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Abstract
Micro-milling has shown great potential in producing complex miniaturized components over wide range of materials. It can also
fabricate micro-products in small batches efficiently and economically. In spite of these advantages, several challenges hinder its
ability to produce components with better dimensional accuracy. Among several factors, tool deflection is one of the major
sources of surface error onmachined parts and features. Therefore, it is necessary to develop accurate and reliable process models
to analyze and improve performance of the process. This study presents a methodology to determine cutting forces and surface
error in the presence of tool deflections for micro-milling operation. Tool deflections have considerable influence on instanta-
neous uncut chip thickness. As tool deflection alters tooth trajectories and instantaneous uncut chip thickness, the rigid cutting
force model needs to be modified suitably to consider the effect of deflections. This aspect has been incorporated in the model by
modifying tool center location and tooth trajectories iteratively. The convergence of an iterative algorithm determining stable chip
thickness is obtained by comparing RMS deviation of average chip thickness between two successive tooth passes. The axial
variation of surface error due to tool deflections is estimated using surface generation mechanism. The proposed model is
implemented in the form of a computational program to predict cutting force and surface error. The results of computational
model are substantiated further by conductingmachining experiments. It is shown that the proposedmodel predicts cutting forces
fairly well in the presence of tool deflections. A comparison between predicted variation of surface error and 3D images of
machined surface captured using optical microscope showed good qualitative agreement in the error profiles.
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1 Introduction

Micro-milling is one of the versatile processes used in aero-
space, automobile, biomedical, and die-mold making indus-
tries to manufacture miniaturized components. It can produce
complex 3-D micro- to meso-sized components and features

in a wide range of materials with higher accuracy [1, 2].
Micro-milling is a down-scaled version of conventional mill-
ing, and both processes are apparently similar from operation-
al point of view. Both variants remove work material mechan-
ically in the form of chips by synchronized rotary and trans-
latory motions between multi-teeth cutter and workpiece. The
trochoidal trajectory formulation for cutting tooth is preferred
in micro-milling in comparison to conventional milling where
circular trajectory approximation is valid. This is primarily
due to larger ratio of feed per tooth to tool radius in micro-
milling. It has been demonstrated that the approximation as
circular tooth trajectory results into significant error in model-
ing of micro-milling operation [3].

In spite of similarity from operational viewpoint, signifi-
cant differences exist between both variants in terms of cutting
phenomena and mechanics of chip formation due to size effect
[4]. The edge radius of cutting tool is comparable to instanta-
neous uncut chip thickness in micro-milling as the edge is
deliberately rounded to impart strength, prevent plastic

* K. A. Desai
kadesai@iitj.ac.in

Tesfaye M. Moges
tesfaye_mom@yahoo.com

P. V. M. Rao
pvmrao@mech.iitd.ac.in

1 Department of Mechanical Engineering, Indian Institute of
Technology Delhi, New Delhi 110016, India

2 Department of Mechanical Engineering, Indian Institute of
Technology Jodhpur, Jodhpur 342011, India

The International Journal of Advanced Manufacturing Technology (2018) 98:2865–2881
https://doi.org/10.1007/s00170-018-2415-x

http://crossmark.crossref.org/dialog/?doi=10.1007/s00170-018-2415-x&domain=pdf
mailto:kadesai@iitj.ac.in


deformation, and avoid early tool breakage [5]. Therefore,
chip formation occurs along the rounded edge of a tool
resulting into negative value of effective rake angle though
nominal rake angle is positive [6]. When chip thickness is less
than the minimum limiting value, which depends on edge
radius of a cutting tool and work material property, material
removal does not occur in micro-milling. The cutting edge
ploughs work material in this case instead of shearing and
flows under the edge of cutting tool. The ploughed material
gets elastically recovered and rubs flank face of the tool
resulting into poor surface finish [7–9]. The subsequent cut-
ting edge removes elastically recovered material withstanding
higher chip load [10]. It has been shown that factors such as
edge radius, minimum chip thickness, and elastic recovery of
work material have significant effect on mechanics of chip
formation [2, 9], cutting forces [7, 8, 11, 12], surface quality
[13, 14], and burr formation [15]. It is also highlighted that the
parameters such as spindle speed, feed rate, and built-up-edge
have significant influence on the quality of micro-milled sur-
face and burr formation [16, 17].

Tool deflection is another important factor limiting perfor-
mance of micro-milling operation. A cutting tool used in
micro-milling is prone to severe deflections due to significant-
ly smaller value of diameter in comparison to overhang
length. This results into drastic reduction of section modulus
which lowers its strength and ability to withstand periodically
varying cutting forces. The increased flexibility of cutting tool
results into significant amount of deflections and thereby sur-
face error on machined components. It has been shown in
previous studies [18–20] that tool deflection is one of the
major sources of surface error on parts made using micro-
milling process. Therefore, it is important to model tool de-
flections and study its effect on mechanics of chip formation
while predicting cutting forces and surface error. This paper
presents a methodology to determine cutting force-induced
tool deflections and develop a flexible force model consider-
ing effect of tool deflections on resultant cutting forces. The
paper also presents a methodology to predict variation of ma-
chined surface error due to tool deflections. In the subsequent
paragraphs, a comprehensive review of previous studies fo-
cusing on modeling of cutting forces, tool deflection and sur-
face error in micro-milling is presented.

The prediction of tool deflection and surface error in micro-
milling operation requires models determining process geom-
etry and cutting forces along with mechanism to incorporate
effects of tool deflection on the same. Past studies related to
modeling of cutting forces in micro-milling can be broadly
categorized into three groups: analytical, numerical and mech-
anistic models. Analytical models predict forces by correlating
cutting forces with chip area through a set of analytical param-
eters determined on the basis of slip-line field theory [21–26].
The formulation used to calculate cutting force coefficients
that correlate cutting forces and chip area requires prior

knowledge of shear angle, mean friction angle, chip flow an-
gle, tool-chip contact length and shear stress of work material.
The precise determination of these parameters is difficult
which limits application of the model. Numerical models pre-
dict cutting forces based on the principles of continuum me-
chanics by simulating real machining environment [27–29].
The model uses constitutive equations mainly Johnson-Cook
model for different materials and Coulomb’s friction model
for coefficient of friction. The determination of parameters
related to flow of work material, deformation rates, and fric-
tion coefficient are extremely difficult particularly at high tem-
perature. A large number of assumptions are required in the
model due to limitations of input in the computational soft-
ware and large computational requirements, which limits ap-
plication of the model. The mechanistic model relates cutting
force components with chip area using cutting force coeffi-
cients. The effects of cutting parameters along with tool and
work material properties are assumed to be integrated into
coefficients without a priori analysis of mechanics of machin-
ing. The model is quite popular in literature as it does not
require understanding of complex metal cutting mechanics
and uses cutting coefficients which integrate the effect of cut-
ting tool and work material properties. A review of previous
studies conducted using mechanistic approach is only
presented.

Li et al. [30] predicted cutting forces using mechanistic
model considering effect of trochoidal trajectory, cutter
runout, and minimum chip thickness. Perez et al. [31] estimat-
ed cutting forces using mechanistic model where cutting force
coefficients were determined using experimental data. The
cutting force coefficients were estimated as a function of uncut
chip thickness using exponential relationship. Malekian et al.
[32] developed mechanistic cutting force model for shearing
and ploughing dominant regions considering minimum chip
thickness and dynamics at the tool tip. The ploughing forces
were estimated on the basis of interference volume between
tool and workpiece considering the effect of elastic recovery.
Jun et al. [33] proposed mechanistic force model considering
effective rake and clearance angles and material pile-up in
front of the cutting edge. Moges et al. [12] proposed a com-
prehensivemechanistic cutting force model incorporating pro-
cess characteristics of micro-milling such as edge radius of
cutting tool, minimum chip thickness, elastic recovery of work
material, and change in effective rake and clearance angles.
The above-mentioned research attempts have not considered
the effect of tool deflection while predicting cutting forces.
Tool deflection has significant effect on cutting forces as it
changes uncut chip thickness which has direct relationship
with cutting forces; therefore, it is important to incorporate
its effects while predicting cutting forces in micro-milling op-
eration. This requires prediction of tool deflections induced
due to cutting action a priori in order to incorporate its effects
on cutting forces.
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Different approaches are presented in the literature to
predict deflections of an end mill which can be broadly cat-
egorized into three groups. (a) Cantilever beam model with
point force acting at a force center [34–36] which assumes
application of point force at force center to predict deflec-
tions of end mill. (b) Cantilever beam model with non-
uniform forces acting along cutter contact area. The model
computes tool deflections by discretizing the end mill into
finite disc elements along axial direction. The cutting forces
computed from mechanistic force model can be directly ap-
plied to engaged axial disc elements and deflection of each
node as well as total deflection can be computed [37, 38]. (c)
FEA model which determines deflection of a cutting tool
considering it as cantilever beam element e.g. Timoshenko
beam element [39, 40].

Uriarte et al. [41] developed mechanistic force model for
shearing and ploughing regions and used the same in
predicting tool deflections. The tool deflection was comput-
ed by correlating resistance force due to deflections with
forces acting on radial plane and static stiffness of tool mea-
sured at the tool tip. Rodríguez and Labarga [42] estimated
tool deflections based on geometry of an endmill and theory
of elasticity. In order to estimate deflection of end mill, dis-
tributed force along engaged portion of the flute is consid-
ered concentrated at a point and linear deflection profile is
assumed. An important point to note here is that the chip
thickness formulation of conventional milling is used to de-
termine instantaneous chip thickness at micro-level which
results into significant error as feed per tooth to tool radius
ratio is relatively large in this case. Zhang et al. [43] devel-
oped mechanistic force model based on the work of
Rodríguez and Labarga [42] considering trochoidal tooth
trajectory and tool deflections. The study considered point
force applied on the cutting tool instead of distributed force
acting along engaged part of the tool which is not a realistic
assumption. Mamedov et al. [44] predicted cutting force
using mechanistic approach incorporating ploughing action
based on interference volume between tool and workpiece.
Tool deflection was computed by discretizing the cutter into
finite elements in the axial direction and correlating cutting
forces with stiffness matrix. Although the study considered
two-dimensional Timoshenko beam element and used
Cantilever beam model with non-uniform forces acting
along cutter contact area to predicted tool deflection, the
effect of tool deflection on cutting forces was not included
in their predictive model. Wang et al. [45] proposed cutting
force model considering minimum chip thickness, cutter
runout, and tool deflection.

The past research attempts highlighted above determine
deflection of a cutting tool in micro-milling, but limited effort
has been made on incorporating its effects while predicting
cutting forces and surface error. The existing models deter-
mine tool deflections assuming single point force acting on

engaged part of the cutter which is not realistic and may result
into inaccurate prediction. It is necessary to develop a realistic
cutting force model incorporating effect of tool deflection
along with important process characteristics of micro-milling
such as edge radius of cutting tool, minimum chip thickness,
elastic recovery of work material, and change in effective rake
and clearance angles. Therefore, substantial improvement is
required in the existing computational models to determine
cutting forces and tool deflection-induced surface error in mi-
cro-milling.

The previous work of authors investigated the effect of
cutter run-out on the process geometry parameters [10]. A
set of process geometry parameters such as instantaneous un-
cut chip thickness and entry and exit angles of the flute is
determined by considering run-out and elastic recovery of
workpiece material. It is found that cutter run-out has substan-
tial effect on these parameters in a wide range of feed per tooth
values. The same methodology has been extended in the pres-
ent work to incorporate tool deflection effects. This paper
incorporates effect of tool deflections on cutting forces for
developing flexible force model in micro-milling operation.
This paper also proposes a methodology to predict tool
deflection-induced surface error for components produced
using micro-milling operation.

Henceforth, the paper is organized as follows: Section 2
presents summary of rigid force model adapted from previous
study [12], tool deflection model proposed in the present
study, an iterative algorithm to determine stable chip thick-
ness, and flexible cutting forces along with surface generation
mechanism. Section 3 presents comparison of predicted cut-
ting forces with experimentally measured values. It also pre-
sents qualitative comparison of surface error predicted from
the developed model with images of machined surface obtain-
ed from 3-D optical microscope. Section 4 summarizes the
conclusions of the present work.

2 Modeling of cutting forces, tool deflections,
and surface error

It has been highlighted in the previous section that an end
mill is the most flexible element of micro-milling system
and it deflects easily under the action of periodically vary-
ing cutting forces. Tool deflection in the normal direction
causes significant error on machined surface which limits
dimensional accuracy of the component and productivity of
the process. Therefore, it is important to predict cutting
forces and tool deflections accurately. It is also necessary
to predict tool deflection-induced surface error as it helps in
(a) obtaining desired dimensional tolerances, (b) devising
compensation strategy, and (c) selecting of optimum cutting
conditions. Firstly, the rigid cutting force model developed
in previous research work [12] is summarized in this
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section. The methodology to predict tool deflection is pre-
sented subsequently. Subsequently, an iterative algorithm is
presented to determine stable chip thickness and flexible
cutting force in the presence of tool deflection. Lastly, sur-
face generation mechanism to predict tool deflection-
induced surface error is presented. As tool deflection alters
tooth trajectories and instantaneous uncut chip thickness,
the cutting force model has to be modified suitably to con-
sider the effect of deflections. An iterative scheme is pre-
sented to predict cutting forces in the presence of tool
deflections.

2.1 Rigid cutting force model

A comprehensive mathematical model was developed by
Moges et al. [12] incorporating important process characteris-
tics of micro-milling process such as edge radius of the cutting
tool, minimum chip thickness, elastic recovery of work mate-
rial, and changes in the effective rake and clearance angles
while predicting cutting forces. The study proposed portion-
ing of cutting regions into two zones, namely, shearing dom-
inant region (when chip thickness is greater than the minimum
chip thickness (h ≥ hmin)) and ploughing dominant region
(when chip thickness is less than the minimum chip thickness
(h < hmin)). The model predicts cutting forces by discretizing
the process into steps; angle by angle, flute by flute, and the
tool is segmented into disc elements along axial direction. The
instantaneous uncut chip thickness has been determined by
computing the shortest radial distance between current trajec-
tory of a flute and previously generated surface considering
cutter runout and elastic recovery of workpiece material [10],
and the same is extended in the present study to incorporate
the effect of tool deflection. Additionally, the model also di-
vided uncut chip area, ploughed material, and elastically re-
covered work material along the flank side of the tool into
finite number of elements to consider the change in rake and
clearance angles effectively while determining normal and
frictional forces.

The normal and frictional components of shearing force
acting on an uncut chip element in shearing dominant region
are determined using Eq. (1).

dF fs ¼ KfsdAa

dF fs ¼ KfsdAa

�
ð1Þ

where Kns and Kfs are cutting coefficients in shearing domi-
nant region and dAa is the area of an uncut chip element. The
radial and tangential forces acting in a shearing dominant re-
gion are obtained as summation of shear forces acting on each
chip element and edge forces which are expressed using Eq.
(2) after performing coordinate transformations using effec-
tive rake angle (αe).

dFrs ¼ Kre
dz

cosθhx
þ ∑

u
Δhscos αe*

dz
cosθhx

� �
Kns sin αe þ Kfs cos αeð Þ

� �

dF ts ¼ K te
dz

cosθhx
þ ∑

u
Δhscos αe*

dz
cosθhx

� �
Kns cos αe−Kfs sin αeð Þ

� �

9>>>=
>>>;
ð2Þ

Similarly, the normal and frictional components of
ploughing forces acting on a given ploughed chip element
and the normal and frictional components of the rubbing
forces acting on an elastically recovered element are expressed
using Eq. (3) and Eq. (4), respectively.

dFnp ¼ KnpdAb

dFfp ¼ KfpdAb

�
ð3Þ

dFnr ¼ KnrdAc

dFfr ¼ KfrdAc

�
ð4Þ

where Knp and Kfp are ploughing coefficients and dAb is ele-
mental ploughed area, and Knr and Kfr are rubbing coefficients
and dAc is area of elastically recovered element. The radial and
tangential forces acting in a ploughing dominant region are
obtained by summing ploughing forces acting on each
ploughed chip element, rubbing forces acting on each elasti-
cally recovered element, and the edge force acting on the
cutting edge which are expressed using Eq. (5) after
performing coordinate transformations using effective rake
(αe) and clearance ( γe) angles.

dFrp ¼ K re
dz

cosθhx
þ ∑

v
Δhpcos αe*

dz
cosθhx

� �
Knp sin αe−Kfp cos αe

� �� �

þ∑
w

Δhercos γe*
dz

cosθhx

� �
Knr cos γe þ Kfr sin γeð Þ

� �

dF tp ¼ K te
dz

cosθhx
þ ∑

v
Δhpcos αe*

dz
cosθhx

� �
Knp cos αe þ K fpsin αe

� �� �

þ ∑
w

Δhercos γe*
dz

cosθhx

� �
−Knrsin γe þ K frcos γeð Þ

� �

9>>>>>>>>>>>=
>>>>>>>>>>>;
ð5Þ

The cutting forces acting on a given axial disc element in
Cartesian coordinate system are obtained by performing coor-
dinate transformation of radial and tangential forces in
ploughing and shearing dominant regions and can be
expressed as Eq. (6).

dFx ¼ dFrsinβ−dFtcosβ
dFy ¼ dFrcosβ þ dFtsinβ

�
ð6Þ

where β is instantaneous angular position of a cutting edge on
a given axial disc element. The cutting forces determined in
this manner are applied on engaged axial disc elements to
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compute elemental tool deflection which has been discussed
in the subsequent section.

2.2 Tool deflection model

A cutting tool is considered as a cantilever beam firmly support-
ed in the tool holder at one end and subjected to non-uniform
cutting forces acting along cutter contact area at the free end in
this study. Due to action of cutting forces, tool deflects in feed
(X-) and normal (Y-) directions of the cut while deflection along
axial (Z-) direction is considered insignificant as it is absorbed
by stiffness of the system. In order to predict deflections accu-
rately, a tool has been divided into three separate geometric
components: shank, taper and flute portion as each part has
different geometric shape and configuration (Fig. 1a). The sche-
matic representation of tool deflection model is shown in Fig.
1b. The concept of equivalent diameter of cutting tool has been
used for the flute portion to consider the scaling effects [46].

The deflection of the fluted part is evaluated by considering
non-uniformly distributed cutting forces acting on cutter con-
tact area. This necessitates discretization of the fluted part into
number of axial disc elements in the tool deflection model. As
number of axial disc elements in the tool deflection and cut-
ting force model are identical, the axial force values can be
directly transferred to determine elemental tool deflections.
For the shank and taper parts of the tool, point load acting at
the tip of the end is considered and moment-area method is
applied to compute the deflections. This assumption is con-
sidered reasonable as length of the tool from clamping posi-
tion to the free end is quite larger compared to the axial depth
of cut. The procedure to compute tool deflections in individual
sections is given subsequently.

2.2.1 Deflection of the fluted part

The fluted part of the cutting tool is discretized into the same
number of axial disc elements as cutting force model.
Therefore, the magnitude of elemental force determined from
the cutting force model can be directly applied to the cutter to
determine elemental deflection values. Figure 2 shows the
simplified free-body diagram of the fluted part with elemental
load. The deflection equation has been derived from a canti-
lever beam model with elemental load acting on an engaged
axial disc element.

Referring Fig. 1b and Fig. 2, the X- and Y- deflections of an
individual axial disc element (k) due to force acting at pth disc
element can be calculated using Eq. (7).

dδ f k; pð Þ ¼
dFx2

6EI f
3a−xð Þ; 0 < x < a

dFa2

6EI f
3x−að Þ; a < x < Lf

8>>><
>>>:

9>>>=
>>>;

ð7Þ

The total static deflection of each axial disc element can be
computed using superposition of deflections produced by cut-
ting forces applied onm engaged axial disc element, and it can
be expressed as Eq. (8).

δ f kð Þ ¼ ∑
m

p¼1
δ f k; pð Þ ð8Þ

2.2.2 Deflection of taper and shank parts

The deflection of taper and shank parts of the cutter has been
formulated using moment-area method assuming concen-
trated force applied at the free end of the tool at a given angle
of rotation. The moment-area method is a semi-graphical
method used to calculate deflection of the beam subjected
to bending [47].

The deflection value at a particular location can be deter-
mined by multiplying area under M/EI diagram with the dis-
tance from the point of interest to the centroid of the area. The
loading diagram (Fig. 3a), bending moment diagram (Fig. 3b),
M/EI diagram (Fig. 3c), and deflection diagram (Fig. 3d) are
shown in Fig. 3. The deflection of the tool at point C is
expressed as summation of deflection of shank and taper parts.

Fig. 1 Tool deflection model of micro-end mill. (a) Parts of micro-end
mill and (b) schematic representation

D

Fig. 2 Free body diagram of fluted part
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In order to calculate deflection at point C, bending moments,
areas underM/EI diagram, and centroid locations of points A,
B, and C have been determined priorly. The expressions to
determine these parameters are summarized in Table 1.

The deflection of shank and taper parts at point C can be
expressed using Eq. (9).

δC ¼ A1*x1 þ A2*x2 þ A3*x3 þ A4*x4 ð9Þ

(a) Loading diagram 

 (b) Bending moment diagram

x1 x4

x3

x2

1

2

3

4

 (c) diagram

 (d) Deflection diagram

Fig. 3 Calculation of deflection
of shank and taper parts

Table 1 Expressions for bending
moments, areas, and centroids of
taper and shank parts

Bending moment
at points A, B, and C

Expression Area Expression Centroid location
from point C

Expression

MA F ∗ Loh A1
MB
EIs

*Ls x1 Ls
2 þ Lt

MB F ∗ (Loh − Ls) A2
1
2 *

1
2 *Ls x2 2Ls

3 þ Lt
MC F ∗ (Loh − (Ls − Lt)) A3

MC
EI t
*Lt x3 Lt

2

A4
1
2 *

1
2−

1
2

� �
*Lt x4 2Lt

3
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The deflection of axial disc element at a particular angle of
rotation is expressed as summation of deflections at point C
determined using Eq. (9) and deflection of fluted part deter-
mined using Eq. (8). The total deflection can be determined
using Eq. (10).

δ kð Þ ¼ δC þ δ f kð Þ ð10Þ

Based on deflection values computed in this manner, a new
tool center along with revised tooth trajectories is to be deter-
mined and instantaneous uncut chip thickness has to be com-
puted. The change of chip thickness results into modified cut-
ting forces which are to be computed recursively. The subse-
quent section presents a methodology to predict such flexible
cutting forces iteratively in the presence of tool deflections.

2.3 Flexible force model

In order to compute cutting forces realistically in the presence
of tool deflections, it is required to incorporate the effect of
deflections on determination of instantaneous uncut chip ge-
ometry. The change of chip geometry in conventional milling
was highlighted by Sutherland and Devor [48] by proposing
the concept of flexible force model which determines stable
chip geometry iteratively and computes cutting forces. This
concept has been extended to micro-milling operation in the
present study. The estimated value of tool deflection deter-
mined in the previous section has been used to determine the
new location of tool center and thereby tooth trajectories. The
deflections of cutting tool cause position of tool center to
deviate from the desired position as shown in Fig. 4. At a
particular angular rotation, the tool center deviates from the
nominal position Cb(xCb, yCb) to the deflected position
Ca(xCa, yCa) by an amount equal to δx and δy in X- and Y-
directions, respectively. The coordinates of tool center loca-
tion Ca(xca, yca) after tool deflection can be determined using
Eq. (11). The deflected coordinates of tool center has to be
determined for each axial disc element.

xCa ¼ xCb þ δx
yCa ¼ yCb þ δy

�
ð11Þ

The deflected coordinates of tool center determined
using Eq. (11) differ from the desired center in both X-
and Y- directions by an amount determined using tool de-
flection model outlined in the previous section. The chip
geometry is to be computed subsequently using deflected
tool center positions and tooth trajectories. The instanta-
neous uncut chip thickness is expressed as the shortest ra-
dial distance between the surface generated from previous
tooth pass and trajectory of the current cutting edge at a
given rotation angle. Figure 5 depicts geometrical compu-
tation of instantaneous uncut chip thickness in the presence
of tool deflections. The trajectory of each tooth pass has
been determined using process geometry model proposed
by Moges et al. [10], and it is considered as the surface
generated from the previous tooth pass to determine uncut
chip thickness removed by current tooth pass. The coordi-
nates of current tool center positions and corresponding
tooth trajectory are determined considering deflection
values determined in the previous section. The current
tooth pass remains in the cut for shorter period and it exits
early in the presence of tool deflections. Thus, the surface
generated by current tooth pass is different from its trajec-
tory. It can be seen from Fig. 5 that the surface generated by
the current tooth is combination of surface generated from
the previous tooth pass and current tooth trajectory which
has been represented by thicker dashed curve in Fig. 5. It
has been observed in earlier studies related to conventional
milling that the difference between surface generated and
tooth trajectory exists for the first few tooth passes only
[49]. As a result, the chip load experienced by these tooth
passes is not uniform and cutting forces vary significantly.
The difference of chip load between tooth passes vanishes
after few iterations and the process attains stable state. This
results into identical surface generated by successive tooth
passes and thereby removal of the same amount of material
and cutting forces during each tooth pass.

An iterative scheme has been devised to determine such
stable state of cutting in the computational models. It has been
observed that the first tooth pass does not incorporate tool
deflections in determining uncut geometry and cutting forces.

Fig. 4 Deviation of tool center
due to tool deflection
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The effect of tool deflection on center location and tooth tra-
jectories has been incorporated in the model during second
tooth pass. In order to examine the stable state of cutting and
convergence, Root Mean Square (RMS) deviation is intro-
duced in the computational algorithm. The algorithm deter-
mines instantaneous uncut chip thickness removed by each
tooth pass as the shortest radial distance between the current
tooth pass and surface generated by previous tooth pass at a
given rotation angle. The RMS deviation is computed then as
a difference of uncut chip thicknesses between these consec-
utive tooth passes which can be represented using Eq. (12).
The convergence criterion ε∗ = 0.0005 has been set in the
algorithm to examine the stable state of cutting.

RMS error ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑ hn θð Þ−hn−1 θð Þð Þ2
h i

N

vuut
; n ¼ 2; 3; 4: : : ð12Þ

where hn(θ) and hn − 1(θ) are the uncut chip thickness to be
removed by tooth pass n and n − 1 at each engaged angle of
rotation (θ). N is the number of samples. n is the number of
tooth passes. Note that the uncut chip thickness for the first
tooth pass has to be computed without considering tool de-
flection from rigid force model. This would be required to
generate cutting force data for computation of deflections for
the first time.

Once convergence is achieved, instantaneous uncut chip
thickness removed by nth tooth pass is obtained as the
shortest distance between the deflected trajectory of nth
tooth pass and the surface generated by (n − 1)th tooth pass.
For each tooth pass, instantaneous uncut chip thickness is
calculated considering tool deflections and RMS deviation
is determined to achieve convergence of the algorithm. The
cutting force, tool deflection and surface error values cor-
responding to each angular rotation are computed based on
the stable chip thickness values. The overall computational
algorithm to determine instantaneous uncut chip thickness,
cutting forces, tool deflections, and surface error is depicted
in Fig. 6. The entire computational scheme can be divided

into three phases. The first phase predicts tool deflections
for the first tooth pass using rigid cutting force and tool
deflection models. The values of tool deflections computed
during the first tooth pass has been used in computing
deflected tool center positions and tooth trajectory which
are used further in the second phase. The second phases of
computational algorithm uses deflected center coordinates
and tooth trajectories to compute stable chip thickness iter-
atively based on RMS deviation based convergence criteri-
on. The third phase of the algorithm predicts flexible cut-
ting forces considering tool flexibility in shearing and
ploughing dominant regions based on uncut chip thickness
computed using iterative algorithm. The surface error pro-
file is then determined based on cutting forces obtained
from the algorithm. The subsequent section presents a
methodology to estimate variation of tool deflection-
induced surface errors.

2.4 Modeling of surface error

Surface error in milling operation is determined as the devia-
tion of machined surface from the desired one in the normal
direction [34]. It has been highlighted by various researchers
[18–20] that the deflection of cutting tool results into signifi-
cant surface error on machined components (Fig. 7). It has
been realized that a cutting tool may deflect either away
(down-milling) or towards (up-milling) the workpiece produc-
ing either under or overcut, respectively. This implies that the
machined surface is generated when cutting edge exits the cut
in down milling while the same happens when an edge enters
into the cut while up milling. The present study considers
down milling mode of operation implying instantaneous an-
gular position (β) for ith cutting edge on kth axial disc element
as π from Y- axis. The condition of surface generation in down
milling can be expressed using Eq. (13). It has to be noticed
here that the axial location of surface generation point varies
with cutter rotation angle due to helix angle [50].

β zð Þ ¼ θ− ið Þφp−
tanθhx

r

� �
z ¼ π ð13Þ

The surface generation methodology stores tool deflection
in the normal direction at surface generation point as surface
error. As Y- axis coincides with the normal direction, surface
error ε(k) at each axial disc element is equal to tool deflection
δy(k) at a distance z from the bottom of tool tip and it can be
expressed as Eq. (14).

ε kð Þ ¼ δy kð Þ ð14Þ

After determining surface error corresponding to individual
axial disc element, the distribution over entire machined sur-
face can be obtained by rotating the tool at specific angular

X

Y Surface generated from
previous tooth pass

Current tooth pass

Surface generated from
current tooth pass

Ca

Next tooth pass

Fig. 5 Determination of stable uncut chip thickness in the presence of
tool deflections
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intervals. Such procedure results into determination of 3D
surface error profile in the axial and feed directions for the

entire machined surface. The results of computational model
are presented in the subsequent section.

3 Results and discussion

The model outlined in previous section has been implemented
in the form of computational program to estimate cutting
forces and 3D surface error profile in the presence of tool
deflections. The computational results are substantiated fur-
ther by performing micro-milling experiments at various cut-
ting conditions. This section discusses comparison of predict-
ed and measured cutting forces to examine efficacy of the
proposed model. In addition to cutting forces, comparison of
estimated and measured 3D surface error profile is also pre-
sented in this section.Fig. 7 Surface error induced due to tool deflection

Obtain surface error
profile along axial

direction

No

Compute RMS error between uncut chip
thickness nth and (n-1)th tooth passes

Is RMS error ?
Yes

No
pass=pass+1

Compute surface
generation point for each

axial disc element

Stop

Calculate uncut chip thickness h without
considering tool deflection

Set tooth pass=1

Initialization

Start

Predict cutting forces using rigid model

Predict tool deflection using the proposed
model

Set tooth pass=2

Calculate new tool center location and
tooth trajectory considering tool deflections

of tooth pass = 1

Calculate uncut chip thickness h

Set tooth pass at which
convergence is reached

Calculate new tool center and cutting edge
locations considering tool deflection of

previous convergence

Calculate uncut chip thickness h

h hmin

Predict cutting forces
for ploughing dominant

region

Predict cutting forces
for shearing dominant

region

Yes

Predict tool deflection

≤ ε∗

<

Fig. 6 Computational algorithm
to predict flexible cutting forces,
tool deflections and surface error
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3.1 Comparison of predicted and measured cutting
forces

To validate proposed cutting force model in the presence of
tool deflections, a series of half-immersion micro-milling ex-
periments were performed over a wide range of feed rates.
These tests were conducted on a 5-Axis CNC vertical milling
machine using Tungsten Carbide (WC) flat end mill of
1000 μm diameter and Aluminum 6351-T6 workpiece mate-
rial. Although cutter run-out is an important parameter in the
determination of process geometry parameters such as instan-
taneous uncut chip thickness and entry and exit angles, its
magnitude was negligible for the machine used during exper-
iments in the present study. Therefore, the effect of cutter run-
out is not considered on cutting forces and tool deflections in
the present study. Table 2 summarizes tool geometry, cutting
conditions and other relevant parameters used during compu-
tational simulations as well as machining experiments. In or-
der to measure and record cutting forces in X- and Y- direc-
tions, Kistler 9257BA table dynamometer and charge ampli-
fier has been used along with data acquisition system. Figure 8
shows experimental setup and Scanning Electron Microscope
(SEM) image of the tool tip.

The edge radius of the micro-end mill is determined as
2 μm approximately from the SEM image of the cutting tool
while the elastic recovery rate of Aluminum work material is
known to be 10% [32]. The minimum chip thickness is as-
sumed as 30% of the edge radius for Aluminum workpiece
material [32]. The present study uses relatively larger value of
cutting tool overhang to have dominant effect of tool

deflection-induced errors on machined surface profile. Also,
relatively larger cutting tool diameter is chosen to withstand
breakage of cutting tool at higher overhang length.

It has been highlighted in the previous section that chip
geometry is not stable during first few passes in the presence
of tool deflections and it converges to a stable value after a few
iterations. The model is required to incorporate this aspect
while predicting cutting forces in the presence of tool deflec-
tions. The cutting forces are predicted using computational
model outlined in Fig. (6), and it has been observed that the
algorithm achieves convergence after few tooth passes and
cutting force signal stabilizes to a normal periodic variation.
The RMS deviation between instantaneous uncut chip thick-
nesses of two consecutive tooth passes has been computed
using Eq. (12) and convergence is checked. Figure 9 shows
variation of RMS deviation with tooth passes which indicates
that the RMS deviation converges to a stable value after a few
iterations.

Figure 10 shows comparison of predicted and experimen-
tally measured cutting forces at three different feed rate values.
These feed rate values are selected such that the effectiveness
of proposed model can be examined in three different regions
of micro-milling namely, shearing dominant, ploughing dom-
inant and transition regions. Figure 10a shows comparison of
predicted and experimentally measured cutting forces in a
shearing dominant region. The value of feed rate is selected
as 8 μm/tooth in this case which corresponds to cutting con-
ditions identical to shearing dominant region. It can be seen
that the predicted and measured cutting forces are in a good
agreement with each other. It can be inferred that the proposed
model predicts cutting forces accurately in the shearing dom-
inant region where ploughing effects are insignificant. Figure
10b shows comparison of forces in ploughing dominant re-
gion where the feed rate reduces to 0.4 μm/tooth. When feed
rate is lowered to such a small value, the uncut chip thickness
is less than the minimum limiting value and removal of mate-
rial in the form of chips does not occur. In this case, ploughing
action is dominant and the mechanism of chip formation is
entirely different than the shearing region. The effect of shear-
ing action does not exist in this region and the work material
flows under the cutting edge. The work material experiences
elastic recovery upon flow under the edge and it rubs over
flank face of the tool. This leads to significantly larger value
of rubbing forces compared to the previous shearing dominant
case. It can be seen that the proposed model also predicts
cutting forces quite well in the ploughing dominant region.
Figure 10c shows comparison of cutting forces in the transi-
tion region with corresponding feed rate of 2 μm/tooth. At this
feed rate, the chip formation mechanism switches from shear-
ing to ploughing frequently and vise-versa. This phenomenon
has been termed as transition region where the model has to
predict combined effect of shearing and ploughing regions
while predicting cutting forces. It can be seen that the model

Table 2 Cutting conditions used for simulation and experimental
results

Parameters Values

Tool diameter (d) 1 mm

Number of flute ( Nt) 2

Helix angle (θhx) 30°

Nominal rake angle ( αn) 15°

Clearance angle ( γn) 10°

Edge radius ( re) 2 μm

Minimum chip thickness ( hmin) 0.3re
Elastic recovery rate ( pe) 0.1

Spindle speed (rpm) 10,000 rpm

Axial depth of cut (Adoc) 100 μm

Radial depth of cut (Rdoc) 500 μm (half immersion)

Overhang length (Loh) 30 mm

Feed per tooth (fpt) 0.2 to 10 μm/tooth

Tool material Tungsten carbide (WC)

Workpiece material Aluminum 6351-T6

Sampling frequency 60,000samples/s

Type of filter low-pass filter
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predicts cutting forces quite well in transition region too.
Based on comparison of predicted and measured cutting
forces, it can be concluded that the proposed model estimates
magnitude and profile of cutting forces in shearing, transition
and ploughing regions quite accurately in the presence of tool
deflections.

Furthermore, the effect of minimum chip thickness in
shearing, ploughing and transition regions of chip formation
process on cutting forces is well addressed in the previous
work [12]. This was addressed by analyzing the root mean
square (RMS) values of the cutting forces over various feed
per tooth values. It was reported that the magnitude of cutting
force in each of these regions is entirely different due to min-
imum chip thickness effect. In shearing region, cutting or
shearing mechanism is dominant and RMS value of forces
follow linear variation with feed rate. In a ploughing dominant
region, the same trend is not followed due to significant

contribution of rubbing forces generated due to elastic recov-
ery of work material. This results into increased cutting forces
although feed rates are significantly lower. In transition re-
gion, RMS of forces follow entirely different trend than shear-
ing or ploughing dominant region due to frequent switching
between these mechanisms.

Figure 11a,b shows simulation results of instantaneous tool
deflections versus cutter rotation angle for bottom most axial
disc element at 8 and 2 μm/tooth feed rates, respectively. Once
convergence is reached in the computational model, the in-
stantaneous tool deflection values in X- and Y- direction are
determined for each axial disc element using flexible cutting
forces. It can be seen that the profile of instantaneous tool
deflections is quite similar to cutting forces shown in
Fig. 10. The instantaneous tool deflection profile also agree
well with the experimentally obtained profile presented in
earlier literature [38]. Based on these results, it can be con-
cluded that the tool deflection model proposed in this paper
predicts instantaneous tool deflections in micro-milling oper-
ation quite well and it can be used to determine surface error
further. The subsequent section presents comparison of pre-
dicted and measured surface error profile determined using
flexible cutting force and tool deflections estimated in this
section.

3.2 Comparison of predicted and measured surface
error profile

3-D surface error profile resulting due to deflections of an end
mill is estimated using methodology proposed in the previous
section. The methodology traces movement of individual cut-
ting edges in the axial and feed directions and stores tool
deflection value in the normal direction at the instant of sur-
face generation. This section presents comparison of predicted
and experimentally measured 3-D surface error profile to sub-
stantiate the proposed model. The present study uses

Fig. 8 Experimental setup and
SEM image of micro-end mill
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MicroXAM-100 3D optical profiler to capture 3D image of
machined side-wall surface.

Figure 12a shows schematic diagram of the half-immersion
micro-milling process while Fig. 12b shows orientation of
workpiece surface after machining to facilitate measurement
of side-wall error profile using optical profiler. The optical
profiler and the sample 3D image captured using the set-up
are shown in Fig. 12c,d, respectively. The optical profiler fo-
cuses on the surface which includes machined side-wall as
well as un-machined and blank areas. These areas can be
distinctly identified in the resultant image which can be seen
in Fig. 12d marked as blank space and workpiece surface
(unfocused). The machined surface connected to workpiece
surface (unfocused) corresponds to bottom of cut while the
one connected to blank space (unfocused) represents top of
the cut.

Figure 13 shows comparison ofmeasured and predicted 3D
surface error profile at different feed rate values corresponding
to three machining regions. It can be seen that the 3D surface
error profile estimated using proposed model follows similar
trend as measured results. Based on these results, it can be
inferred that the proposed methodology captures the variation

of surface error quite well in all machining regions. Figure 13a
shows surface error variation of machined side-wall at feed
rate of 10 μm/tooth. As discussed earlier, this value of feed
rate corresponds to cutting conditions identical to shearing
dominant region. It can be seen that the magnitude of surface
error is maximum at the bottom of cut while it is minimum at
the top of cut. It can also be seen that the experimentally
measured surface error profile is quite smooth indicating bet-
ter surface finish. It can be attributed to cutting being shearing
dominant and insignificant elastic recovery in this case.
Figure 13b shows surface error variation of side-wall surface
at feed rate of 0.5 μm/tooth corresponding to ploughing dom-
inant region. The predicted profile surface error agrees well
with its measured counterparts qualitatively. The experimental
results indicate significant variation in the form of peaks and
valleys in the machined surface implying that the generated
machined surface has very high roughness value. The primary
reason for increased surface roughness is elastically recovered
work material which rubs over flank face of the tool and de-
teriorates quality of surface machined. Figure 13c shows var-
iation of surface error variation at feed rate 2 μm/tooth corre-
sponding to transition region. It can be seen that the predicted

Fig. 12 Measurement of surface error profile: (a) half-immersion micro-end milling operation, (b) schematic orientation of surface error profile
measurement of machined side-wall surface, (c) optical Profiler, and (d) captured 3D image
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surface error profile agree well qualitatively with experimen-
tally measured results. It can be seen that the quality of surface
finish in transition region is relatively better compared to
ploughing region in Fig. 13b but poorer than shearing region
in Fig. 13a. This is due to frequent switching of chip formation
mechanism from shearing to ploughing region and vice-versa.
From the results presented in this section, it can be concluded
that the proposed methodology can predict cutting forces and

tool deflection-induced surface error profile in all three zones
of micro-milling operation. Although tool deflections play
significant role in prediction accuracy of cutting forces and
surface error, dynamic vibrations of the tool tip of influences
accuracy of the model substantially. The surface roughness is
comparable to surface error in ploughing and transition re-
gions. Incorporating these factors in proposed computational
model will improve the prediction accuracy of the model and
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enable quantitative validation of the surface error, which can
be further work of study.

4 Conclusions

The paper presented a methodology to predict cutting force,
tool deflection and surface error by developing a flexible
force model which considers the effect of tool deflection on
cutting forces in micro-milling. As tool deflection alters
tooth trajectories and instantaneous uncut chip thickness,
the rigid cutting forcemodel is modified suitably to consider
the effect of deflections. An iterative scheme is presented to
predict cutting forces in the presence of tool deflections. The
cutting force model incorporates the effects of tool deflec-
tions on cutting forces alongwith the important process char-
acteristics of micro-milling. A tool deflection model which
partitions an end mill into three different regions namely
shank, taper and a fluted portion is presented in the study. A
moment-area method has been used to estimate deflections
of the shank and taper parts whereas deflection of the fluted
area is computed considering cutting tool as a cantilever
beamwith non-uniform forces acting along the contact area.
It is realized that the deflection of an end mill causes signif-
icant deviation of the tool center location resulting into
change of tooth trajectories and uncut chip geometry. To in-
corporate these effects, an iterativemethodology is proposed
to predict cutting forces. The RMS deviation between aver-
age chip thicknesses of successive iterations is used as a
measure to achieve the convergence of the algorithm. It is
observed that the chip thickness converges to a stable value
after a few iterations and the values of cutting force and tool
deflection determined at convergence point can be further
used in estimating surface error. It is observed that the vari-
ation of instantaneous tool deflection with cutter rotation
angle predictedusingproposedmethodologyagreewellwith
measured cutting force profile and previous results reported
in the literature. The surface error variation in axial and feed
direction is computedusing cutting forces and tool deflection
values determined from iterative algorithm using surface
generation mechanism. The proposed models are imple-
mented in the form of a computational program to predict
cutting forces and surface error profile in the presence of tool
deflection over wide range of feed rates. The estimated re-
sults are also corroborated by conductingmicro-milling tests
and measurement of surface error using 3-D optical micro-
scope. It is observed that the proposed model predicts mag-
nitude and profile of cutting forces quite well for all cutting
cases of micro-milling. From qualitative validation of sur-
face error model, it is observed that the predicted surface
error profile follows the same profile as experimentally cap-
tured 3D image of themachined side-wall surface. In order to
further improve the prediction accuracy of the proposed

computational model, considering the dynamic vibration of
the tip of the tool and surface roughness is important and that
can be further research work. Based on outcomes of the pa-
per, it has been realized that tool deflection has significant
effect on the accuracy of machined components. The pro-
posed model can be useful for process planner in selecting
optimum cutting parameters that controls cutting forces and
associated tool deflections which results into improved ma-
chining tolerances with enhanced productivity.
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Nomenclature r, Radius of a cutting tool (mm);Nt, Number of teeth;αe,
γe, Effective rake and clearance angle (°); φp , Pitch angle of the cutting
tool (°); re, Edge radius (mm); θhx , Helix angle of the cutting tool (°); fpt,
Feed per tooth (mm/tooth); h, Instantaneous chip thickness (mm); hmin,
Minimum chip thickness (mm); her, Elastic recovery height (mm); pe,
Elastic recovery rate of workpiece material; dz , Thickness of an axial
disc element (mm); Δhs, Thickness of element of uncut chip area (mm);
Δhp, Δher , Thickness of element of ploughed material and elastically
recovered material (mm); dAa, dAb, dAc, Area of uncut chip element,
elemental ploughed area, and area of elastically recovered element
(mm2); dFns, dFfs, Normal and frictional components of shearing force
(N); dFnp, dFfp, Normal and frictional components of ploughing force
(N); dFnr, dFfr, Normal and frictional components of rubbing force (N);
dFrs, dFts, Shearing forces in radial and tangential directions (N); dFrp,
dFtp, Ploughing forces in radial and tangential directions (N); dFx, dFy, X
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normal and frictional directions (N/mm2); Knp, Kfp, Ploughing coeffi-
cients in normal and frictional directions (N/mm2); Knr, Kfr, Rubbing
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elemental uncut chip area, ploughed material, and elastically recovered
material; β, Angular position of a cutting edge at i, j, k (°); θ, Cutter
rotation angle for the cutting point on bottom most axial disc element
(°); Loh , Over hang length from tool holder to the free end of a tool; E,
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flute, shank and taper parts (mm4); hn(θ), hn − 1(θ), Uncut chip thickness
to be removed by tooth pass n and n − 1 at each engaged angle of rotation
(θ); δx, δy, Tool deflections in X- and Y- directions; ε(k), Surface error at
kth axial disc element
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