect on micro-end mill
deflection using EBM is the same as when using TBM.

By contrasting Fig. 3a with Fig. 3c, the phenomenon can be
found that the difference among deflections observed by dif-
ferent theories diminishes with the increase of tool diameter.
For example, as shown in Table 2, when the tool diameter is
equal to 20 μm, the maximum deflection predicted by the CT
is only about 1.2 times than that predicted by the MCST and
only 1.5 times than that predicted by the SGET when the
micro-end mill is taken to be a TBM. It follows that the size

effect is significant only when the tool diameter is comparable
with the material length parameter.

In order to research the effect of length-to-diameter
ratio of tool part on the deflection in detail, the deflections
of micro-end mills with different length-to-diameter ratios
and different tool diameters are obtained, and the relation-
ships between the relative deflections (R) and the length-
to-diameter ratios of tool part are shown in Fig. 4. R
denotes the ratio of maximum deflections of micro-end
mill obtained by SGET and that obtained by CT. It can
be found from Fig. 4a that R decreases gradually with the
increase of the length-to-diameter ratio when the micro-
end mill is modeled as a TBM. And the phenomenon also
appears when the micro-end mill is modeled as an EBM.
It can be concluded that with the increase of the length-to-
diameter ratio, the size effect becomes more obvious.
With the increase of the length-to-diameter ratio, the pro-
portion of tool part in the micro-end mill increases. As a
consequence, the influence of size effect on deflections is
more obvious with the increase in the length-to-diameter
ratio. It also can be found that R increases with the in-
crease of tool diameter, that is, the influence of size effect
on deflections becomes more obvious with the decrease of
the tool diameter.

3.2 Vibration of micro-end millFig. 4 Relative deflections of micro-end mill
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The modal characteristics of micro-end mill influence the sta-
bility of micro-milling. The research on modal characteristics
contributes in the selection of the machining parameters rea-
sonably to obtain the required surface quality. The natural
frequency of micro-end mill can be obtained by ω = (K/M)1/2.

In order to research the influence of size effect on modal
characteristics of micro-end mill, the first three natural fre-
quencies and the corresponding mode shapes are calculated,
as shown in Table 3 and Fig. 5. The geometric properties of
micro-end mill selected in this research are shown in Table 1
except tool diameter and tool length.

From Table 3, it can be found that the natural frequen-
cies predicted by SGET and MCST are larger than that
predicted by CT when the tool diameter is less than
10 μm. This means that the micro-end mill stiffness in-
creases when the size effect is considered. It also can be
found that the size effect becomes obvious with the de-
crease of tool diameter and the increase of length-to-
diameter ratio of the tool. This is because the ratio of tool
part to the micro-end mill increases when the length-to-
diameter ratio of the tool increases. Although the size
effect has little effect on the natural frequency of the
micro-milling tool, it has a great influence on the mode
shapes, as shown in Fig. 5. Figure 5 shows the first three-



order mode shapes of micro-end mill in different cases.
The special shape of the micro-end mill with thick shank
and thin tool resulted in a large change in the mode shape,
unlike the conventional uniform cantilever beam. When
the size effect is considered, the vibration amplitude of
the tool part decreases obviously. And the size effect phe-
nomenon is more obvious with the increase of the length-
to-diameter ratio.

In an actual micro-milling process, the micro-milling force
changes with time due to the micro-milling system vibration,
tool runout, and so on. To obtain the dynamic response of
micro-end mill, Newmark scheme is utilized [33]. The con-
densed equation of the time-marching scheme for this case
takes the form

a3 M½ �sþ1 þ K½ �sþ1

	 

uf gsþ1

¼ a3 uf gs þ a4 u˙
� �

s þ a5 €uf gs
� �

M½ �sþ1 þ Ff gsþ1 ð12Þ

where

a3 ¼ 1

β Δtð Þ2 ; a4 ¼ a3Δt; a5 ¼ 1

2β
−1; a6 ¼ α

βΔt
;

a7 ¼ α
β
−1; a8 ¼ α

2β
−1

� �
Δt

ð13Þ

At the end of each time step, the new velocity vector and
acceleration vector are computed using

€usþ1 ¼ a3 usþ1−usð Þ−a4u˙ s−a5€us ð14Þ
u˙ sþ1 ¼ u˙ s þ a2€us þ a1€usþ1 ð15Þ

where

a1 ¼ αΔt; a2 ¼ 1−αð ÞΔt ð16Þ

In order to research the influence of size effect on dynamic
response of micro-end mill, a harmonic force F = F0sin(2πωt)
is applied at the tool tip while the initial state of micro-endmill
is at rest. Without loss of generality, the amplitude of the force
F0 = 0.5 N and the frequency ω = 500 Hz. Figure 6 shows the
response of tool tip of micro-end mill with different tool di-
ameters under the same micro-milling force.

From Fig. 6, it can be seen that the maximum amplitude
predicted by SGET is less than that predicted by MCST, and
they are both less than that predicted by CTwhen dt = 10 μm
and Lt = 10μm. It can be concluded that the stiffness of micro-
end mill predicted by SGET is greater than that predicted by
MCST, and they are both greater than that predicted by CTon
account of the size effect. With the increase of tool diameter,
all of the amplitudes of the micro-end mill predicted by the
SGET, MCST, and CT decrease, and gradually have the ten-
dency to be same. This is because the stiffness of the tool part
of micro-end mill increases with the increase of tool diameter,
to which the size effect is closely related. It can be found that
the size effect can be neglected, and the SGETand MCSTcan
be replaced by CT to predict the response of micro-end mill
when the tool diameter is larger than 20 μm.

3.3 Experiments

Hammer modal experiment is the main method to measure
modal parameters of traditional end mill, however, since the
accelerometer sensor and its measuring cables used in the
traditional modal test will generate additional mass and stiff-
ness, which in turn changes the dynamic behavior of micro-
end mill, this method is not suitable for measuring modal
parameters of micro-end mill [34]. In order to overcome the
shortcoming of traditional hammer modal test, non-contact
measurement method is used in this test, in which the response

Table 1 Geometric properties of
micro-end mill Tool Shank Total length L (mm)

Diameter dt (mm) Length Ld (mm) Diameter dt (mm) Length Ld (mm)

0.001, 0.01, 0.02 0.01, 0.1 4 20 30

Table 2 Maximum deflection of micro-end mill (μm)

TBM-SGET TBM-MCST TBM-CT EBM-SGET EBM-MCST EBM-CT

dt = 20, Lt = 10 5.156 7.048 8.119 4.171 7.013 7.627

dt = 10, Lt = 10 8.645 16.814 31.821 6.130 15.317 30.520

dt = 1, Lt = 10 158.315 5950 145,400 93.500 950 145,350
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of tool tip of micro-end mill is measured with laser displace-
ment sensor instead of acceleration sensor. The non-contact
modal test setup is shown in Fig. 7, the micro-end mill
manufactured by NS TOOL is fixed on the worktable,
adjusting the suspended length of micro-end mill equals to
30 mm. Two kinds of micro-end mills with dt = 30 μm and
Lt = 45 μm and with dt = 10 μm and Lt = 10μm are selected in
this test. In order to fix the shank part of micro-end mill, a
fixture is designed and manufactured by 3D printing technol-
ogy, as shown in Fig. 7c. The fixture consists of two identical
cuboids at 25 mm in length and 10 mm in width. And in the
middle of the two cuboids, there is a half hole with a diameter
of 3.9 mm for clamping the micro-end mill. Knocking the
shank part of micro-end mill with impact hammer (CL-YD-
303) and recording the force signal with data acquisition sys-
tem supported by the B&K Corporation. The vibration dis-
placement of corresponding point under the hammering force

are measured using laser displacement sensor (Keyence LK-
G30). The impact hammer has a sensitivity of 4.29 pC/N, and
the laser sensor has a resolution of 10 nm and minimum sam-
ple period of 20 μs. And then, the frequency response func-
tions (FRF) of micro-end mill can be calculated by
transforming the measured vibration displacement and im-
pulsed load from time domain to frequency domain using fast
Fourier transform.

The measured vibration displacement, impulsed load,
and FRF are shown in Figs. 8 and 9. In order to guarantee
the accuracy of experimental results, the average of ten
experiment results is taken as the final result to avoid the
influence of other factors. The first-order natural frequen-
cy of micro-end mill which equal to 6213 Hz for dt =
10 μm and Lt = 10 μm and 6237 Hz for dt = 30 μm and
Lt = 45 μm are obtained. The relative error between the
experiment results and the theoretical results calculated

Fig. 5 Mode shapes of micro-end
mill

Table 3 Natural frequencies of
micro-end mill (TBM) (Hz) Mode dt = 20 μm and Lt = 10 μm dt = 10 μm and Lt = 10 μm dt = 1 μm and Lt = 10 μm

SGET MCST CT SGET MCST CT SGET MCST CT

1st 6447 6447 6447 6452 6452 6452 6457 6457 6457

2nd 34,791 34,790 34,790 34,831 34,829 34,828 34,866 34,864 34,864

3rd 79,498 79,494 79,493 79,644 79,638 79,636 79,775 79,769 79,767

Int J Adv Manuf Technol (2019) 100:1839–1854 1847



based on the method presented in this paper can be cal-
culated by Eq. (17).

e ¼ Rtheoretical−Rexperiment

Rexperiment
� 100% ð17Þ

Due to the clamping error, the precision error of equip-
ment, the accuracy of measurement point, and excitation
point in experiment, the results of micro-end mill obtained
by the tests are less than the theoretical results. However,
the relative error is 3.8% for dt = 10 μm and Lt = 10 μm
and 3.4% for dt = 30 μm and Lt = 45 μm only.

Because the spot diameter of the laser displacement
sensor (Keyence LK-G30) is about 30 μm, when the tool
diameter of micro-end mill less than 30 μm, the laser
emitted from the laser displacement sensor cannot be fully
irradiated to the tool tip, resulting in inaccurate

measurement position and measurement results. In order
to measure the tool tip dynamic response of micro-end
mill with tool diameter less than 30 μm under excitation
force, the copper foil with 0.1 μm thickness is attached to
the tool tip, as shown in Fig. 10. Due to the copper foil
being thin and light, the influence of gold foil on tool tip
dynamic response can be negligible. The micro-end mill
is knocked with an impact hammer (CL-YD-303), and the
vibration displacement of tool tip is measured with a
laser displacement sensor (Keyence LK-G30). The exper-
imental vibration displacements and theoretical vibration
displacements of tool tip are shown in Fig. 11. It can be
found that the tool tip dynamic response obtained by the
presented method is in good agreement with the experi-
mental results. Because the damping effect is neglected in
the method proposed in this paper, the vibration of tool tip
is not as attenuated as the experimental result.

In micro-milling process, surface roughness is closely
related to the vibration of micro-end mill. The surface
roughness can be simulated using cutting edge trajectory
method [35].

x tð Þ ¼ f ⋅t þ Rsinφþ xr tð Þ þ xd tð Þ
y tð Þ ¼ Rcosφþ yr tð Þ þ yd tð Þ



ð18Þ

where f is the feed speed, R represents the tool radius of
micro-end mill, (xr, yr) denotes the deviations of cutting
edge caused by the micro-end mill runout while (xd, yd)
denotes the vibration of micro-end mill.

Therefore, cutting experiments are carried out to clarify
the influence of the size effect on micro-end mill vibra-
tion. The experiments are performed on a micro-milling
machine (Kern Micro 2522) with a spindle that can rotate
up to 50,000 rpm and with a resolution of 0.1 μm. In the
experiments, two micro-end mill with a tool diameter of
10 μm and a tool diameter of 30 μm are selected, and the
material of micro-end mills are tungsten carbide. The ma-
terial of workpiece with length of 100 mm, width of
50 mm, and height of 50 mm is aluminum alloy 7075.
As shown in Fig. 12, the micro-end mill is installed on the
spindle, adjusting the overhang length equal to 30 mm,
while the workpiece is fixed on the fixture. The side- and
up-milling methods are utilized in this experiment. Before
the micro-milling experiments, the workpiece is machined
through an end mill with a tool diameter of 1 mm to
ensure the smoothness and levelness of the surface. The
milling conditions are as follows: the spindle speed is
20,000 rpm, the radial cutting depth is 6 μm, the axial
cutting depth is 10 μm, the feed speed is 2 mm/min,
and the milling length is 2 mm. In order to ensure the
accuracy of the experimental results, the experiment is
carried out ten times for each micro-end mill.

Fig. 6 Dynamic responses of micro-end mill under harmonic force
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Fig. 7 Experimental setup for
modal test

Fig. 8 Modal test results of
micro-end mill with dt = 10 μm
and Lt = 10 μm
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Figure 13a, b shows the surface roughness obtained
with a micro-end mill having a diameter of 10 and
30 μm. From Fig. 13a, it can be found that the surface
roughness simulated considering the size effect is similar
to that simulated without considering the size effect, and
they are slightly smaller than the experimentally measured
surface roughness. This is because the simulation does not
take into account the influence of other factors such as
machine vibration. However, it can be clearly found from
Fig. 13b that the simulated surface roughness is slightly
greater than the experimentally measured surface rough-
ness when the size effect of micro-end mill is neglected.
When the size effect of micro-end mill is considered, the
simulated surface roughness is slightly smaller than the
experimentally measured surface roughness. And it can
be found that compared with the simulation surface

Fig. 9 Modal test results of
micro-end mill with dt = 30 μm
and Lt = 45 μm

Fig. 11 Vibration displacements of tool tipFig. 10 Experimental setup for tool-tip response
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roughness without considering the size effect, the simula-
tion surface roughness considering the size effect are
more consistent with the experimentally measured surface
roughness. It can be concluded that when the diameter of
the tool part of micro-end mill is small, the size effect is
obvious, and the size effect can increase the stiffness of
micro-end mill and reduce the vibration amplitude of
micro-end mill in machining process.

4 Conclusions

Based on the strain gradient elasticity theory and Hamilton’s
principle, a novel micro-end mill model is developed. In the
presented model, in addition to traditional material constants,
three material length parameters (l0, l1, l2) which can predict
the size effect are included. Considering shear deformation
and micro-milling conditions, the micro-end mill is modeled
as a cantilever Timoshenko beam. By using finite element

method and experimental verification, the following conclu-
sions can be obtained from the present work.

(i) Size effect can improve the stiffness of micro-end mill
due to the rotation gradient tensor, stretch gradient tensor,
and dilatation gradient tensor which are considered in the
strain gradient elasticity theory.

(ii) The static deflection and dynamic response of tool tip
decrease when the size effect is considered. Size effect
is obvious only when the tool diameter is comparable
with the material length parameters.

(iii) Due to the unique structure of thick shank and thin tool,
the static bending deflections and mode shapes of
micro-end mill vary greatly at the tool part. Although
the size effect has little influence on the natural frequen-
cy, it has a great influence on the mode shapes.

(iv) The natural frequency and dynamic response obtained
by the presented method are in good agreement with
experimental results.

Fig. 13 Surface roughness
obtained through experiment and
numerical prediction. a
Experimental surface roughness.
b Surface roughness predicted
based on the proposed method. c
Surface roughness predicted
based on the traditional method

Fig. 12 Experimental setup for
micro-milling
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Appendix 1

εij ¼ 1

2
ui; j þ uj;i
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γi ¼ εmm;i ð20Þ

η 1ð Þ
ijk ¼ 1

3
εjk;i þ εki; j þ εij;k
	 


−
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15
δij εmm;k þ 2εmk;m
	 


−
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 ð22Þ

σij ¼ kδijεmm þ 2με
0
ij; ε

0
ij ¼ εij−

1
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εmmδij ð23Þ

pi ¼ 2μl20γi; τ
1ð Þ
ijk ¼ 2μl21η
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ijk ;m

s
ij ¼ 2μl22χ

s
ij ð24Þ

where ui is the displacement vector, δij is the knocker tensor,
eijk is the alternating tensor, k and μ are the bulk modulus and
shear modulus, respectively. l0, l1, and l2 are the material
length-scale parameters.

Appendix 2

u1 x; y; z; tð Þ ¼ −z
∂w x; tð Þ

∂x
−β x; tð Þ

� �
; u2 x; y; z; tð Þ
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where u1, u2, and u3 denote the three components of displace-
ment vector in the x, y, and z directions, respectively. z denotes
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