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Abstract
This paper proposes a correlational designmethod for the dimension tolerance and geometric tolerance of the feature of size when
applying a material condition. Based on the equivalent transformation method, the calculation equation of virtual size and
extreme virtual size for a single feature during free assembly is expanded to the calculation of those of related features at the
datum positioning and directional assembly, and then the application rules of the material conditions are established. Two kinds of
design requirements are considered: guaranteeing the distance requirement between the surface of a single feature of size and its
datum, and guaranteeing the minimum clearance and minimum interference between two features of size. For these design
requirements, the correlational equations for the design of the dimension tolerance and geometric tolerance are developed. Two
design cases are conducted to demonstrate the design method.

Keywords Virtual size . Extreme virtual size . Material condition . Dimensional tolerance . Geometric tolerance . Correlation
design . Application criteria

1 Introduction

The virtual size is the size of the functional virtual boundary of
a geometric feature. The virtual boundary of a feature of size is
dependent on the actual size of the contour feature and geo-
metric errors of the center feature. The virtual size is the actual
mating size of the assembling feature at free assembly, or the
size of a related actual mating envelope at the datum location
assembly. The virtual size determines the assembly clearance
or interference between two engaged features. In functional
dimensioning and tolerancing of the assembly features, the
extreme virtual size is the objective that must be guaranteed,
and the material condition must be considered. The applica-
tion of the material condition will improve the manufacturing
benefits, and when both the feature of size and datum of size
are applicable to the material condition, the greater
manufacturing benefits will be achieved. In this situation,
the tolerances on both the feature of size and datum of size
should be specified cohesively and cannot be chosen

arbitrarily, and there must be a relationship between the geo-
metric tolerance specification of feature of size and datum of
size. Currently, a designmethod for correlating the dimension-
al tolerance and geometric tolerance of the feature of size and
the datum of size for applying the material condition is not
available, and the application principle of the material condi-
tion is incomplete. Therefore, it is important to investigate the
correlation and establish a design model and a method for the
dimension and geometric tolerance of both the feature of size
and datum of size.

The principles of the maximum and least material condi-
tion specifications by the virtual boundary are defined in ISO
standards 2692 (1988) [1] and in the ASME standard (1994)
[2]. In the last 20 years, a significant amount of research has
been devoted to the development of specification models with
a virtual boundary. These virtual boundaries have been used as
virtual gauges since the early 1990s. Jayaraman and
Srinivasan [3] proposed conditional tolerancing and virtual
gauge methodologies to define the virtual boundary require-
ment (VBR). The major focus of their works is to consider the
assembly of perfect form parts at the maximum material to
determine if the assembly is possible or at the least material to
determine the maximum displacement of the end surface. The
fundamental hypothesis supposes that the displacement will
be greater when the links are in the least material condition.
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Robinson [4] uses the maximum material parts among as-
sembly specifications, tolerance specifications, and assembly
tolerance analysis, which is an expansion of the maximum and
least material condition modifiers. Etesami [5] presented a
formulation to interpret the 2D position tolerance specifica-
tions. Simulated gauges are constructed from datum features
as a set of constraint relationships. The measure of perfect-
form position-imperfection is determined as the distance be-
tween the measured and the nominal feature positions subject
to the datum constraint requirements. The derived formulation
is applied to an example part with a hole-slot datum-priority
frame. This formulation results in a three-variable optimiza-
tion problem that is solved by the augmented Lagrange mul-
tipliers technique. The extension of the formulation to 3D is
also discussed but without reference to a specific representa-
tion. Lehtihet and Gunasena [6] suggested models to predict
the probability of an acceptable hole by combining the prob-
ability of the acceptable position and size of the hole. To
obtain a statistical model for the position, they fit a two-
dimensional Gaussian probability-distribution function to the
tolerance zone for the position of the axis of the hole (as a
circle).

The designer needs a method and principle to determine the
tolerance specification for the geometric feature. Ballu et al.
[7] proposed a series of preliminary rules regarding the appli-
cation of material conditions, such as (1) for the assembly
requirement and the minimum clearance requirement, the
functional virtual boundary of a feature of size is the maxi-
mum material condition and (2) for the maximum clearance
requirement and maximum deviation requirement, the func-
tional virtual boundary of a feature of size is the least material
condition. Dantan et al. [8] presented the notion of a quantifier.
The quantifier can stand for the concepts of the functional
requirements of an assembly, such as a functional requirement
must be respected in at least one acceptable configuration of
gaps, or a functional requirement must be respected in all
acceptable configurations of gaps. According to the function
and the processing requirements of an assembly, the process
of tolerance synthesis is transferred into a formalized mathe-
matical formula of the quantifier. With this approach, some
rules are formalized to determine the modifier (MMC or
LMC) for all functional requirements and for all assembly
process requirements. These formalized formulas are if-then
rules, such as the following: If {considered feature = feature of
size} and {contact = floating} and {requirement must be
respected in at least one acceptable configuration of gaps},
then the functional virtual boundary of this considered feature
is the maximum material condition.

Chavanne and Anselmetti [9] outlined that the indepen-
dence principle does not permit limiting the orientation inside
the location zone in the particular case of a floating datum
reference frame. Then, two main contributions are developed,
the extension of material conditions on complex surfaces and

the definition of a new association criterion to specify hybrid
prismatic surfaces with a surface contact zone and a zone with
clearance. With this goal, the paper suggests six propositions
for possible extensions of the standards of tolerancing.

Tolerance synthesis is determined from a specification
model. Some tolerance syntheses were developed from the
tolerance zone approach by Fleming [10] and Robinson
[11]. Others are based on variational geometry [12–14].
Lastly, some are based on vectorial tolerancing [15–18]. For
example, in tolerance synthesis based on tolerance zones, in-
equalities expressing the fact that the related features must be
in tolerance zones are introduced. The conditions on the fea-
tures are known, while the unknowns are the values of the
tolerances of these conditions.

Pairel et al. [19] presented a model of virtual fitting gauges.
This model developed the algorithm considering the maxi-
mum material and least material conditions. In their following
article [20, 21], they introduced the use of software by taking a
pattern of holes as an example. These gauges concern the
geometrical entities of the part, which are represented on the
three-dimensional geometrical model of the part (CAD mod-
el). The topology of a gauge is related to that of the part.
Recording these attributes is sufficient. The advantages of this
representation are its simplicity, the semantic coherence
(which can be guaranteed), the independence from the stan-
dards, their limits and their evolutions, and the extension of
the tolerancing possibilities for the designer.

Singh et al. [22] used the T-Map model to analyze the issue
of assembly tolerance allocation, which takes a self-aligning
coupling of a vehicle to demonstrate the analysis and synthesis
ability of the T-Map model. The T-Map can distinguish be-
tween related and unrelated actual mating envelopes, as de-
scribed in the ASME/ISO standards. The model pursues con-
sistency and compatibility with the standard tolerances, but its
mathematical tool is complicated. Shen et al. proposed an
improved simulation-based approach to tolerance and ease
of assembly analyses for assemblies with pin/hole floating
mating conditions [23] and for 3D slot features and tab fea-
tures [24]. They explained the “bonus tolerance” and “shift
tolerance.” The bonus tolerance is the extra variation added to
the geometric tolerance when the feature deviates from its
maximum or minimum material condition size. The shift tol-
erance is the deviation from its datum’s size deviation. The
algorithms developed account not only for bonus/shift toler-
ances but also for feasibility of assembling. Later, they extend-
ed the T-Map math model for geometric and size tolerances to
include the probabilistic representation of the one-
dimensional clearance between an engaged tab and slot in an
assembly of two parts [25]. It includes a method for assigning
tolerances statistically when both the size and position toler-
ances are specified on an engaged tab and slot and gives the
comparison between the frequency distributions for clearance
both with and without the MMC being specified.
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To improve the readability of the tolerance specification
involved in the material condition and to facilitate the
decoding of the CAT software, Anselmetti [26] proposed
two complementary writings and several explanations for
the application of the maximum and least material require-
ments. The new description is simply to place the diameter
of the virtual state of the specified surface and of the datum in
the specification. The meaning is exactly the same as the clas-
sical description. This description is consistent with the prin-
ciple of independence of the tolerance, and the readability is
improved, which can be used in a situation that does not re-
quire verification of the local size of the feature.

ISO and ASME GD&T standards described the function
and significance of the material condition very clearly, but
the design method for correlating the dimensional tolerance
and geometric tolerance of the feature of size for applying
the material condition is not available, and the principle of
application of the material condition is incomplete. In this
paper, the definition and calculation of the virtual size and
the extreme virtual size, based on the guarantee of the func-
tional requirement, is first discussed in Section 2. The ap-
plication criteria of the material conditions for the related
feature and datum feature are established in Section 3. The
design algorithms for correlating dimensional tolerance and
geometric tolerance of the feature of size are described in
Section 4. Two design cases are demonstrated at the end of
this paper.

2 The calculation of assembly virtual size

Although the virtual size is a notion of the single features at
free assembly, it can also be used to represent the mating size
of the related feature. This section will expand the virtual size
of a single feature at free assembly into the calculation of the
related feature at the datum positioning assembly and datum
directional assembly.

2.1 The virtual size and extreme virtual size of a single
feature at free assembly

The virtual size of a single feature depends on the actual size
of its contour feature and the geometric error of its center
feature. The extreme virtual size of a single feature includes
the maximum material virtual size (MMVS) and the least ma-
terial virtual size (LMVS), and it can be calculated by the
extreme size of the contour feature and the geometric toler-
ance of the center feature. In the designmodel shown in Fig. 1,
the actual hole or shaft is substituted by the ideal geometry
with the shape and dimension error, the ideal geometry has an
identical local size, and the MMVS and LMVS can be repre-
sented by the extreme local size of the contour feature and the
geometric error of the center feature.

Suppose that the shape error of the center line of the hole
and shaft be denoted by symbols E and e, respectively, and the
diameter and its tolerance be represented by the symmetrical
tolerances D ± ΔD/2 and d ± Δd/2, respectively, then the
MMVS (DMV, dMV) and LMVS (DLV, dLV) of a hole and shaft
can be represented as Eq. (1).

DMV ¼ D−ΔD=2−E
dMV ¼ d þΔd=2þ e
DLV ¼ DþΔD=2þ E
dLV ¼ d−Δd=2−e

ð1Þ

The minimum clearance of a shaft/hole assembly is deter-
mined by the MMVS of both the shaft and hole, and the
minimum interference of a shaft/hole assembly is determined
by the LMVS of both shaft and hole. The calculation equa-
tions of the minimum clearance Cmin and minimum interfer-
ence Ymin are as follows.

Cmin ¼ DMV−dMV ¼ D−d−ΔD=2−Δd=2−E−e
Ymin ¼ dLV−DLV ¼ d−D−ΔD=2−Δd=2−E−e ð2Þ

To calculate the dimension tolerance and geometric toler-
ance conveniently, the interference value of a shaft/hole assem-
bly is defined as a positive value in Eq. (2), i.e., the difference of
the diameter of a shaft minus the diameter of a hole. According
to Eq. (2), the minimum clearance and minimum interference
can be declared as follows. Cmin is the nominal dimension of a
hole minus the nominal dimension of the shaft and minus both
the radius tolerance and form tolerance. Ymin is the nominal
dimension of a shaft minus the nominal dimension of the hole,
and minus both the radius tolerance and form tolerance.

The design objective of an assembly feature includes the
dimension tolerance and geometric tolerance, and when de-
signing to guarantee the minimum clearance or the minimum
interference between two assembly features, Eq. (2) creates a
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Fig. 1 The feature of size and its representation model. a an external
feature. b an internal feature
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relationship between the design requirement and the design
objective.

According to Eqs. (1) and (2), the form tolerance of an
assembly feature will contribute to the virtual size and the
assembly clearance and interference in a similar manner as
with the radius tolerance, and therefore, the form tolerance
of an assembly feature cannot be ignored when its value is
close to the radius tolerance. It is the function mechanism of
the form error and the geometric error to the extreme virtual
size of a single feature, and the combined effect of the form
error and the geometric error will improve the acceptability of
a part when the material condition is considered.

2.2 The virtual size and extreme virtual size of related
features at the datum directional assembly

An assembly of two related features is the assembly where
their datum features remain in contact with one another. The
geometric tolerance specification of a related feature with re-
spect to its datum feature has two types of tolerance, i.e., the
location tolerance and orientation tolerance. Therefore, the
assembly of the related features includes the datum position-
ing assembly and datum directional assembly.

In datum directional assembly, the relative rotation of two
related features is constrained by their datum feature, but the
relative translational motion between two related features re-
mains free. Figure 2 shows the datum directional assembly;
the virtual size of two related features is calculated in the
direction parallel to their datums. According to the GD&T
standard, the orientation tolerance contains the form tolerance,
and therefore, the form tolerance is neglected in the calcula-
tion of the virtual size of the related feature in the datum
directional assembly. The MMVS and LMVS of the related
feature in the datum directional assembly of the planar datum
feature can be expressed as follows:

DMV ¼ D−ΔD=2−tho
dMV ¼ d þΔd=2þ tso
DLV ¼ DþΔD=2þ tho
dLV ¼ d−Δd=2−tso

ð3Þ

where tso and tho denote the orientation tolerance of the related
feature, and the symbols D, ΔD, d, and Δd have the same
meaning as those in Eq. (1). The minimum clearance Cmin

and minimum interference Ymin are as follows:

Cmin ¼ DMV−dMV

¼ D−d−ΔD=2−Δd=2−tho−tso
Ymin ¼ dLV−DLV

¼ d−D−ΔD=2−Δd=2−tho−tso

ð4Þ

Comparing Eq. (4) with Eq. (2), there is no difference be-
tween the two except that the form tolerance in Eq. (2) is

replaced by the orientation tolerance, and the minimum clear-
ance and minimum interference have no relevance to the form
tolerance of their planar datum features in the datum direction-
al assembly.

However, this is not true when the two datum features are
the features of size. In this situation, the contact of two datum
features becomes another shaft/hole assembly, such as shown
in Fig. 3. It is obvious that the clearance between two datum
features will affect the assembly result of the two related fea-
tures. Therefore, to guarantee the minimum clearance or the
minimum interference of the assembly in the design, the clear-
ance between the two datum features must be considered.
Clearly, the minimum clearance between two related features
will occur when both the related feature and datum feature are
in the maximum material virtual condition (MMVC), and the
minimum interference will occur when both the related feature
and datum feature are in the least material virtual condition
(LMVC). Based on the discussion above, Cmin and Ymin in the
datum directional assembly when the datum features are the
features of size will be modified as follows:

Cmin ¼ DMV−dMV þ QMV−qMVð Þlo=lD
Ymin ¼ dLV−DLV− QLV−qLVð Þlo=lD ð5Þ

In Eq. (5), QMV, QLV, qMV, and qLV denote the MMVS and
LMVS of both datum features, and the symbols lo and lD
denote the contact length of the two related features and the
contact length of the two datum features, respectively. For the
assembly in Fig. 3a, lo = min(ld, LD), lD =min(lq, LQ). Because
the evaluated direction of the MMVS and LMVS of the relat-
ed feature are perpendicular to the evaluated direction of the
dimension and error of the datum feature, the dimension and
error of the datum feature have no contribution to the MMVS
and LMVS of the related feature; therefore, DMV, DLV, dMV,
and dLV in Eq. (5) are the same as those in Eq. (3). Substituting
the equations of MMVS and LMVS of the related feature and
datum feature into Eq. (5), we obtain the relation equations of
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Fig. 2 A directional assembly of two features of size with planar datums.
a) The assembly model. b) the tolerance specification of the external
assembly feature. c) the tolerance specification of the internal assembly
feature.
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Cmin and Ymin with the dimension tolerance and geometric
tolerance of all related features and datum features as follows.

Cmin ¼ D−d−ΔD=2−Δd=2−tho−tso
þ Q−q−ΔQ=2−Δq=2−tQf −tqf
� �

lo=lD
Ymin ¼ d−D−ΔD=2−Δd=2−tho−tso

− Q−qþΔQ=2þΔq=2þ tQf þ tqf
� �

lo=lD

ð6Þ

Equation (6) shows that the dimension tolerance and form
tolerance of the datum feature will contribute to the assembly
of the related feature in the datum directional assembly when
the datum features are the feature of size.

2.3 The virtual size and extreme virtual size
of the related feature at the datum positioning
assembly

When a related feature has a position tolerance, the position of
the related feature is controlled by the position tolerance with
respect to its datum, and therefore, the relative position be-
tween the two related features at the datum positioning assem-
bly is depended on many factors, such as the positions of the
related feature with respect to their datum feature, the extreme
virtual size of both the two related features, the contact of the
two datum features, and the dimension and geometric errors of
the two datum features. When the two related features are the
feature of size, the minimum clearance or interference will
occur at two points on the surface of two the related features,
and thus, it needs two distances to define the relative position
between the two related features. Take a cylindrical shaft/hole
assembly as an example, one is the distance between two
upper straight generatrices of a cylindrical shaft and a cylin-
drical hole, while the other is the distance between two lower
straight generatrices of a cylindrical shaft and a cylindrical
hole. In contrast to datum positioning assembly, the free as-
sembly of two features of size can be taken as a special case of
the datum positioning assembly. In free assembly, the “assem-
bly datum” is a pair of straight generatrices of both the cylin-
drical shaft and cylindrical hole, the “assembly objective” is

another pair of straight generatrices, and the distance is the
clearance or interference of the free assembly.

According to the analysis, a datum positioning assembly
can be transformed into two equivalent shaft/hole free assem-
blies, where one is the assembly of the datum feature and the
upper edges of two related features, such as two upper straight
generatrices of both a cylindrical shaft and a cylindrical hole,
while the other is the assembly of the datum feature and the
lower edges of the related feature, such as two straight gener-
atrices of both a cylindrical shaft and a cylindrical hole.

The calculation equation of minimum clearance and mini-
mum interference in a datum positioning assembly can be
derived in a similar way to those in the shaft/hole free assem-
bly. Figure 4 shows a planar datum positioning assembly of a
cylindrical shaft and a cylindrical hole, and the solid line out-
lines in Fig. 4a denote the planar datum and the target hole of
one part, while the outline in hidden line outlines denote the
planar datum and the target shaft of another part. When two
planar datums are in contact, the datum positioning assembly
is broken into two equivalent shaft/hole free assemblies,
where one is the small diameter shaft/hole assembly construct-
ed by the planar datum and lower straight generatrix of both
parts, while the other is the large diameter shaft/hole assembly
constructed by the planar datum and upper straight generatrix
of both parts, as shown in Fig. 4b and c, respectively.

Figure 5 is the diagrammatic sketch for calculating the
MMVS and LMVS in an equivalent shaft/hole assembly.
Figure 5a and b shows the dimension chain of the MMVS
and LMVS of the small diameter shaft and hole, respectively.
The MMVS (dMV, DMV) and LMVS (dLV, DLV) of the small
diameter shaft and hole are represented as follows:

DMV ¼ L−d=2−Δd=4−tsp=2
DLV ¼ L−d=2þΔd=4þ tsp=2
dMV ¼ L−D=2þΔD=4þ thp=2
dLV ¼ L−D=2−ΔD=4−thp=2

; ð7Þ

where variable L is the nominal distance between the related
feature and its datum feature, tsp and thp are the position
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c)b)a)Fig. 3 A directional assembly of
two features of size with datum of
size. a) The assembly model. b)
the tolerance specification of the
external assembly feature. c) the
tolerance specification of the
internal assembly feature.
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tolerance of the related feature with respect to the datum fea-
ture, the symbolsD, ΔD, d, and Δd have the samemeanings as
in the previous equations. The calculation equations of mini-
mum clearance Cmin and minimum interference Ymin of the
small diameter shaft/hole assembly are as follows:

Cmin ¼ DMV−dMV

¼ D=2−d=2−ΔD=4−Δd=4−thp=2−tsp=2
Ymin ¼ dLV−DLV

¼ d=2−D=2−ΔD=4−Δd=4−thp=2−tsp=2

: ð8Þ

Figure 5c and d shows the dimension chains of the MMVS
and LMVS of the large diameter shaft and hole, respectively.
The calculation equations of the MMVS and LMVS of the
large diameter shaft and hole are seen in Eq. (9), as follows:

DMV ¼ Lþ D=2−ΔD=4−thp=2
DLV ¼ Lþ D=2þΔD=4þ thp=2
dMV ¼ Lþ d=2þΔd=4þ tsp=2
dLV ¼ Lþ d=2−Δd=4−tsp=2

; ð9Þ

and the calculation equation of the minimum clearance Cmin

and minimum interference Ymin of the large diameter shaft/
hole assembly are seen in Eq. (10), as follows:

Cmin ¼ DMV−dMV

¼ D=2−d=2−ΔD=4−Δd=4−thp=2−tsp=2
Ymin ¼ dLV−DLV

¼ d=2−D=2−ΔD=4−Δd=4−thp=2−tsp=2

: ð10Þ

The meanings of the symbols in Eq. (9) are the same as
those in Eq. (7). Equations (10) and (8) are identical, and thus,
the minimum clearance and minimum interference at the da-
tum positioning assembly can be calculated by either of the
two equivalent shaft/hole assemblies.

According to Eqs. (7) and (9), the related feature will add to
the MMVS of the equivalent shaft and the LMVS of the
equivalent hole by 1/4 of the dimension tolerance and 1/2 of
the location tolerance, respectively, and will subtract from the
MMVS of the equivalent hole and the LMVS of the equiva-
lent shaft by 1/4 of the dimension tolerance and 1/2 of the
location tolerance, respectively. There is no dimension toler-
ance and form tolerance of the planar datum feature in Eqs. (7)
and (9), and the planar datum feature has no contribution to
the MMVS and LMVS of the equivalent shaft and the equiv-
alent hole.

However, this is not true when the datum feature is a
feature of size. Figure 6 shows the datum positioning as-
sembly of the related feature, where the datum feature is a
feature of size. The four boundaries of both the related
feature and the datum feature will combine to form two
equivalent shaft/hole assemblies with different diameters,
as shown in Fig. 6b and c. It is obvious that the clearance
between the two datum features will affect the relative
positions of the two related features. Therefore, the deter-
mination of MMVS and LMVS of the two equivalent
shaft/hole assemblies must consider the MMVC and the
LMVC of two datum features.

Figure 7 shows the dimension chains of the MMS (d-
max, Dmin) and LMS (dmin, Dmax) of the equivalent shaft/

L

a) b) c)

Fig. 4 The equivalent relations
between free assembly and planar
datum positioning assembly. a
The positioning assembly by
planar datum. b The equivalent
free small diameter shaft/hole
assembly. c The equivalent free
big diameter shaft/hole assembly
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hole assembly. The dimension and the tolerance of both
the datum features are represented by Q ± ΔQ/2 and q ±
Δq/2, the form tolerances of both datum features are rep-
resented by tQf and tqf, respectively. Figure 7a and b are
the dimension chains for the equivalent shaft/hole assem-
bly with a small diameter, and Fig. 7c and d are the di-
mension chains for the equivalent shaft/hole assembly
with a large diameter. The MMVS (dMV, DMV) and
LMVS (dLV, DLV) of the small diameter shaft/hole assem-
bly are represented by Eq. (11), as follows:

dMV ¼ L−Q=2−D=2þΔQ=4þΔD=4þ tQf =2þ thp=2
dLV ¼ L−Q=2−D=2−ΔQ=4−ΔD=4−tQf =2−thp=2
DMV ¼ L−q=2−d=2−Δq=4−Δd=4−tqf =2−tsp=2
DLV ¼ L−q=2−d=2þΔq=4þΔd=4þ tqf =2þ tsp=2

; ð11Þ

and the MMVS (dMV, DMV) and LMVS (dLV, DLV) of the
large diameter shaft/hole assembly are represented by Eq.
(12), as follows:

dMV ¼ Lþ q=2þ d=2þΔq=4þΔd=4þ tqf =2þ tsp=2
dLV ¼ Lþ q=2þ d=2−Δq=4−Δd=4−tqf =2−tsp=2
DMV ¼ Lþ Q=2þ D=2−ΔQ=4−ΔD=4−tQf =2−thp=2
DLV ¼ Lþ Q=2þ D=2þΔQ=4þΔD=4þ tQf =2þ thp=2

: ð12Þ

According to Eqs. (11) and (12), the minimum clearance
and minimum interference of the small diameter shaft/hole

assembly and large diameter shaft/hole assembly are the same,
which are represented by Eq. (13), as follows:

Cmin ¼ Dþ Q−d−qð Þ=2− ΔDþΔd þΔQþΔqð Þ=4
− tQf þ tqf þ thp þ tsp
� �

=2

Ymin ¼ d þ q−D−Qð Þ=2− ΔDþΔd þΔQþΔqð Þ=4
− tQf þ tqf þ thp þ tsp
� �

=2

: ð13Þ

Because the calculation equations ofCmin and Ymin for both
the small and large diameter shaft/hole assemblies are identi-
cal, the minimum clearance and minimum interference at the
datum positioning assembly can be calculated by either of the
two equivalent shaft/hole assemblies. According to Eq. (13),
when the datum feature is a feature of size, the datum features
affect the minimum clearance and minimum interference at
the datum positioning assembly in the same way as the related
feature. This verifies the necessity of applying the material
condition of both the related feature and datum feature at the
same time when the datum feature is a feature of size.

3 The application criteria for the material
condition

It is a complex issue to apply the material condition in the
design of the dimension tolerance and geometric tolerance of
the related feature, and thus the application of the material
condition is difficult. Therefore, it is very important to
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establish the application criteria of the material condition.
Based on the discussions and the related equations in the last
section, this section will provide 8 applicable rules of the
material condition as follows.

Rule 1 (The applicable geometry of the material condition):
The geometric feature that can apply the material condition is
the feature of size only, which includes the related feature and
the datum feature. The reciprocity requirement can be applied
to the related feature to compensate the dimension tolerance
from the geometric tolerance and not the datum feature.

The size of the feature of size is related to the material
condition of the part, while the non-feature of size has no size
and is unrelated to the material condition of the part. The aim
of the application of the material condition of the datum fea-
ture is to improve the ability of the related feature to guarantee
the design requirement, and so it is not necessary to apply the
reciprocity requirement for the datum feature.

Rule 2 (The application of the material condition for single
feature free assembly): The material condition can be applied
for the combined effect of the dimension tolerance and the
straightness tolerance or the flatness tolerance of the single
feature, which includes the envelope requirement, maximum
material requirement and its reciprocity requirement, and the
least material requirement and its reciprocity requirement.

The envelope requirement is a special maximum material
requirement, where the geometric tolerance is set at zero val-
ue, and so the envelope requirement has no reciprocity re-
quirement because the geometric tolerance must be positive.

Rule 3 (The application of the material condition for the
related feature and datum directional assembly): The material
condition can be applied for the combined effect of the dimen-
sion tolerance and the orientation tolerance (parallelism toler-
ance, perpendicularity tolerance and angularity tolerance) of
the related feature at the datum directional assembly, which
includes the maximummaterial requirement, the least material
requirement and their reciprocity requirement.

Rule 4 (The application of the material condition for the
related feature and datum positioning assembly): The material
condition can be applied for the combined effect of the dimen-
sion tolerance and the location tolerance (coaxially tolerance,
symmetry tolerance and true position tolerance) of the related
feature at the datum positioning assembly, which includes the
maximum material requirement, the least material require-
ment and their reciprocity requirement.

Rule 5 (The application of the material condition for the
datum feature): If the datum feature is a feature of size, it must
apply the same material condition as the related feature at the
datum positioning assembly. Meanwhile, its dimension toler-
ance and geometric tolerance must apply the same material
condition.

When the datum feature is a feature of size, the difference
between the MMVS (or LMVS) and the actual virtual size of
the datum feature will contribute to the MMVS (or LMVS) of

the related feature. TheMMVS or LMVS of a datum feature is
determined by the maximum material size or least material
size of the contour feature and the form tolerance of the center
feature, and the actual virtual size of the datum feature is
determined by the actual size of the contour feature and the
form error of the center feature.

Rule 6 (The effect of the datum feature applying the mate-
rial requirement on the related feature): In the datum position-
ing assembly, the surplus amount of the actual virtual size of
the datum feature to its extreme virtual size (MMVS or
LMVS) will compensate for the extreme virtual size of the
related feature. In the datum directional assembly, the surplus
amount of the actual virtual size of the datum feature to its
extreme virtual size (MMVS or LMVS) will compensate for
the extreme virtual size of the related feature with the ratio of
the assembly length of the related feature divided by the as-
sembly length of the datum feature.

Rule 7 (The usage of the maximum material requirement
and its reciprocity requirement): The maximum material re-
quirement and its reciprocity requirement can be applied when
the design requirement is to guarantee the minimum clearance
or the minimum size of a hole and the maximum size of a
shaft.

Rule 8 (The usage of the least material requirement and its
reciprocity requirement): The least material requirement and
its reciprocity requirement can be applied when the design
requirement is to guarantee the minimum interference or the
maximum size of a hole and the minimum size of a shaft.

Figure 8 is an example of the usage of the maximum ma-
terial requirement. The pattern feature with four through holes
of Ø6.1–6.2 mm has true position tolerance relative to the
three datum features A, B, and C, as shown in Fig. 8a.
Datum A is a planar feature, datum B is a hole with diameter
of Ø17.6–17.7 mm, and datum C is a straight slot. Because
plane A is a non-feature of size, plane A cannot apply the
material condition, and both hole B and slot C are features
of size, and therefore, they can apply the same material con-
dition with the related feature, i.e., maximummaterial require-
ment. In Fig. 8b, datum A is reassigned as a feature of size,
and therefore, datum feature A can apply the maximum ma-
terial requirement. In the tolerance specification shown in
Fig. 8b, three datum features apply the maximum material
requirement, and it is legal according to the application rules
described above.

4 The correlation design of dimension
tolerance and geometric tolerance

This section will discuss two design objects, where one is a
paired assembly feature, and the other is a single related fea-
ture. The design objective of the paired assembly feature is to
guarantee the minimum clearance or the minimum
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interference between two assembly related features, and the
design objective of the single related feature is to guarantee the
minimum ormaximum distance from the surface of the related
feature to its datum feature. This section will describe the
design method and calculation equation for two design
objects.

4.1 The tolerance correlation design for a single
related feature

4.1.1 The design method for the planar datum feature

When a related feature is a feature of size, there are two
measuring positions on the surface relative to its datum
plane, i.e., the farthest point and the nearest point. For
example, these two measuring points of a cylinder relative
to its planar datum are on the farthest and the nearest
straight generatrix of the cylinder relative to the datum.
Figure 9 shows the true position tolerance of the two
related features and their planar datum. Figure 9a shows
an external feature and its planar datum, where the max-
imum and minimum distances of the surface of the exter-
nal feature to the datum plane are Sn and Sf, respectively.
Figure 9b shows an internal feature and its planar datum,
where the maximum and minimum distances of the

surface of the internal feature to the datum plane are Hn

and Hf, respectively. These maximum and minimum dis-
tances are the design requirements of the correlation de-
sign. According to the geometric tolerance specifications
in Fig. 9, the variation range of the maximum and mini-
mum distances is determined by the dimension tolerance
and position tolerance of the related feature, which are the
design objectives. Therefore, the relationship between the
design requirements and the dimension and geometric tol-
erance must be established first.

Suppose that the related feature will be assembled with
its counterpart, i.e., an external related feature is assem-
bled with an internal feature, or an internal related feature
is assembled with an external feature, then the relation-
ship can be established by means of the shaft/hole datum
positioning assembly. According to Eqs. (7) and (9), the
hypothetical assembly will be transformed into two equiv-
alent shaft/hole free assemblies, and as a result, the
MMVS and LMVS of both the equivalent shaft and
equivalent hole are the maximum and minimum value of
these distances Sn, Sf, Hn and Hf. In the engineering de-
sign, each distance of Sn, Sf, Hn and Hf has two design
requirements, i.e., it must be greater than the design value
or lesser than the design value, therefore, there are 8 de-
sign requirements for the maximum and minimum value
of these four distances. These requirements can be re-
pressed by 8 inequalities, such as Sn ≤ Sn,max, Sn ≥ Sn,min,
Sf ≤ Sf,max, Sf ≥ Sf,min, Hn ≤Hn,max, Hn ≥Hn,min, Hf ≤Hf,max

and Hf ≥ Hf,min. According to the transformation of the
assembly in Fig. 4, each distance and its minimum and
maximum values (MMVS and LMVS) of the equivalent
shaft and equivalent hole, as well as the calculation equa-
tions of the MMVS and LMVS, the two design require-
ments and the material conditions applied, are listed in
Table 1.

Table 1 gives the correspondence between the design
objective with the equivalent hole and shaft. For example,
the design requirement that guarantees the minimum dis-
tance from the inner side of a solid cylinder to the datum
plane is Sn ≥ Sn,min, the design objective is the MMVS

a) b)

Fig. 8 The application of the
material condition of the datum
feature. a Two datum features
applying MMC. b Three datum
features applying MMC
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Fig. 9 The tolerance correlation design of planar datum positioning
assembly for guaranteeing the distance requirement. a The external
feature. b The internal feature
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(DMV) of the hole in the equivalent shaft/hole assembly in
Table 1, and the material modifier “M” must be used. If
the design requirement is to guarantee the maximum dis-
tance from the inner side of a solid cylinder to the datum
plane, the LMVS (DLV) of the hole in the equivalent shaft/
hole assembly in Table 1 is the design objective, i.e.,
DLV ≤ Sn,max, and the material modifier “L” must be used.
The symbols DMV, DLV etc. in Table 1 are from Eqs. (7)
and (9). Using Eqs. (7) and (9), these 8 design require-
ments guarantee the extreme values of the four distances
and the dimension tolerance and the true position toler-
ance can be expressed as a set of the inequality (14). The
dimension tolerance and geometric tolerance can be allo-
cated and designed, according to the tolerance standard
and the design practice about the tolerance value between
the dimension tolerance and geometric tolerance.

L−d=2−Δd=4−tsp=2≥Sn;min

L−d=2þΔd=4þ tsp=2≤Sn;max

Lþ d=2−Δd=4−tsp=2≥S f ;min

Lþ d=2þΔd=4þ tsp=2≤S f ;max

L−D=2−ΔD=4−thp=2≥Hn;min

L−D=2þΔD=4þ thp=2≤Hn;max

Lþ D=2−ΔD=4−thp=2≥H f ;min

Lþ D=2þΔD=4þ thp=2≤H f ;max

: ð14Þ

4.1.2 The design method for the datum of size

When two datum features are features of size, the four
distances between the contour boundaries of the related
feature and their datum feature are shown in Fig. 10.
Based on the same equivalent transformation method,
each distance and its minimum and maximum values
(MMVS and LMVS) of the equivalent shaft and equiva-
lent hole, as well as the calculation equation of the
MMVS and LMVS, two design requirements and the ma-
terial conditions applied, are listed in Table 2. It should be
noted that the datum feature must use the same material
conditions as the related feature.

Using Eqs. (11) and (12), the 8 design requirements
used to guarantee the extreme values of the four distances,
the dimension tolerance and true position tolerance of the

related feature, can be expressed as a set of inequalities
(15), as follows:

L−d=2−Δd=4−u=2−Δu=4−tuf =2−tsp=2≥Sn;min

L−d=2−Δd=4−u=2þΔu=4þ tuf =2þ tsp=2≤Sn;max

Lþ d=2−Δd=4þ u=2−Δu=4−tuf =2−tsp=2≥S f ;min

Lþ d=2þΔd=4þ u=2þΔu=4þ tuf =2þ tsp=2≤S f ;max

L−D=2−ΔD=4−u=2−Δu=4−tuf =2−thp=2≥Hn;min

L−D=2þΔD=4−u=2þΔu=4þ tuf =2þ thp=2≤Hn;max

Lþ D=2−ΔD=4þ u=2−Δu=4−tuf =2−thp=2≥H f ;min

Lþ D=2þΔD=4þ u=2þΔu=4þ tuf =2þ thp=2≤H f ;max

:

ð15Þ

In these 8 inequalities, all parameters are known in addition
to the dimension tolerance and position tolerance of the related
feature. It should be noted that, although the datum feature
used in Fig. 10 is an internal feature, it has the same calcula-
tion equation as when the datum feature is an external feature.

4.2 The tolerance correlation design for the paired
assembly feature

In the correlation design of the dimension tolerance and geo-
metric tolerance using a material condition for the paired as-
sembly with related shaft/hole feature, the design require-
ments are guaranteeing the minimum clearance and the

Table 1 The design objectives, design requirements, and the material condition applied when the datum feature is a plane feature

The design object The extreme values and their equation The minimum value ≥ the min. dist. Lmin The maximum value ≤ the max. dist. Lmax

The min. value The max. value Eq. The design requirement M/L applied The design requirement M/L applied

External feature Sn DMV DLV (7) DMV ≥ Lmin Ⓜ DLV ≤ Lmax Ⓛ

Sf dLV dMV (9) dLV ≥ Lmin Ⓛ dMV ≤ Lmax Ⓜ

Internal feature Hn dLV dMV (7) dLV ≥ Lmin Ⓛ dMV ≤ Lmax Ⓜ

Hf DMV DLV (9) DMV ≥ Lmin Ⓜ DLV ≤ Lmax Ⓛ

s n s f
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Fig. 10 The tolerance correlation design of datum of size positioning
assembly for guaranteeing the distance requirement. a The external
feature. b The internal feature
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minimum interference between two surfaces of both the shaft
and hole. The design equations of the dimension tolerance and
geometric tolerance for the three assemblies, i.e., free assem-
bly, datum directional assembly, and datum positioning as-
sembly, are listed in Eqs. (16), (17), and (18), respectively.

ΔD=2þΔd=2þ E þ e≤D−d−c
ΔD=2þΔd=2þ E þ e≤d−D−y ; ð16Þ

ΔD=2þΔd=2þ tho þ tso≤

D−d−cþ Q−q−ΔQ=2−Δq=2−tQf −tqf
� � l2 þ 0:5lo

l1 þ 0:5lq
ΔD=2þΔd=2þ tho þ tso≤

d−D−y− Q−qþΔQ=2þΔq=2þ tQf þ tqf
� � l2 þ 0:5lo

l1 þ 0:5lq

;

ð17Þ
ΔD=2þΔd=2þ thp þ tsp≤
D−d−2cþ Q−q−ΔQ=2−Δq=2−tQf −tqf
ΔD=2þΔd=2þ thp þ tsp≤
d−D−2yþ q−Q−ΔQ=2−Δq=2−tQf −tqf

: ð18Þ

In the design equation above, the parameters on the left of
the inequality are the design objective, and those on the right
of the inequality are the known quantity and the design re-
quirement. The parameter c denotes the minimum clearance,
the parameter y denotes the minimum interference, and the
other parameters are the nominal dimension and distance of
the related feature and their datum feature. The dimension
tolerance and geometric tolerance can be allocated and de-
signed according to the fit and tolerance standard and the
precision grade of the shaft and hole.

Inequality (16) is the design equation of the dimension
tolerance and straightness or flatness tolerance of a related
feature for the free assembly, the parameters D and d denote
the nominal dimension of the hole and shaft, the parameters
ΔD andΔd are the dimension tolerances of the hole and shaft,
and the parameters E and e are the straightness or flatness
tolerance of the related feature.

Inequality (17) is the design equation of the dimension
tolerance and orientation tolerance of the related feature for
the datum directional assembly, the parameters θ, l1, and l2
denote the positional parameter of the related feature relative

to their datum feature, the parameters lo and lq are the contact
length of the two related features and the contact length of the
two datum features, respectively, the parameters Q and q are
the nominal dimensions of the datum shaft and the datum
hole, the parametersΔQ andΔq are the dimension tolerances
of the datum shaft and the datum hole, and the parameters tQf
and tqf are the form tolerances of the datum hole and datum
shaft. The general datum directional assembly is sketched in
Fig. 11, where the related feature is directed by the angle θ,
and it represents the datum directional assembly with three
orientation tolerances, i.e., the parallelism tolerance, the per-
pendicularity tolerance and angular tolerance. It should be
noted that the third item in the inequality does not exist when
the datum feature is a plane.

Inequality (18) is the design equation of the dimension
tolerance and position tolerance of the related feature for the
datum positioning assembly, and all parameters have the same
meaning as those in Eq. (17). It should be noted that all pa-
rameters related to the datum feature on the right of the in-
equality will not exist when the datum feature is a plane.

5 The design CASE

5.1 The correlation design case for guaranteeing
the distance requirement of a single feature

Figure 12a is a design instance of a single feature, and Fig. 12b
is a design model to verify the design in Fig. 12a. The

Table 2 The design objectives, design requirements, and the material condition applied when the datum feature is a feature of size

The design object The extreme values and their equation The minimum value ≥ the min. dist. Lmin The maximum value ≤ the max. dist. Lmax

The min. value The max. value Eq. The design requirement M/L applied The design requirement M/L applied

External feature Sn DMV DLV (11) DMV ≥ Lmin Ⓜ DLV ≤ Lmax Ⓛ

Sf dLV dMV (12) dLV ≥ Lmin Ⓛ dMV ≤ Lmax Ⓜ

Internal feature Hn dLV dMV (11) dLV ≥ Lmin Ⓛ dMV ≤ Lmax Ⓜ

Hf DMV DLV (12) DMV ≥ Lmin Ⓜ DLV ≤ Lmax Ⓛ

lq

l 2

lq

o

l l

l1

o

l 2

l1

b)a)

Fig. 11 The general scheme of the datum directional assembly. a) the
directional assembly with planar datum. b) the directional assembly
with datum of size
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tolerance specification in Fig. 12a can guarantee the minimum
distance of 1.65 mm from the nearest point on the inner surface
of the hole with nominal diameter of Ø8mm to the datum plane
A, which is a design requirement of the correlation design of the
dimension tolerance and position tolerance of the hole.

The minimum distance, 1.675 mm, is equivalent to the
LMVS of the small equivalent shaft in an equivalent shaft/
hole free assembly (Fig. 9a and Table 1), and it must use the
least material condition, i.e., the dimension tolerance and po-
sition tolerance of an Ø8mm hole must meet the least material
requirement. By using the fifth inequality in Eq. (14) and the
nominal dimension and position value and design require-
ment, we have the following:

6−4−ΔD=4−thp=2≥1:675:

After organizing it, we then obtain the following:

ΔDþ 2thp≤1:3;

The inequality gives the relation between the diameter tol-
erance and position tolerance of the Ø8 mm hole, and the
diameter tolerance and position tolerance can be determined
by the trial and error method and according to the number
relation between the two. We have two selections: (1) the
tolerance grade is selected as IT15, the diameter tolerance
ΔD= 0.58 mm, and the position tolerance will be 0.36 mm;
and (2) the tolerance grade is selected as IT16, the diameter
tolerance ΔD= 0.9 mm, and the position tolerance will be
0.2 mm. Obviously, the first selection is more reasonable. If

the diameter and its tolerance will be expressed by Ø8 + 0.65/
0 mm, as shown in Fig. 12a, the nominal diameter will be-
come Ø8.325 mm, the diameter tolerance will be ± 0.325 mm,
and the position tolerance will be thp ≤ 0, according to the fifth
inequality in Eq. (14). Thus, the final position tolerance is
zero, which is the same as the specification shown in Fig. 12a.

5.2 The correlation design case for the paired
assembly feature with datum positional assembly

In a two-pin part and a two-hole part assembly with floating
mating conditions, the design objectives are the dimension
tolerance and position tolerance of the pin and hole of both
parts under the condition that both pins will be completely
inserted into two holes.

The tolerance designs for the assemblies shown in Fig. 13
must consider the size variation of a related feature, as well as
their positional variation, including the bonus tolerance and
shift tolerance, floating mating conditions, and feasibility of
assembling. Therefore, the material condition for the dimen-
sion tolerance and position tolerance of both the related feature
and the datum feature of the two parts must be considered. The
small diameter pin and hole (Ø15 mm, Ø15.5 mm) is posi-
tioned relative to the large diameter pin and hole (Ø28 mm,
Ø28.5 mm) with the position tolerance. Although these true
position tolerance specifications have other datum features,
such as datum features A, B and datum features J, K (the
datum features B and K are the back of the two parts respec-
tively and are not labeled in the figure), these datum features
cannot constrain the relative distance between the small diam-
eter pin (hole) and large diameter pin (hole) and consider that
the assembly requirements guarantee no interference exists in
the pins and holes assembly, thus it is reasonable that the

a b
Fig. 12 The design of dimension and true position tolerance for
guaranteeing the minimum distance. a The design instance. b The
design model
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Fig. 13 The correlation design case of dimension tolerance and geometric
tolerance for datum positioning assembly
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relative position between the small diameter pin (hole) and
large diameter pin (hole) are controlled with the true position
tolerance. According to the assembly requirement, this assem-
bly can be taken as the datum positioning assembly, where the
tolerance specification of both the datum feature and the relat-
ed feature of the two parts are unknown. The assembly re-
quirement in this example is to guarantee that the minimum
clearance c between the small diameter pin and small diameter
hole must be greater than or equal to zero (c ≥ 0) to maintain
contact between the large diameter pin and hole.

According to the analysis above, the maximum material
condition must be used and the first inequality in Eq. (18) is
applicable. Because the tolerance specifications of both the
large diameter pin and hole are the design objectives, the de-
sign equation will be rewritten as follows:

ΔD=2þΔQ=2þΔd=2þΔq=2þ thp þ tsp þ tQf

þ tqf ≤D−d−Q−q

There are 8 unknowns in the inequality, and thus, the
trial-and-error method is necessary to obtain the design re-
sult. According to the design principle of dimension and
geometric tolerances, in general, and the processing capa-
bility of the shaft and hole, the same tolerance grade is
assigned to both pins and both holes. Suppose the dimen-
sion tolerance grade is selected as IT13, and the form toler-
ance grade is selected as IT12, then the dimension tolerance
can be found in the tolerance standard. They are ΔD =
0.33 mm, ΔQ = 0.33 mm, Δd = 0.27 mm, and Δq =
0.27 mm, and the straightness tolerances are tQf = 0.12 mm
and tqf = 0.12 mm. When these values are used in the in-
equality, the sum of the true position tolerance of both the
small diameter pin and hole is thp + tsp ≤ 0.16 mm. The out-
come of the true position tolerance of the small diameter pin
and hole is 0.08 mm after the sum of the tolerance is allo-
cated on average, and it is smaller than the form tolerance,
so the initial result is not reasonable. Under the second trial
and error, the dimension tolerance grade of both the pin and
hole are improved to IT12, the dimension tolerances are
ΔD = 0.21 mm, ΔQ = 0.21 mm, Δd = 0.18 mm, and Δq =
0.18 mm, and the form tolerance is unchanged. After calcu-
lating the inequality by the above values, the sum of the true
position tolerance of both the small diameter pin and hole
become thp + tsp ≤ 0.37 mm. The true position tolerance of
both the small diameter shaft and hole are 0.18 and
0.19 mm, respectively. By using the average allocation
method, the result is more reasonable than the first result.
Although the true position tolerance of both the large diam-
eter shaft and hole cannot be designed by this method, they
can be selected by using the same or lower tolerance grade,
and because they are the datum feature of the small diameter
shaft and hole, the straightness tolerance is required.

6 Conclusions

To guarantee the correctness of the application of the material
condition and the specification of the dimension tolerance and
geometric tolerance of both the related feature and datum fea-
ture, it is important to establish the application criteria of the
material condition and the design method of the dimension
tolerance and the geometric tolerance. Unfortunately, they
are not available and are incomplete at present design society.
This paper establishes these application criteria and design
method. First, it expands the notion of the virtual size and
extreme virtual size of a single feature at free assembly to
the situation of the related feature at the datum directional
assembly and the datum positioning assembly. The virtual size
and the extreme virtual size of the related feature at the differ-
ent assembly schemes are studied and the relevant calculation
equations of the MMVS and LMVS are constructed. Then,
based on these equations, the correlation design method of the
related feature and datum feature under the different assembly
schemes is developed, which includes the correlation design
of the dimension tolerance and geometric tolerance of the
paired feature and single feature. For the paired assembly fea-
ture, the design objectives are the minimum clearance and
minimum interference between the surfaces of the engaged
feature, and for the single feature, the design objective is the
minimum distance and the maximum distance between the
surfaces of the related feature to its datum feature. The pro-
posed method improves the design of the tolerance specifica-
tion at the application of the material condition and can pro-
vide to the engineer to specify the dimension tolerance and
geometric tolerance of both the feature of size and datum of
size. Third, the function mechanisms of the material condition
are investigated, and the application rules of the material re-
quirement are established. These rules consider the geometry
and relative position of both the related feature and datum
feature, as well as the tolerance specifications, which can pro-
vide the basis for engineers to specify the material conditions.
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