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Abstract
Five-axis ball-end milling is widely used in energy, ship, aerospace, and other fields. As one of the difficulties in milling research,
milling force is often critical to the processing efficiency and quality of part. For predicting the milling force of the five-axis ball-
end milling better, this paper presents a cutting force coefficients identification model which is related to the instantaneous chip
layer thickness and axial position angle considering the cutter run-out. For five-axis ball-end milling of the oblique plane, the
relationship of feed direction, cutter axis vector, and machined surface is parameterized. The boundary curves of cutter workpiece
engagement (CWE) are determined by intersecting spatial surfaces. The boundary curves are discretized, and an algorithm of in-
cut cutting edge (ICCE) is proposed by defining the distance between discrete points and the cutting edge. Combining the
instantaneous chip thickness considering arbitrary feed direction and cutter run-out, the five-axis milling force model of ball-end
mill is established. Based on the undetermined coefficient method and the instantaneous average milling force of teeth, the cutting
force coefficients identification model corresponding to the instantaneous chip layer thickness and the axial position angle is
established. Furthermore, cutter run-out parameters are obtained combined with instantaneous measured milling force of single
tooth. The experimental and simulation examples demonstrate that the CWE determined by the spatial surfaces is consistent with
the experimental results. The ICCE is in good agreement with the simulation results based on the solid modeling method. A large
number of milling experiments under different processing parameters show that the cutting force coefficients and cutter run-out
parameters identification model can be effectively applied to five-axis ball-end milling.
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1 Introduction

Five-axis ball-end milling occupies an important position in
the complex surface manufacturing of aerospace, energy,
mold, and other areas. The high efficiency and high precision
milling have always been the goal pursued by the industry.
Milling force, as one of the most important physical parame-
ters, directly affects tool wear, workpiece deformation, and
machining vibration. It is very important for developing a
reliable and effective machining plan which is the focus of
milling dynamics research. The key elements of milling force

model are determining the cutter workpiece engagement
(CWE) and identifying cutting force coefficients accurately.
In five-axis milling process simulation, the shape of the work-
piece surface is complex; the cutter feed direction and cutter
axis vector are constantly changing. All of these lead to the
change of CWE, as well as the change of in-cut cutting edge
(ICCE), namely the cutting edge interval with cutting materi-
al. The cutting force coefficients of ball-end mill vary with the
axial angle due to the change of the helix angle. According to
Zhang et al.’s theory [1], the cutting force coefficients are
related to the instantaneous chip layer thickness because of
its size effect. In addition, the rotation center does not coincide
with the geometric center, namely the cutter run-out [2], which
changes the distribution of the chip thickness between the
teeth and has an important effect on the peak of the milling
force waveform.

At present, most of the ball-end milling force prediction in
literatures focus on three-axis. Although several researches for
five-axis machining have been introduced in literatures, there
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is room for improvement. When studied the five-axis ball-end
milling force prediction on the basis of Z-map discretization
method, Guo et al. [3] divided the geometry characterizes of
the machining parts into grids, then argued that the micro-
cutting edge is involved in cutting if the two criteria conditions
are met: one is the micro-cutting edge below constraint plane,
and the other is the projective point within the projection of
grid. Fussell et al. [4] represented the workpiece with Z-
buffers elements. The swept envelope of the tool path in
five-axis machining is transformed approximately by the
three-axis swept envelope of tool path. The CWE was obtain-
ed from workpiece and swept envelope. Furthermore, for the
milling force prediction with large axial cutting depth, the
ICCE of ball-end milling was determined. Based on semi-
discrete solid modeling method, the removal volume obtained
from intersection of tool swept envelope and workpiece was
discretized into thin layers, and then the tool-slice intersection
curves can be obtained via two-dimensional intersection op-
eration between the thin layers and tool geometry. Ultimately,
Ferry et al. [5] established a CWE model for five-axis flank
milling of conical ball-end mill by combining 2D Boolean
operation with tool swept area. Boz et al. [6] developed solid
modeling method for solving CWE of five-axis ball-end mill-
ing based on Parasolid software. Then, the ball-end milling
cutter was divided into a series of thin layers along the axial
direction in the plane perpendicular to cutter axis and the
cutting in angle and the cutting out angle of each cutting thin
layer were obtained. Thereby, the milling force prediction of
the curved surface machining was realized. The limitation of
the contact area obtained by the discrete method and the solid
method is that the efficiency and accuracy cannot be taken into
account at the same time, which makes them difficult to apply
to the five-axis machining of large complex surfaces. Ozturk
et al. [7] established a milling force prediction model consid-
ering the inclination angle for the ball-endmill slot machining,
thereupon regarding ball-end milling of sculptured surface,
and proposed an analytical CWE model where front lean an-
gle is considered [8]. Sun et al. [9] judged the cutting condi-
tion of a cutting edge element by evaluating whether the cut-
ting edge element is located in the bounding box of workpiece
and out of former cutting edge swept surface or not.
Whereafter they established milling force prediction model
of five-axis ball-end milling. Regarding five-axis ball-end
milling of complex surface, Wei et al. [10] transformed five-
axis milling considering arbitrary feed direction and cutter
axis vector into three-axis milling to evaluate analytical
CWE based on layered discretization thought. This method
conforms to the five-axis machining characteristics, but the
research is limited to the CWE. It did not give effective
ICCE algorithm.

Cutting force coefficient identification is an important part
of mechanical cutting force model. There are many relevant
researches. Based on Armarego’s classical oblique cutting

model, Lee et al. [11] started with the theoretical formula of
coefficients and obtained yield shear stress, shear angle, and
other parameters by a series of orthogonal cutting experiments
to identify the coefficients. Kim et al. [12] defined the cutting
force as the product of cutting force coefficients, themth pow-
er of chip thickness, and the width of the chip layer. The
cutting force coefficients are cubic polynomial of axial posi-
tion angle and m reflects the size effect. Considering the cut-
ting force coefficients as 6 constants, Wang et al. [13] present-
ed an analytical method of cutter run-out parameters identifi-
cation based on the force model of three-axis slot cutting of
ball-end mill. Considering the shear force coefficients as the
polynomial of axial height z and the plow force coefficients as
constants, Lamikiz et al. [14] established a cutting force coef-
ficients identification model. They studied and compared the
linear, quadratic, and cubic shear force coefficients in this
model. The above cutting force coefficients are all based on
the horizontal machining where the cutter axis is vertical. In
order to explore the relationship between the coefficients and
the axial position angle, the axial cutting depth is often very
large. Cao et al. [15] carried out the cutting coefficients iden-
tification experiments that front lean angle existed. The shear
force coefficients and the plow force coefficients in the three
directions were regarded as constants. The cutting force coef-
ficients corresponding to the different ranges of axial position
angle were obtained by changing the front lean angle.
Regarding ball-end milling of cylinder part, Yao et al. [16]
proposed the plow force coefficients as the polynomial of
axial position angle, shear force coefficients as the product
of the polynomial of axial position angle, and the polynomial
of instantaneous chip thickness. Then, the cutter run-out was
further determined by finding the critical condition where the
instantaneous chip thickness was zero. Dividing the ball re-
gion of ball-end mill into thin disks, Lazoglu et al. [17] de-
signed horizontal slot cutting experiments with thin workpiece
which assumed only one disk was in engaged with the work-
piece, and then estimated the coefficients of thin disks corre-
sponding to different axial heights. Regarding ball-end slot
finishing milling of inclined surface, Szymon et al. [18] ob-
tained the shear and plow force coefficients assumed polyno-
mial of inclination angle considering cutter run-out. Cutter
run-out was measured by incremental displacement transduc-
er, and the influence of feed engagement on coefficients was
discussed. Li et al. [19] regarded shear force coefficients as the
n times polynomial of axial position angle, plow force coeffi-
cients as constants. They calibrated cutting force coefficients
combining instantaneous milling force and least square meth-
od in multi-axis ball-end milling. At present, there are many
kinds of cutting force coefficient models and identification
experimental methods for ball-end mill. However, cutting
force coefficients considering the cutter run-out, the axial po-
sition angle, and the instantaneous chip thickness need to be
further studied to better adapt to the five-axis machining.
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Chattering phenomena in milling experiments should be
avoided in identification of cutting force coefficients, especial-
ly considering cutter run-out. The deformation of the cutter
deflection caused by the chatter can be avoided when cutting
system is in a stable state, thus ensuring the accurate corre-
spondence between the instantaneous chip thickness and the
cutting force coefficients, as well as the consistency between
the definition of the run-out parameters and the actual milling
experiment. Recently, Wan et al. [20–23] have done some
theoretical research on the stability analysis of milling dynam-
ics. Based on the semi-discrete time domain algorithm [20],
lowest envelop method was proposed to obtain the stability
field lobe diagram combining multi-order mode of the milling
system. In [21], the mechanism of dynamic and static cutting
was studied. In the research, the relationship between plowing
force and the materials extruded under the clearance face of
cutter was expressed by a unified proportional function. A
new method to obtain the process damping from the stabile
milling experiment was proposed in [22], and the precision of
the milling stability diagram based on the process damping
was improved. For the thin-walled part with weak rigidity
[23], additional mass was added to the workpiece to change
the modal parameters, achieving the maximum material re-
moval rate by improving the cutting stability. The above re-
searches on the dynamics analysis of milling system is of
guiding significance for selecting reasonable machining pa-
rameters in the identification of cutting force coefficients.

Regarding instantaneous milling force of non-slot experi-
ment, a cutting force coefficient identification model relative
to instantaneous undeformed chip thickness and axial position
angle considering cutter run-out is proposed. General idea of
this paper is shown in Fig. 1. Five-axis machining of inclined
plane taken as studying subject, the arbitrary relationship of
feed direction, cutter axis, and workpiece surface is parame-
terized. The boundary curves and endpoints of CWE are ob-
tained using spatial surface intersection. Through the
discretization of the boundary curves, the endpoints of ICCE
on cutting edge are searched. Furthermore, the five-axis ball-

end milling force model of inclined plane is established by
combining micro-cutting force model and instantaneous chip
thickness considering cutter run-out, arbitrary feed direction,
and cutter axis direction. The cutting force coefficients can be
calibrated using undetermined coefficients method by bring-
ing measured instantaneous average milling force of teeth into
milling force model. Then, discrete coefficients related to ax-
ial position angle and instantaneous chip thickness are fitted
with surface. Then, cutter run-out parameters are solved by
combining the coefficients with measured instantaneous mill-
ing force of single tooth.

2 Force model of five-axis ball-end milling

The five-axis machining with ball-end mill of inclined is
shown in Fig. 2. The relationship between the cutter axis,
the feed direction, and the inclined plane is arbitrary. The
center of the ball-end mill is defined as the origin O of the
cutter coordinate system O-XcYcZc. The vector p along the
cutter axis is the Zc axis. The cross product vector s from
vector p to normal vector n of oblique plane is Xc axis. Yc axis
is determined with the rule of right-hand coordinate system. In
order to describe the relative position of cutter axis and feed
direction f, the angle between the cutter axis and the normal
vector n is defined as cutter inclination angle ε. The angle
between the Xc axis and the feed direction f is defined as feed
direction angle γ. The expressions are as follows:

ε ¼ arccos
n⋅p
nj j pj j

� �
ð1Þ

γ ¼ arccos
s⋅ f
sj j fj j

� �
s ¼ p� n

(
ð2Þ

The cutter axis leans relative to feed direction f in five-axis
ball-end milling. The value range of feed direction angle γ is
defined from 0 to π anti-clockwise.

 Force model five-axis ball 

end milling of inc lined plane

Micro-

cutting force 

model

 Instantaneous chip thickness 

of five- axis ball end milling  

considering cutter run-out

Cutting force  coefficients 

identification model

CWE of five-axis 

ball end milling of 

inclined plane

ICCE of five-axis 

ball end milling of 

inclined plane

Instantaneous 

measured  force

Cutter run-out 

parameters identifica tion 

Fig. 1 General idea

n

Xc (s)

Tool path

ε

ε

γ

f

Zc (p)

Yc (u) 

Fig. 2 Five-axis ball-end milling of inclined plane
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Most of the cutting edges of ball-end mill are helical line
with constant lead. The geometry of the ball-end mill with N
teeth and radius R is shown in Fig. 3. k is the axial position
angle measured from the negative z-axis to micro-cutting ele-
ment. The cutting edge is discretized by axial position angle k.
Because of the helical angle α, the helical lag angle φ of
micro-cutting edge corresponding k at the radial position angle
ψ of cutting edge j is

φ kð Þ ¼ j−1ð Þ2π=N þ 1−coskð Þtanα ð3Þ

The definitions of the relevant angles are shown in Fig. 3.
The expression of cutting edge j is as follows:

X j ¼ Rsinksin ψ−φ kð Þð Þ
Y j ¼ Rsinkcos ψ−φ kð Þð Þ
Z j ¼ −Rcosk

8<
: ð4Þ

The tangential force dFt,j, radial force dFr,j, and axial force
dFa,j acting on micro-cutting edge element k of edge j can be
expressed with the Armarego’s classical bevel cutting theory as

dFr; j θ j; k
� � ¼ Krtn θ j; k

� �
db

dFt ; j θ j; k
� � ¼ Kttn θ j; k

� �
db

dFa; j θ j; k
� � ¼ Katn θ j; k

� �
db

8<
: ð5Þ

where the width of micro-chip is

db ¼ Rdk ð6Þ

The instantaneous chip thickness can be divided into two
parts (tn1 and tn2), and it is the sum of tn1 and tn2. In the five-
axis ball-end milling, the feed direction relative to micro-
cutting element is arbitrary. Based on Wei’s theory [24], tn1
represents the projection of the feed on the normal direction of
micro-cutting element k. The expression of tn1 is

tn1 θ j; k
� � ¼ f ccosγsinksinθ j

þ f ccosηsinkcosθ j− f ccosξcosk ð7Þ

where η is the angle between feed direction f and cutter coor-
dinate Yc-axis, while ξ is the angle between feed direction f
and cutter coordinate Zc-axis. Expressions are as follows:

ξ ¼ arccos
p⋅ f
pj j fj j

� �

η ¼ arccos
u⋅ f
uj j fj j

� � ð8Þ

Due to manufacturing error, the cutter misalignment be-
tween the rotation center and geometric center changes the
effective cutting radius of the cutter tooth and affects the ef-
fective undeformed chip thickness. Generalizing the definition
of run-out parameters of flat-end mill [25] to the ball-end
milling cutter, the distance between the geometric center O
and the rotation center O′ is denoted as run-out distance ρ.
The run-out angle λ defined in XOY plane is measured from
line formed by geometric center and rotation center to the
nearest tooth in the clockwise direction. As shown in Fig. 3,
the effective cutting radius of micro-cutting element k on cut-
ting edge j is

R0
j θ j; k
� � ¼ Rþ ρsinkcos λ− ψ−θ j

� �
−2 j−1ð Þπ=N� � ð9Þ

Instantaneous chip thickness tn2 is the difference of the
former and later effective cutting radius.

tn2 θ j; k
� � ¼ R0

jþ1 θ j; k
� �

−R0
j θ j; k
� � ð10Þ

That is,

tn2 θ j; k
� � ¼ −2ρsinksin π=Nð Þsin λ−σð Þ

σ ¼ ψ−θ j þ 2 j−3ð Þπ=N ð11Þ

The direction of the micro-cutting edge milling force is
related to the axial position angle k. The cutting forces in x,
y, and z directions of cutter coordinate system obtained from
coordinate transformation are

dFx; j θ j; k
� �

dFy; j θ j; k
� �

dFz; j θ j; k
� �

2
4

3
5 ¼

−cosθ j −sinksinθ j cosksinθ j

sinθ j −sinkcosθ j coskcosθ j

0 cosk sink

2
4

3
5 dFt ; j θ j; k

� �
dFr; j θ j; k

� �
dFa; j θ j; k

� �
2
4

3
5
ð12Þ
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Fig. 3 Geometry and force analysis of cutting edge on ball-end mill
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Bring formula (5) into (12) and integrating axial position
angle k along axis direction, the cutting force acted on cutter
tooth j is evaluated:

Fx; j θ j
� �

Fy; j θ j
� �

Fz; j θ j
� �

2
4

3
5 ¼

∫kukd dFx; j θ j; k
� �

∫kukd dFy; j θ j; k
� �

∫kukd dFz; j θ j; k
� �

2
664

3
775 ¼

E11 E12 E13

E21 E22 E23

0 E32 E33

2
4

3
5 Kt

Kr

Ka

2
4

3
5

þ
G11 G12

G21 G22

G31 G32

2
4

3
5 ρsinλ

ρcosλ

� 	
ð13Þ

E11 ¼ −R∫kukdcosθ jtn1 θ j; k
� �

dk

E12 ¼ −R∫kukd sinksinθ jtn1 θ j; k
� �

dk E23 ¼ R∫kukdcoskcosθ jtn1 θ j; k
� �

dk

E13 ¼ R∫kukdcosksinθ jtn1 θ j; k
� �

dk E32 ¼ R∫kukdcosktn1 θ j; k
� �

dk

E21 ¼ R∫kukd sinθ jtn1 θ j; k
� �

dk E33 ¼ R∫kukd sinktn1 θ j; k
� �

dk

E22 ¼ −R∫kukd sinkcosθ jtn1 θ j; k
� �

dk

Gi1 ¼ R∫kukdHicosσ θ j; k
� �

dk

Gi2 ¼ −R∫kukdHisinσ θ j; k
� �

dk
i ¼ 1; 2; 3

H1 ¼ 2sin π=Nð Þ sinkcosθ jKt þ sin2ksinθ jKr−0:5sin 2kð Þsinθ jKa
� �

H2 ¼ −2sin π=Nð Þ sinksinθ jKt−sin2kcosθ jKr þ 0:5sin 2kð Þcosθ jKa
� �

H3 ¼ −2sin π=Nð Þ 0:5sin 2kð ÞKr þ sin2kKa
� �

In Eq. (13), the integral upper and lower bounds ku, kd
depend on the engagement condition of each cutting edge.
The milling forces of three directions in the cutter coordinate
system are the sum of all the teeth:

Fxc ψð Þ
Fyc ψð Þ
Fzc ψð Þ

2
4

3
5 ¼

∑
N

j¼1
Fx; j θ j

� �
∑
N

j¼1
Fy; j θ j

� �
∑
N

j¼1
Fz; j θ j

� �

2
66666664

3
77777775

ð14Þ

3 CWE of five-axis milling on inclined plane

The schematic diagram of five-axis ball-end milling of in-
clined plane is shown as Fig. 4. The CWE is closed spherical
geometry, which consists of three curves, AB, AC, and BC.
AB is the intersection of the current cutter swept surface N and
the plane perpendicular to the feed direction through the center
of cutter hemisphere. It is also a spatial circular arc of R. AC is
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Fig. 4 CWE of five-axis ball-end
milling of inclined plane. a Three-
dimensional diagram. b View of
feed direction. c Top view
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the intersection of cutter hemisphere surface and the surface to
be machined H, which is local spatial circular arc, while BC is
the intersection of former swept surface M and hemisphere
surface. The CWE is a part of the spherical surface, and the
key is to determine the boundary curves. According to the
analysis above, the analytic expressions of three boundary
curves and intersection points of curves can be determined
by the geometric method of intersection of spatial surfaces.

3.1 Boundary curves

The analytical expressions of swept surfacesM and N, surface
remained to be machined H, hemispherical surface of ball-end
mill, and spatial plane that is perpendicular to feed direction
and cross through the original point O can be expressed in the
cutter coordinate system O-XcYcZc easily. The boundary
curves can be obtained from equation set.

Boundary curve AB:

xcotγ þ ycscεþ zsinε ¼ 0
x2 þ y2 þ z2 ¼ R2



ð15Þ

Boundary curve AC:

ysinε−zcosε−Rþ dn ¼ 0
x2 þ y2 þ z2 ¼ R2



ð16Þ

Boundary curve BC:

x− �s0ð Þtanγ cotεþ sinεð Þ þ hcotγ½ �2 þ y� s0cotγ þ hcosεð Þ2

þ z� s0 þ hsinεð Þ2 ¼ R2

x2 þ y2 þ z2 ¼ R2

8><
>: ð17Þ

where

h ¼ 0:5sin 2γð Þ �s
0

� �
tanγ cotεþ sinεð Þ−x

h i
þ y� s

0
cotε

� �
cosε

þ z� s
0

� �
sinε

s
0 ¼ s cotεþ sinεð Þ2tan2γ þ cot2γ þ 1

h i−0:5 ð18Þ

where dn is the normal depth of cut and s is the step distance.
In Eq. (18), symbol − represents down milling, while symbol
+ denotes up milling.

The boundary curves of CWE intersect at the three
points A, B, and C. Based on the theory that three surface
intersect at one point, point A generates from the intersec-
tion of cutter sphere surface, surface to be machined H, and
spatial plane that is perpendicular to feed direction and
pass through the center of sphere; point B is the intersec-
tion of cutter sphere surface, former swept surface M, and
spatial plane perpendicular to feed direction and pass
through the center of sphere; point C is the intersection
of cutter sphere surface, surface to be machined H, and
former swept surface M. The expressions are

Point A

x2 þ y2 þ z2 ¼ R2

ysinε−zcosε−Rþ dn ¼ 0
xcotγ þ ycscεþ zsinε ¼ 0

8<
: ð19Þ

Point B:

x2 þ y2 þ z2 ¼ R2

x− �s0ð Þtanγ cotεþ sinεð Þ þ hcotγ½ �2 þ y� s0cotγ þ hcosεð Þ2

þ z� s0 þ hsinεð Þ2 ¼ R2

xcotγ þ ycscεþ zsinε ¼ 0

8>>><
>>>:

ð20Þ
Point C:

x2 þ y2 þ z2 ¼ R2

x− �s0ð Þtanγ cotεþ sinεð Þ þ hcotγ½ �2 þ y� s0cotγ þ hcosεð Þ2

þ z� s0 þ hsinεð Þ2 ¼ R2

ysinε−zcosε−Rþ dn ¼ 0

8>>><
>>>:

ð21Þ

The result of the intersections of A, B, and C is not unique
in the space surface. In the case of downmilling, the condition
of the unique selection of the intersection coordinates is given
in terms of the relative relation between the feed vector and the
direction of the cutter axis:

xA≥0; min yBð Þ; max zCð Þ: ð22Þ

The intersection of two surfaces is closed curve. In order to
clearly show the CWE, only the boundary curve segment is
preserved and the redundant curve segment needs to be
discarded. The boundary curves of AB and BC are in the
direction of feed side and under to be machined plane H;
AC is located in the feed direction side and out the former
swept surface. The judgment expressions are shown in (23)
and (24), respectively.

ysinε−zcosε−Rþ dn≤0
xcotγ þ ycscεþ zsinε≥0



ð23Þ

x− �s
0

� �
tanγ cotεþ sinεð Þ þ hcotγ

h i2
þ y� s

0
cotγ þ hcosε

� �2

þ z� s
0 þ hsinε

� �2
≥R2

xcotγ þ ycscεþ zsinε≥0

8>><
>>:

ð23Þ

As shown in Fig. 4b, the scallop height of the machined
surface W is

e ¼ R−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2− s=2ð Þ2

q� �
ð24Þ
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4 ICCE of five-axis milling of inclined plane

The ICCE defines the scope of undeformed chip thickness,
which reflects the condition of cutting edge involved in cut-
ting at arbitrary time. The micro-cutting force exists only
when the micro-cutting edge is in the CWE. This section ob-
tains ICCE by intersecting cutting edge and CWE based on
the established CWE model.

As shown in Fig. 5, the cutting edge curve 1 intersects the
boundary curves BC and AB; the cutting edge curve 2 inter-
sects the boundary curves AC and AB; the cutting edge curve
3 intersects the boundary curves BC and AC. In the combina-
tion of different ball-end mill geometry, feed direction, and
machining parameters, there exist the intersections of cutting
edge curves 4 and 5 with the CWE boundary curves. There are
two intersection points between the cutting edge curve and the
boundary curves, that is, the upper boundary point ku and the
lower boundary point kd.

Based on boundary curve analytical expression, it can be
found that boundary curve AB is monotonous along the Xc
axis. When the feed direction angle γ is acute angle, the
boundary curve BC is monotonous along Xc axis and AC is
monotonous along the Zc axis. When the feed direction angle
γ is obtuse angle, boundary curve BC is monotonous along
the Zc axis and AC is monotonous along Xc axis. The bound-
ary curves are discretized along the monotonic interval, and
the boundary elements are the known spatial discrete point in
the cutter coordinate system. When the degree of
discretization is high enough, the nearest two points to the
edge curve are the upper and lower points of the ICCE. Take
the cutting edge 1 as an example, the boundary elements Pbc

and Pab are the upper and lower bounds of the ICCE respec-
tively. The criteria conditions are expressed as follows:

ΔePxz ¼ xP−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−zP2

p
sin ψ− 1þ zP=Rð Þtanαð Þ ð25Þ

ΔePyz ¼ yP−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−zP2

p
cos ψ− 1þ zP=Rð Þtanαð Þ ð26Þ

ΔeP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔePxz2 þΔePxz2

p
≤Δe Δe≥Δep

� � ð27Þ

ΔePxz and ΔePyz represent spatial position distance from the
boundary element coordinate P to cutting edge along the di-
rection ofXc axis and Yc, respectively.When the norm ofΔePxz
and ΔePyz is less than the setting errors, the point P is regarded
as one of boundary points of ICCE. It is noted that the setting
error Δe should not less than half of the discrete distance ΔeP
of CWE boundary elements.

Thus, the boundary element is searched and calculated one
by one, and the upper and lower bounds of the ICCE can be
found. The relationship between the coordinate of the bound-
ary point and the axial position angle k is

k ¼ arccos z= −Rð Þð Þ ð28Þ

The ICCE of jth cutting edge is obtained based on this
algorithm. The ICCE of adjacent edge can be determined by
increasing cutter rotation position angle ψ 2π/N.

5 Identification model of cutting force
coefficients and run-out parameters

In order to obtain the instantaneous cutting force conveniently,
and simplify the cutting force coefficient identification model,
it is necessary to ensure the workpiece is cut by single tooth,
that is, in any cutter rotation angle, there is only a group of
upper and lower points ku and kd of ICCE. It can be identified
by ICCE algorithm easily as Fig. 8b.

5.1 Cutting force coefficient identification

According to Kline’s theory, the cutter run-out does not affect
the average cutting force. From formula (10), it can be obtain-
ed that the average chip thickness of N teeth is constant and
independent of the cutter run-out. Accordingly, formula (13)
can be deformed into

Fxc ψð Þ
Fyc ψð Þ
Fzc ψð Þ

2
64

3
75 ¼

E11 E12 E13

E21 E22 E23

0 E32 E33

2
4

3
5 Kt

Kr

Ka

2
4

3
5 ð29Þ

Instantaneous average milling forces are obtained from ex-
periments. Taken the Xc-axis force in Fig. 6 as an example, the
average milling force at cutter rotation location angle ψ and
ψ + 2π/N are not influenced by run-out.

Fxc ψð Þ ¼ 1

N
∑
N

j¼1
Fx; j ψð Þ ð30Þ

The cutting force coefficients are unknown variables in
formula (29), the method of undetermined coefficients is used

Zc

O
A

B

C

Cutting edge

2
3

1

Pbc

Yc
Xc

4 5

Pab

Fig. 5 ICCE of five-axis ball-end milling of inclined plane
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to calibrate coefficients at arbitrary instantaneous time. The
coefficients correspond to a certain undeformed chip thickness
and ICCE. Cutting force coefficients are relative to the axial
position angle k and the thickness of the chip layer tn. A series
of experiments are performed to obtain the instantaneous cut-
ting force coefficients. Whereafter, the coefficients corre-
sponding average axial position angle k′ of ICCE and average
chip thickness tn′ of ICCE at arbitrary time as variables are
fitted as surface. Then, the instantaneous cutting force coeffi-
cient databases are obtained. k′and tn′ are defined as follows:

tn
0 ¼ ∫kukd tn1 θ j; k

� �
= ku−kdð Þ ð31Þ

k
0 ¼ ku−kdð Þ=2 ð32Þ

5.2 Identification of cutter run-out parameters

Cutter run-out belongs to the geometric error and has nothing
to do with the influence of machining parameters. Cutter run-
out affects the amplitude of milling force waveform of each
tooth. Whereupon the run-out parameters ρ and λ can be eval-
uated using milling force by inverse calculation. Bring formu-
la (29) into the formula (13):

Fxc ψð Þ−Fxc ψð Þ
Fyc ψð Þ−Fyc ψð Þ
Fzc ψð Þ−Fzc ψð Þ

2
64

3
75 ¼

G11 G12

G21 G22

G31 G32

2
4

3
5 ρsinλ

ρcosλ

� 	
ð33Þ

where instantaneous cutting force Fxc(ψ + 2π/N) can replace
instantaneous cutting force Fxc(ψ). In order to reduce the cal-
culation error, the large amplitude and smooth waveform in
Xc-axis of cutter coordinate system is selected to obtain the
instantaneous cutting force and instantaneous average cutting
force. When arranged the processing parameters of experi-
ments, the difference between the minimum and maximum
peak values of the tooth force waveform should be less than
50% of the latter [26]. Formula (33) can be simplified as

F ¼ Q
ρsinλ
ρcosλ

� 	
ð34Þ

ρ and λ as unknown variables, the equations are established
through the method of undetermined coefficients. The maxi-
mum force at cutter rotation position angle ψmax and other
cutting force at ψl are chosen to establish equation set. The
square of difference of predicted force and measured force are
summed up; whereafter, the parameters corresponding to min-
imum value are chosen as the optimal cutter run-out parame-
ters ρ and λ. The expressions of ρ and λ are

F ¼ Fxc ψmaxð Þ−Fxc ψmaxð Þ
Fxc ψlð Þ−Fxc ψlð Þ

" #

Q ¼ G11 ψmaxð Þ G12 ψmaxð Þ
G11 ψlð Þ G12 ψlð Þ

� 	

The matrix to solve run-out parameters is

ρsinλ
ρcosλ

� 	
¼ Q−1F ð35Þ

6 Experiments and simulations

Five-axis machining that cutter axis has arbitrary relationship
related to machined surface can be regarded as the five-axis
machining of horizontal workpiece. This section arranges the
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Fig. 7 CWE experiment and
measured device. a Five-axis
inclined plane milling. b Digital
imaging tool microscope
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experiments and simulations of the CWE and ICCE, as well as
a series of experiments of five-axis milling of horizontal plane
to verify the effectiveness of force coefficients and run-out
parameter identification model.

6.1 CWE experiments and ICCE simulations

The down-milling experiment is shown in Fig. 7a; the size
of workpiece is 80 mm × 70 mm × 5 1mm. The material is
45 steel. The angle between inclined plane and horizontal
plane is 28°. A 10-mm diameter, 30° helical angle,

cemented carbide-coated ball-end mill with two right-
hand flutes was used to cut. The step distance, normal
depth of cut, inclination angle, and feed direction angle
are 3 mm, 2 mm, 36°, and 85°, respectively. The left rear
corner of top surface of the workpiece is the origin of the
coordinate system. Tool path was generated by the stream-
driven module of Unigraphics programming, NX. The ex-
periment was carried out in DMU60 monoBLOCK, a five-
axis CNC center.

The CWE obtained from experiment was placed under
the VTM-3020F digital image tool microscope, and the
view direction is shown in Fig. 7b. The left front corner
of the top plane was set as origin of measurement. The
results of sampling points of the boundary curves from
experiment and the boundary curves from analytic simu-
lation are shown in Fig. 8a. CWE based on analytical
model presented in this paper agrees well with experiment
result. Curve AB exists deviation slightly. The main rea-
son is the smooth connection of the ball-end mill and
current swept surface, which leads to unobvious intersec-
tion. Considering the cutter setting error, the measurement
error, and the conversion error between the measuring
datum and the machining datum, the experiment proves
the effectiveness of the analytical model of the CWE.

Based on the ICCE algorithm proposed in this paper, for
specific machining parameters of the abovementioned ex-
periment, the upper and lower boundaries of ICCE at arbi-
trary radial position angle are shown as solid lines in Fig.
8b. Based on the solid method of Unigraphics NX model-
ing module, the cutter and workpiece at the instantaneous
cutter point are modeled. Then, cutting edge is added at the
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Table 1 Experimental parameters for coefficient identification

Cutter ε (degree) f (mm/min)

1 5 ~ 60 (Δε = 5°) 150

2 5 ~ 60° (Δε = 5°) 160
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radial position angle of 25°, 50°, 70°, 85°, 175°, 205°,
235°, 255°, 265°, and 355°. Thereafter, the upper and low-
er boundaries of ICCE are obtained by intersection opera-
tion. The results show that the ICCE from the two methods
match well, which demonstrates the effectiveness of ana-
lytical ICCE algorithm of five-axis ball-end milling of in-
clined plane.

6.2 Cutting experiments

The milling experiments schematic diagram and processing
diagram are shown in Fig. 9. Workpiece was about 80 mm×
60 mm× 35 mm, 45 steel. Ten-millimeter diameter, 30° helix
angle carbide-coated cutter 1 with one flute and cutter 2 with
two flutes were used to cut. The single-tooth cutter is used to
verify the identification of cutting force coefficients, and the
double-teeth cutter can simultaneously verify the correctness
of cutting force coefficients and cutter run-out parameters. In
order to avoid machining chatter, the length of cutter suspen-
sion should be minimized under the premise of non-interfer-
ence. Unigraphics NXmachining module generated tool path.
The experiments were performed on five-axis linkagemachin-
ing center DMU60 monoBLOCK. The cutting forces were
acquired by three-way piezoelectric quartz force sensor
YDCB-III05, acquisition instrument INV3018A, and data
processing system DSAP V10.01.

The cutting force coefficients and the cutter run-out param-
eters identification need to obtain cutting force data corre-
sponding to different axial position angle and different instan-
taneous chip thickness. The spindle speed, depth of cut, and
step distance are 500 r/min, 1 mm, and 1 mm, respectively.
For facilitating the analysis, 12 groups of down-milling exper-
iments with feeding direction angle 90° were carried for cutter
1 and cutter 2. The inclination angle and feed rate are shown in
Table 1.

Three-way milling forces obtained from dynamometer co-
ordinate system O-XmYmZm are transformed into the cutter
coordinate system O-XcYcZc:

Fxc ¼ Fym

Fyc ¼ Fxmcosεþ Fzmsinε
Fzc ¼ Fxmsinε−Fzmcosε

8<
: ð36Þ

The changing trend of the instantaneous average chip
thickness tn′ is consistent with the trend of the milling force.
The thicker the tn′ is, the larger the milling force is, and tn′
comes to the top with Fxc at the same time. Take the cutter 2
and the inclination angle 60° as an example, bringing param-
eters into formula (31), instantaneous average chip thickness
tn′ is evaluated as shown in Fig. 10.

The cutting interval 1 accounts for the majority of the
cutting process. In order to obtain monotonous sampling
data, five instantaneous radial position angles are selected
averagely in interval 1, which includes the radial position
angle corresponding to the maximum instantaneous chip
thickness. Bring axial position angle k′ obtained from for-
mula (32) into formula (29), and then the three-way cutting
force coefficients corresponding to the chip layer thickness
tn′ and axial position angle k′ are evaluated. The 5 × 12
sampling points coefficients are used to fit the surface
based on formula (37) with curve fit t ing tool of
MATLAB. Take the cutter 2 as an example, the polynomial
coefficients of tangential coefficient Kt, the radial coeffi-
cient Kr, and axial coefficient Ka are shown in Table 2. The
fitting surfaces are shown in Fig. 11.
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Fig. 10 Instantaneous average chip thickness

Table 2 The polynomial coefficients of Kt, Kr, Ka

Coefficients P0 P1 P2 P3 P4 P5 P6

Kt − 1.46 × 104 2.8 × 104 8.46 × 105 − 2.73 × 104 − 2.04 × 106 − 1.11 × 107 1.09 × 104

Kr − 1.57 × 104 1.77 × 104 1.47 × 106 − 4.99 × 104 2.04 × 105 − 7.7 × 107 3.53 × 104

Ka 1.79 × 103 − 1.96 × 103 − 9.54 × 104 − 2.73 × 103 2.7 × 105 − 1.13 × 105 2.84 × 103

Coefficients P7 P8 P9 P10 P11 P12 P13

Kt 1.15 × 106 4.43 × 107 − 3.67 × 108 − 3.83 × 105 − 4.53 × 106 − 4.33 × 108 8.67 × 109

Kr 3.82 × 105 − 8.5 × 106 1.77 × 109 − 1.11 × 106 4 × 107 − 6.65 × 108 − 1.03 × 1010

Ka − 5.82 × 103 − 6.97 × 106 1.01 × 108 − 7.11 × 104 1.78 × 106 4.86 × 107 − 1.93 × 109
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Kv ¼ p0 þ p1xþ p2x
2 þ p3x

3 þ p4yþ p5y
2 þ p6y

3 þ p7y
4

þ p8xyþ p9x
2yþ p10xy

2 þ p11x
3yþ p12x

2y2 þ p13xy
3

v ¼ t; r; a; x ¼ k
0
; y ¼ tn

0
� �

ð37Þ

Based on the run-out theory proposed in this paper, the run-
out parameters of cutter 2 are obtained by bringing measured
force and cutting force coefficients abovementioned into for-
mula (35). As formulas (38) and (39) show, run-out parame-
ters obtained from the experiments are different with the front
incline of the cutter; that is, the run-out parameters corre-
sponding to different axial position angles are different. The
main reason is that different overcut occurs in milling and the
cutter is not the ideal sphere.

ε ¼ 55o : ρ ¼ 0:01195mm; λ ¼ 106:78o ð38Þ
ε ¼ 55o : ρ ¼ 0:01159mm; λ ¼ 96:83o ð39Þ
ε ¼ 10o : ρ ¼ 0:01278mm; λ ¼ 91:25o ð40Þ

In order to validate the applicability of the cutting force
coefficients and the cutter run-out parameters, more than 200
tests for different cutting conditions were performed. Part of
the tests are shown in Table 3.

The comparison of predicted milling force and measured
force is shown in Fig. 12. The marked positions in the figure
are relatively large, mainly concentrated on the right side of
the force waveform with a small inclination angle. The reason
is shown in Fig. 10. The model uses the interval 1 to identify
the cutting force coefficients. The thickness of the material to
be removed during the cutting process corresponding to sec-
tion 1 and section 7 are getting thicker and getting thinner,
respectively, so the cutting force coefficients of the two parts
are not exactly the same. The predicted force is in good agree-
ment with the measured force in the trend and amplitude, and
the maximum error is less than 20% compared with the ex-
perimental results of the milling force with the variable depth,
step distance, inclination angle, and feed per teeth, which
prove the effectiveness of the milling force prediction model.
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Fig. 11 Fitting surface of cutting force coefficients

Table 3 Experimental parameters for coefficients validation

Test cutter s(mm) dn (mm) ε (degree) f z(mm/z)

1 1 1 1 60 0.3

2 1 1 1 5 0.3

3 1 0.5 1 30 0.3

4 1 1.5 1 30 0.3

5 1 1 0.5 30 0.3

6 1 1 1.5 30 0.3

7 1 1 1 15 0.18

8 1 1 1 40 0.24

9 2 1 1 55 0.16

10 2 1 1 20 0.16

11 2 1.5 1 30 0.1

12 2 1 1.8 30 0.1

13 2 1 1 45 0.06

14 2 1 1 5 0.12
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7 Conclusions

The arbitrary relationships between the feed direction, the cut-
ter axis vector, and the workpiece surface are parameterized in
five-axis ball-end milling. The analytical expressions of swept
surface by former tool path, machined surface, and spherical
surface are deduced in cutter coordinate system. Then, the
boundary curves of CWE and its inflection points are obtained
by calculating intersection themselves.

Based on the obtained CWE, the boundary curves are
discretized. The boundary elements are searched and judged
one by one by defining the distance between the boundary
element and the cutting edge curve. This proposed ICCE al-
gorithm is suitable for five-axis ball-end mill.

A ball-end mill instantaneous chip thickness model is pro-
posed considering cutter run-out and arbitrary feed direction.
Combined with micro-cutting edge milling force theory and
ICCE, the five-axis milling force model of ball-end mill is
established.

Based on the method of undetermined coefficients, mea-
sured average instantaneous force of all teeth is brought

into milling force model, then the cutting force coefficients
corresponding to different instantaneous chip thickness
and axial position angle can be solved. The cutting force
coefficient identification model suitable for five-axis ball-
end milling is established by fitting the discrete coeffi-
cients with surface. And then, the cutter run-out parameters
are evaluated by combining measured instantaneous mill-
ing force of any tooth.

The experiment and simulation results of five-axis ball-end
milling show that the CWE obtained from surface intersection
is consistent well with the experimental results, and the ICCE
by intersecting cutting edge and boundary curves of CWE is
in good agreement with the ICCE based on the solid modeling
method. A large number of milling experiments with different
processing parameters show the effectiveness of the cutting
force coefficients and the cutter run-out parameters identifica-
tion model in the five-axis ball-end milling.
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