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Abstract
This paper studies the effects of geometrical errors on the repeatability of positioning of linear axes, based on theoretical modeling
and an experimental study. Firstly, this paper elaborates on the mechanism of repeatability of positioning that is affected by motion
pose of moving part. Secondly, a mathematical model is proposed between the geometrical error and motion pose of the moving
part, based on point-by-point recursion. Subsequently, the influence of geometrical errors on the repeatability of positioning of the
linear axes is obtained based on GA (genetic algorithm). Finally, the effectiveness of the proposed model is validated experimen-
tally, and an assembly method for improving the repeatability of positioning is proposed. The method can provide designers and/or
field engineers with informative guidelines for improving the repeatability of positioning in the design, manufacturing, and
assembly processes.
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1 Introduction

With the development of high-precision machine tools, higher
repeatability of positioning is required [1–4]. Linear axe is one
of the most important parts of multi-axis machine tools, and
directly influences the final working accuracy of the tools
[5–7]. The repeatability of positioning reflects the stability
and consistency of the machine tool position and is an impor-
tant indicator of machine tool performance [8]. At present, the
mechanism of repeatability of positioning is not clear, and there
is no effective method for guiding engineers to improve the
repeatability of positioning of machine tools. An adjustment
of the repeatability of positioning is a common but intractable
problem in the machine tool assembly process, and mainly
relies on the production experience of engineers, which bores
much blindness, and provides low efficiency and poor consis-
tency. As a matter of experience, the repeatability of positioning
is affected by the assembly accuracy of guideways. Therefore, it
is necessary to study the mechanism of assembly accuracy of
guideway effects on the repeatability of positioning.

The assembly accuracy of guideways is determined by the
assembly technique [9]. Over the past few decades, a consid-
erable amount of intensive research has focused on machine
tool assembly technique, and a series of measures has been put
forward to improve assembly accuracy of machine tool [10,
11]. Guo et al. proposed a novel approach for measurement
process planning in machine tool assembly by applying the
observability principle of state space model, which provides
designers with feasible measurement plans in assembly [12].
However, their work only focused on geometric errors of ma-
chine tool. Martin et al. proposed a method that allows an
optimal adjustment of the machine tools in order to respect at
best a set of standard functional requirements applied to a part
[13]. However, their work considered only the tolerance. Guo
et al. developed a state space model that integrates the geomet-
ric tolerance of components and variation propagation in as-
sembly process to enhance assembly performance [14].
However, the elastic deformation was not taken into consider-
ation. Sun et al. presented a pre-deformation machine center
assembly method which considers the elastic deformation of
machine tool [15]. He et al. proposed an approach to predicate
the variation propagation considering elastic deformation in the
assembly process of precision machine tools, and a pre-
adjustment method in assembly design stage was proposed
[16]. Ma presents an assembly error model of linear axis of
CNC machine tool to analyze the effects of component
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manufacturing error on axis considering component deforma-
tion [17]. However, their work has not analyzed the influence
of the guideway geometric error on the motion error of table.
Park proposed a transfer function method to develop a map of
guideway geometrical error and table motion errors, and an
adjustment method of guideway geometric error was proposed
[18, 19]. Tang proposed an approach to calculate the straight-
ness and angular errors based on measuring the guideway sur-
face and fitting curve, the effectiveness of which was verified
experimentally [20]. Majda proposed a FEA method for ana-
lyzing examination of the influence of geometric errors in a
linear guideway on motion errors, and this approach aided in
understanding and interpreting the results of experimental ex-
aminations of angular kinematic errors obtained for a real ma-
chine tool [21]. However, the works mentioned above are
mainly focused on the effects of the geometrical errors on mo-
tion errors in linear axes; the relationship between the repeat-
ability of positioning and the geometrical errors of guideways
has not been studied.

This paper studies the mechanism of the geometric error
effect on the repeatability of positioning based on the table
motion pose and proposes an assembly method for improv-
ing the repeatability of positioning. The remainder of this
paper is organized as follows. Section 2 addresses the
mechanism of repeatability of positioning as affected by
the table motion pose, an experiment is carried out to study
the effect of motion pose on the positional deviation.
Section 3 introduces the mathematical model comparing
the geometrical errors and table motion pose based on
point-by-point recursion. In this model, a force balance
analysis of a table under geometrical errors of the guide-
ways is first carried out. Then, an experiment is carried out
to study the recovery of the elastic deformation of the slid-
er component; the result shows that the elastic deformation
is not fully recovered. Subsequently, the table motion pose
at each position is calculated, which takes into account no-
recovered elastic deformation, and the standard uncertainty
of the table motion pose at each position is obtained.
Finally, the optimal geometrical errors of the guideways
are obtained based on the genetic algorithm. Section 4 an-
alyzes the effects of geometrical errors of the guideways on
the repeatability of positioning of linear axes. In Sect. 5,
experiments are carried out in order to illustrate the effec-
tiveness of the proposed model, and an assembly method
for improving the repeatability of positioning is proposed.
The conclusions are discussed in Sect. 6.

2 Mechanism of repeatability of positioning
of linear axes based on table motion pose

Methods for evaluating the repeatability of positioning of lin-
ear axes are specified in ISO 230-2 [9]. The unidirectional

repeatability of positioning in a given position can be
expressed as

Ri↑ ¼ 4Si↑ ð1Þ
and

Ri↓ ¼ 4Si↓ ð2Þ

where the ↑ symbol signifies a parameter derived from a
measurement made after an approach in the positive direction,
and ↓ signifies that in the negative direction.

The bidirectional repeatability of positioning for a given
position be expressed as

Ri ¼ max 2Si↑þ 2Si↓þ Bij j;Ri↑;Ri↓½ � ð3Þ

where Si denotes the standard uncertainty of the positioning
deviations obtained through a series of n unidirectional ap-

proaches at position Pi, Si↑ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1 ∑
n

j¼1
X i; j↑−X i↑
� �s

2, Si↓

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1 ∑
n

j¼1
X i; j↓−X i↓
� �s

2; Bi denotes the reversal value at a

given position, Bi ¼ X i↑−X i↓; Xi, j denotes the positional de-
viation, Xi, j = Pi, j − Pi; X i; j denotes the mean unidirectional

positional deviation, and X i ¼ 1
n ∑

n

j¼1
X i; j.

A linear motion system consists of two guideways, four
sliders, and a table. Six motion errors exist in the linear axes,
including one positioning error, two straightness errors, and
three angular errors, which determine the table motion pose,
as shown in Fig. 1a. When the table moves to position i in jth
time, its motion pose can be expressed as

jT i ¼ jδ xx;i
jδ yx;i

jδ zx;i
jε xx;i

jε yx;i
jε zx;i

� � ð4Þ

The positional deviation Xi, j is affected by the table motion
pose and can be expressed as follows:

X i; j ¼ jδ xx;i þ lh þ jδ zx;i
� �jε yx;i þ lv þ jδ yx;i

� �jε zx;i þ eL;i ð5Þ

where lh and lv denote the distances between the test point
and linear encoder in the horizontal and vertical directions,
respectively. eL, i denotes the manufacturing error of linear
encode, which is a constant in a constant temperature
environment.

In order to study the effect of motion pose on the positional
deviation of the table, an experiment was carried out on a
horizontal machining tool in a constant temperature environ-
ment of 20 ± 0.5 °C, as shown in Fig. 2. A laser interferometer
-Renishaw XM-60, which can measure the six motion errors
of the table simultaneously, was used to measure the motion
errors. The laser emitter was fixed on the table, and the laser
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emitter and the linear encoder are in a plane in the vertical
direction. The experiment was performed five times, and the
results are averaged as shown in Fig. 3. It can be seen that the
image of positional deviation Xi, j is similar to the pitch
angleεzx. This is because the laser interferometer and the linear
encoder are in a plane in the vertical direction; the Abbe error
in the vertical direction has great influence on the positional
deviation, while the Abbe error in the horizontal direction has
less influence. Similarly, if the laser interferometer and the
linear encoder are placed in a plane in the horizontal direction,
the Abbe error in the horizontal direction has a great influence
on the positional deviation. This indicates that the pitch angle
(εzx) and yaw angle (εyx) are important factors that influence
the positional deviation of the linear motion table.

The mechanism of repeatability of positioning based on
motion pose of table is proposed. In further detail, the
table moves to a position n times, and there are n motion
pose types (1Ti,

2Ti, …, nTi). The motion poses are differ-
ent (1Ti ≠ 2Ti ≠… ≠ nTi), leading to a variation in the posi-
tional deviation (Xi, 1 ≠ Xi, 2 ≠… ≠ Xi, n), which describes
the mechanism of repeatability of positioning. Using a
yaw angle example, the table moves into a position twice,
their motion poses are different (the yaw angles are +α

and −α, respectively) and will lead to the positional devi-
ation that is different, as shown in Fig. 1b.

Because jδzx, i
jεyx, i and

jδyx, i
jεzx, i are small second-order

quantities that can be neglected, Eq. (5) can be simplified as

X i; j ¼ lhjε yx;i þ lvjε zx;i þ eL;i ð6Þ

εyx, i and εzx, i are two separate angles; the variance of both
sides of Eq. (6) is taken, the following equation can be obtain-
ed:

S2i ¼ l2hS
2
εyx;i þ l2vS

2
εzx;i ð7Þ

It can be seen that Si is affected by Sεyx;i and Sεzx;i , which
means that the repeatability of positioning is affected by the
motion pose (yaw and pitch angle) of the table. Therefore, it is
necessary to analyze the motion pose during the table move-
ment process, which is mainly affected by geometrical errors.

3 Theoretical analysis

3.1 Analysis of pitch and yaw angle affected
by geometrical errors

It is assumed that the guideway and table are rigid, and the
deformation is from the slider component, which contains a
slider and steel ball [22]. The table moves in the x-direction,
the geometric errors of guideways in both the z- and y-direc-
tions, which can be expressed as eh1, eh2, ev1, and ev2, respec-
tively, as shown in Fig. 4 and Fig. 5. The table moves along
the guideway through the four sliders. Assuming that the table
moves from xi −m to xi +m, the force scheme of the system is
shown in Fig. 4. Where l1 is the distance between the two
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Fig. 2 Motion error measurement
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Fig. 1 Repeatability of positioning effected by table motion pose. a Six
directional errors in translational axis. b Different table motion poses in
same position
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sliders in the same guideway, l2 is the distance between two
guideways; Ph1, i, Ph2, i, Ph3, i, and Ph4, i are the reaction forces

between the sliders and guideways in the z-direction (horizon-
tal direction) at xi; Pv1, i, Pv2, i, Pv3, i, and Pv4, i are the reaction

Pv1,i,Pv2,i Pv3,i,Pv4,i

y

z

Table
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Guideway
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o x
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z
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lb
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Fig. 4 Force scheme of
guideway-slider subsystem in
actual conditions. a Force
diagram of y-directions. b Force
diagram of z-directions
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forces between the sliders and guideways in the y-direction
(vertical direction) .

The force equilibrium equation at xi can be expressed
as

Ph1;i þ Ph2;i þ Ph3;i þ Ph4;i ¼ 0
l1
2

Ph1;i−Ph2;i−Ph3;i þ Ph4;i
� � ¼ 0

Pv1;i þ Pv2;i þ Pv3;i þ Pv4;i ¼ 0
l2
2

Pv1;i þ Pv2;i−Pv3;i−Pv4;i
� �þMx ¼ 0

l1
2

−Pv1;i þ Pv2;i þ Pv3;i−Pv4;i
� � ¼ 0

8>>>>>>>><
>>>>>>>>:

ð8Þ

where is the x-direction moment that acting on the
table.

The deformation of the guideway-slider subsystem is
effected by geometrical errors as shown in Fig. 5. Since the
table is rigid, the deformation compatibility equation can be
obtained as follows:

δh1;i ¼ δh4;i þ δh14;i
δh2;i ¼ δh3;i þ δh23;i
δv1;i þ δv3;i þ δv13;i ¼ δv2;i þ δv4;i þ δv24;i

8<
: ð9Þ

where

δh14;i ¼ l14;i−L14;i ¼ eh2 xi−lbð Þ−eh1 xi−lbð Þ −L14;i
δh23;i ¼ l23;i−L23;i ¼ eh2 xiþlbð Þ−eh1 xiþlbð Þ−L23;i
δv13;i ¼ h13;i−H13;i ¼ ev1 xi−lbð Þ−ev2 xiþlbð Þ−H13;i

δv24;i ¼ h24;i−H24;i ¼ ev1 xiþlbð Þ−ev2 xi−lbð Þ−H24;i

δhj;i ¼ Phj;i

KSh
; j ¼ 1; 2; 3; 4

δvj;i ¼ Pvj;i

KSv
; j ¼ 1; 2; 3; 4

8>>>>>>>>><
>>>>>>>>>:

ð10Þ

In the above, L14, i denotes the distance between sliders 1
and 4 in the z-direction; L23, i indicates the distance between
sliders 2 and 3 in the z-direction; l14, iis the distance between
two guideways at the position of slider 1 (or 4) in the z-direc-
tion; and l23, idenotes the distance between two guideways at
the position of slider 2(or 3) in thez-direction; in addition, δh14,
i denotes the difference between l14, i and L14, i; δh23, i is the
difference between l23, i and L23, i; H13, i indicates the distance
between sliders 1 and 3 in the y-direction,H24, i is the distance
between sliders 2 and 4 in they-direction, h13, i indicates the
geometric error between two guideways at the position of
sliders 1 and 3 in the y-direction, and h24, i indicates the geo-
metric error between two guideways at the position of sliders 2
and 4 in the y-direction. Finally, δv13, i denotes the difference
between h13, i and H13, i; δv24, i is the difference between h24,
iand H24, i. KSh and KSv indicate the stiffness of the slider
component in the z- and y-directions, respectively.

According to Eq. (8) and Eq. (9), when the table moves to
xi in the kth time in the positive direction, the yaw and pitch
angles of the table can be expressed as follows:

kεyx;i↑≈tankεyx;i↑ ¼
kδ1h;i↑−kδ2h;i↑

l1
¼

kδh14;i↑
2l1

−
kδh23;i↑
2l1

kεzx;i↑≈tankεzx;i↑ ¼
kδ1v;i↑−kδ2v;i↑

l1
¼

kδv24;i↑
2l1

−
kδv13;i↑
2l1

8>><
>>:

ð11Þ

If the elastic deformation δhj, i and δvj, i are not fully recovered,
it will affect the motion pose of table atxi+1. In order to study the
recovery of the elastic deformation of the slider component, an
experiment was carried out as shown in Fig. 6. A cylinder and
lifting system were used to apply the load on the side of slider. A
force sensor, which is installed on the end of the cylinder, was
used for collecting force signals. An eddy current sensor was
used to measure the displacements of the slider. The force was
increased from 0 N to a certain value, the displacement of the
slider was measured; then, the force was reduced to 0 N and the
displacement was measured again. If the two measurements are
different, the elastic deformation of the slider is not fully recov-
ered. The change of force is 0 N→ 1000 N→ 0 N→

eh2(x)
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l2
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δh1,i δh2,i
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Fig. 5 Deformation of guideway-slider subsystem. a z-direction
displacement. by-direction displacement
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2000 N→ 0 N→ 3000 N→ 0 N→ 4000 N→ 0 N→
5000 N→ 0 N→ 6000 N→ 0 N→ 7000 N→ 0 N in the ex-
periment process. The experiments were carried out five times,
and results were averaged as shown in Fig. 7. The red line rep-
resents the displacement after exerting a force, and the green for
removing the force. It can be seen that the displacement of the
slider increases with the increase of force, and the displacement
of the slider does not return to the initial value after removing the
force. The no-recovered elastic deformations are 53.5, 24, 29.1,
24.3, 23.4, 17.7, and 17.2%, respectively. It indicates that the
elastic deformation caused by geometric errors are not fully re-
covered; it will affect the motion pose of table in the next
position.

When the table moves to xi + 1 in kth time in the positive
direction, the distances between the slider components in
the horizontal and vertical directions will change as a result
of no-recovered elastic deformation, which can be
expressed as follows.

kL14;iþ1↑ ¼ kL14;i↑þ kΔh14;i↑

¼ kL14;i↑þ
kPh1;i↑
KSh

kqh1;i↑þ
kPh4;i↑
KSh

kqh4;i↑ ð12Þ
kL23;iþ1↑ ¼ kL23;i↑þ kΔh23;i↑

¼ kL23;i↑þ
kPh2;i↑
KSh

kqh2;i↑þ
kPh3;i↑
KSh

kqh3;i↑ ð13Þ
kH13;iþ1↑ ¼ kH13;i↑þ kΔv13;i↑

¼ kH13;i↑þ
kPv1;i↑
KSv

kqv1;i↑þ
kPv3;i↑
KSv

kqv3;i↑ ð14Þ
kH24;iþ1↑ ¼ kH24;i↑þ kΔv24;i↑

¼ kH24;i↑þ
kPv2;i↑
KSv

kqv2;i↑þ
kPv4;i↑
KSv

kqv4;i↑ ð15Þ

where k+Δhjk, i (or
k+Δvjk, i) denotes the no-recovered elastic

deformation of sliders j and k owing to geometrical errors of
the guideways at xi in the horizontal (or vertical) direction; qhj,
i and qvj, i denote no-recovery ratio of slider j component
elastic deformation at xi in the horizontal and vertical
direction.

The yaw and pitch angles of the table can be obtained as
follows:

kεyx;iþ1↑ ≈ tankεyx;iþ1↑ ¼
kδ1h;iþ1↑−kδ2h;iþ1↑

l1

¼
kδh14;iþ1↑

2l1
−

kδh23;iþ1↑
2l1

kεzx;iþ1↑ ≈ tankεzx;iþ1↑ ¼
kδ1v;iþ1↑−kδ2v;iþ1↑

l1

¼
kδv24;iþ1↑

2l1
−

kδv13;iþ1↑
2l1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð16Þ
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where

kδh14;iþ1↑ ¼ l14;iþ1−kL14;iþ1↑
kδh23;iþ1↑ ¼ l23;iþ1−kL23;iþ1↑
kδv13;iþ1↑ ¼ h13;iþ1−kH13;iþ1↑
kδv24;iþ1↑ ¼ h24;iþ1−kH24;iþ1↑

8>><
>>:

ð17Þ

3.2 Analysis of the table motion pose based
on point-by-point recursion

An approach for analyzing the table motion pose on the con-
sideration of the no-recovered elastic deformation based on
point-by-point recursion is proposed. In further detail, the
no-recovered elastic deformation of the slider components
generated at xi should be drawn into the computational process
of the table pose at xi + 1. Through this analogy, the table
moves back and forth n times along the guideways, the dis-
tances of the slider components in the horizontal and vertical
directions will change as a result of no-recovered elastic de-
formation, and can be expressed as follows (the derivation
procedure is presented in Appendix A).

ðkþnÞL14;i↑ ¼ ðkþnÞL14;i−1↑þ ðkþnÞΔh14;i−1↑

¼ kL14;i↑þ ∑
iþm

j¼i

kPh1; j↑

KSh

kqh1; j↑þ
kPh4; j↑

KSh

kqh4; j↑
� �

þ ∑
kþn−1

t¼k
∑

iþm−1

j¼i−mþ1

tPh1; j↓
KSh

tqh1; j↓þ
tPh4; j↓
KSh

tqh4; j↓
� �

þ ∑
kþn−1

t¼kþ1
∑
iþm

j¼i−m

tPh1; j↑

KSh

tqh1; j↑þ
tPh4; j↑

KSh

tqh4; j↑
� �

þ ∑
i−1

j¼i−m

ðkþnÞPh1; j↑

KSh

ðkþnÞqh1; j↑þ
ðkþnÞPh4; j↑

KSh

ðkþnÞqh4; j↑
� �

ð18Þ

ðkþnÞL23;i↑ ¼ ðkþnÞL23;i−1↑þ ðkþnÞΔh23;i−1↑

¼ kL23;i↑þ ∑
iþm

j¼i

kPh2; j↑

KSh

kqh2; j↑þ
kPh3; j↑

KSh

kqh3; j↑
� �

þ ∑
kþn−1

t¼k
∑

iþm−1

j¼i−mþ1

tPh2; j↓

KSh

tqh2; j↓þ
tPh3; j↓

KSh

tqh3; j↓
� �

þ ∑
kþn−1

t¼kþ1
∑
iþm

j¼i−m

tPh2; j↑

KSh

tqh2; j↑þ
tPh3; j↑

KSh

tqh3; j↑
� �

þ ∑
i−1

j¼i−m

ðkþnÞPh2; j↑

KSh

ðkþnÞqh2; j↑þ
ðkþnÞPh3; j↑

KSh

ðkþnÞqh3; j↑
� �

ð19Þ

ðkþnÞH13;i↑ ¼ ðkþnÞH13;i−1↑þ ðkþnÞΔv13;i−1↑

¼ kH13;i↑þ ∑
iþm

j¼i

kPv1; j↑

KSv

kqv1; j↑þ
kPv3; j↑

KSv

kqv3; j↑
� �

þ ∑
kþn−1

t¼k
∑

iþm−1

j¼i−mþ1

tPv1; j↓

KSv

tqv1; j↓þ
tPv3; j↓

KSv

tqv3; j↓
� �

þ ∑
kþn−1

t¼kþ1
∑
iþm

j¼i−m

tPv1; j↑

KSv

tqv1; j↑þ
tPv3; j↑

KSv

tqv3; j↑
� �

þ ∑
i−1

j¼i−m

ðkþnÞPv1; j↑

KSv

ðkþnÞqv1; j↑þ
ðkþnÞPv3; j↑

KSv

ðkþnÞqv3; j↑
� �

ð20Þ
ðkþnÞH24;i↑ ¼ ðkþnÞH24;i−1↑þ ðkþnÞΔv24;i−1↑

¼ kH24;i↑þ ∑
iþm

j¼i

kPv2; j↑

KSv

kqv2; j↑þ
kPv4; j↑

KSv

kqv4; j↑
� �

þ ∑
kþn−1

t¼k
∑

iþm−1

j¼i−mþ1

tPv2; j↓

KSv

tqv2; j↓þ
tPv4; j↓

KSv

tqv4; j↓
� �

þ ∑
kþn−1

t¼kþ1
∑
iþm

j¼i−m

tPv2; j↑

KSv

tqv2; j↑þ
tPv4; j↑

KSv

tqv4; j↑
� �

þ ∑
i−1

j¼i−m

ðkþnÞPv2; j↑

KSv

ðkþnÞqv2; j↑þ
ðkþnÞPv4; j↑

KSv

ðkþnÞqv4; j↑
� �

ð21Þ

The yaw and pitch angles of the table at position xi in k +
nth time in the positive direction can be expressed as follows:

ðkþnÞεyx;i↑ ≈ tanðkþnÞεyx;i↑ ¼
ðkþnÞδ1h;i↑−ðkþnÞδ2h;i↑

l1

¼
ðkþnÞδh14;i↑

2l1
−

ðkþnÞδh23;i↑
2l1

ðkþnÞεzx;i↑ ≈ tanðkþnÞεzx;i↑ ¼
ðkþnÞδ1v;i↑−ðkþnÞδ2v;i↑

l1

¼
ðkþnÞδv24;i↑

2l1
−

ðkþnÞδv13;i↑
2l1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð22Þ
where

ðkþnÞδh14;i ↑ ¼ l14;i−ðkþnÞL14;i↑
ðkþnÞδh23;i ↑ ¼ l23;i−ðkþnÞL23;i↑
ðkþnÞδv13;i ↑ ¼ h13;i−ðkþnÞH13;i↑
ðkþnÞδv24;i ↑ ¼ h24;i−ðkþnÞH24;i↑

8>>><
>>>:

ð23Þ

From the above-mentioned analysis, the 2(n + 1) + 1 yaw
and pitch angles can be obtained at xi, and the 2(n + 1) yaw
and pitch angles can be obtained at other positions.
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The standard uncertainty of the yaw and pitch angles in the
positive and negative directions, respectively, can be obtained
and expressed as follows.

Sεyx;i↑ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1
∑
n

j¼1
εyx;i↑−εyx;i↑

	 
s
ð24Þ

Sεyx;i↓ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1
∑
n

j¼1
εyx;i↓−εyx;i↓

	 
s
ð25Þ

Sεzx;i↑ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1
∑
n

j¼1
εzx;i↑−εzx;i↑

	 
s
ð26Þ

Sεzx;i↓ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n−1
∑
n

j¼1
εzx;i↓−εzx;i↓

	 
s
ð27Þ

The bidirectional standard uncertainty of the yaw and pitch
angles in a position can be expressed as follows:

Sεyx;i ¼ max Sεyx;i↑; Sεyx;i↓
� � ð28Þ

Sεzx;i ¼ max Sεzx;i↑; Sεzx;i↓
� � ð29Þ

3.3 Geometric error optimization based on genetic
algorithm

It can be seen from Eq. (7) that the minimum SX ij can be

achieved, when Sεzx;i and Sεyx;i are the minimum values. To

determine the optimal values of eh2 and ev2, eh1 and ev1 are
taken as reference values, and min Sεyx;i

� �
and min Sεzx;i

� �
are

regarded as the target functions, which are expressed by as Eq.
(30) and Eq. (31), respectively.

min

Sεyx;i−m ¼ f i−m eh2 xi−mð Þ;…; eh2 xið Þ;…; eh2 xiþmð Þð Þ;
…
Sεyx;i ¼ f i eh2 xi−mð Þ;…; eh2 xið Þ;…; eh2 xiþmð Þð Þ;
…
Sεyx;iþm ¼ f iþm eh2 xi−mð Þ;…; eh2 xið Þ;…; eh2 xiþmð Þð Þ

8>>>><
>>>>:

9>>>>=
>>>>;

ð30Þ

min

Sεzx;i−m ¼ gi−m ev2 xi−mð Þ;…; ev2 xið Þ;…; ev2 xiþmð Þð Þ;
…
Sεzx;i ¼ gi ev2 xi−mð Þ;…; ev2 xið Þ;…; ev2 xiþmð Þð Þ;
…
Sεzx;iþm ¼ giþm ev2 xi−mð Þ;…; ev2 xið Þ;…; ev2 xiþmð Þð Þ

8>>>><
>>>>:

9>>>>=
>>>>;
ð31Þ

4 Results of theoretical calculation

During the process of the guideway error optimization, eh1
and ev1 are set to arbitrary values, qhj, i and qvj, i are set up as

a constant. The optimal results are eh2(xi) = eh1(xi) + l2 and e-
v2(xi) = ev1(xi), as shown in Fig. 8. The standard uncertainties
of the yaw and pitch angles will reach the minimum if the
errors of the two guideways are the same in horizontal and
vertical direction. This can be attributed to the fact that δh14,
i = δh23, i = 0 and δv24, i = δv13, i, which agrees with Eq. (11).

To study the influence of the guideway error amplitude on
the table motion pose, the following process is carried out.
Assuming that eh1 and eh2 have sinusoidal geometrical errors
with amplitudes Ah1 andAh2, respectively, keeping Ah1 un-
changed and changing the ration of (Ah2 − Ah1)/Ah1 from − 1
to 1, the step length is 0.2, as shown in Fig. 9, and the standard
uncertainty of the yaw angle at different ratios is calculated.
Figure 10a shows the results; it can be seen that the standard
uncertainty of the yaw angle decreases with the (Ah2 − Ah1)/
Ah1 ration being changed from − 1 to 0 and increases with the
ration being changed from 0 to 1, whereas the standard uncer-
tainty of the yaw angle reaches the minimum when the ration
is zero. At this point, the amplitudes of the two guideways are
the same, that is, Ah1 = Ah2. This indicates that closer error
amplitudes of the two guideways will result in less standard
uncertainty of the yaw angle. Similarly, the error in the vertical
direction as illustrated in Fig. 10b.

5 Experiment validation

Experiments were carried out on a linear motion test table in a
constant temperature environment of 20 ± 0.5 °C. As shown in
Fig. 11, the table is driven by aFANUC α iS motor and con-
trolled by a FANUC 0i F numerical control system. The
specifications of the table are listed in Table 1. A laser inter-
ferometer (Renishaw XL80) is used to measure the pitch and
yaw.

The experiment was carried out in two steps. First, the
geometric errors of the guideways in the vertical direction

ev1(x)

z

y

o

eh2(x)

x

ev2(x)

eh1(x)

Fig. 8 Optimization results
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were adjusted, and the pitch angles under different error forms
were measured. Second, the geometric errors of the guide-
ways in the horizontal direction were adjusted, and the yaw
angle and positioning error under different error situations
were tested.

The geometric errors of guideway 1 in the vertical direction
ev1 was taken as the reference error and measured using a laser
interferometer as shown in Fig. 12; the result is shown in
Fig. 14a, the minimum of ev1 is − 14.8 μm.

The parallelism between the guide 1 and the guide 2 in the
vertical direction can be expressed by pv, and the ev2 is the sum
of the straightness error of guide 2 and the parallelism pv. In
order to easily adjust ev2, a leveling ruler was placed on the two sliders of guideways, and an electro-level was placed on

the leveling ruler, as shown in Fig. 13a. Two sliders were
moved simultaneously, and the differences of each position
were measured, ev2 was changed by scraping the mounting
datum according to the measurement as shown in Fig. 13b.
Then, the table was installed on the four sliders and moved
back and forth five times along guideways. The pitch angles at
the midpoint of a stroke were tested using a laser interferom-
eter; ten test datasets were obtained, and the standard uncer-
tainty was calculated.

The experiment was conducted five times, and the result of
adjusting the geometric errors of guideway 2 in the vertical
direction, ev2, is shown in Fig. 14a, where the min(ev2) −
min(ev1) are − 9.2, − 2.95, 3.16, 5.9, and 8.8 μm, respectively.
The pitch angles in each error form were measured and their
standard uncertainty were calculated, as shown in Fig. 14b. It
can be seen that the standard uncertainty of the pitch angle is
reduced from 10.8 to 5.15 μm/m with the change of min(ev2)
−min(ev1) from − 9.2 to − 2.95 μm and increased from 5.6 to
9.7 μm/mwith the differences changes from 3.16 to 8.8 μm. It
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Fig. 10 Variation of angle uncertainty along with error amplitude of
guideways. a Variation of Sεyx;i along with Ah2. b Variation of Sεzx;i
angle along with Av2

Laser
interferometer

Electric
cabinet

Test table

Reflector

Interference
mirror

Fig. 11 Linear motion test table used in the experiments

Ah1

Ah2=2Ah1

Ah2=1.6Ah1

Ah2=1.2Ah1

Ah2=0.4Ah1 L

Amplitude

Fig. 9 Different error amplitudes of guideways

Table 1 Specifications of the test table

Stroke of motion table 2250 mm

Number of sliders per guideway 2

Length of slider 180 mm

Distance between sliders 400 mm

Distance between two guideways 650 mm
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is indicated that the standard uncertainty of the pitch angle is
affected by geometric error of the two guideways in vertical
direction; closer error of the two guideways results in smaller
standard uncertainty of the pitch angle, which agrees well with
the theoretical analysis.

In the second step experiment, the effect of the geometric
error in horizontal direction of the guideway on the yaw angle
was experimentally validated in the similar way. The geomet-
ric error of guideway 2 in the horizontal direction was adjusted
by using wedge plate, as shown in Fig. 15b. In order to easily
adjust eh2, a dial gauge was installed on the slider of guideway

2, and the pointer was in contact with the side surface of the
slider of guideway 1 as shown in Fig. 15a. Two sliders were
moved simultaneously, and the difference of each position
was measured. The yaw angles at midpoint of stroke were
tested and the standard uncertainty was calculated, as shown
in Fig. 16a, b.

It can be seen that the standard uncertainty of the yaw angle
is reduced from 1.96 to 0.9 μm/mwith the change of min(eh2)
−min(eh1) from − 1.85 to − 0.88μm and increased from 0.7 to
2.5 μm/m with the difference changes from 0.64 to 2.4 μm. It
indicates that the standard uncertainty of the pitch angle is
affected by geometric error of the two guideways in horizontal
direction, the closer error amplitudes of the two guideways
result in smaller standard uncertainty of the yaw angle, which
agrees well with the theoretical analysis.

The positional deviations of the table at midpoint of a
stroke were tested and the standard uncertainties were calcu-
lated in the second step experiment, as shown in Fig. 16c. It
can be clearly seen that the standard uncertainty of the posi-
tional deviation reduced with a decrease of min(eh2) −min(e-
h1), increased with an increase in this difference. This change
trend is similar to the pitch angle, which is shown in Fig. 14b.

0 200 400 600 800 1000 1200
-25

-20

-15

-10

-5

0

5

10

Position

G
ui

de
w

ay
 st

ra
ig

ht
ne

ss
 e

rr
or )

mμ(
noitceridlacitrev

ni

Reference error
First adjustment
Second adjustment

Third adjustment
Fourth adjustment
Fifth adjustment

(a)

-10 -5 0 5 10
5

6

7

8

9

10

11

min(ev2,i)-min(ev1)

S
)

m/
mμ(

(b)

Fig. 14 Experimental results. a Geometrical error of guideways in
vertical direction. b Variation of standard uncertainty of pitch angle
with ev2
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Fig. 13 Geometric error adjustment in vertical direction. a Error
measurement. b Error adjustment
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Fig. 12 Guideway geometric error measurement
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This is because the Abbe arm length of the pitch angle is
longer than the yaw angle (lv > lh), which leads to the pitch
angle predominant.

The experimental results indicate that geometrical errors of
guideways have an important influence on the repeatability of
positioning. And the geometrical errors of guideways are de-
termined by the assembly method. Thus, an assembly method
for improving the repeatability of positioning is proposed as
shown in Fig. 17.

(1) The assembly of machine tools should be carried out in a
constant temperature room of 20 ± 0.5 °C.

(2) Guideway 1 is put on the mounting datum. A torque
wrench is used to tighten the fixed screws from the middle
to both ends under the same torque, and the geometric error
of guideway 1 in the vertical direction (ev1) is measured. If
it does not meet the design requirements, the geometrical
error is adjusted by scraping the mounting datum.

(3) The geometrical error of guideway 1 in the horizontal
directions is changed by adjusting the wedge plate to
meet the design requirements.

(4) Guideway 2 is installed on the mounting datum through
fixed screws by using a torque wrench, and an electro-
level and a leveling ruler are used to measuring the relative
error in the vertical directions as shown in Fig. 13a. ev2 is
changed by scraping the mounting datum according to the
measurement to make it approach to ev1 as far as possible.

(5) A dial gauge is used to measuring the relative error in the
horizontal directions as shown in Fig. 15. eh2 is changed

by adjusting the wedge plate according to the measure-
ment to make it approach to eh1 as far as possible. With
those tasks complete, the follow-up work can be carried
out.

6 Conclusions

This paper described the effects of geometrical errors of guide-
ways on the repeatability of positioning of linear axes. In
addition, the mechanism of repeatability of positioning of lin-
ear axes based on the table motion pose was proposed, as was
a theoretical model of the geometric errors on the table motion
pose based on point-by-point recursion. The assembly method
for improving the repeatability of positioning was also pro-
posed. And the following conclusions were drawn:

(1) The mechanism of repeatability of positioning is due to
the table motion poses differing during the process of the
table moving to a position several times. The repeatabil-
ity of positioning is affected by the table motion pose;
smaller differences between motion poses result in im-
proved repeatability of positioning.

(2) The theoretical model based on point-by-point recursion
is a systematic approach for analyzing the table motion
pose, which considers the geometrical errors of the
guideways. The correctness of this model was verified
by experiments. The results indicate that closer

Guideway 1 Guideway 2

Dial gauge

(a)

Wedge plate

Guideway

Wedge plate

Guideway

(b)

Fig. 15 Geometrical error
adjustment and measurement in
horizontal direction. a Error
measurement. b Error adjustment
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geometric errors of the two guideways result in better
repeatability of positioning.

(3) An assembly method for improving the repeatability of
positioning was proposed and verified by the experi-
ments. The merit of this method is that it can provide
designers with an informative guideline for improving
repeatability of positioning.
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Appendix A

ðkþnÞL14;i↑ ¼ ðkþnÞL14;i−1↑þ ðkþnÞΔh14;i−1↑

¼ kL14;i↑þ ∑
iþm

j¼i

kPh1; j↑

KSh

kqh1; j↑þ
kPh4; j↑

KSh

kqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

kPh1; j↓

KSh

kqh1; j↓þ
kPh4; j↓

KSh

kqh4; j↓
� �

þ ∑
iþm

j¼i−m

ðkþ1ÞPh1; j↑

KSh

ðkþ1Þqh1; j↑þ
ðkþ1ÞPh4; j↑

KSh

ðkþ1Þqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

ðkþ1ÞPh1; j↓

KSh

ðkþ1Þqh1; j↓þ
ðkþ1ÞPh4; j↓

KSh

ðkþ1Þqh4; j↓
� �

þ…

¼ kL14;i↑þ ∑
iþm

j¼i

kPh1; j↑

KSh

kqh1; j↑þ
kPh4; j↑

KSh

kqh4; j↑
� �

þ ∑
iþm

j¼i−m

ðkþn−1ÞPh1; j↑

KSh

ðkþn−1Þqh1; j↑þ
ðkþn−1ÞPh4; j↑

KSh

ðkþn−1Þqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

ðkþn−1ÞPh1; j↓

KSh

ðkþn−1Þqh1; j↓þ
ðkþn−1ÞPh4; j↓

KSh

ðkþn−1Þqh4; j↓
� �

þ ∑
i−1

j¼i−m

ðkþnÞPh1; j↑

KSh

ðkþnÞqh1; j↑þ
ðkþnÞPh4; j↑

KSh

ðkþnÞqh4; j↑
� �

ðA:1Þ

ðkþnÞL23;i↑ ¼ ðkþnÞL23;i−1↑þ ðkþnÞΔh23;i−1↑

¼ kL23;i↑þ ∑
iþm

j¼i

kPh2; j↑

KSh

kqh1; j↑þ
kPh3; j↑

KSh

kqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

kPh2; j↓

KSh

kqh1; j↓þ
kPh3; j↓

KSh

kqh4; j↓
� �

þ ∑
iþm

j¼i−m

ðkþ1ÞPh2; j↑

KSh

ðkþ1Þqh1; j↑þ
ðkþ1ÞPh3; j↑

KSh

ðkþ1Þqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

ðkþ1ÞPh2; j↓
KSh

ðkþ1Þqh1; j↓þ
ðkþ1ÞPh3; j↓

KSh

ðkþ1Þqh4; j↓
� �

þ…

þ ∑
iþm

j¼i−m

ðkþn−1ÞPh2; j↑

KSh

ðkþn−1Þqh1; j↑þ
ðkþn−1ÞPh3; j↑

KSh

ðkþn−1Þqh4; j↑
� �

þ ∑
iþm−1

j¼i−mþ1

ðkþn−1ÞPh2; j↓
KSh

ðkþn−1Þqh1; j↓þ
ðkþn−1ÞPh3; j↓

KSh

ðkþn−1Þqh4; j↓
� �

þ ∑
i−1

j¼i−m

ðkþnÞPh2; j↑

KSh

ðkþnÞqh1; j↑þ
ðkþnÞPh3; j↑

KSh

ðkþnÞqh4; j↑
� �

¼ kL23;i↑þ ∑
iþm

j¼i

kPh2; j↑

KSh

kqh2; j↑þ
kPh3; j↑

KSh

kqh3; j↑
� �

þ ∑
kþn−1

t¼k
∑

iþm−1

j¼i−mþ1

tPh2; j↓

KSh

tqh2; j↓þ
tPh3; j↓

KSh

tqh3; j↓
� �

þ ∑
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∑
iþm

j¼i−m
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KSh
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KSh

tqh3; j↑
� �

þ ∑
i−1

j¼i−m
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KSh

ðkþnÞqh2; j↑þ
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KSh
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� �

ðA:2Þ
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Fig. 17 The assembly method for
improving the repeatability of
positioning
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ðkþnÞH13;i↑ ¼ ðkþnÞH13;i−1↑þ ðkþnÞΔv13;i−1↑
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