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Abstract
Thermal error modeling of the spindle plays an important role in predicting thermal deformation and improving machining
precision. Even though the modeling method using temperature as the input variable is widely applied, it is less effective due to
severe loss of thermal information and pseudo-hysteresis between temperature and thermal deformation. This paper presents a
novel modeling method considering heat quantity as the input variable with theoretical analysis and experimental validation.
Firstly, the change of thermal state of a metal part being heated is discussed to reveal the essence of the relationship between heat,
thermal deformation and temperature, and the theoretical basis of the modeling method proposed in this paper is elaborated.
Subsequently, the relationship between thermal deformation and heat quantity is further studied through modeling the thermal
deformations of stretching bar and bending beam using heat quantity as the independent variable, and the stretching model is
verified based on finite element method. Then, the thermal error models of the spindle are developed with the heat elastic
mechanics theory and the lumped heat capacity method. In succession, the parameter identification of thermal error models is
carried out experimentally using the least square method. The average fitting accuracy of these models is up to 91.3%, which
verifies the good accuracy and robustness of the models. In addition, these models are of good prediction capability. The
proposed modeling method deepens the research of thermal errors and will help to promote the application of relevant research
results in the actual production.
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1 Introduction

With the development of modern mechanical industry, the
demand of high precision of machine tools becomes higher

and higher. Thermal error caused by the heating is one of the
principal causes of the imprecision and accounts for 40–70%
of the total error [1]. Therefore, study on thermal errors has
become one of the research hotspots in the field of precision
machining in recent years. Thermal error modeling is the key
step of error compensation and also a technical difficulty due
to the complexity of the mechanism causing the machine tool
deformations [2].

The spindle system is a major component and the maxi-
mum heat source in machine tools [3], and its thermal defor-
mation has a significant adverse effect on machining precision
and thus is the focus of the present research on thermal prob-
lems of machine tools [4–6]. Most precision machine tools are
equipped with high-speed motorized spindles [7, 8]. Unlike
the conventional spindle systems, the high-speed motorized
spindle generates a great deal of heat when the current flows
into the built-in motor due to the copper loss, iron loss and
windage power loss [9, 10]. Simultaneously, a large amount of
heat is generated near the bearing’s contacts due to the friction
between the balls and the inner and outer races [11, 12]. In
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addition, because of its complex structure, poor cooling con-
ditions, and complex internal coupling relations [13], the ther-
mal problems in high-speed motorized spindle are more se-
vere [14–16]. Therefore it is urgent to study the thermal de-
formation of the spindle of precision machine tools.

The goal of studying thermal deformations is to develop
thermal error models with good accuracy and robustness.
Most scholars had attempted to develop thermal error models
with temperature as their input [17–19]. When monitoring the
temperature field of a machine tool, only a limited number of
surface temperature readings can bemeasured simultaneously,
which contributes to a severe loss of thermal information.
Also, the selection of thermal key points is complicated and
there are as yet no generally accepted methods for selecting
the thermal key points [20]. Therefore, it is difficult to accu-
rately characterize the thermal state of the machine tool with
the measured temperature readings. Moreover, there is a
pseudo-hysteresis between temperature and thermal deforma-
tion [21, 22], which makes the thermal error model with tem-
perature as its input variable less precise and robust. Some
scholars also tried to take multiple variables, such as the spin-
dle speed, motor current and historical information etc., as the
inputs to thermal error models [10, 23, 24]. However, few
articles carried out a rigorous theoretical demonstration of
the reasons for the adoption of relevant variables, and the
experimental schemes presented in these articles were often
too complex to implement. Therefore, the mechanism of ther-
mal deformations should be further studied and a more scien-
tific and efficient modeling method should be explored.

The thermal deformation is essentially a macroscopic be-
havior of thermoelastic distortion caused by the heat absorbed
in the machine tool [25]. The degree of thermal deformation is
closely related to the quantity of heat absorbed. Therefore, it is
possible to characterize the thermal state of the machine tool
using the heat quantity absorbed in it.

In addition, the thermo-mechanical properties of the spin-
dle system are related to machine tool structures [5, 26]. So the
machine tool structure needs to be studied before thermal error
modeling. As the machine tool is made up of parts of various
shapes, developing a complete system of thermal deformation
models of typical parts of machine tools will be helpful to
studying its thermal deformations. Then, based on the study
of the structural characteristics of the machine tool, the ther-
mal deformations of the spindle can be studied with a clearer
direction and so more efficiently.

In this paper, the essence of the relationship between heat,
thermal deformation, and temperature is discussed and the
theoretical basis of the modeling method proposed is elabo-
rated firstly. Subsequently, the relationship between thermal
deformation and heat quantity is further studied through
modeling the thermal deformations of stretching bar and bend-
ing beam using heat quantity as the independent variable.
Then, the thermal error models of the spindle in the constant

temperature workshop running at idle are developed and the
parameter identification of these models is carried out exper-
imentally. Finally, the main results of this paper are discussed
and concluded.

2 Relationship between thermal deformation
and heat quantity

2.1 Changes of thermal state during heating

As is known, the spindle will undergo temperature rise and
thermal deformation due to the heat generated when the ma-
chine tool runs. In order to calculate the thermal deformation, a
suitable thermal state equation should be sought. Most scholars
had attempted to establish a state equation describing the rela-
tionship between temperature and thermal deformation.

However, the fact is that there is no direct correspondence
between temperature and thermal deformation. Taking a metal
part being heated as an example to illustrate this point, the
temperature and thermal deformation of the metal part don’t
change synchronously. Especially when the part is heated to
melt, its temperature will not change while its shape changes
and undergoes volume increase, as shown in Fig. 1. In this
case, rather than temperature, only the heat quantity absorbed
in the part can be used to calculate the change of its volume.

According to the lattice vibration theory, the relationship
between the expansion coefficient and the heat capacity of the
metal body is derived by Eduard Grüneisen as follows [27]:

β ¼ γ
KV

Cv; ð1Þ

where β is the coefficient of volume expansion, γ is the
Grüneisen parameter, K is the bulk modulus, V is the sample
volume, and Cv is the heat capacity at constant volume. For
the cubic system, the expansion coefficient is the same in all

Fig. 1 Changes of thermal state when the metal part is heated
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directions, β = 3α (α is the coefficient of linear expansion).
Hence, the heat capacity is given as follows:

Cv ¼ 3KVα
γ

: ð2Þ

It is known from Eq. (2) that as for the isotropic material,
the heat capacity changes synchronously with the expansion
coefficient, and that is the thermal deformation of a part is
closely related to the heat quantity absorbed. Therefore, a state
equation describing the relationship between heat quantity and
thermal deformation should be sought to model thermal errors
of the machine tool spindle.

2.2 Methodology of utilization of heat quantity
in thermal error modeling

The thermal deformation of a part is related to its shape and
the locations of heat sources on it. As the machine tool is made
up of parts of various shapes, developing a system of thermal
deformation models of typical machine tool parts with heat
quantity as the input will be very helpful to studying its ther-
mal errors. In this section, two thermal deformation models
are presented to help the analysis of spindle thermal error.

(1) Stretching model There are many long parts in machine
tools such as the spindle and the linear guide, whose main
thermal deformations are in the length direction. For such
parts, the relationship between thermal deformation and heat
quantity is analyzed with a member bar as the specimen. The
length and the cross-sectional area of the specimen are L and
S, respectively. The left end of the specimen is considered at
the origin of the X axis and the specimen has an internal heat
source to heat itself, as shown in Fig. 2.

It is well known that the thermal stretching of a member bar
is proportional to its average temperature rise. However, the
temperature changes (ΔT) in different axial positions on the
specimen are various and not synchronized with the total ther-
mal deformation (as shown in Fig. 3). It is difficult to accu-
rately calculate the average temperature rise with the mea-
sured temperature readings. Also, the asynchronism between
temperature changes and thermal deformation causes the poor
accuracy and robustness of thermal error models using tem-
perature as the input variable. It is obvious from the above that
even for a specimen with regular shape and simple heating

conditions, expressing its thermal deformation using temper-
ature is much complex and difficult. Therefore, a new and
more efficient modeling method should be explored. In the
following sections, the thermal error modeling will be studied
from the point of view of heat.

Assuming the distribution function of temperature rise of
the specimen inX direction is T (x) (as shown in Fig. 4) and the
linear expansion coefficient is α, the thermal deformation is
given as follows:

ΔL ¼ ∫L0αT xð Þdx: ð3Þ

Assuming that the specific heat capacity and the density of
the specimen material are c and ρ, respectively, then the heat
quantity absorbed in the specimen is

E ¼ ρ∫L0cT xð ÞSdx: ð4Þ

According to Eqs. (3) and (4), the relationship between
thermal deformation and heat quantity is given as follows:

ΔL ¼ αE
ρcS

: ð5Þ

It can be seen from the above equation that the thermal
stretching (ΔL) of the specimen is independent of the location
of the heat source and the temperature distribution, and is
proportional to the quantity of heat absorbed (E). This model
is called the stretching model. Based on finite element meth-
od, temperature field and thermal deformation simulation of
the specimen is implemented to verify Eq. (5). The parameters
of the specimen are shown in Table 1.

Two groups of thermal simulation experiments are carried
out to verify the stretching model. In Experiments 1 and 2,
heat flow load is applied at one end and the middle of the
specimen, respectively. The initial temperature of the speci-
men is 22 °C. Axial thermal deformations of the specimen in
Experiments 1 and 2 and calculated with Eq. (5) are denoted
by δ1, δ2, and δ3, respectively. The nephograms of temperature

X0

L

Heat source  Specimen

ΔL
0.25 L

Fig. 2 Stretching model

t

ΔT ΔL

x=0

0

x=0.25 L

Cooling stage

x=0.5 L

x=0.75 L

Heating stage

x=L

Fig. 3 Temperature changes in different axial positions
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field of the specimen in both experiments with the same heat
flow load are shown in Fig. 5. Axial thermal deformations
with heat quantity as independent variable are shown in
Table 2. It can be seen from Fig. 5 and Table 2 that even
though the temperature distribution is different when the po-
sition of heat source is changed, there will be no difference in
overall axial thermal deformations as long as the heat quantity
absorbed is the same. The simulation results are in good agree-
ment with the calculation results of Eq. (5) and the correctness
of the stretching model is well verified.

It can be seen from Fig. 4 that the distribution function of
temperature rise of a part is complex and time-varying and
thus is difficult to derive. When the thermal deformations
are investigated with the proposed stretching model, it can
be assumed that the temperature field of the part distributes
uniformly in space and the temperature gradient can be ig-
nored. Therefore the part temperature is expressed by the av-
erage temperature, and this method is called the lumped heat
capacity method. The average temperature of the part can
easily be obtained by the quantity of heat absorbed. It is
known from the above theoretical analysis that this model
can ensure the accuracy of thermal deformation calculation
and significantly reduce the complexity of the thermal issue.

(2) Bending model Large machine tools such as guideway
grinder, milling planer, and double housing planer, etc., they
all have long beds. The temperature readings of the bed’s
upper surface are higher than that of the bottom surface due
to cutting heat during processing, which makes the bed to
bend into a convex shape. The thermal deformation of the
bed can be analyzed with a bending model, as shown in
Fig. 6. The bed length is L, bed height is H, and the thermal
deformation of concern is ΔH.

According to the stretching model,ΔL is given as follows:

ΔL ¼ αE
ρcS

; ð6Þ

θ ¼ ΔL
H

; ð7Þ

ΔH ¼ L
2sinθ

−
Lcosθ
2sinθ

: ð8Þ

According to Eqs. (6), (7), and (8), the relationship between
thermal deformation and heat quantity is given as follows:

ΔH ¼ L
2

1−cos
αE
ρcSH

� �
=sin

αE
ρcSH

: ð9Þ

From Eq. (9), it can be seen that the thermal deformation of
the specimen is a trigonometric function of heat quantity, and
this model is called the bending model.

It is known from the above two thermal deformation
models (i.e., stretching and bending models) that thermal de-
formations are functions of heat quantity. Therefore, it is fea-
sible to develop thermal error models considering heat quan-
tity as their input. Also, according to the thermal deformation
characteristics of key parts of machine tools, more thermal
deformation models can be developed to facilitate the analysis
of thermal deformations of machine tools.

There are two key technologies in analyzing the thermal
deformations of a machine tool using the proposed method,
one is the calculation of heat quantity absorbed in the machine
tool, and the other is the simplification of machine tool struc-
ture, as shown in Fig. 7. The advantage of this method lies in
that the accuracy of thermal error models can easily be im-
proved through improving the calculation accuracy of heat
quantity and reducing the simplification degree of machine
tool structure to meet the required machining precision.

2.3 Thermal deformation calculation using heat
quantity

The machine tool studied in this paper is equipped with a
high-speed motorized spindle. Before analyzing the machine
tool’s thermo-mechanical properties, it is necessary to identify
its structural characteristics and simplify its structure appro-
priately. The machine tool structure has the following features:

Table 1 Specimen parameters

Parameter Value Unit

Length 1 m

Cross-sectional diameter 0.1 m

Material property Value Unit

ρ 7850 kg/m3

α 1.13 10−5/°C

E’ 200 GPa

μ 0.3

λ

c

X0

T (x) T (x) at time t1 T (x) at time t2

T (x) at time t3 T (x) at time t4

t4 > t3 > t2 > t1

Heat source  Specimen
Fig. 4 Distribution function of temperature rise during heating stage
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(1) The dimension of the spindle system in Z direction is
much larger than that in X and Y directions.

(2) The dimension of the spindle system is much smaller
than that of the beam in Y direction.

(3) The spindle system and the beam are symmetrical with
respect to YZ plane.

A simplified model of the machine tool structure is present-
ed considering its structural characteristics, as shown in Fig. 8.
Although the structural simplification will reduce the calcula-
tion complexity of thermal deformations, it may lead to a
decrease in calculation accuracy. The required machining pre-
cision dictates the extent to which simplification can be made.

When the spindle runs at high speed, the spindle system
will generate a large amount of heat inside due to mechanical
losses and electromagnetic losses. The heat is conducted to the
surroundings in all directions, which mainly results in thermal
deformations of both the spindle system and the beam. This
further results in a thermal displacement of the tool center
point (TCP) relative to the machine table.

The thermal displacement of the TCP relative to the machine
table consists of the thermal displacement of the TCP and the
thermal deformation of the table. As the spindle and the beam
are both long parts and the concerned thermal deformations of
them are along the length direction, the stretching model is
suitable for calculating the thermal displacement of the TCP.
While machining workpieces, a great deal of cutting heat is
transferred to the upper surface of the machine table, which
makes the temperature readings of the upper surface are higher
than that of the lower surface. Therefore, the thermal deforma-
tion of the table can be calculated using the bending model.

When the spindle in the constant temperature workshop
runs at idle, the machine table will not undergo any thermal
deformation. Hence, the thermal displacement of the TCP
relative to the machine table is caused only by the thermal
deformations of the spindle system and the beam.

There are twomain heat sources when the spindle runs, one
comes from the copper and iron losses when the current flows
into the built-in motor (heat generation power is denoted by
q1), the other is due to the friction between the bearing’s con-
tacts (heat generation power is denoted by q2). When the spin-
dle speed remains constant, q1 is a constant. q2 is calculated by
the following equation [28]:

q2 ¼ 1:047� 10−4nM ; ð10Þ
where n is the rotating speed, M is the total frictional torque of
the bearing. As n and M are constants, so q2 remains constant,
too.

It can be assumed from the above analysis that there is a
constant-power heat source inside the spindle when the spin-
dle speed does not change. The average surface temperature

(T ) of the spindle system is given as follows:

T ¼ ∫S0
Tσ

S
dσ; ð11Þ

where Tσ is the average temperature of local area σ and S
denotes the total surface area of the spindle system. The heat
dissipation power to the air (qout) is given as follows:

qout ¼ K
0
T−T 0

� �
S; ð12Þ

where K′ is the surface heat transfer coefficient and T0 is the
ambient temperature. At time t, the heat quantity absorbed in
the spindle system (Qin1) is

Qin1 ¼ ∫t0 qall−qin2−qoutð Þdt; ð13Þ

where qall and qin2 denote the heat generation power and heat
transfer power from the spindle system to the beam,
respectively.

(a) Nephogram of temperature field when left end 

being heated

(b) Nephogram of temperature field when the middle 

being heated 

Fig. 5 Nephograms of
temperature field (heat flow is
10 W and heating time is 20 h)

Table 2 Axial thermal deformations when heated

Heat absorbed (kJ) δ1 (μm) δ2 (μm) δ3 (μm)

180 69.60 69.75 69.17

360 139.39 139.61 138.33

540 209.22 209.47 207.51

720 279.06 279.33 276.68
L

ΔH

H θ

Heat source  Specimen

Fig. 6 Bending model
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Qin1 can also be expressed as

Qin1 ¼ C1 T−T 0

� �
¼ aT þ b; ð14Þ

where a and b are constants and C1 is the heat capacity of the
spindle system. According to Eqs. (12), (13), and (14), the
following result can be derived:

T ¼ de−t þ f ; ð15Þ
where d and f are constants. The Z-directional thermal dis-
placement of the TCP (δz) is

δz ¼ α1LΔT1 ¼ α1L
Ts þ T

2
−T0

 !
; ð16Þ

where α1 is the linear expansion coefficient of the spindle,ΔT1
is the average temperature rise of the spindle, and TS is the
temperature of where near the internal heat source of the spindle.
TS rises rapidly and enters a steady-state in so short a time that
can be assumed as constant. Hence, Eq. (16) can be rewritten as

δz ¼ gT þ h; ð17Þ
where g and h are constants. According to Eqs. (15) and (17), the
above equation can be simplified to

δz ¼ ie−t þ j; ð18Þ
where i and j are constants. It can be seen from Eq. (18) that the
Z-directional thermal displacement of the TCP is an exponential
function of time.

The Y-directional thermal displacement of the TCP (δy) is

δy ¼ α2L2ΔT 2 þ α1L1ΔT1; ð19Þ

where α2 is the linear expansion coefficient of the beam and
ΔT2 is the average temperature rise of the beam. The heat
quantity absorbed in the beam (Qin2) is given as follows:

Qin2 ¼ ρc2V2ΔT2 ¼ ρc2S2L2ΔT2; ð20Þ
where c2 is the specific heat capacity of the beam, V2 is the
volume of the beam and S2 is the cross-sectional area of the
beam along Y direction. Therefore, Eq. (19) can be further
simplified as follows:

δy ¼ α2Qin2

ρc2S2
þ α1L1ΔT 1 ¼ α2qin2t

ρc2S2
þ α1L1ΔT 1: ð21Þ

Due to the large heat capacity of the beam, qin2 can be
assumed as constant for a long period of time. Thus, Eq.
(21) can be rewritten as follows:

δy ¼ α2qin2t
ρc2S2

þ α1L1ΔT1: ð22Þ

Due to the dimension of the spindle system in Y direction is
much small, and also for the spindle system will soon reach a
thermal equilibrium state compared to the beam, the second
term of the right-hand side of the above equation can be as-
sumed as a constant and Eq. (22) can be written in a simplified
equation as follows:

δy ¼ kt þ l; ð23Þ

where k and l are constants. It can be seen from Eq. (23) that
the Y-directional thermal displacement of the TCP is a linear
function of time.

From the above analysis, the Z-directional and Y-direc-
tional thermal error models are obtained. The models will
be experimentally verified in the following section. It
should be noted that as the spindle system and the beam
are symmetrical with respect to YZ plane, the X-directional
thermal displacement of the TCP is so small that will not be
discussed in this paper.

3 Model identification and thermal error
prediction

3.1 Experimental setup

The established thermal error models were verified experi-
mentally in this section. The experiments were carried out in
a constant temperature workshop (21.4–21.8 °C) and the
experimental setup is shown in Fig. 9. The experimental
principle is shown in Fig. 10. Laser displacement Sensor 1
measures the Z-directional thermal displacement and
Sensor 2 measures the Y-directional thermal displacement.
Two groups of experiments were carried out. In Experiment
1, the spindle speed was set at 6000 rpm where as in
Experiment 2, it was set at 8000 rpm. These two spindle
speeds are widely used in industrial production. The exper-
iments were conducted till the machine tool reaches a ther-
mal equilibrium state.

3.2 Model parameter identification

3.2.1 Z-directional thermal error model identification

According to Eq. (18), there is a linear relationship between
the Z-directional thermal displacement of the TCP (δz) and e

-t.
When the spindle runs at 6000 rpm, the correlation coefficient
between δz and e

-t is 0.9974. Therefore, the Z-directional ther-
mal error has a good linear relationship with e-t. Based on the
least squares linear fitting algorithm, the Z-directional thermal
error model is given as follows:

δz ¼ ie
−t

3400 þ j; ð24Þ
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where i is − 14.04 and j is 14.05. The fitting effect is shown in
Fig. 11. The fitting residual is as small as 2.2%, which verifies
the accuracy of the proposed model.

When the spindle runs at 8000 rpm, the correlation coeffi-
cient between δz and e-t is 0.9851. The Z-directional thermal
error model is given as follows:

δz ¼ ie
−t

3400 þ j; ð25Þ
where i is − 8.39 and j is 6.02. The fitting effect is shown in
Fig. 12. The fitting residual is 21.8%, which shows that this
model is of good accuracy. But on the other hand, the model is
not well fitted with the experimental data in the first 3 min of
the experiment, which is due to the slight oversimplification
performed on the machine tool structure.

As can be seen from Figs. 11 and 12, the Z-directional
thermal displacement has the characteristic of periodic fluctu-
ation, and the fluctuation cycle at 8000 rpm is shorter than that
at 6000 rpm. This is because the cooling system of the ma-
chine tool works periodically, and the working cycle is short-
ened as the spindle speed increases. In addition, the maximum
thermal deformation at 8000 rpm is smaller than that at
6000 rpm for the cooling power increases as the speed rises.

The presented research results verify that the Z-directional
thermal error model proposed is of high accuracy and good
robustness.

3.2.2 Y-directional thermal error model identification

It is known from Eq. (23) that there is a linear relationship
between the Y-directional thermal displacement of the TCP
(δy) and time (t). When the spindle runs at 6000 rpm, the
correlation coefficient between δy and t is 0.9966. Thus, the
Y-directional thermal error has a good linear relationship with
time. Based on the least squares linear fitting algorithm, the Y-
directional thermal error model is given as follows:

δy ¼ k � 10−4t þ l; ð26Þ

where k is − 5.44 and l is 0.29. The fitting effect is shown in
Fig. 13. The fitting residual is only 4.7%, which validates the
accuracy of the proposed model.

When the spindle runs at 8000 rpm, the correlation coeffi-
cient between δy and t is 0.9696. The Y-directional thermal
error model is

δy ¼ k � 10−4t þ l; ð27Þ

where k is − 3.87 and l is − 1.27. The fitting effect is shown in
Fig. 14. The fitting residual is 6.0%, which confirms the ac-
curacy of the proposed model.

It can be seen from Figs. 13 and 14 that just like the Z-
directional thermal displacement, the Y-directional thermal
displacement has the characteristic of periodic fluctuation,
and the fluctuation cycle at 8000 rpm is shorter than that at
6000 rpm, which confirms that the cooling system of the ma-
chine works periodically, and the working cycle is shortened
as the spindle speed increases. Also, the maximum thermal
deformation at 8000 rpm is smaller than that at 6000 rpm,
which confirms that the cooling power increases as the speed
rises.

The above research results verify that the proposed Y-direc-
tional thermal error model is of high accuracy and good ro-
bustness. Moreover, it is obvious that the robustness of the
proposed Y-directional thermal error model is superior to that
of the Z-directional thermal error model. This is due to the
over-simplification of the spindle structure which mainly

Spindle
system

δy

δz

L2

L 

L1

Table

Beam

Column

Base

Linear guide 
system

Fig. 8 Machine tool structure

Thermal error modeling

Heat quantity calculation Structure simplification

Friction heat Spindle structurePower loss of motors Cutting heat

Heat dissipating capacity 
of cooling system 

Surface heat dissipation Column structure Beam structure

Table structure

Base structure

Fig. 7 Technology roadmap of
thermal error modeling
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results in degraded calculation accuracy of the Z-directional
thermal deformation.

3.3 Thermal error prediction

3.3.1 Z-directional thermal error prediction

According to Eqs. (24) and (25), the Z-directional thermal
error prediction model is given as follows:

δz ¼ i sð Þe−t
τ þ j sð Þ; ð28Þ

where s is the spindle speed, τ is the time constant of the
machine tool which is independent of the spindle speed, i(s)
and j(s) are functions of swhose absolute values decrease with
the increase of the spindle speed. As far as the machine tool
studied in this paper is concerned, the time constant is 3400 s.

The model above predicts that when the spindle speed in-
creases, the change rate and maximum value of Z-directional
thermal error decrease (as shown in Fig. 15). Furthermore, the
change rate decreases with time. Therefore, the machining
operation should be carried out at as high a spindle speed as
possible and after preheating of the machine tool. The model
predicts well and helps much in the machining process.

3.3.2 Y-directional thermal error prediction

According to Eqs. (26) and (27), the Y-directional thermal
error prediction model is given as follows:

δy ¼ k sð Þt þ l sð Þ; ð29Þ

where k(s) is a function of s whose absolute value decreases
with the increase of the spindle speed, l(s) is a function of s
whose absolute value increases with the increase of the spin-
dle speed.

Fig. 11 Fitting effect of the thermal error model at 6000 rpm

Fig. 12 Fitting effect of the thermal error model at 8000 rpm

Spindle
system

Table

Beam

Column

Base

Linear guide 
system

Sensor 2

Sensor 1
Laser beam

Fig. 10 Experimental principle

Laser 
displacement 

sensor

Spindle

Fig. 9 Experimental setup
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The model above predicts that when the spindle speed in-
creases, Y-directional thermal error changes acutely during the
start-up process of the machine tool and more and more slow-
ly after entering the stable operation stage (as shown in
Fig. 16). The more dramatic changes in thermal error during
the start-up process as the spindle speed increases are due to
the increase of heat generation power and the operating delay
of the cooling system. Therefore, the machining operation
should be carried out at as high a spindle speed as possible
and after preheating of the machine tool. The model predicts
well and is very useful in improving machining precision.

3.4 Discussions

Thermal deformation is essentially a macroscopic behavior of
thermoelastic distortion caused by the heat absorbed in the
machine tool, considering from the point of view of heat in-
stead of temperature, the complexity of thermal error

modeling can be greatly reduced. Actually, thermal deforma-
tions can be expressed as functions of heat quantity as known
from the above analysis. Meanwhile, heat quantity is the func-
tion of heat-absorbing power and time, and thus, thermal de-
formation is the function of heat-absorbing power and time,
too.

The functional relationships between the thermal deforma-
tions of parts of various shapes and heat quantity are different.
And the thermal errors of a machine tool are closely related to
its structure and the distribution of heat sources in it.
Developing a system of thermal deformation models of typi-
cal machine tool parts will be very helpful to studying the
thermal errors of the machine tool.

The proposed Z-directional and Y-directional thermal error
models in this paper are of good accuracy and robustness,
which verifies the effectiveness of the modeling method pre-
sented. Moreover, the models can easily be optimized by less-
ening the degree of structural simplification of the machine
tool. Specifically, the quality of the Z-directional thermal error
model is mainly affected by the simplification degree of the
spindle structure. Further, the quality of the Y-directional

Fig. 14 Fitting effect of the thermal error model at 8000 rpm Fig. 16 Y-directional thermal error change at different spindle speeds

Fig. 15 Z-directional thermal error change at different spindle speeds

Fig. 13 Fitting effect of the thermal error model at 6000 rpm
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thermal error model is mainly affected by the simplification
degree of the beam structure. Therefore, for instance, the Z-
directional thermal error model can be optimized by lessening
the simplification degree of the spindle structure. In addition,
the models can be further optimized by further studying the
distribution of heat sources in the machine tool and improving
the calculation precision of heat quantity.

The proposed thermal error models can be used for thermal
error prediction and provide suggestions for optimization of
processing technology. The experimental results show that
these models have a good prediction for thermal errors and
are of high accuracy, which will contribute to the improve-
ment of machining precision.

4 Conclusions

This paper presents a novel thermal error modeling method
characterized by using heat quantity as the input variable. This
method is established based on theoretical analysis of the es-
sence of thermal deformation, with an emphasis on the anal-
ysis of heat source and machine structure. The derived theo-
retical formula used in the modeling process is verified cor-
rectness with FEA simulation, and the established models are
also experimentally verified. The conclusions are as follows.

(1) The thermal error can be expressed as the function of
heat quantity, which is still correct for general problems. The
developed models with heat quantity as their input show good
accuracy and robustness.

(2) The thermal deformation of a machine part is related to
its shape and the locations of heat sources on it. And the
thermal errors of a machine tool are closely related to its struc-
ture and the distribution of heat sources in it. It is an efficient
method to study the thermal errors of a machine tool based on
a system of thermal deformation models of typical machine
tool parts and machine structures analysis.

(3) The proposed thermal error models are of good predic-
tion capability and can be used for thermal error prediction
and provide suggestions for optimization of processing
technology.

(4) The relationships between the Z-directional thermal dis-
placement of the TCP and e-t and between the Y-directional
thermal displacement of the TCP and time are approximately
linear when the ambient temperature and the spindle speed are
kept constant.

Study prospects This paper explored the essence of thermal
deformation and deepened the research of thermal errors.
Based on which, the newly proposed thermal error modeling
method is more efficient and practical than the traditional way
of using temperature as models’ input. As the analysis of heat
source and machine structure is essential for thermal error
modeling using heat quantity, investigations about heat source
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