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Abstract
Trochoidal milling is an alternative tool path strategy which has been shown to increase productivity, improve tooling life, and
reduce resultant cutting forces. While the advantages of trochoidal milling over conventional slot or shoulder milling were
previously reported, the complexity of trochoid tool path makes developing an analytical force model highly complicated. In
this work, a numerical algorithm to construct the uncut chip thickness model in trochoidal milling is introduced, which is based
on the geometrical relation of self-intersection and cross-intersection points of the tool path curve. In addition, an extensive series
of experiments is carried out in slot and trochoidal-milling operations in order to investigate the dependency of cutting pressure
coefficients on tool path parameters and to develop a model to relate the two. Furthermore, the performance of the developed
model for uncut chip thickness and the cutting pressure coefficients are evaluated in predicting cutting forces; it is shown that the
model predicts the maximum cutting force in the feed direction and between all the testing sets with 8% total average error, while
17% total average error is observed in predicting maximum cutting force in the lateral direction. This demonstrates the potential
of the proposed approach in offline simulation of the cutting forces which is a critical step in selecting proper tooling and process
parameters to increase productivity of the cut.
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1 Introduction

Increasing productivity while preserving quality is a key
factor in defining the profitability of any manufacturing
processes. In past decades, particularly in the metal cutting
domain, several approaches have been tested to minimize
the loss and increase productivity rate [1]. High-speed ma-
chining to increase material removal rate [2], model-based
methods of controlling machine parameters to decrease
idle time [3, 4], feed rate scheduling to optimize cycle time

[5], and process condition monitoring to avoid unsched-
uled downtime [6] are few examples targeting profitability
in machining processes. Recently, with the rapid growth in
advanced CAM software that facilitates CNC program-
ming for complex structures, alternative path planning
strategies have gained significant momentum within aero-
space and energy industries. Trochoidal milling is one such
alternative path plan that takes advantage of the superpo-
sition of linear and circular revolution of the tool as a
material removal strategy.

The need for alternative tool path strategies such as tro-
choidal milling has been emphasized by the aerospace and
energy sectors where extensive use of difficult-to-machine
materials such as titanium- or nickel-based alloys is essen-
tial. The high strength and poor machinability of these
alloys have a significant impact on tooling life and directly
influence the quality of the machined part. While the tra-
ditional method of reducing machine feed, depth of cut, or
replacing the tool in the earlier stages of its life seems
intuitive, these approaches adversely affect productivity
and increase the machine downtime. Hence, alternative
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tool path strategies that increase robustness and extend tool
life at more aggressive cutting conditions, such as trochoi-
dal milling, allow for higher depth of cut or feed rates in
order to increase the productivity without sacrificing tool
life or workpiece quality. Pleta et al. studied the perfor-
mance of trochoidal milling in comparison to end milling
in cutting IN738 nickel-based superalloys [7, 8]. In these
studies, the resultant cutting force, tool wear, and surface
roughness generated by trochoidal tool paths were com-
pared to end-milling paths. Two metrics were introduced
to compare the performance of trochoidal and end-milling
cutting strategies: material removal per wear (represents
productivity) and material removal rate per wear (repre-
sents efficiency). Uhlmann et al. studied the effect of tro-
choidal milling on energy consumption and material re-
moval rate in cutting Ti-6Al-4V alloy [9]. They concluded
that with 6% increase in effective power consumption,
35% reduction in process time can be achieved using
trochoidal-milling approach. Rauch et al. studied two as-
pects of trochoidal milling: implementation on the CNC
machine and parameter selection to improve tool life
[10]. In [11], the performance of trochoidal milling in
terms of cutting force and tool wear was investigated in
milling mold cavities. In another effort by Szaloki et al.,
resultant force, surface roughness, and micro-geometrical
error were studied, and empirical relations were developed
for each parameter [12]. A modified tool path termed the
epicycloid path inspired from the trochoidal path was in-
troduced in [13], and machining force, vibration, and cycle
time were experimentally compared to trochoidal-milling
tool path. The authors in [13] concluded that epicycloidal
milling can increase the cycle time by 20% while higher
force and vibration adversely affect tool life.

Many articles published on this topic are mainly fo-
cused on the advantages of trochoidal milling over tradi-
tional milling strategies (e.g., slot or pocket) in terms of
cycle time, resultant force, and tooling life. While estab-
lishing the benefits of alternative tool path plans is essen-
tial to justify the potentials of trochoidal milling to replace
the traditional methods, a comprehensive study is not yet
available on the mechanics and dynamics of trochoidal
milling. To the best of the authors’ knowledge, there are
currently only two articles addressing the mechanics of
trochoidal milling. Otkur and Lazoglu published the first
article on chip thickness modeling and force simulation in
trochoidal milling [14]. In their work, they introduced a
closed form uncut chip thickness formulation based on the
geometry of the cut and further simulated the cutting force
in X and Y directions in trochoidal and double trochoidal
milling (where the circular downward revolution of the
tool is followed by an upward revolution). In the second
article published by Kardes and Altintas, the trochoidal
tool path was introduced with an alternative name,

circular milling [15], and the same approach of [14] was
taken to model the uncut chip thickness. In addition, the
dynamic stability of the trochoidal milling was investigat-
ed with frequency domain and time finite element analysis
and the differences of the two approaches in predicting
the critical depth of cut to avoid chatter were highlighted.

Two major shortcomings exist in the methods described
in [14, 15]. First, in both articles, it was assumed the outer
margin generated by the trochoidal tool path can be ap-
proximated by a circular curve; it will be discussed later
in this article that the departure from this circular assump-
tion can introduce significant error. Second, to simulate the
cutting forces, both articles relied upon on the pre-existing
values for tangential and radial cutting pressure coeffi-
cients extracted from slot-milling experiments. However,
there are essential differences in the mechanics of cutting
and chip generation between slot and trochoidal milling
which will be highlighted in detail in this work. Based on
these shortcomings, the objective of this paper is defined as
(1) introducing a new geometrical and generalized ap-
proach based on constructing the chip area through inter-
section points of the trochoid tool path without the assump-
tion of circular outer margin; (2) investigating the effect of
trochoidal tool path and process parameters on cutting
pressure coefficients and highlighting the differences with
traditional milling strategy (i.e., slot milling); and (3) eval-
uating the performance of the proposed modeling frame-
work in predicting cutting forces during trochoidal milling.
The organization of this work is as follows: the geometrical
approach will be introduced in Section 2 for single-tooth
and multi-tooth tools. In Section 3, the mechanistic force
model is given. The experimental setup and design of ex-
periment are discussed in Section 4. The identification of
cutting pressure coefficients in trochoidal and slot-milling
tests and dependency on tool path parameters are given in
Section 5. In Section 6, the simulated force under different
cutting conditions is compared with experimentally mea-
sured forces, and corresponding error is quantified; this is
followed by conclusions and future direction discussion in
Section 7.

2 Geometric approach for uncut chip
thickness modeling in trochoidal tool path

2.1 Mathematical representation of trochoidal tool
path

The trochoidal tool path can be characterized with three
parameters: (1) rotational rate (θ̇ ), which represents the
rotational speed of the tool holder in RPM and clockwise
direction; (2) nutational rate (ϕ̇ ), which represents the
revolutionary (or planetary) motion of the tool center in
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rad/s and counterclockwise direction; and (3) step-over
feed rate (ν) in unit of mm/s and in Y direction which
represents the linear motion of the tool center. The com-
bination of these three parameters shown in Eqs. (1) and
(2) produces a trochoidal tool path, where, Rcp is radius of
the tool center in mm, Rt is cutting tool radius in mm, t is
time in second, and [Xt Yt]

T is the global coordinate of the
cutter tip in the X–Y plane. Note that in mathematical society,
the curve generated from Eqs. (1) and (2) is known as
epitrochoidal curve [16]; however, in manufacturing society,
it is widely known as trochoidal curve (a term used in the rest
of this paper).

The geometrical representation of trochoidal tool path is
given in Fig. 1a. Unlike the general belief that the trochoi-
dal tool path generates an approximately circular outer
margin (termed outer lobe, in the rest of this article), the
existence of step-over feed rate (ν) in Eq. (2) generates a
skewed outer lobe. As shown in Fig. 1b, with advancement
of the tool in the + Y direction, a larger deviation is pro-
duced between the trochoidal outer lobe and circular path
assumption. By increasing θ̇ and decreasing ϕ̇, continuity
and smoothness of the outer lobe will be improved.
However, the assumption of a purely circular outer lobe

still remains invalid except in the case of very small step-
over feed rates.

X t ¼ Rcpcos ϕ˙ t
� � þ Rtcos −

2π
60

θ˙ t
� �

ð1Þ

Y t ¼ Rcpsin ϕ˙ t
� � þ Rtsin −

2π
60

θ˙ t
� �

þ vt ð2Þ

Unlike traditional milling (e.g., shoulder or slot milling),
where the geometry of each chip remains consistent through-
out the cut, in trochoidal milling, each chip’s geometry is
different from every other due to combination of nutation
(planetary motion) and step-over feed rates (linear motion).
In addition, due to the mathematical complexity of Eqs. (1)
and (2), a closed form solution for describing chip geometry is
not available. However, as shown in Fig. 2, where the tool
path for two consecutive nutations is shown, it is possible to
represent chip geometry if the coordinates of the intersection
points of the tool path curve are known. In Fig. 2, the first
nutation path is named previous path and the second nutation
is named current path (which represents the current coordi-
nate of the cutter). Knowing the self-intersecting and cross-

Fig. 1 Trochoidal tool path for single-flute cutter; a geometrical representation with tool rotation rate (θ̇) and nutation rate (ϕ̇), and b deviation between
trochoidal and circular tool paths
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intersecting points of the current and previous paths given in
Fig. 2b, the chip geometry can be constructed.

2.2 Numerical algorithm for identification
of intersection points

In order to find the intersection points (self- or cross-intersec-
tion), the trochoid curve is discretized into several linear
curves with the length dL in time (dt) which is demonstrated
with an exaggerated offset in Fig. 3a. From the mathematical
standpoint, if two lines are not parallel, they must have an
intersection point. However, in the context of this paper, an
intersection point between any two arbitrary line segments is
“desirable”when its coordinates satisfying the inequality con-
ditions of Eq. (3), where [xp yp]

T is the coordinate of the inter-
section point, i is an integer representing either the first or
second line segment, [xis yis]

T is the starting point, and [xif yif]
T

is the end point of each line segment. In a matrix format, the

point [xp yp]
T in Fig. 3b is a “desired” intersection point be-

tween any pair of line segments if and only if the matrix
inequality shown on the right side of Eq. (3) becomes less
than unity.

x1s < xp < x1 f
x2s < xp < x2 f
y1s < yp < y1 f
y2s < yp < y2 f

0
BB@ ⇔

dLT1

dL1
dLT2

dL2

2
64

3
75≤1 ð3Þ

Considering the geometrical relation between any pair of
line segments shown in Fig. 3b, two independent equations in
X and Y directions for each line can be written and converted
into matrix format as in Eq. (4). The unknowns of this linear
equation are the coordinates of intersection point and length
ratios (dLTi/dLi). After finding the solution of Eq. (4) and if the
[xp yp]

T point satisfies the condition in Eq. (3), it will be se-
lected as a “desirable” intersection point. To avoid the curse of

Fig. 2 Trochoid tool path in single-tooth cutter with θ̇ = 600 RPM, ϕ̇ = π/2 rad/s, and ν = 0.35 mm/; a geometry of each chip varies with the nutational
motion of the tool center and b proper connection of cross- and self-intersection points defines chip geometry

Fig. 3 Numerical method of finding intersection points; a exaggerated discretization of curves into linear segments, b an “un-desired” intersection point
between a pair of arbitrary line segment, and c confining rectangular zone to reduce computational cost
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dimensionality and improve the performance of this brute
force algorithm, only the lines that satisfy the condition in
Eq. (5) will be selected. This inequality is equivalent to draw-
ing a confining rectangular zone around a selected line seg-
ment and check to see if the start and end points of the other
line belong to this zone or not (see Fig. 3c).

dLT1

dL1
x1s−x1 f
� � ¼ x1s−xp

� �
dLT1

dL1
y1s−y1 f

� �
¼ y1s−yp

� �
dLT2

dL2
x2s−x2 f
� � ¼ x2s−xp

� �
dLT2

dL2
y2s−y2 f

� �
¼ y2s−yp

� �
→

dLT1

dL1
dLT2

dL2xp
yp

2
666664

3
777775

¼
x1s−x1 f 0 1 0
y1s−y1 f 0 0 1

0 x2s−x2 f 1 0
0 y2s−y2 f 0 1

2
664

3
775
−1 x1s

y1 f
x2s
y2 f

2
664

3
775 ð4Þ

x1s < x2s < x1 f
or

x1s < x2 f < x1 f

8<
: and

y1s < y2s < y1 f
or

y1s < y2 f < y1 f

8<
: ð5Þ

2.3 Chip geometry construction from intersection
points

Assuming a single-point cutter, the first step after finding
all the intersection points is to construct the outer lobe
region generated from self-intersecting points of the previ-
ous tool path. Equation (6) is used to generate a push curve
encompassing the outer lobe of the previous pass, where
[Xc Yc]

T is the coordinate of the push curve. The self-
intersecting points with the minimum distance to the push
curve are selected and properly connected to construct the
outer lobewhich is shown in Fig. 4. Note that, due to existence
of the term vt in Eq. (6), the push curve does not represent a

circular curve but it is rather a skewed circular curve in feed
direction.

X c ¼ Rcp þ Rt
� �

cos ϕ˙ t
� �

Yc ¼ Rcp þ Rt
� �

Rcpsin ϕ˙ t
� � þ vt

ð6Þ

The second step is to use the intersection algorithm to find
the cross-intersection points between the current path and the
outer lobe. Here, the cross-intersection points are critically
important since the chip geometry begins with these points
(see the selected points in Fig. 2b). The third step is similar
to the first step, but instead, it will be conducted to find the
self-intersecting points of the current path. At this stage, all the
corner points of a chip are identified, and the geometry can be
constructed by proper connection of these points.

Considering from Fig. 5a, any chip geometry (e.g., chip
number {N}) can be defined by three regions:

(1) Region 1 (R Nf g
1 ), which is defined based on marching

from point A Nf g
1 (cross-intersection point between the

outer lobe and the current path) to the point A Nf g
22 (second

self-intersection point on the outer lobe of current path).
(2) Region 2 (R Nf g

2 ), which is a partial region of R N−1f g
1 ,

generated by the previous chip {N-1}, and is defined

based onmarching from pointA N−1f g
1 to the point A N−1f g

2 .
(3) Region 3 (R Nf g

3 ), which is defined based on marching

from point A Nf g
1 to the point A N−1f g

1 on the outer lobe of
the previous path.

Note that the points A Nf g
22 and A N−1f g

2 have in fact the same

coordinates. For chip {N}, A Nf g
22 is the second self-intersection

point (the first is denoted as A Nf g
2 ) that defines R Nf g

1 , while

A N−1f g
2 is the first self-intersection point of chip {N− 1} used

to define R Nf g
2 . Following this algorithm, the exact geometry

of each chip can be constructed properly for single-tooth

Fig. 4 Constructing the outer lobe from previous tool path, a self-intersecting point identification, b selecting points closest to the push curve, and c
connecting points to construct outer lobe
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cutters, and the thickness profile quantified. As demonstrated
in Fig. 5b, uncut chip thickness is the perpendicular distance
of the points on R2 and R3 regions to the R1 region. The
associated time for each chip is defined as the time the cutter

enters the chip through point A Nf g
1 (start of the cut) with θ Nf g

s
entering angle until the time the cutter exists within the

chip from point A Nf g
22 with θ Nf g

e exiting angle. The identi-
fied uncut chip area and the corresponding uncut chip
thickness evolution in time are depicted in Fig. 5c–d for a
single-cutter tool.

2.4 Uncut chip thickness modeling of multi-tooth
and variable spacing tools

Without loss of generality, the method described in
Section 2.3 can be extended to tools with multi- and/or
variable spacing cutters. The main difference of these with

the single-tooth scenario is that in the trochoidal path of
multi-cutter tools, the outer lobe of the previous path is
not constructed through self-intersecting points. Since the
motion of the first cutter is followed by the second cutter
and so on, to construct the outer lobe, only cross-
intersecting points are required to be identified between
each of the cutter paths. To better clarify this, the trochoid
path equation for a tool with three teeth and equal spacing
is given in Eqs. (7) and (8), where parameter δ represents
the angular location of the cutter. As depicted in Fig. 6a,
the outer lobe is constructed by connection of cross-
intersecting points of each cutter path. To produce the
chip geometry, the rotational direction of the tool plays
an important role. As shown in Fig. 6b, with clockwise
rotation of the tool, the R2 region of the first cutting edge
is generated based on the path of third cutting edge, the
R2 region of the second cutting edge is generated based on
the path of the first cutting edge, and the R2 region of the

Fig. 5 Chip geometry
construction in trochoidal milling;
a identification of regions of
interest, b uncut chip thickness
calculation, c uncut chip area
construction, and d uncut chip
thickness evolution with respect
to time

Fig. 6 Trochoidal tooth path in
three-cutter tool with θ̇ =
600 RPM, ϕ̇ = π/2 rad/s, and ν =
0.35 mm/s. a Outer lobe is the
combination of cross-intersecting

points of each cutter, and b R Nf g
2

of chip geometry for the first
cutting edge is generated from the
third cutting-edge path

646 Int J Adv Manuf Technol (2018) 97:641–656



third cutting edge is generated based on the path of the
second cutting edge. To construct the chip geometry, the
same procedure as described in Section 2.3 should be
followed.

X t ¼ Rcpcos ϕ˙ t
� �

þ Rtcos −
2π

60
θ˙ t − δ

� �
where δ∈ 0;

2π

3
;

4π

3

� 	

ð7Þ

Y t ¼ Rcp sin ϕ˙ t
� �þ Rtsin −

2π
60

θ˙ t−δ
� �

þ vt where δ∈ 0;
2π
3
;
4π
3

� 	
ð8Þ

3 Cutting force calculation in trochoidal
milling

Using the uncut chip thickness modeling method de-
scribed in Section 2.2, the uncut chip area at any time
can be calculated based on the product of uncut chip
thickness, denoted as h(t), and axial depth of cut denoted
as b in Eq. (9). Here, the function g(t) is “1” when the
cutter is engaged in the cut and “0” in no-cut regions
(see Eq. (10)). The semi-mechanistic cutting force model
in the tangential and radial directions is taken from [17]
and is given in Eq. (11), where Kt and Kr are tangential
and radial cutting pressures, and Kte and Kre are edge
coefficients representing the sliding frictional force due
to tool wear. Having access to the instantaneous cutter
angle θ{N}, the cutting forces from local coordinates are
converted to cutting forces in X–Y global coordinates
with the rotation matrix R in Eq. (12). The local and
global coordinates and angle of rotation for an arbitrary
chip are shown in Fig. 7. Note that the positive direction
of the forces in X–Y coordinates is imposed by the pos-
itive direction of the dynamometer.

A Nf g tð Þ ¼ bh Nf g tð Þg Nf g tð Þ ð9Þ

g Nf g tð Þ ¼ 1 when t Nf g
s < t < t Nf g

e

0 when t < t Nf g
s ; t > t Nf g

e

�
ð10Þ

FT ¼ Ktbh Nf g tð Þg Nf g tð Þ þ Kteb
FR ¼ Krbh Nf g tð Þg Nf g tð Þ þ Kreb

ð11Þ

FX FY½ �T ¼
−sin θ Nf g

� �
−cos θ Nf g

� �
−cos θ Nf g

� �
sin θ Nf g

� �
2
4

3
5 FT FR½ �T

ð12Þ

4 Experimental setup

The physical testing was performed on an Okuma MU-
5000 V machine using a Kistler 9257B piezoelectric dyna-
mometer with a sampling frequency of 2 kHz. As stated in
Section 1, one of the objectives of this work is to investigate
the dependency of the cutting pressure coefficients on the tool
path. In other words, we are seeking the possibility to use slot
or shoulder-milling tests to identify these coefficients and use
them in trochoidal milling in order to predict forces. To answer
this question, a comprehensive testing strategy was designed
to compare slot milling (with full radial engagement) and tro-
choidal milling. To preserve the stability of the cut, it was
decided to use a two-flute indexable end mill for each slot-
milling experiment.

The trochoidal-milling tests for identification of cutting
pressure coefficients were conducted with a single-flute
indexable end mill, while the tests designed for validating
the accuracy of the uncut chip thickness model in predicting
cutting forces were conducted with the same two-flute tool
used in slot-milling tests. All of the experiments were carried
out with sharp (unused) Sandvik Coromill R390-11T308M-
PM-1030 carbide insert with multilayer TiAlN coating and
axial depth of cut of 0.5 mm. The tooling utilized had a lead
angle of 90°, an axial rake angle of 12.4°, and a radial rake
angle of 2.5°. To ensure the repeatability of the tests, all the
experiments were repeated three times.

While the capability of trochoidal milling is best put to use
in cutting hard-to-machine materials such titanium- or nickel-
based alloys, the excessive wear generation during machining
these materials hinders validation of the proposed uncut chip
thickness modeling strategy. Hence, it was decided to perform
all the testing on 7075-T6 aluminum to eliminate any tool
wear effects on the results. Due to the minimal wear, the
cutting-edge coefficients, Kte and Kre, in Eq. (11) are set equal
to zero. As shown in Eqs. (1) and (2), the trochoidal tool path
is defined with three parameters: θ̇, ϕ̇, and ν. The parameter θ̇
is understood by the CNC machine as rotational speed;

Fig. 7 Positive orientation of the cutting forces in in X–Y coordinates and
angle of rotation θ{N}
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however, parameters ϕ̇ and ν should be converted to machine
feed rate (fr) in mm/min in order to make G-code program-
ming possible. The conversion is carried out by dividing the
tool center travel (directly affected by parameters ϕ̇ and ν—
see black curve in Fig. 1) to the time of travel. In this way,
machine feed rate (fr) and feed per tooth ( f ) can be calculated
for the trochoid tool path.

In this work, three separate designs of experiment
(DoEs) are conducted. The first DoE shown in Table 1 is
created for comparison of cutting pressure coefficients be-
tween trochoidal and slot-milling tests. In these tests, the
step-over feed rate and nutation rate were kept constant,
and rotation rate was varied. For slot-milling tests, an
equivalent DoE to trochoidal-milling tests is employed,
as given in Table 2. The first series (CFC6) was selected
with the same cutting conditions as trochoidal-milling sin-
gle-flute tests of Table 1 (equal rotation rate, feed per
tooth, and axial depth of cut). In the CFC6 test series,
despite the fact that the feed per tooth is equivalent to
the feed per tooth of trochoidal tests, the maximum and
average uncut chip thickness values are different from the

trochoidal tests. Therefore, two additional series of slot-
milling experiments (named CFC7 and CFC9) are de-
signed to match the maximum and average uncut chip
thickness of trochoidal tests to slot-milling tests. The pro-
cedure for the determination of feed per tooth for this two
series is described below:

(1) For each test number in Table 1, the maximum (hmax)
and average uncut chip thickness (havg) were calculated
using the numerical algorithm described in Section 2 (see
Fig. 5d).

(2) In CFC7 tests, the feed per tooth is equal to the calculated
maximum uncut chip thickness (hmax) of the trochoidal
test.

(3) In CFC9 tests, the feed per tooth is equal to the product
of π/2 and the average uncut chip thickness (havg) of the
trochoidal test.

The third DoE was created in variable nutation and ro-
tation rates to test the performance of the proposed method

Table 1 Design of experiment for trochoidal path with single-flute tool (three replications for each test)

Number
(#)

CNC machine equivalent parameters

Trochoidal tool path parameters

Step-over feed rate, ν
(mm/s)

Nutation rate, ϕ̇
(rad/s)

Rotational rate, θ̇
(RPM)

Axial depth of cut, b
(mm)

Equivalent feed rate, fr
(mm/min)

Feed per tooth,
f (mm/tooth)

ITS-1 0.05 0.64 300 0.5 729.6 2.43

ITS-2 0.05 0.64 600 0.5 729.6 1.22

ITS-3 0.05 0.64 900 0.5 652.8 0.36

ITS-4 0.05 0.64 1000 0.5 652.8 0.33

ITS-5 0.05 0.64 1100 0.5 652.8 0.30

ITS-6 0.05 0.64 1200 0.5 729.6 0.61

ITS-7 0.05 0.64 1300 0.5 652.8 0.27

ITS-8 0.05 0.64 1450 0.5 652.8 0.25

Table 2 Design of experiment for slot milling with double-flute tool (three replications for each test)

Number (#) Rotational rate, θ̇ (RPM) Axial depth of cut, b (mm) Feed per tooth, f (mm/tooth)

CFC6 CFC7 CFC9

IS-1 300 0.5 2.43 0.41 0.51

IS-2 600 0.5 1.22 0.31 0.43

IS-3 900 0.5 0.81 0.23 0.31

IS-4 1000 0.5 0.73 0.21 0.28

IS-5 1100 0.5 0.66 0.20 0.26

IS-6 1200 0.5 0.61 0.18 0.24

IS-7 1300 0.5 0.56 0.17 0.23

IS-8 1450 0.5 0.50 0.15 0.21

648 Int J Adv Manuf Technol (2018) 97:641–656



of uncut chip thickness calculation in predicting forces. As
shown in Table 3, using the tests in the training set, a linear
regression model between the identified cutting force co-
efficients (Kt and Kr) and trochoidal parameters (ϕ̇ and θ̇ )
will be developed. Later, the regression model will be used
in the testing set to find cutting pressure coefficients and
cutting forces will be simulated using the method de-
scribed in Sections 2 and 3. Note that all the experiments
in the testing set were conducted with a two-flute tool
using the rotational rates not used in developing the regres-
sion model from the training set.

5 Identification of cutting pressure
coefficients

The objective of this section is to investigate if cutting
pressure coefficients extracted from the slot milling can

be used interchangeably for predicting forces in trochoidal
milling. The experiments used here are from Table 1 and
Table 2, namely tests ITS-1–8 and tests IS-1–8. The cut-
ting pressure coefficients Kt and Kr can be found by using
Eq. (12) to convert measured cutting forces in the X and Y
directions into tangential and radial directions and then
dividing FT and FR by the chip area (again, Kte and Kre

are considered zero as described in Section 4). An exam-
ple of the measured cutting forces and simulated uncut
chip thickness is shown in Fig. 8 for test ITS-1, where
cutting pressure coefficients are calculated by considering
ten consecutive rotations of the tool. The same process is
repeated for slot-milling tests (IS-1–8). However, in this
case, the chip area can be analytically described with the
function bf sin(α(t)) where α is instantaneous cutter angle.
Since all the tests in Table 2 have been carried out in full
radial engagement, the parameter α varies from 0° (enter-
ing the cut) and 180° (exiting the cut).

Table 3 Design of experiment for evaluating uncut chip thickness model with single- and two-flute tools (three replications for each training set and
one replication of testing set)

Number (#) Step-over feed rate, ν (mm/s) Nutation rate, ϕ̇ (rad/s) Rotational rate, θ̇ (RPM) Axial depth of cut, b (mm)

Training set (single-flute) TS-1 0.05 0.16 300 0.5

TS-2 0.05 0.32 300 0.5

TS-3 0.05 0.64 300 0.5

TS-4 0.05 0.16 600 0.5

TS-5 0.05 0.32 600 0.5

TS-6 0.05 0.64 600 0.5

TS-7 0.05 0.16 1200 0.5

TS-8 0.05 0.32 1200 0.5

TS-9 0.05 0.64 1200 0.5

Testing set (two-flute) TD-1 0.05 0.64 900 0.5

TD-2 0.05 0.64 1000 0.5

TD-3 0.05 0.64 1300 0.5

TD-4 0.05 0.64 1450 0.5

Fig. 8 Cutting pressure identification requires force measurement and chip area calculation—forces and corresponding chips are selected for ten tool
rotations [hatched rectangle]; a measured cutting force in X–Y directions for test ITS-1, and b simulated uncut chip thickness for test ITS-1
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5.1 Comparison of cutting force coefficients in slot
and trochoidal milling

The comparison is made in Figs 9 and 10 using radar and bar
graphs. As demonstrated in these figures, significant error
exists between cutting pressure coefficients derived from tro-
choidal and slot-milling test series of CFC7 and CFC9. The
average error between all the milling tests (IS-1–8) of each
series and trochoidal tests (ITS-1–8) is given in Table 4, where
59 and 52% difference errors were observed in Kt and 28
and 27% difference errors were observed in Kr as derived
from tests CFC7 and CFC9. However, the CFC6 test shows
somewhat better performance in predicting tangential cutting
pressure with 31% difference error and somewhat worse

performance in predicting radial cutting pressure with 51%
difference error. As demonstrated in the radar graphs of
Figs. 9 and 10, in general, using slot-milling experiments for
finding cutting pressure coefficients leads into an overpredic-
tion in tangential cutting pressure (Kt) and an underprediction
in radial cutting pressure (Kr). As a result and contrary to what
was used in [14, 15], the cutting pressure coefficients derived
from slot-milling tests should not be replaced as cutting pres-
sure coefficients of trochoidal milling.

The argument here is that there is still an essential differ-
ence in the mechanics of cutting between trochoidal and slot
milling. As shown in Fig. 7, trochoidal milling is categorized
as a low to medium radial immersion cutting process (this is
the reason higher feed rates with less chip load and less chance

Fig. 9 Identified tangential cutting pressure coefficients (Kt) between trochoidal-milling tests and slot-milling test series

Fig. 10 Identified radial cutting pressure coefficients (Kr) between trochoidal-milling tests and slot-milling test series
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of tool breakage can be achieved in trochoidal milling).
However, all the milling tests in this work were conducted in
full radial immersion. As reported in [18], with lower radial
engagement of the tool, the cutting mechanics change from
shear mode to frictional rubbing mode, and therefore, cutting
pressure coefficients begin to increase. As shown in Fig. 9 and
considering the overprediction ofKt in test series CFC6, CFC7,
and CFC9, by reducing the radial immersion in these tests, the
tangential cutting pressure starts to increase and therefore, the
difference error (overprediction) between Kt of this test series
and Kt values of the trochoidal test series starts to get even
bigger. However, the difference error (underprediction) in radi-
al cutting pressure coefficient shown in Fig. 10 can be poten-
tially reduced by lowering the radial immersion of the tool in
the slot-milling test series. To test this hypothesis, test ITS-3 of
Table 1 was selected. The maximum uncut chip thickness of
each chip in the first replication of this test is shown in Fig. 11a.
Using the peak of the curve, the maximum radial immersion of

the tool (based on its radius of 8 mm) was calculated equal to
4%. Two milling tests were carried out which were similar to
the test IS-3 of CFC6 series in Table 2, but instead of full radial
immersion, the tests were conducted with 4% immersion
(equivalent to radial engagement in trochoidal test ITS-3) and
15% immersion (an arbitrarily higher number to be used for
comparison). The identified cutting pressure coefficients are
compared in Fig. 11b. As expected, with decreasing radial en-
gagement, the error in tangential cutting pressure Kt increased
and the error in radial cutting pressure Kr decreased; therefore,
the same conclusion described above can be reached.

6 Cutting force simulation in trochoidal
milling

In Section 5, it was shown that the cutting pressure coeffi-
cients in trochoidal milling cannot be predicted with enough

Table 4 Comparison of average
error between cutting pressure
coefficients of slot-milling tests
and trochoidal milling (all errors
given in percentage)

Error difference with respect
to trochoidal milling (%)

Kt (N/mm2) Kr (N/mm2)

CFC6 CFC7 CFC9 CFC6 CFC7 CFC9

IS-1 14 28 24 46 33 23

IS-2 5 57 45 33 15 8

IS-3 28 74 75 69 40 41

IS-4 94 61 70 21 27 28

IS-5 50 52 40 68 41 51

IS-6 29 75 66 59 13 25

IS-7 14 61 46 66 28 37

IS-8 16 65 53 46 25 5

Average error (%) 31 59 52 51 28 27

Fig. 11 Comparison of low radial engagement tests with trochoidal test ITS-3; a the maximum uncut chip thickness between all the chips is selected to
define the trochoidal radial immersion and b cutting pressure comparison
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accuracy using conventional milling tests (slot milling with
full or partial radial engagement). As a result, a separate set
of experiments with trochoidal tool path is needed to establish
the correlation of cutting pressure coefficients and tool path

parameters. The DoE used in this section was already shown
in Table 3 (tests series TS-1–9) and contains nine experiments
(with three replications) in varying rotation and nutation rates
as a training set with single-flute tool and four experiments

Fig. 12 Correlation of cutting pressure coefficients to rotation and nutation rates; a low nutation rate 0.16 rad/s, bmedium nutation rate 0.32 rad/s, c high
nutation rate 0.64 rad/s, and d tangential cutting pressure dependency on rotation rate

Fig. 13 Comparison of cutting
forces in X direction between
experiment and simulation for test
TD-1
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with a two-flute tool as a testing set. The cutting pressure
coefficients are identified for the training set and a linear re-
gression model was fitted for each coefficient as shown in
Fig. 12. From this, it is concluded that the tangential cutting
pressure (Kt) is independent of rotation rate (θ̇ ) but demon-
strates a linear dependency on nutation rate (ϕ̇ ) (see Fig. 12d).
The radial cutting pressure (Kr) is linearly correlated to both
rotation and nutation rates. The generalized linear regression
models fitted to each coefficient are given in Eqs. (13) and
(14). Using these equations, with known trochoidal tool path
parameters, the cutting force coefficients, Kt and Kr, can be
approximated and used in the semi-mechanistic force model
of Eq. (11) to simulate cutting forces.

Kt ¼ − 951ϕ˙ þ 1484 R2 ¼ 90%

 � ð13Þ

Kr ¼ − 1062ϕ˙ þ θ˙ þ 557 R2 ¼ 67%

 � ð14Þ

6.1 Cutting force prediction in two-flute trochoidal
milling

The testing set (tests TD-1–4) of Table 3 was used to (1) test
the validity of the numerical uncut chip thickness calculation
method described in Section 2 and (2) to investigate the accu-
racy of the proposed regression model of cutting pressure
coefficients Eqs. (13) and (14) to simulate cutting forces in
trochoidal milling. In the testing set, the nutation rate was kept
constant (ϕ̇ = 0.64 rad/s) and the rotation rate was varied from
900 to 1450 RPM. First, the cutting pressure coefficients were

calculated, and then Eqs. (11) and (12) were used to simulate
the cutting forces in X and Y directions. The comparison be-
tween the simulated and experimental cutting forces of test
TD-1 is shown in Figs. 13 and 14. Furthermore, this compar-
ison for tests TD-2 to TD-4, where the force reaches its peak
value, is given in Fig. 15, 16, and 17. To better quantify the
simulation error, it was decided to compare the simulated
forces in the X and Y directions to measured forces for ten
chips in the region where force in X and Y directions reaches
its peak value. The average error, standard deviation, and
maximum error are shown in Fig. 18 and also given in
Table 5. In general, the approach taken in this article shows
better performance in predicting cutting force in Y (feed) di-
rection with total average error of 8% between all four tests
and maximum observed error of 45% (in test TD-4), while
larger error was observed in predicting force in X (lateral)
direction with total average error of 17% and maximum ob-
served error of 36% (in test TD-4).

7 Summary, conclusion, and future direction

The objectives of the this work were the following: (1) to
investigate the dependency of the cutting pressure coefficients
on tool path and quantify the correlation of cutting parameters
in trochoidal milling (i.e., rotation and nutation rates) to the
tangential and radial cutting pressure coefficients and (2) to
study the accuracy in predicting cutting forces of a geometri-
cal uncut chip thickness model based on the numerical
intersection-finding algorithm. The results show that the

Fig. 14 Comparison of cutting
forces in Y direction between
experiment and simulation for test
TD-1

Fig. 15 Comparison ofmaximum
cutting forces in X and Y direction
between experiment and
simulation for test TD-2
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Fig. 17 Comparison ofmaximum
cutting forces in X and Y direction
between experiment and
simulation for test TD-4

Fig. 16 Comparison ofmaximum
cutting forces in X and Y direction
between experiment and
simulation for test TD-3

Fig. 18 Error comparison in a X direction and b Y direction. As an example, selected region of test TD-1 (containing ten chips) is shown as hatched
orange where error values in X and Y directions are calculated

Table 5 Comparison of error and
standard deviation between
simulated and experimental
cutting forces in X and Y
directions in regions for ten chips
with maximum force

Error in direction Tests ID number (average error ± standard deviation) Total average error (%)

TD-1 TD-2 TD-3 TD-4

X direction 21 ± 6 14 ± 6 16 ± 7 18 ± 11 17

Y direction 5 ± 3 3 ± 2 11 ± 7 14 ± 14 8
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cutting pressure coefficients are significantly affected by the
tool path parameters; it was concluded that unlike the previ-
ously published works on this subject where the cutting pres-
sure coefficients were blindly taken from slot-milling tests, it
is now apparent that these coefficients cannot be replaced as
the cutting pressure coefficients of trochoidal milling. Hence,
a separate design of experimental study with explicit trochoi-
dal tool path is required. Furthermore, it was shown that the
proposed uncut chip thickness algorithm is capable of
predicting cutting forces in lateral and feed directions. To
quantify the accuracy of the simulation, the maximum simu-
lated force was compared with maximum measured force
from the dynamometer for ten chips in the region where force
in X and Y directions reached its peak. A total average error of
8% was observed in simulating cutting force in the feed direc-
tion and 17% total average error was observed in the lateral
direction. Further steps taken in this article are summarized as
below:

& The numerical algorithm was designed based on finding
self- and cross-intersection points of the trochoidal tool
path. A proper strategy was defined for connecting
the intersection points and constructing the chip area.
Furthermore, the numerical algorithm was generalized
for uncut chip thickness modeling of multi-tooth and/or
variable spacing cutting tools.

& A comprehensive DoE was designed to investigate the
cutting pressure dependency on tool path and accuracy
of force simulation. For cutting pressure extraction, 16
tests with 3 replications (a total of 48 tests) were carried
out in slot milling using full radial engagement and tro-
choidal milling. Moreover, 9 tests with 3 replications (27
tests in total) were designed with a single-flute tool, and
linear regression was used to develop a model of trochoi-
dal tool path parameters and cutting pressure coefficients.

& A DoE with four new tests was designed with a two-flute
tool in various rotation rates. The developed linear regres-
sion model was used to predict the cutting pressure coef-
ficients which were integrated into the mechanistic force
model for simulating the cutting forces. Finally, the simu-
lated cutting forces were compared with experimental re-
sults and the corresponding error was reported.

In this article, the focus was solely given to the mechanics
of cutting in trochoidal milling. However, dynamic stability of
this alternative milling strategy is yet another important step
for developing a comprehensive knowledge base on this topic.
Unlike conventional milling operations, where the entering
and exiting angle of the tool in the cut is consistent throughout
the process, it is shown in this work that in trochoidal milling,
these parameters vary as the tool marches in time and com-
pletes a full nutation. Therefore, the stability diagram in tro-
choidal milling evolves based on the location of the tool. This

can potentially be advantageous as the critical depth of cut will
change across the cut, possibly reducing the tendency to chat-
ter. Investigation of this dynamic behavior of the cutting tool
in a trochoidal tool path to identify chatter zone(s) and stability
limits is the future direction of this work which will be ad-
dressed in a subsequent article.
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