
ORIGINAL ARTICLE

Removal of critical regions by radius-varying trochoidal
milling with constant cutting forces

Qing-Hui Wang1
& Zhao-Yang Liao1

& Yu-Xing Zheng1
& Jing-Rong Li1 & Xue-Feng Zhou2

Received: 28 January 2018 /Accepted: 5 June 2018 /Published online: 14 June 2018
# Springer-Verlag London Ltd., part of Springer Nature 2018

Abstract
This work presents a novel milling strategy for complex pocket machining by integrating radius-varying trochoidal (RVTR)
toolpath with contour parallel (CP) toolpath. Based on a quantitative analysis on the fluctuation of material removal rates (MRR),
the proposed strategy is able to precisely identify critical regions from complex pocket geometries, and then by integrating
flexible trochoidal radius with adaptive trochoidal step, the proposed approach is able to integrate the RVTR toolpath into CP
toolpath under a consistent transition of material removal rate. Moreover, by applying RVTR toolpath, the cutting force can be
maintained constantly when machining critical regions. Comparing with the trochoidal milling function available with current
mainstream CAM software, experimental investigation has shown that the proposed RVTR-CP toolpath integration strategy
offers a better machining condition with minimized fluctuation of cutting forces. Moreover, the total length of toolpath is
decreased considerably and hence the machining efficiency is greatly improved.
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1 Introduction

Constant cutting force is of great importance to the perfor-
mance of milling applications, especially to high-speed mill-
ing (HSM) applications. Choy and Chan [1] reported that the
cutting forces are sensitively affected by the cutter’s engage-
ment angle or the material removal rate (MRR) during milling
process. For most toolpath generation strategies, the abrupt
changes of MRR frequently occur. Taking the contour parallel
(CP) toolpath as an example, it is the mostly used toolpath
pattern for pocket milling, as illustrated in Fig. 1; the areas
around sharp corners and the narrow slots formed by inner-
most contours always constitute the critical regions for ma-
chining. Ibaraki et al. [2] reported that the MRR for these
critical regions is often subjected to abrupt changes and force
strikes to the cutter are unavoidable, which may result in ma-
chining defects on the part, worse fatigue condition to the

cutter, and more severely the direct breakage of the cutter.
Moreover, such problem becomes more prominent for HSM
or machining parts of hard materials. To tackle this problem,
decreasing the depth of cut and using conservative constant
feedrates have been the conventional measures to ensure the
safety of machining. However, such conservative measures
for NC machining cause considerable loss of machining effi-
ciency. Therefore, maintaining relatively constant cutting
forces during machining turns out to be a promising direction
to further improve machining efficiency.

Over the past decade, a number of research efforts have
been made to address the problem of cutting force fluctuation
by maintaining the MRR as constant as possible. These ap-
proaches can be classified into either using adaptive feedrates
or keeping a relative constant material engagement angle
using optimized toolpath. Tarng and Chen [3] proposed a
fuzzy control method to optimize feedrate at real time. They
concluded that the optimized feedrate is able to satisfy the
requirements of constant MRR. Erdim et al. [4] presented a
feedrate optimization strategy for surface milling to achieve
constant MRR and cutting forces. Uddin et al. [5] proposed a
new offset algorithm to generate CP toolpath, which regulates
the cutting engagement angle at a desired value in the 2D
milling. Karunakaran et al. [6] developed a simulation system
based on an instantaneous cutting force model, in which the
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feedrate can be adjusted so as to maintain a relatively stable
cutting force. However, since the cutting force and MRR al-
ways increase rapidly at critical regions, solely using adaptive
feedrate is difficult to completely avoid the instantaneous
force increase at sharp corners.

On the other hand, approaches based on toolpath’s geomet-
ric optimization are able to address the problem with more
resources. Choy and Chan [7] attempt to minimize the shock
of cutting forces by inserting additional bow-type looping
toolpaths at corner areas. And it is so promising that the ap-
proach has been realized by some latest commercial CAM
systems already. Kim et al. [8] reported a method to insert
additional looping segments into CP toolpaths and concluded
that the optimized toolpath can effectively control the varia-
tion ofMRR. Held and Spielberger [9] developed an approach
using smooth spiral toolpaths instead of conventional CP
toolpaths for pocket milling, which have demonstrated im-
proved smoothness of transition between two neighboring
contours of toolpath; however, the abrupt change of MRR still
cannot be eliminated completely.

In recent years, trochoidal (TR) toolpaths have been pro-
posed to address the problem of cutting force fluctuation.
According to Rauch et al. [10], there are two types of geomet-
rical models for TR toolpaths: the circular TR model and the
standard TR model. The former uses straight line segments
tangent to adjacent circles, which come with C1 continuity,
whereas the latter generates a more complex path and normal-
ly with C2 continuity, and hence, it is favorable to the kine-
matic behavior of machine tool. Ibaraki et al. [2] demonstrated
that the main advantage of TR milling lies in that it can effec-
tively control the variation of engagement angle and radial
depth of cut (RDC). With this control, critical cutting condi-
tions, such as abrupt change of MRR and full angle engage-
ment of cutting, can be avoided. Therefore, it offers a more
stable cutting condition for machining critical regions with
higher feedrate. Elber et al. [11] presented an algorithm of

generating trochoid cycles based on medial axis algorithm
and employed it to groove critical regions. Rauch et al. [10]
claimed that the maximal RDC for TR toolpaths can be cal-
culated by a so-called process constraint model, whose con-
straints include the values of tool radius, the circular move-
ment radius, and the center displacement distance. More re-
cently, based on regional segmentation according to the radius
change of locally inscribed circles along the media axis of a
cavity, Ferreira and Ochoa [12] proposed a new TR toolpath
strategy for pocket milling process with different cutter diam-
eters. Moreover, in their approach, the TR toolpath was opti-
mized through a pixel-based simulation to reduce the problem
of idle cutting, which however breaks the C2 continuity of the
toolpath. Wu et al. [13, 14] inserted a sequence of circular
cycle toolpaths at corners for milling sharp corners, where
the cutting load always changes drastically with most conven-
tional toolpath. Deng et al. [15] developed a formula to predict
cutting force for trochoidal milling and then proposed a
toolpath optimization model to achieve shortest machining
time under expected cutting forces. The method of RDC con-
trol along TR trajectory has also been introduced into the
process of plunge milling. With the precise control of RDC
for each cutter location, considerable improvements have been
demonstrated for both cutting efficiency and cutter’s life in
plunge milling [16].

Although existing research efforts tried to address the prob-
lems of cutting force fluctuations at critical regions, there still
lacks reasonable method to precisely recognize the so-called
critical regions from the complex pocket region of machining.
More importantly, the length of TR toolpaths is generally
much longer than that of conventional CP toolpaths, and cer-
tainly, it is inefficient to apply TR toolpath at the rest of so-
called common regions, whereMRR changes little. Therefore,
it is necessary to generate optimal toolpaths with constant
MRR and with high efficiency as well. In authors’ previous
work [17], a radius-varying TR (RVTR) toolpath model was

Fig. 1 Illustration of critical
regions along CP toolpaths
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proposed. With the varying evolution radius, most critical re-
gions can be machined by a single strip of the RVTR toolpath.
Furthermore, a method of adaptive trochoidal step control was
developed for the RVTR toolpath, so as to maintain a constant
RDC among each TR milling cycle with different radii. As a
continuous effort, this work focuses on the approach to pre-
cisely integrating the RVTR trajectory with conventional CP
toolpath. Based on a quantitative analysis ofMRR fluctuation,
the proposed toolpath integration strategy is able to precisely
identify critical regions from complex pocket geometries and
then to mill the entire pocket in one go using RVTR trajecto-
ries for critical regions and CP toolpaths for the rest. Control
algorithms are developed to ensure that the connection be-
tween RVTR trajectories with neighboring CP toolpaths is
geometrically continuous and under very consistent MRR
transition as well. Therefore, an almost constant cutting force
can be maintained for the entire pocket machining, and hence
considerable improvements on machining efficiency can be
achieved.

The remainder of the paper is organized as follows: Section
2 presents a pixel-based MRR simulation method for identifi-
cation of critical regions. The RVTR-CP integration strategy
and its control algorithms are presented in Section 3. Section 4
explains the implementation of the proposed approach,
followed by a performance comparison with the commercial
available toolpath strategy by SIEMENS NX®. Section 5
concludes the work.

2 Identification of critical milling regions

Ibaraki et al. [2] proposed the concept of critical milling region
and used the width of the narrow slot to distinguish the critical
regions. The unique characteristic of these critical milling re-
gions is that the cutting forces fluctuate inevitably during its
milling process. As illustrated in Fig. 1, for most pocket mill-
ing cases along conventional CP toolpaths, the sharp corners,
narrow milling regions, and slots are generally considered as
critical milling regions, due to the fact that the cutting forces in
these regions are with considerable fluctuations. However,
there is no report yet on how to automatically identify these
critical regions from arbitrary pocket machining cases. In this
section, an automated algorithm is developed to identify crit-
ical regions according to the analysis of MRR variations. Its
procedures are as follows:

Procedure 1: pixel-based MRR simulation. For a given
pocket machining case, its MRR variation along toolpath
is simulated using a pixel-based algorithm under a
predetermined controllable precision.
Procedure 2: segmentation of critical toolpaths. Based
on the analysis of MRR profile along the toolpath, the
entire toolpath is further segmented into a set of trajectory

segments with two types, i.e., the critical toolpath and
common CP toolpath. Basically, the trajectories raising
MRR variation more than a predetermined threshold are
considered as critical toolpath, and the rest with relatively
stable MRR are considered as common toolpath.
Procedure 3: creation of critical regions. This procedure
is to organize the neighboring but tessellated critical
toolpath segments into several regional connected critical
regions with enclosed profiles, which will be identified
for further TR milling.

2.1 Pixel-based MRR simulation

MRR here is calculated as the volume of material removed per
minute. As illustrated in Fig. 1, for the simplest toolpath ge-
ometries when milling common regions, i.e. a linear toolpath
trajectory or a curved toolpath trajectory with no curvature
change, the MRR is at a stable level as follows:

MRRexp ¼ MRV
t

¼ ΔS∙D∙Adc=t ð1Þ

where MRR_exp represents the expected value of MRR and
MRV represents the volume of material removed during the
time span t; ΔS is the distance of the toolpath trajectory, D is
the interval of CP toolpath, Adc represents the axial depth of
cut, and t can be computed by:

t ¼ ΔS= f ð2Þ
where f represents the feedrate of the motion.

Therefore, the expected MRR for most common regions
machining can be simply expressed as:

MRRexp ¼ D∙ f ∙Adc ð3Þ

However, as illustrated in Fig. 1, the toolpath trajectory
tends to be degenerated at those regions such as sharp corners
and most-inner loops. The MRR around these critical regions
is always with big fluctuation; hence, it is difficult to analyt-
ically compute the MRR using Eq. (3) for any arbitrary
toolpath. To address the MRR computation problem for arbi-
trary machining cases, a pixel-based MRR simulation method
proposed byKim et al. [8] is adopted in this work. As an initial
process, the machining region is discretized first and repre-
sented as pixel squares with a controlled resolution. When
cutter moves along a toolpath, its cutting area can be comput-
ed by the number of the pixel squares swept. As illustrated in
Fig. 2, when a cutter moves from location Pi − 1 to location Pi,
the corresponding MRR can then be approximately computed
according to the pixel-based simulation.

Figure 3 shows an example of simulated MRR along the
CP toolpaths in Fig. 1. By observing the simulation graph,
the MRR appears to be stable with the majority toolpath
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trajectories for common region machining, with its value
around MRRexp. However, when the cutter moves into
critical regions, such as narrow slots or sharp corners,
abrupt MRR changes can be observed at a regular fre-
quency, with its instantaneous value up to triple of the
stable value. The example demonstrated that the pixel-
based MRR simulation can be used to predicate the
MRR fluctuations for a given toolpath, which helps to
locate the critical regions in advance, so as to replace

the CP toolpath with regional TR toolpath for better ma-
chining performance.

2.2 Segmentation of critical cutter locations

Taking theMRR graph in Fig. 3 as an example, in order to find
all the critical regions, firstly, it needs to locate the exact cutter
locations that raise a MRR change obviously exceeding a
stable level, which requires a reasonable threshold value.
However, as observed from Fig. 3, there exists obvious
MRR fluctuations around the cutter locations when a cutter
is under transition between common and critical regions.
Experimental study shows that the MRR fluctuation graphs
during the stage of cutting transition are with big variation for
different machining cases, it does not always converge to the
expected stable level of MRR, the MRRexp by Eq. (3).
Therefore, instead of simply taking MRRexp as the fixed
threshold value, based on Otsu algorithm, an adaptive thresh-
old method is developed in this work to determine the thresh-
old. The Otsu algorithm first proposed byOhtsu [18] is known
as one of the robust methods in computing the optimal thresh-
old that maximizes the separability of two classes of values.
Being a histogram-based and automatic approach, it has been
extensively used in image segmentation to produce an objec-
tive result unbiased by spatial information. This threshold de-
termination method for the critical region segmentation is de-
scribed as follows.

For a given toolpath, which is represented by a list of
discretized cutter locations, and denoted by CLlist = {cl1, cl2,
…, clN}, each element cli ∈CLlist has a computed MRR value

Fig. 3 Simulated MRR distribution along CP toolpaths

Fig. 2 Pixel-based MRR simulation
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mrr(i) ∈ [0,MRRmax]. Assuming a threshold value, MRRthr, is
used to dichotomize the cutter locations in CLlist into two
classes, i.e., the class of target region, or the critical milling
region, CLcri(MRRthr) = {⋃cli,MRRthr ≤ mrr(i) ≤MRRmax},
and the class of background region, or the commonmachining
region, CLcom(MRRthr) = {⋃cli, o ≤ mrr(i) ≤MRRthr}. The
probabilities of class occurrence of CLcri(MRRthr) and
CLcom(MRRthr) are computed as the ratio of the accumulated
length of the toolpath segments in the respective class to the
total length of entire toolpath, represented by pcri(MRRthr) and
pcom(MRRthr), respectively.

For a discretized toolpath containingm cutter locations, the
mean level of MRR of the toolpath is given by:

μ ¼ ∑m−1
i¼1 length cli; cliþ1ð Þ∙mrr ið Þ
∑m−1

i¼1 length cli; cliþ1ð Þ ð4Þ

Based on Eq. (4), the mean level ofMRR forCLcri(MRRthr)
and CLcom(MRRthr) can be computed, respectively, and denot-
ed using μcri(MRRthr) and μcom(MRRthr). And assuming the
mean MRR for the entire region of machining is μreg, the
between-class variance for the choice of MRRthr is then for-
mulated as:

σ2
B MRRthrð Þ ¼ pcri MRRthrð Þ μcri MRRthrð Þ−μreg

h i2

þ pcom MRRthrð Þ μcom MRRthrð Þ−μreg

i2�
ð5Þ

By observing the Eq. (5), σ2
B MRRthrð Þ is an objective func-

tion with decision variable MRRthr ∈ [0,MRRmax]. Therefore,
the problem of threshold determination turns out to be an
optimization problem instead to search for the optimal value
for MRRthr to maximize the objective function. Figure 4
shows an example of MRR distribution for CP toolpath based
machining. It uses a flat end cutter of 6mm in diameter, taking
CP toolpath interval D = 2 mm, the axial depth of cut
Adc = 3 mm, and the feedrate f = 100 mm/min. The simulated
MRR values for machining the entire region are distributed
within [0, 1800], and the optimal global threshold is deter-
mined as MRRthr = 600 mm3/min, which is identical to the
expected MRR level for common regional machining, i.e.,
the computed MRRexp by Eq. (3). However, if simply taking
the optimal global threshold to segment critical machining
regions, it will include a considerable portion of unnecessary
cutter locations into the segmentation result as exampled in
Fig. 4b, since most of these cutter locations do not arise any
abrupt change of MRR, but having their MRR values slightly
fluctuated aroundMRRexp. Therefore, we have to find a more
reasonable local threshold within the range of (MRRexp,

MRRmax] using above algorithm. Figure 4c shows the segmen-
tation results of critical cutter locations, which is based on the
local threshold MRRthr = 713 mm3/min. Obviously, using the

local threshold offers more reasonable segmentation results,
since it helps to prevent excessive TR toolpath from
machining.

2.3 Contour fitting of critical region

The segmentation method discussed above provides a quanti-
tative way to locate the critical cutter locations from the com-
mon CP toolpath. However, the segmented critical toolpath is
tessellated, and it is difficult to define TR milling regions
simply based on these tessellated segments. It is desirable to
organize these critical toolpath segments into a number of
enclosed regions for further regional TR milling.

In this work, a contour fitting method based on so-called α-
shape algorithm is developed to obtain the minimal enclosed
profile for a critical region definition. The α-shape algorithm
was proposed by Edelsbrunner et al. [19] and has been gener-
ally used to address the boundary detection problem for a set
of finite points, with a parameter α to control the boundary
detection effect adaptive to the density of the point set. The α-
shape can be derived from the α-hull, which is a generaliza-
tion of convex hull, and when 1/α→∞, α-shape turns to a
convex hull. As shown in Fig. 5, the α-shape is defined by a
lot of discs with radius 1/α. In order to get a satisfied detection
effect, the key factor is to appropriately determine the α-pa-
rameter. In theory, the smaller 1/α is, the more sensitive the α-
shape algorithm to the distribution density of the point set.
Figure 6 shows the resulted critical regions by using the α-
shape algorithm by taking 1/α= 2D, where D is the interval
between two neighboring parallel contours.

3 Integration between RVTR and CP toolpaths

3.1 The model of RVTR toolpath

In recent years, several types of trochoidal-like toolpaths have
been proposed to address the issue of cutting force fluctuation
when milling critical regions. Generally, these trochoidal-like
toolpaths are implemented using three types of model. The
first type is based on circular model, which is represented as
a sequence of consecutive circular curves, and linked with a
linear segment tangent to adjacent circles with C1 continuity.
The second type, which was mentioned in reference [20], is a
classic TR model that uses a constant radius for trochoidal
evolution. It is able to generate TR toolpath with C2 continu-
ity. The third type is the so-called RVTR toolpath, which was
proposed in authors’ previous work [17]. Comparing with the
classic TR model, the RVTR toolpath comes with two main
advantages. One is that the radius for TR evolution can vary,
which makes the toolpath flexible enough to fit into complex
machining regions simply along a guiding path. Secondly, the
step for each TR evolution can adapt to the varying radius, so
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as to maintain a constant maximal RDC no matter the change
of evolution radius. Because of these two advantages, the
RVTR toolpath is better in machining critical regions.

In order to fill the RVTR toolpath into a complex ma-
chining region, the so-called medial axis algorithm is used
as the first step to generate a guiding path for a given
region, and then the TR toolpath moves their instanta-
neous centers along the guiding path. In this work, the
medial axis computation is completed using Voronoi
diagram-enabled algorithm [21].

Once the a guiding path of a machining region is avail-
able, the next step is to determine the TR radius together
with its adaptive step length for each cycle of TR evolu-
tion, so as to make the TR toolpath can well fit into the
region, while keeping constant RDC for each cycle of
machining. As illustrated in Fig. 7, the toolpath is
modelled as a TR cycle with its instantaneous center mov-
ing linearly from O1 to O2. O1 and O2 are located on the
guiding path with a distance Sstep, the current step for TR
evolution. The instantaneous center is denoted as

Fig. 4 Identification of critical cutter locations based on MRR threshold. a Histogram analysis of MRR distributions. b Segmentation results by global
threshold MRRthr = 600 mm3/mi. c Segmentation results by local threshold MRRthr = 713 mm3/min
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O(θ)(XO, YO), which can be parameterized by the revolu-
tion angle, θ ∈ [0, 2π].

XO θð Þ ¼ O1:x þ O1O2
���!⋅X! θ

2π

YO θð Þ ¼ O1:y þ O1O2
���!

⋅Y! θ
2π

8><
>: ð6Þ

During the TR evolution, since the TR radius varies fol-
lowing the change of θ, it is hereby denoted as RTR(θ). The
cutter location C(θ)(XC, YC) is on the TR curve and having the
distance of RTR(θ) to the instantaneous center O(θ).

XC θð Þ ¼ O θð Þ:x þ RTR θð ÞSinθ
YC θð Þ ¼ O θð Þ:y þ RTR θð ÞCosθ

�
ð7Þ

The milled profile left on the part by the period of TR
toolpath is the cutter contact point and being represented by
P(θ)(XP, YP) here as,

XP θð Þ ¼ O θð Þ:x þ RTR θð Þ þ Rtoolð ÞSinθ
YP θð Þ ¼ O θð Þ:y þ RTR θð Þ þ Rtoolð ÞCosθ

�
ð8Þ

Using R1 and R2 to represent the radii of the inscribed
circles centered at O1 and O2, respectively, the instantaneous
TR radius RTR(θ) during the cycle of TR revolution is consid-
ered as the linear interpolation between R1 and R2 and can be
parameterized by the revolution angle θ ∈ [0, 2π].

RTR θð Þ ¼ R1−Rtoolð Þ 1−
θ
2π

� �
þ R2−Rtoolð Þ θ

2π
ð9Þ

Figure 8a gives a typical example of computed medial axis
with a complex machining region. Along the medial axis
curve, TR toolpath is generated with varying radius exactly
fitting into the region (Fig. 8b).

3.2 Adaptive TR steps for constant RDC

As reported by Kloypayan and Lee [22], the cutting force is
sensitive to the variation of MRR during a milling process.
Under the TR milling mode, the cutter engagement angle is
much more stable while machining; thus, the RDC becomes
the dominate factor to affect the variation of MRR and the actual
cutter forces. Therefore, it is necessary to keep the RDC being
constant for all TR milling cycles. The RDC of TR toolpath is
determined by both values of the TR radius and the step. If using
a constant TR step, the varied TR radius will result in varied
RDC for each milling cycle. In order to maintain a constant
RDC, the TR step must to be adaptive to the varied TR radius.

Rauch et al. [10] presented a method to calculate maximal
RDC based on circular TRmodel. However, the RVTRmodel
is different from the circular model, since it is difficult to
compute the value of RDC by analytic geometry. In this work,
a numerical method reported in reference [17] was used to
compute adaptive TR step, which can make the maximal
RDC of each milling cycle converged at an expected value.

More than to maintain constant MRR for TR milling, the
RDC control is also the key measure to guarantee a consistent
MRR transition between TR and CP toolpaths for the proposed
RVTR-CP integration. As illustrated in Section 2.1, after the
removal of critical regions, machining along CP toolpath has
a constant MRR, which is theMRRexp as formulated by Eq. (3).
To guarantee a consistent MRR transition between TR and CP
toolpaths, the RDC value for TR toolpath can be determined as,

Rdcexp ¼ MRRexp

Adc⋅ f
ð10Þ

where Rdcexp is the RDC expected; it is equivalent to the
toolpath interval D of CP toolpath.

Fig. 5 An example of boundary detection for a set of points using α-
shape algorithm

Fig. 6 An example contour fitting for critical regions using α-shape
algorithm
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3.3 Connecting RVTR toolpath with CP toolpath

As illustrated above, the TR toolpath generated along
medial axis curves can perfectly fit into a complex
pocket region. These curves have been extensively used
as the guiding path for TR milling of pocket regions.
However, in this work, other than the fitting of RVTR
toolpath into critical regions, the smooth connection be-
tween the generated RVTR toolpath and its neighboring
CP toolpaths is another important concern. Furthermore,
in most CP milling applications, the recognized critical
regions can be generally classified into two typical re-
gions, i.e., narrow critical regions and corner critical
regions. The RVTR-CP integration methods at the two
types of regions are also different. They are discussed
separately as follows:

& RVTR-CP integration at narrow critical region
A narrow critical region is usually identified at the nar-

row slot areas of a pocket or at the area of inmost contours
of CP toolpath. As exampled in Fig. 9a, for the segmented
narrow critical region, all medial axis curves of the current
contour are generated first. In order to guarantee the critical
regionmachining completed by a single strip of TRmilling,
only the main branch of the medial axis curve is selected,
and those outermost branches are excluded from being
guiding path. Moreover, not the overall main branch of
medial axis curve is used. A further trim operation truncates
a small portion of the curve by a neighboring sub-contour
and using the left portion of the curve only as the guiding
path for TR toolpath generation. As illustrated in Fig. 10c,
d, after the truncation, the generated TR toolpaths can then
have a very smooth connection with CP toolpaths.

Fig. 7 The generation model of
RVTR toolpath

Fig. 8 Example of fitting RVTR
toolpath into complex machining
region. a Computation of medial
axis. b RVTR toolpath generation
along medial axis
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& RVTR-CP integration at sharp corner region
A sharp corner region usually occurs when the

toolpath changes direction abruptly. The generation
of guiding path for a sharp corner region is different
from that for narrow critical regions. As illustrated in
Fig. 9b, for a sharp corner region, all medial axis

curves between the current contour and its sub-
contour are generated first. Similarly, only the medial
axis curve inside the critical region (the gray area in
Fig. 9b) is selected as the guiding path, which ensures
the generated TR toolpath well connected with CP
toolpath under tangency continuity. Moreover, when

Fig. 10 Integrating RVTR
toolpath with CP toolpath. a
Critical CLs and guiding oath at
corner region. b TR toolpath
integration at corner region. c
Critical CLs and guiding path at
narrow region. d TR toolpath
integration at narrow region. e
Critical CLs for moving across
contour. f TR toolpath integration
for moving across contour

Fig. 9 Generation of guide path
from medial axis. a Guiding path
for narrow critical region. b
Guiding path for corner critical
region
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a cutter moves between two parallel contours, the
MRR may suffer abrupt changes and critical cutter
locations will be identified around there as illustrated
in Fig. 10e. This problem has been a typical issue with

conventional CP milling. In this work, to solve this
problem, a small portion of TR toolpath is added to
optimize the direct linear connection between parallel
contours (Fig. 10f).

Fig. 11 Cutting force measurement along CP toolpath. a Critical region existed. b Critical region removed
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With the above algorithm, RVTR toolpath can be generated
to fill in each critical regions with C1 continuity to the neigh-
boring CP toolpaths, as illustrated in Fig. 10b, d, f. Moreover,
by using the algorithm of adaptive TR steps (Section 3.2), the
cutter’s movement between the TR and CP toolpath is under
very consistent MRR transition as well, which theoretically
offers an ideal condition of constant cutting force for machin-
ing the entire pocket.

4 Performance evaluations for RVTR-CP
strategy

In this section, experimental comparisons are carried out
to evaluate the performances of the proposed RVTR-CP
toolpath strategy. As shown by Fig. 6, the pocket part
used is with complex geometric boundary, which gener-
ates a number of narrow regions and sharp corners when
using conventional CP toolpath and therefore results in
many critical regions during machining. Using the pixel-
based critical region recognition algorithm proposed in
Section 2, these critical regions with CP toolpath are iden-
tified as shown in Fig. 6. Certainly, this part is suitable to
apply RVTR-CP integrated toolpath because of the fre-
quent occurrence of critical regions.

The first test is to examine the accuracy of critical
region recognition of the proposed algorithm. And then,
second experiment is carried out to further evaluate the
performance of the RVTR-CP toolpath for its machining
efficiency and level of cutting force fluctuation. More
specifically, the comparison is made between proposed
approaches with the TR toolpath generated by commercial
CAM software SIEMENS NX®.

4.1 Accuracy of identifying critical regions

One identical experiment is carried out here to machine the
pocket in Fig. 6 under two different conditions respectively:
one is to remove critical regions with the proposed identifica-
tion method and another is without identification. Moreover,
while machining, the cutting force variation along toolpaths is
recorded. The part material is 6061 aluminum alloy, and the
machining uses a flat end cutter with a diameter of 6 mm. The
force measuring system uses a quartz three-component dyna-
mometer, Kistler 9257A, which is able to sample the cutting
forces at a frequency of 600 Hz.

In the first run of machining, the pocket is machined
using CP toolpath with all critical region existed.
Figure 11a shows the diagram of measured cutting
forces, from which many abrupt cutting force fluctua-
tions can be observed with the range from around
150 N to the maximum of around 250 N.

In the second run of machining, the critical regions are
removed from the pocket in advance, and then the same

CP toolpath was used to machine the pocket. Its diagram
of measured cutting forces is shown in Fig. 11b. It is
observed that the abrupt cutting force fluctuation in the
first run of machining (Fig. 11a) is completely avoided. It
proves that the algorithm of critical regions identification

Fig. 12 A comparison of TR-CP-integrated milling strategies. a Toolpath
by SIEMENSNX’s TR solution. b Toolpath by RVTR-CP strategy. c The
machined pocket by RVTR-CP toolpath
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is accurate. Moreover, the maximal cutting force is great-
ly reduced by 28%, to about 180 N, and cutting force
appears to be stabilized. This also indicated that the

removal of critical regions from conventional CP machin-
ing is the right measure to minimize cutting force
fluctuation.

Fig. 13 MRR variation along TR-CP integrated toolpath. a The MRR variation with NX’s toolpath. b The MRR variation with RVTR-CP toolpath
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4.2 Performance evaluation of RVTR-CP toolpath

In this section, the performance evaluation for RVTR-CP
toolpath is carried out from two aspects, i.e., the level of cut-
ting force fluctuation and the efficiency of toolpath. For the

purpose of comparative study, as shown in Fig. 12, the pocket
was machined using the SIEMENS NX’s TR toolpath and the
proposed RVTR-CP toolpath, respectively.

Figure 12a shows the TR toolpath generated by SIEMENS
NX, in which the toolpaths come with a constant TR radius

Fig. 14 Measured cutting forces for TR-CP integration toolpath. a The cutting forces with NX’s toolpath. b The cutting forces with RVTR-CP toolpath
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and a constant step for critical regions, and the rest of regions
were still machined by conventional CP toolpath. From its
MRR simulation (Fig. 13a) and actual cutting force measured
(Fig. 14a), a number of cutting force shock can be observed
during the machining, even though most of critical regions
have been removed by TR milling before CP milling, these
force shocks mostly happen when cutter moves across from
one CP contour to the next. More than that, the simulation also
shows that there could exist an obvious difference in MRR
between TR milling and CP milling along the SIEMENS
NX’s toolpath. This problem is also demonstrated by the cut-
ting force test shown in Fig. 14a, where the values of cutting
force turn up and down drastically when the cutting is under
transition between TR and CP toolpaths.

As a comparison, the above machining problem of cutting
force fluctuation is well addressed with RVTR-CP toolpath.
The most significant improvement is that the shocks of cutting
forces are considerably minimized as shown by Fig. 14b. As
discussed, such shocks happen mostly when the cutter moves
across from one CP contour to the next, which is a typical
issue with conventional CP milling. Owning to the critical
region identification, the MRR variation when crossing CP
contours is precisely captured, and a small portion of TR
toolpath, as label by S5 in Fig. 14b, is used to replace the
direct linear connection between two parallel contours; this
effectively prevents the cutting force shocks from happening.

Furthermore, with the contour fitting algorithm explained in
Section 2.3, many small but neighboring critical regions now
can be grouped into a connected critical region, for, e.g., the
critical regions S1, S3, and C1 in Fig. 12b. These grouped
critical regions are more suitable for machining by a single
stripe of RVTR toolpath. For the critical region milling only,
the proposed RVTR toolpath has shown better performance
than the TR milling toolpath by SIEMENS NX. Taking the
TR milling of C1 region for example, Fig. 13a shows that the
MRR comes with obvious fluctuation when using the TR
toolpath with constant radius by SIEMENS NX. This might
be caused by the sharp changes of feed direction, for which
multiple stripes of TRmilling are required to fill up the irregular
narrow region. Corresponding to such inconsistent MRR, the
cutting force suffers several shocks whenmilling the regionC1,
as shown in Fig. 14a. As a comparison, the problem of cutting
force shock when milling critical region is completely avoided
by RVTR toolpath. As shown in Fig. 14b, since the irregular
critical region can be removed by a single stripe of TR motion,
there ends up with no force shocks happening.

Other than the advantage gained over cutting force control,
the experimental results on the toolpath efficiency are reported
in Table 1, where the RVTR-CP integration strategy also dem-
onstrated considerable efficiency improvements over the TR-
CP toolpath by SIEMENS NX. To be specific, the RVTR-CP
strategy saved the total length of toolpath by 20.33%, com-
paring with that of SIEMENSNX toolpath. Meanwhile, better

cutting conditions were achieved by the RVTR-CP strategy,
since it decreased the maximumMRR by 21.81% and reduced
the maximum cutting force by 15.92%, comparatively.

5 Conclusions

This work presents a novel RVTR-CP toolpath integration
strategy for high-performance machining of complex pockets.
The main contributions of the proposed work include:

1. For the first time, the critical regions with complex pocket
machining are identified based on quantitative analysis.
This is carried out automatically by the intelligent evalu-
ation of MRR change along the milling toolpath. With a
given part pocket and its conventional CP toolpath, the
proposed critical region identification algorithm can intel-
ligently segment all the critical cutter locations from the
rest of safe ones and then organize them into a number of
critical regions with reasonable enclosing profiles for TR
milling.

2. Based on the critical region recognition, the connection
between RVTR trajectories with neighboring CP
toolpaths is geometrically continuous and with very con-
sistent MRR transition as well. This offers an almost con-
stant cutting force for the entire pocket machining.

Experimental investigation shows that the proposed
RVTR-CP integration can achieve much better performance
comparing with the TR-CP milling function by current com-
mercially available CAM software. In particular, it offers a
favorable machining condition with minimized fluctuation
of cutting forces and also with considerable decrease of the
total length of toolpath; therefore, it is very suitable for high-
performance machining of complex pockets.

Last but not the least, since the algorithms for critical re-
gion identification and the RVTR toolpath generation for re-
gional milling are generic, the proposed approach can be fur-
ther extended to address the cutting force fluctuation issues
with other types of toolpaths, such as zigzag toolpath. Future

Table 1 Performance comparison between NX’s TR-CP strategy and
RVTR-CP strategy

Machining performances NX’s TR-CP
strategy

RVTR-CP
strategy

Improvements

Feedrate (mm/min) 100 100 –

Machining time (s) 4172 3323 20.35%

Length of toolpath (mm) 7040 5609 20.33%

Maximum MRR (mm3/min) 1157 904.7 21.81%

Maximum force (N) 238.0 200.1 15.92%
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work is undergoing to develop specific methods of continuous
geometric connection between RVTR trajectories with other
types of toolpath.
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