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Abstract
The permanent magnet linear synchronous motor (PMLSM) feed system realizes the direct drive. All the intermediate mechan-
ical transmission parts are canceled and then the motor mover is directly connected with the driven components. The interaction
between servo system andmechanical system becomesmore close and complex, affecting the dynamic performance of the direct-
driven feed system. In this paper, the dynamic characteristics of the drive circuit, PMLSM, control loops, and mechanical system
are analyzed, and then an electromechanical integrated modeling method for the direct-driven feed system is proposed. Firstly,
the dynamic precision of the feed system and electromechanical analytical model is studied. Then the nonlinearities of the drive
circuit and PMLSM are researched. The analytical expression of the motor thrust is derived. What is more, the mechanical
dynamic model is set up using the Lagrange equation and the main forms of the vibrations are discussed. Finally, the electro-
mechanical integrated model is established and the experiments are carried out to verify the theoretical results. The results show
that the proposed integrated modeling method can accurately represent the dynamic precision of the direct-driven feed system,
which can provide the theoretical foundation for analyzing the electromechanical couplings and compensation methods.

Keywords Direct-driven feed system . Electromechanical integrated model . Servo system . Mechanical system . Dynamic
precision

Nomenclature
xa(t) The actual displacement/mm
v Speed of the mover/m/min
HA The height of mover/mm
g The thickness of air gap/mm
ws The tooth pitch/mm

iref The current command/A
io The output of current loop/A
τ Pole pitch/mm
Bnx The electromagnetic coefficients in the tangential

direction
xo The position output/mm
kiy The stiffness of ith block in y direction/N/m, i = 1, 2,

3, 4, 5, 6
ciy The damping of ith block in y direction, i = 1, 2, 3, 4,

5, 6
Ks Servo stiffness
ton The opening time/ms
Td The dead time/ms
Vdc The power voltage/V
uas The voltage harmonics of a phase winding caused by

the PWM/V
M The modulation ratio
ωc The frequency of the reference wave/Hz
Ema The harmonics of the back electromotive force with-

out load
l The width of the coil/mm
Br The remanence of the permanent magnet

Highlights
1. The electromechanical analytical model of the direct-driven feed sys-
tem is put forward.
2. The nonlinearity of servo circuit, current loop, and linear motor is
researched.
3. An electromechanical integrated modelingmethod for the direct-driven
feed system is proposed.
4. The integrated model is verified by transient error, following error, and
displacement fluctuation.
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Tpwm The time of the inverter/ms
Ti The integral time of the current controller/ms
Ka The feedback gain
Ra The resistance of the motor coil
Ta The electrical time of the linear motor, and Ta = La/Ra

Mab The mutual inductance between a phase and b phase
ik The armature current, k = a, b, c
Emk The back electromotive forces without load, k = a, b,

c
ge The equivalent air gap coefficient
ε The asymmetric inductance coefficient
Im The amplitude of the m-order current harmonic
m The total mass of drive components
Jx The rotational inertia of mechanical system around x-

axis/kgm2

a The length of the worktable/mm
b The width of the worktable/mm
a1 The length of the motor mover/mm
c1 The height of the motor mover/mm
Kn The Hertz contact coefficient
Qp The preload/N
Fn The normal counterforce of F/N
Ky The tangential contact stiffness of single block
Kz The normal contact stiffness of single block
βc Rayleigh damping coefficient
kθy The stiffness of pitch
Kp Proportional gain of position controller
Tv Integral time constant of speed controller
KF Force constant/N/A
xe The displacement signal of the reading head in feed

direction/mm
hm The vertical distance between the center of mover and

coordinate origin/mm
L2 The distance between two blocks on the same guide

rail/mm
δd The dynamic precision/mm
xc(t) The command displacement/mm
L The length of mover/mm
hs The height of winding/mm
τs The pitch/mm
h The thickness of permanent magnet/mm
wp The width of permanent magnet/mm
g The thickness of air gap
xi The position command/mm
Bny The electromagnetic coefficients in the normal

direction
Fr The disturbance/N
kiz The stiffness of ith block in z direction/N/m, i = 1, 2,

3, 4, 5, 6
ciz The damping of ith block in z direction, i = 1, 2, 3, 4,

5, 6
cix The damping of ith block in x direction, i = 1, 2,

3, 4, 5, 6

toff The closing time/ms
Ts The working period time/ms
uao The voltage harmonics of a phase winding caused by

the dead-zone effect/V
E The DC voltage/V
ω0 The frequency modulation wave/Hz
Jn The Bessel function
N The coil turns
va The speed of mover/m/min
Kpwm The gain of the inverter
Ki The gain of the current controller/ms
Tif The time of the filter/ms
La The inductance of the motor coil
KF The thrust constant
La The self-inductance of a phase winding
Mac The mutual inductance between a phase and c phase
Elk The back electromotive forces with load, k = a, b, c
λ0 The permeability, and λ0 = μ0/ge
XL The distance away from the mover end
La0 The amplitude of the inductance
mw The mass of the worktable/kg
mm The mass of the mover/kg
Jy The rotational inertia of mechanical system around y-

axis/kgm2

Jz The rotational inertia of mechanical system around z-
axis/kgm2

c The height of the worktable/mm
b1 The width of the motor mover/mm
δn Normal deformation/μm
Qn The normal load/N
F The external load/N
α The contact angle
αc Rayleigh damping coefficient
cθy The damping of pitch
Tp The equivalent disturbance torque
Kv Proportional gain of speed controller
KA Proportional gain of the current controller
xw The displacement of the worktable in feed direction/

mm
f The friction/N
hb The vertical distance between the center of block and

coordinate origin/mm
L1 The distance between two guide rails/mm
Ks The servo stiffness

1 Introduction

Comparing with the traditional ball screw feed system, the
permanent magnet linear synchronous motor (PMLSM) feed
system realizes the direct drive and then has plenty of advan-
tages, such as simple structure, large thrust, good characteris-
tics, high speed, and high precision. The direct-driven feed
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system has a broad application prospect in the high-speed and
high-precision machining [1, 2].

With the deepening of the research, the thrust fluctuations
and disturbance susceptibility become the most prominent
problems for the direct-driven feed system. The thrust har-
monics produced by the nonlinearities of the driven circuit
and motor structure have obtained the attentions of many
scholars. A great many of the structural optimization methods
are put forward [3–10]. The amplitudes of thrust harmonics
become less than 5% of the nominal thrust. However, because
the motor mover is connected with the driven components, the
thrust harmonics with low amplitudes directly act on the me-
chanical system, leading to non-negligible displacement fluc-
tuations [11, 12]. There is also much research focused on the
compensation methods to improve the dynamic precision
[13–21]. The above studies have important significance to
improve the dynamic performance of the direct-driven feed
system. However, at present, the ball screw feed system with
a large lead screw is still widely used in the machine tools,
especially high-speed and high-precision machine tools. In
addition to the high cost of the PMLSM itself, the electrome-
chanical couplings and mechanical vibrations in the motion
process are the major problems, which restrict the populariza-
tion and application of the direct-driven feed system.

In the present research, the servo system and mechanical
system are separated artificially. The analyses about the thrust
only aim at PMLSM, which does not map to the final dis-
placement fluctuation. Meanwhile, in the control model, the
mechanical system is just equivalent to a simple single mo-
ment of inertia of the system. However, in fact, the thrust
harmonics and other disturbances directly act on the mechan-
ical system, leading to obvious mechanical vibrations with
multi-modes. Meanwhile, the mechanical dynamic character-
istics also have important effects on the thrust characteristics.
The interaction between the servo system and mechanical sys-
tem becomes more close and complex due to zero transmis-
sion structure. Kim et al. [22] proposed an integrated design
methodology for the ball screw-driven servomechanisms. Im
et al. [23] analyzed the dynamic behaviors of a BLDC motor
considering the mechanical and electromagnetic interaction
due to the air gap variation. Neugebauer et al. [24] presented
the integration of mechatronics modules to the machine tools
and discussed the effects of their interaction on the reliability
of the machine tools. Weck et al. [25] analyzed the effects of
the encoder’s vibrations on the bandwidth of the current loop
and control parameters for the linear motor feed system. Most
of the current studies focused on the traditional feed system.
There is little research about the electromechanical interaction
in direct-driven feed system. It is important and necessary to
set up the electromechanical integrated model for the direct-
driven feed system, which can be used to analyze the effects of
different disturbances, the electromechanical couplings, inte-
grated design, and compensation methods.

Therefore, in this paper, oriented to the dynamic precision
of the direct-driven feed system, the electromechanical inte-
grated model is established considering the characteristics of
the servo drive circuit, PMLSM, and mechanical system. In
the second section, the electromechanical analytical model is
put forward based on the analysis of the structure and error
sources of the feed system. In the third section, the nonlinear-
ity of the drive circuit is studied and the servo current har-
monics are calculated. What is more, the nonlinearity of the
PMLSM itself is analyzed and the analytical expression of
motor thrust is derived. In the fourth section, the mechanical
dynamic model is set up using the Lagrange equation and the
main forms of the vibrations are discussed. Finally, the elec-
tromechanical integrated model is established and the experi-
ments are carried out in the last two sections.

2 Electromechanical analytical model
of the direct-driven feed system

The direct-driven feed system is consisted of numerical con-
trol (NC) system, proportional–integral–derivative (PID) con-
troller, drive circuit, PMLSM, mechanical components, linear
encoder, and other supporting components. The PMLSM has
two parts: mover and stator. The stator is a permanent magnet
installed on the magnetic steel. The motor mover is directly
connected with the drive components. The drive circuit is used
to amplify the weak voltage signal to drive PMLSM. The PID
controller, which is consisted of position loop, velocity loop,
and current loop, determines the performance of the servo
system. The high-precision linear encoder collects the real-
time displacement signal to form the feedback loop. The char-
acteristic of the NC system is not discussed here.

In order to comprehensively describe the precision of the
direct-driven feed system in motion process with high speed,
the deviation between the actual trajectory and the ideal NC
command is defined as the dynamic precision [26], that is

δd tð Þ ¼ xa tð Þ−xc tð Þ ð1Þ

In accordance with the different motion processes of the
feed system, the dynamic precision can be divided into three
indexes which are transient error, steady-state following error,
and displacement fluctuation as shown in Fig. 1. The transient
error represents errors produced by the abrupt change of the
command, mechanical clearance, and nonlinear friction in the
process of start and stop. The following error represents the
steady-state deviation between the actual trajectory and the
command considering the acceleration process and system
delay. The displacement fluctuation represents the mechanical
vibrations due to the thrust harmonics and outside distur-
bances in the steady-state motion process.
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Based on the experimental tests, the author team found that
the dynamic precision of the direct-driven feed system de-
pends on the characteristics of the servo system, the mechan-
ical system, and their interaction. Due to the manufacturing
errors and characteristics of electronic devices, the drive cir-
cuit has various nonlinear factors, such as dead-zone effect,
modulation harmonics, and electromotive force harmonics.
Meanwhile, the magnetic field of permanent magnet also has
many harmonics due to the structural nonlinearity of the motor
itself, such as end effect, slot effect, and magnetic linkage
harmonics. The above nonlinear factors will produce lots of
thrust harmonics which directly act on the mechanical system,
leading to displacement fluctuations. What is more, the me-
chanical system is not an ideal single moment of inertia of the
system. Under the motivation of the thrust harmonics and
other disturbances, different kinds of the vibrationsmay occur,
which will affect the motor thrust through the zero transmis-
sion structure and full-close-loop feedback system. According
to the working principle of each component and considering

the main sources of disturbance errors, the electromechanical
analytical model is established as shown in Fig. 2.

In Fig. 2, there are five sub-models, which are model of the
drive circuit, control model of the current loop, analytical
model of the linear motor, mechanical dynamic model, and
integrate model.

3 Analysis of the characteristics of the servo
system

3.1 The characteristics of drive circuit

The drive circuit includes rectifier circuit, filter circuit, invert-
er circuit, modulation circuit, motor coil, and other auxiliary
circuit, which is shown in Fig. 3.

In order to produce the ideal thrust force, the three phase
currents are needed to be ideal sine waveforms. However, in

Fig. 1 The structure and dynamic precision of the direct-driven feed system
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practice, there are different kinds of the nonlinear factors in the
drive circuit, leading to lots of current harmonics. Taking a
phase coil as the example, the main harmonics are calculated
as follows.

The voltage harmonics caused by the dead-zone effect in
the inverter is equal to [27]

uao ¼ ∑
∞

k¼1;5;7⋯
ukasinkωt ð2Þ

where uka ¼ 8ΔV
3kπ � ð 1þ sin kπ

2 sin kπ
6 Þ; k ¼ 1; 5; 7⋯; ΔV ¼

toff −ton−T d
2TsVdc

.

The voltage harmonics with high frequencies produced by
pulse width modulation (PWM) can be obtained as [28, 29]:

uas ¼ 8

3
∑
∞

n¼3;5;7……

E
π

1

n
ω0

ωc

J n n
ω0

ωc

Mπ
2

� �
sin

nπ
2
⋅cos

nπ
2

1þ ω0

ωc

� �� �
sin2

nπ
3
sin nω0t þ π

4

� �

ð3Þ

The harmonics of the back electromotive force (Emf) with-
out load can be given by [30]:

Ema ¼ ∑
n¼1;3;5;…

8NlvaBr

π
1

n
sin

nπwp

2τ
�

sinh
nπ
τ

h
� �

sinh
nπ
τ

hþ gð Þ
h i sin nπvat

τ

� �
ð4Þ

Finally, the voltage harmonics acted on the motor coil of a
phase can be obtained as:

ura ¼ uao þ uas−Ema ð5Þ

3.2 The characteristics of current loop

The current loop, which is the inner loop and can restrict the
peak current and acceleration of the current response, has im-
portant effect on the dynamic characteristics of the feed sys-
tem. The current loop is composed of filters, control regulator,
PWM inverter, motor coil, feedback system, and other detec-
tion device, as shown in Fig. 4.

Fig. 3 The structure of the servo
drive circuit
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The filter and inverter are merged into an inertial unit be-
cause their time constants are much smaller than the electrical
time of the PMLSM. The gain of feedback loop is assumed to
be unit. Meanwhile, the filter in the feedback loop is
neglected. The voltage harmonics caused by the inverter,
PWM, and Emf are taken as the external disturbances and
introduced into the current loop. The model in Fig. 4 can be
simplified as shown in Fig. 5.

The transfer function can be obtained through Fig. 5 as:

i0 ¼ KiKpwm Tisþ 1ð Þ=Ra

T is T if þ Tpwm
� 	

sþ 1

 �

Tasþ 1ð Þ þ KiKpwm Tisþ 1ð Þ=Ra
iref

þ Tis T if þ Tpwm
� 	

sþ 1

 �

=Ra

Tis T if þ Tpwm
� 	

sþ 1

 �

Tasþ 1ð Þ þ KiKpwm T isþ 1ð Þ=Ra
ur

ð6Þ

It can be obtained from Eq. (6) that the output of the current
loop has two parts, which are outputs due to current command
and voltage disturbances.

Assuming the current command is iref(t) = I0sinωIt, its
Laplace form is iref sð Þ ¼ I0ωI

s2þω2
I
.

Assuming one of the voltage disturbance is ur(t) =
Ursinωut, its Laplace form is ur sð Þ ¼ Urωu

s2þω2
u
.

The final output of the current loop can be given by

i tð Þ ¼ KiKpwm

Ti T if þ Tpwm
� 	

Rω0
Ae−atcosω0t þ B−Aa

ω0
e−atsinω0t

� �
þ A

0
e−s1t þ B

0
e−s2t

þ C
0
e−s3t þ KiKpwm

Ti T if þ Tpwm
� 	

Rω0
C cosωt þ D

ω
sinωt

� �
þ D

0
cosωrt þ E

0

ωr
sinωrt

ð7Þ
where

A ¼ 2aω0ωI I0
a2þω2

0−ω
2
Ið Þ2þ4a2ω2

I

;B ¼ 3a2−ω2
0þω2

Ið Þω0ωI I0

a2þω2
0−ω

2
Ið Þ2þ4a2ω2

I

;

C ¼ −2aω0ωI I0
a2þω2

0−ω
2
Ið Þ2þ4a2ω2

I

; D ¼ a2þω2
0−ω

2
Ið Þω0ωI I0

a2þω2
0−ω

2
Ið Þ2þ4a2ω2

I

;

E
0 ¼ Urω3

u

L Tif þ Tpwm
� 	 s1s2 þ s2s3 þ s3s1−ω2

u

� 	þ Tif þ Tpwm
� 	

s1 þ s2 þ s3ð Þω2
u−s1s2s3


 �
s1 þ s2 þ s3ð Þω2

u−s1s2s3

 �2 þ ω2

u s1s2 þ s2s3 þ s3s1−ω2
u

� 	2

D
0 ¼ Urωu

L T if þ Tpwm
� 	 s1s2 þ s2s3 þ s3s1−ω2

u

� 	
Tif þ Tpwm
� 	

ω2
u− s1 þ s2 þ s3ð Þω2

u−s1s2s3

 �

s1 þ s2 þ s3ð Þω2
u−s1s2s3


 �2 þ ω2
u s1s2 þ s2s3 þ s3s1−ω2

u

� 	2

C
0 ¼ B

0 ¼ s1Dþ E
2s1−s2−s3

;A
0 ¼ −B

0
−C

0
−D

0
; a ¼ 1

2 Tif þ Tpwm
� 	 ;ω0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KiKpwmKa T if þ Tpwm

� 	
−TiRa

4 Tif þ Tpwm
� 	2TiRa

vuut

s1, s2, and s3 are the roots of the equation Tis[(Tif + Tpwm)s +
1](Tas + 1) +KiKpwm(Tis + 1)/Ra = 0.

Ignoring the transient response, the current after the adjust-
ment of the controller is shown as:

ia tð Þ ¼ ∑
n
Imansin n ωt þ θð Þ½ �

ib tð Þ ¼ ∑
n
Imbnsin n ωt þ θ−2π=3ð Þ½ �n ¼ 1; 5; 7;…; 6i� 1

ic tð Þ ¼ ∑
n
Imcnsin n ωt þ θ−4π=3ð Þ½ �

8>>>>>><
>>>>>>:

ð8Þ

3.3 The characteristics of the PMLSM

The thrust is produced by the interaction between the traveling
magnetic field caused by the primary current and the magnetic
field caused by the permanent magnet. In addition to the cur-
rent harmonics, the magnetic field of permanent magnet also
has plenty of harmonics due to the structural nonlinearity of
the PMLSM itself, such as end effect, slot effect, and magnetic
linkage harmonics.

The analytical model of the magnetic field for PMLSM is
established as shown in Fig. 6.

Fig. 5 The simplified structure of
the current loop
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According to Maxwell’s equations, the magnetic field
strength produced by the permanent magnet in the air gap area
can be given by

Bx xð Þ ¼ ∑
∞

n¼1;3;5…
Bnxsin

nπ
τ

x
� �

By xð Þ ¼ ∑
∞

n¼1;3;5…
Bnycos

nπ
τ

x
� �

8>><
>>:

ð9Þ

Because the tangential component of the magnetic field is
much less than the normal one, only the By is considered here.

B xð Þ ¼ ∑
∞

n¼1;3;5…

4Br

π
1

n
sin

nπwp

2τ

�
sinh

nπ
τ

h
� �

sinh
nπ
τ

hþ gð Þ
h i cos nπ

τ
x

� �
ð10Þ

Using the conformal transformation method, the relative
permeance functions considering the slot effect can be obtain-
ed as [8]:

λs xð Þ ¼ a0 þ ∑
∞

n¼1
ancos

2nπ
τ s

x
� �

ð11Þ

where a0 ¼ 1−1:6ws
τ s
β yð Þ; an ¼ − 4

nπ β yð Þ 0:5þ
ws
τs
nð Þ2

0:78215−2 ws
τs
nð Þ2

� �
sin 1:6πws

τ s
n

� �

β yð Þ ¼ 1

2
1−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ws

2Keg

� �2
r

1þ v2ð Þ

2
664

3
775; Ke ¼ 1þ h

μr⋅g
:

Using the conformal transformation method, the relative
permeance functions considering the end effect can be obtain-
ed as:

λe xð Þ ¼
e

xþL=2ð Þ
2g

0 x < −L=2
1 −L=2 < x < L=2

e
x−L=2ð Þ
2g

0 x > L=2

8>><
>>:

ð12Þ

where g
0 ¼ g þ h

μr
.

Finally, the magnetic field model in the air gap considering
the slot effect and end effect can be given by:

B
0
xð Þ ¼ λs xð Þ⋅λe xð Þ⋅By xð Þ ¼ λs vtð Þ⋅λe vtð Þ⋅B vtð Þ ð13Þ

3.4 The characteristics of thrust harmonics

Using the energy method, the motor thrust can be
calculated as:

F ¼ 1

v
∂
∂t

La þM ab þM acð Þ⋅ia tð Þ½ �−Nl ∂
∂t

∫xa−τ=2xaþτ=2Ba xð Þdx
h i
 �

⋅ia þ

1

v
∂
∂t

Lb þM ab þMbcð Þ⋅ib tð Þ½ �−Nl ∂
∂t

∫xa−τ=2xaþτ=2Bb xð Þdx
h i
 �

⋅ib þ

1

v
∂
∂t

Lc þMbc þM acð Þ⋅ic tð Þ½ �−Nl ∂
∂t

∫xa−τ=2xaþτ=2Bc xð Þdx
h i
 �

⋅ic

ð14Þ

Substituting Eq. (8) and Eq. (13) into Eq. (14), the thrust
can be obtained as follows.

F ¼ F0 þ 3N la0 ∑
i
F6isin

6iπv
τ

t
� �

þ 3

2
Nl∑

i
Biaicos

iτπ
τ s

� �
⋅sin

2ivπ
τ s

t
� �

þ 3

2
Nl∑

i
F6iai⋅sin

6iπv
τ

t þ 2ivπ
τ s

t
� �

þ 3

2
Nl∑

i
F6iai⋅sin

6iπv
τ

t−
2ivπ
τ s

t
� �

þ wλ2
0

μ0
e

xLþL=2ð Þ
ge ∑

∞

n
A2
n

τ
2nπ

sinh
2nπ
τ

HA

� �
⋅cos

2nπ
τ

vt þ nτ−L
2

� �� �

þ εLa0π
τ

∑
m¼1;5;7…

I2msin
2mπ
τ

vt

ð15Þ
where n = 1, 2, 3..., i = 1, 2, 3..., Bn, and a0, an, An are electro-
magnetic coefficients.

4 Analysis of the dynamic characteristics
of the mechanical system

The mechanical system consists of the worktable, motor mov-
er, linear guide, block, linear encoder, permanent magnet, and
machine bed, which is shown in Fig. 7. Although the mechan-
ical structure is much simpler than the traditional ball screw
feed system, the direct-driven feed system still has complex
mechanical characteristics considering the effects of the joints
between the guide and blocks.

The center of the mass of the mover and the worktable is
taken as the origin of coordinate. The mechanical dynamic
model of the direct-driven feed system is established as shown
in Fig. 8 using the lumped-mass method. Because the vertical
magnetic force between the mover and stator is usually large
(about 20 kN), every guide has three blocks. The flexibility of

Fig. 6 The analytical model of
the magnetic field for the
PMLSM
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the worktable and machine bed can be ignored. Comparing
with the worktable and motor mover, the mass and geometric
dimension of the block are very small, which are ignored here.
The masses mainly include the mass of the worktable mw and
the mass of the motor mover mm. The stiffness in the feed
direction is equivalent to the servo stiffness Ks because there
are not intermediate mechanical transmission components. Ks

acts on the center of the mass of the mover and the worktable.
The detail calculation of servo stiffness and contact stiffness is
shown in [31]. The contact stiffness between the guide and
each block is equivalent to the linear spring units (kiy, kiz, i = 1,
2, 3, 4, 5, 6.) which act on the center of the mass of each block
in the directions of Y and Z. Ignoring the difference among
blocks, kiy = Ky, and kiz = Kz. Ky and Kz are the tangential and
normal stiffness of single block. The damping of the system is
expressed as Rayleigh proportional damping of mass and stiff-
ness. The motor thrust is acted on the center of the mass of the
motor mover.

In the coordinate as shown in Fig. 9, the linear displace-
ments and rotational vibrations are assumed as x, y, z, θx, θy,
and θz. Using the Lagrange’s equation, the mechanical model
can be established as

MX
:: þC ˙X

: þKX ¼ F ð16Þ

where,

M ¼

m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Jx 0 0
0 0 0 0 J y 0
0 0 0 0 0 J z

2
6666664

3
7777775
;

K ¼

Ks 0 0 0 −Kshm 0
0 6Ky 0 6Kyhb 0 0
0 0 6Kz 0 0 0
0 6Kyhb 0 6Kyh2b þ 1:5KzL21 0 0

−Kshm 0 0 0 Ksh2m þ 4KzL22 0
0 0 0 0 0 4KyL22

2
6666664

3
7777775

C ¼ αcMþ βcK

Based on the analysis in [31], the coupled terms, which are
the coupling between the pitch and vibration in x direction and
the coupling between the roll and vibration in y direction, can
be neglected. Therefore, Eq. (16) is simplified as

M
0
X
:: þC

0 ˙X
: þK

0
X ¼ F ð17Þ

where,

M
0 ¼

m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Jx 0 0
0 0 0 0 J y 0
0 0 0 0 0 J z

2
6666664

3
7777775

K
0 ¼

Ks 0 0 0 0 0
0 6Ky 0 0 0 0
0 0 6Kz 0 0 0
0 0 0 6Kyh2b þ 1:5KzL21 0 0
0 0 0 0 Ksh2m þ 4KzL22 0
0 0 0 0 0 4KyL22

2
6666664

3
7777775

C
0 ¼ αcM

0 þ βcK
0

Worktable

Machine bed Permanent
magnet

Linear
guides

Linear
encoder

Motor mover

Block

Fig. 7 The mechanical structure of the direct-driven feed system
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Because the stiffness and damping of the joints between the
guide and block along the Y and Z directions are large, their
vibrations can be ignored. Therefore, in this paper, only the
mechanical vibration in the feed direction and rotational vi-
brations are considered as shown in Fig. 9.

In the fact, there are two kinds of the disturbances which
are motor thrust harmonics and outside disturbance.
Considering the difference between the displacement of the
worktable and that of the linear encoder, the relationship be-
tween the output and input of the mechanical system can be
obtained as follows.

xw
θp
θr
θy

2
664

3
775 ¼

Hmf Hof

Hmp Hop

Hmr Hor

Hmy Hoy

2
664

3
775� Fmotor

Fout

� �
ð18Þ

xw
xe

� �
¼ Hpf Hrf Hyf

Hpe Hre Hye

� �
�

θp
θr
θy

2
4

3
5 ð19Þ

a)Feed vibration b) Pitch vibration c) Yaw vibration d) Roll vibration

Y

XZ

Y

XZ

Y

XZ

Y

XZ

Y

XZ

Y

XZ

Fig. 9 The main mechanical vibrations in the direct-driven feed system. a Feed vibration. b Pitch vibration. c Yaw vibration. d Roll vibration

Fig. 10 The electromechanical integrated model of the direct-driven feed system
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where θp, θr, and θy are the displacement of the worktable in
feed direction and angle displacements of rotational vibra-
tions, respectively. Fmotor and Fout are the motor thrust and
outside disturbance, respectively. Hmf, Hmp, Hmr, and Hmy are
the transfer functions between the motor thrust and the output
of the worktable. Hof, Hop, Hor, and Hoy are the transfer func-
tions between the outside disturbance and the output of the
worktable. Hpf, Hrf, and Hyf are the conversion functions

between the displacement of the worktable and the rotational
vibrations. Hpe, Hre, and Hye are the conversion functions be-
tween the displacement of reading head of the linear encoder
and the rotational vibrations of the worktable.

Based on the mechanical structure and dynamic model, the
transfer functions in Eq. (18) and Eq. (19) can be given by

Hmf ¼ 1

ms2

Hmp ¼ Mmp

Jys2 þ cθysþ kθy
¼ Mmp

s2 þ 2ξpωpsþ ω2
p

Hmr ¼ Mmr

J xs2 þ cθxsþ kθx
¼ Mmr

s2 þ 2ξrωrsþ ω2
r

Hmy ¼ Mmy

J zs2 þ cθzsþ kθz
¼ Mmy

s2 þ 2ξyωysþ ω2
y

8>>>>>>>>>><
>>>>>>>>>>:

ð20Þ

Hof ¼ Mof

ms2

Hop ¼ Mop

J ys2 þ cθysþ kθy
¼ Mop

s2 þ 2ξpωpsþ ω2
p

Hor ¼ Mor

J xs2r þ cθxsþ kθx
¼ Mor

s2 þ 2ξrωrsþ ω2
r

Hoy ¼ Moy

J zs2 þ cθzsþ kθz
¼ Moy

s2 þ 2ξyωysþ ω2
y

8>>>>>>>>>><
>>>>>>>>>>:

ð21Þ

Table 1 The main parameters of the direct-driven experiment table

Name Value

Position travel (mm) 600

Maximum velocity (m/min) 30

Maximum acceleration (m/s/s) 15

Mass of the mover and worktable (kg) 44

Cooling Air cooling

Material of machine bed The marble

Proportional gain of position controller (1/s) 35

Proportional gain of speed controller (A s/m) 552

Integral time constant of speed controller (s) 0.01

Force constant (N/A) 170

Load (kg) 15

The length of the worktable (mm) 400

The width of the worktable (mm) 400

The distance between two guide rails (mm) 320

The rotational inertia of mechanical system
around x-axis Jx (kg m2)

0.59

The rotational inertia of mechanical system
around y-axis Jy (kg m2)

0.59

The rotational inertia of mechanical system
around z-axis Jz (kg m2)

1.18

The distance between two blocks(mm) 380

The vertical distance between the center
of block and mechanical coordinate origin hb/mm

40

The vertical distance between the center
of mover and mechanical coordinate origin hm/mm

35

The distance between the center of mover
and mechanical coordinate origin in y direction/mm

58

Table 2 The mechanical vibration modal of the feed system

Order
number

Natural frequency
(Hz)

Damping
ratio

Mode

1 141.22 0.0119 Roll vibration

2 350.314 0.0135 Vibration in Z
direction

3 778.589 0.0175 Yaw vibration

4 817.024 0.0096 Vibration in Y
direction

5 884.905 0.0070 Pitch vibration

Fig. 11 The test of the
mechanical modal

1600 Int J Adv Manuf Technol (2018) 98:1591–1604



Hpf ¼ Spf
Hrf ¼ Srf
Hyf ¼ Syf

8<
:

Hpe ¼ Spe
Hre ¼ Sre
Hye ¼ Sye

8<
: ð22Þ

whereMmp,Mmr, andMmy represent the equivalent coefficients
of motor thrust in three rotational directions. Mo represents the
equivalent coefficient of other disturbances in the feed direc-
tion.Mop,Mor, andMoy represent the equivalent coefficients of
other disturbances in three rotational directions. ωp, ωr, and ωy
are the natural frequencies of the pitch, roll, and yaw, respec-
tively. ξp, ξr, and ξy are the damping ratio of the pitch, roll, and
yaw, respectively. Spf, Syf, and Srf are the corrected coefficients
between displacement fluctuation and mechanical rotational vi-
brations. Spe, Sye, and Sre are the corrected coefficients between
feedback signal and mechanical rotational vibrations.

5 Electromechanical integrated model

Based on the above analysis and electromechanical analytical
model in Fig. 2, the nonlinear characteristics of the drive cir-
cuit and PMLSM can be expressed as the motor thrust
harmonics which are introduced into the model as the
interferences. The bandwidth of the current loop is much
wider than that of the speed loop and position loop. So the
current control loop is initially regarded as ideal for the
further considerations [25]. The current loop is equivalent
to the proportional gain. The mechanical system is intro-
duced by Eqs. (18) and (19). The friction, which uses the
Stribeck model, is added to the system through identify-
ing. Other assumptions are as follows.

1. The process of interpolation, deceleration in the NC is not
considered.

2. The system is assumed continuous.
3. The small delay links are ignored.
4. The feed gain of the feedback system is set as 1.

Finally, the electromechanical integrated model of the
direct-driven feed system is established as shown in Fig. 10.

In Fig. 10, there are three inputs which are the position
command, thrust harmonics, and outside disturbances. There
are five outputs which are the displacement of reading head,
displacement of the worktable in feed direction, and rotational
vibrations of the worktable in pitch, roll, and yaw directions.

Based on the relationship in Fig. 11, the final output of the
worktable can be obtained as

x0 tð Þ ¼ x0xi tð Þ þ x0 Fmotor tð Þ þ x0 Fout tð Þ þ θy tð Þ⋅Hyf

þ θp tð Þ⋅Hpf þ θr tð Þ⋅Hrf ð23Þ

where x0xi(t) represents the output produced by the command,
x0Fmotor(t) represents the output produced by thrust harmonics.
x0Fout(t) represents the output produced by outside
disturbances.

Fig. 13 Comparison of the displacements

Fig. 12 The test of the displacement command and output
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6 Experiments

In order to verify the model, experiments are carried out on a
single-axis direct-driven feed system as shown in Fig. 11. The
PMLSM (MTPTEK2014-600A) is iron-core permanent mag-
net synchronous motors, with a mobile coil made by small
copper coils wrapped around a laminated ferromagnetic core.
The PMLSM stage can be operated by means of pulse com-
mands or velocity commands through the control mode set-
ting of the servo driver. The linear encoder with 0.1-μm res-
olution is used to measure the position of the worktable. The
continuous force of PMLSM is 235 N, and peak force is
600 N. The main parameters of the experiment table are
shown in Table 1.

At first, the mechanical parameters are identified by the
time domain acquisition module of LMS with a sampling

frequency of 1 kHz, which is shown in Fig. 11. The main
results are listed in Table 2.

Substituting the results in Table 1 and Table 2 into Eq. (20)
and Eq. (21), the transfer functions in Eq. (18) and Eq. (19)
can be obtained. What is more, based on the measured motor
thrust under different feed speeds, the friction force of the X-
axis can be fitted by using the Stribeck model, which is shown
in Eq. (24).

f ¼ 17:89þ 21:83−17:89ð Þe− v=0:01055ð Þ2 þ 21:15v ð24Þ

The displacement command and output are collected by the
servo system with the sampling frequency of 1 kHz, which is
shown in Fig. 12. In the test, all the advanced control methods,
such as velocity and acceleration feedforward, are disabled.
The speed is 12 m/min. Because the experimental bed cannot

Fig. 14 The deviations between
the actual and theoretical
displacement and the command

Fig. 15 The deviation of displacement between the actual and theoretical
results without following error

Fig. 16 The deviation of displacement between the actual and theoretical
results without following error (considering phase lag)
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add the outside disturbances, only the thrust harmonics are
considered.

Because of the simple structure of the experimental table,
the rotational vibrations of the worktable can be neglected.
What is more, the reading head of the linear encoder is
mounted in the middle of the worktable. The displacement
of the linear encoder is approximately equal to that of the
worktable. Therefore, the displacement of the worktable is
used as the evaluation index to verify the validity of the the-
oretical model.

In order to reduce the motion error caused by the mutation
of the command, the actual NC command collected by the
servo system is taken as the input of the model to calculate
the displacement output. The motor thrust calculated by
the above theoretical analysis is introduced into the
electromechanical integrated model which is shown in
Fig. 10. The theoretical displacement can be obtained
and then compared with the command and the actual
displacement as shown in Fig. 13.

The deviations between the actual and theoretical displace-
ment and the command can be obtained as in Fig. 14.

It can be obtained from Fig. 14 that the deviation of the
following error between the actual result and theoretical cal-
culation is about 0.5 μm, which is 0.015% of the actual fol-
lowing error. In order to compare the results of the transient
error and displacement fluctuation, the steady-state following
error is removed from the displacement. Then the deviation of
the motion error between the actual result and theoretical cal-
culation is obtained as shown in Fig. 15.

It can be seen from Fig. 15 that the deviation of tran-
sient overshoot error is 8.3 μm and the deviation of dis-
placement fluctuation is 2 μm which is about 55% of the
actual fluctuation. It is because that the phase lags of the
different thrust harmonics are not considered in the

theoretical calculation, which can be revised using the
experimental results. Considering the phase lag of each
thrust harmonics, the deviation of displacement between
the actual and theoretical results without following error
can be obtained as shown in Fig. 16.

It can be seen from Fig. 16 that the deviation of the tran-
sient overshoot reduces to 4.8 μm and deviation of the dis-
placement fluctuation reduces to 0.4 μm, which is 10.96% of
the actual one. However, it can be found that there is ob-
vious harmonics component with frequency of 2 Hz in the
deviation, which is considered to be produced by the geo-
metric error of the guide way. The deviation between the
actual and theoretical results without geometric error can
be obtained in Fig. 17.

It can be seen from Fig. 17 that the deviation of the dis-
placement fluctuation reduces to 0.18 μm, which is 4.93% of
the actual one. Validity and reliability of the model and anal-
ysis in this paper are proved.

It can be obtained from the above analysis that the pro-
posed integrated model can accurately represent the effects
of the NC command, the thrust fluctuations caused by the
nonlinearity of servo system, and the mechanical vibration
with different modals on the dynamic precision of the direct-
driven feed system. The effects of the geometric error and
other factors on the dynamic precision are not reflected in
the model. However, they can be modified and supplemented
by other theoretical analysis.

7 Conclusions

The dynamic characteristics and precision of the direct-driven
feed system is codetermined by the characteristics of the servo
drive, PMLSM, mechanical system, and their interactions

a)following error b) transient error and displacement fluctuation

Fig. 17 The deviation of displacement between the actual and theoretical results without phase lag and geometric error. a Following error. b Transient
error and displacement fluctuation

Int J Adv Manuf Technol (2018) 98:1591–1604 1603



without considering the cutting process. In this paper, oriented
to the dynamic precision, the dynamic characteristics of the
drive circuit, PMLSM, control loops, and mechanical system
are analyzed systematically and comprehensively. An electro-
mechanical integrated model is established for the direct-
driven feed system. The results show that the deviation of
the following error between the experiment and calculation
is 0.5 μm, which is 0.0015% of the actual error. The deviation
of the transient overshoot error between the experiment and
calculation is 4.8 μm. The deviation of the displacement fluc-
tuation between the experiment and calculation is 0.18 μm,
which is 4.93% of the actual one. The integrated model can
accurately represent the characteristics and dynamic precision
of the direct-driven feed system, which produces a theoretical
foundation for the further research about the electromechani-
cal coupling phenomenon and control compensation.
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