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Abstract
Ultra-precision single-point diamond flycutting (SPDF) is an irreplaceable technology for cutting KH2PO4 (KDP) crystals with
large size. However, some undesirable waviness errors along feed-direction exist on the machined surface, which could greatly
deteriorate the optical performance of KDP crystals. The spindle dynamic characteristic of SPDF plays an important role in the
formation of such waviness errors. This paper presents an on-line measurement method with five-capacitance displacement
sensors in nanometer range for monitoring the motion errors of the aerostatic spindle. An error transform theorywhich is based on
kinematic error propagation was introduced to obtain the three-dimensional trajectory of the cutting tool. Then, the spindle
motion errors and the cutting tool trajectory were analyzed in frequency domain to investigate the main source of the waviness
errors. Simultaneously, the three-dimensional topography of work-piece was simulated by combining the motion trajectory and
the geometrical morphology of the cutting tool. The results showed that the waviness errors along feed-direction were caused by
the spindle rotation fluctuation with a frequency about 10.8 Hz, and the topography simulations showed good agreement with the
machining results. Besides, the experimental results indicated that the error can be diminished by changing the spindle control
system to the digital control method. This study established the contact between the measured spindle motion errors and the
machined surfaces, which contributes to deeper understanding of the dynamic characteristics of the spindle in SPDF.
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1 Introduction

The potassium dihydrogen phosphate (KDP) crystals are
widely used in Inertial Confinement Fusion (ICF) serving as
frequency multiplication and pockels cells due to its fine op-
tical properties, such as high leaser-induced damage threshold
and fine light transmissivity [1, 2]. However, there are some
negative characteristics of the KDP crystals for machining
process, such as soft, frangible, anisotropic, and deliquescent.
Currently, ultra-precision single-point diamond flycutting
(SPDF) is the most useful technology for cutting KDP crystals

[3, 4]. The dynamic characteristic of machine tool plays an
important role in the machining quality. However, many dis-
turbances, e.g., the environmental disturbance, the structural
vibration of the machine tool, the intermittent cutting charac-
teristics, and other undesirable perturbation of the operating
parameters, will make the real cutting trajectory of the cutting
tool deviate from the ideal cutting trajectory. Thus, machining
errors appear on the machined surface, which greatly deterio-
rates the surface quality and then the optical performance [5].

To achieve better machining quality, lots of efforts have
been done to investigate the machining errors in SPDF.
Chen et al. [6] quantitatively studied the influence of oil pres-
sure fluctuations on the machined surface in SPDF. They
found that the oil pressure is the main source of the waviness
errors with a wavelength about 1 mm by surface simulation
and experiment validation. Besides, they also investigated the
machining errors that are caused by the cutting force fluctua-
tion, the machine tool dynamic characteristics, and the envi-
ronment vibration in the machining process [7–9]. Li et al.
[10] studied the influence of the micro-waviness errors on
the damage threshold of the KDP crystals and pointed out that
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the axial vibration of the spindle is the main source to intro-
duce the micro-waviness errors. An et al. [11] analyzed the
mid-spatial frequency errors with a wavelength about 100 nm
and pointed out that the tilt motion of the spindles is the main
cause of the waviness errors by introducing Euler dynamic
equations. Yang et al. [12] obtained the cutting tool vibration
by combining the dynamic finite element analysis of the aero-
static spindle and the cutting force. They pointed out that the
waviness errors along cutting direction are caused by the spin-
dle dynamic characteristics. These researches are beneficial
for deeper understanding for the generation of the machining
errors in SPDF and indicate that the spindle performance has
great influence on the machining errors.

For the spindle, many studies focused on the motion error
measurement, the error separation technique, and the simula-
tion [13]. Anandan et al. [14, 15] reported a method to obtain
the axial and radial motion errors of an ultra-high-speed min-
iature spindle by using Laser Doppler Vibrometer. Zhang et al.
[16, 17] established a five-degree freedom dynamic model to
investigate the translational and tiltingmotions of an aerostatic
spindle and analyzed the natural frequency of the radial, axial,
and tilt motions. Chen et al. [18] established a multi-direction
error measurement, which uses two master balls to measure
the dynamic errors of the spindle. They summarized the fre-
quency characteristics of the main synchronous and asynchro-
nous errors at different rotational speeds. Chen et al. [19, 20]
presented a simplified model of the coupled spindle shaft with
hydrostatic bearings and identified the main errors of the ma-
chine tool based on the wavelet transform.

However, there are few studies investigating the relation-
ship between measured spindle motion errors and machined
surface, which would be useful for finding the main sources of
the machining errors. In this paper, an on-line five-direction
measurement was established to measure the spindle motion
errors. And then, an error transform method that suits for
SPDF process was introduced to study the cutting tool motion
errors which are caused by the aerostatic spindle. Based on
that, the main source of a kind of waviness errors along feed-
direction was investigated by frequency analysis, and the cut-
ting tool motion errors under different rotation speeds were
further studied after optimization.

2 On-line multi-direction measurement setup

The diagram structure of SPDF machine tool is shown in
Fig. 1. It can be seen that the SPDF machine tool adopts a
gantry structure with a big flycutting head fixed on its spindle
bottom. The whole system mainly contains five parts: the
aerostatic spindle, the cutting tool, the feeding slide, the
work-piece, and the machine tool body. The spindle adopts
ultra-precision aerostatic bearing and is driven by a direct
current motor with high rotation accuracy. The diamond

cutting tool is firmly clamped on the flycutting head edge.
The work-piece is fixed on the hydrostatic slide through a
vacuum clamp, and the slide is driven by a linear motor with
excellent slow feeding performance. All these parts are
contacted through the machine tool body.

As shown in Fig. 2, a set of error analyzer produced by
Lion Precision Company is adopted to achieve precision mea-
surement. The precision measuring instrument mainly con-
tains five capacitance displacement sensors and a calibrated
double master ball (CDMB). And, the whole analyzer system
can achieve a minimum resolution about 2 nm. As the spindle
system adopts motorized spindle structure, the motor rotor and
the spindle are combined through rigid bolts. Meanwhile, the
CDMB is firmly connected with the rotor to achieve on-line
measurement. Thus, the spindle system and the CDMB can be
treated as integration. In flycutting process, the CDMB rotates
with the spindle, and the three-dimensional posture of the
spindle can be represented by the CDMB. The motion errors
of CDMB are measured by the sensors that are fixed in the
supporting frame (shown in Fig. 2). One capacity displace-
ment sensor is installed on the supporting frame along the
axial direction to measure the axial motion errors. The other
four sensors are arranged in two-parallel measuring planes
according to CDMB center tomeasure the radial motion errors
and tilting errors.

3 Error transform theory and surface
simulation

During SPDF process, the diamond cutting tool rotates with
the spindle and directly removes material from the KDP crys-
tals surface. The machined surface is finally determined by the
relative motions between the cutting tool and the work-piece
surface. According to this cutting mechanism, a kinematic
chain of SPDF machine tool is firstly built (shown in Fig.
1). It can be seen that the motion in the cutting tool coordinate
system (T) can be transformed to the work-piece coordinate
system (W) through the spindle coordinate system (C), the
machine tool coordinate system (O), and the feeding slide
coordinate system (Y). The relationship between the cutting
tool system and the work-piece coordinate system can be de-
scribed by a transfer matrixTWT :

T
WT¼ T

WT ideal � T
WE ð1Þ

where T
WT ideal and T

WE stand for the ideal transfer matrix and
error transfer matrix between the cutting tool coordinate sys-
tem and the work-piece coordinate system, respectively. And
they can be described by the following equations:

T
WT ideal ¼ T

CT ideal � C
OT ideal � O

Y T ideal � Y
WT ideal ð2Þ
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T
WE¼ T

CE�C
OE�O

Y E�Y
WE ð3Þ

According to that, the actual trajectory of the cutting tool
T
WS in work-piece coordinate system can be obtained by Eq.
(4):

T
WS¼ T

WE�T
WSideal ð4Þ

where T
WSideal is the ideal motion of the cutting tool in the

work-piece coordinate system. In SPDF, the cutting tool rotates

with the spindle and the work-piece achieves feeding motion
by the slide. The ideal cutting trajectory of the tool-tip in work-
piece coordinate system (W) can be expressed by Eq. (5):

T
WSideal ¼

Rcosωt
Rsinωt þ V f t

z
1

2
664

3
775 ð5Þ

where R is the radius of the flycutting head, ω is the rotation
speed of the spindle, Vf is the feed speed, and z is the axial
location of the cutting tool in work-piece coordinate system.

Fig. 2 The on-line multi-
direction measurement

Fig. 1 The diagram structure of SPDF machine tool
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The diamond cutting tool is firmly clamped on the
flycutting head. Besides, the machine tool body is made of
marble, and the vacuum is supported by hydrostatic slide,

which both have high stiffness. Thus, T
CE,

O
Y E, and

Y
WE can

be simply regarded as identity matrix. The real cutting trajec-
tory of the tool-tip in work-piece coordinate system can be
expressed by Eq. (6):

T
WS¼ C

OE�T
WSideal ð6Þ

Here, the spindle error motion in W coordinate C
OE can be

expressed by a 4 × 4 matrix:

C
OE¼

C
OR3�3

C
OP3�1

03�3 1

� �
ð7Þ

where C
OR3�3 and C

OP3�1 are the rotational transfer matrix and
the translational transfer matrix, respectively. And they can be
expressed as follows:

C
OR3�3 ¼ rot x;αCð Þ � rot y;βCð Þ � rot z; γCð Þ ð8Þ

rot x;αCð Þ ¼
1 0 0
0 cosαC −sinαC

0 sinαC cosαC

2
4

3
5 ð9Þ

rot y;βCð Þ ¼
cosβC 0 sinβC
0 1 0

−sinβC 0 cosβC

2
4

3
5 ð10Þ

rot z; γCð Þ ¼
cosγC −sinγC 0
sinγC cosγC 0
0 0 1

2
4

3
5 ð11Þ

C
OP3�1 ¼ PxC PyC PzC

� �T ð12Þ

αC ¼ arctan
Δx1−Δx2

L
; βC ¼ arctan

Δy1−Δy2
L

ð13Þ

where αC, βC, and γC stand for the rotation errors around
x-, y-, and z-axes, respectively. PxC =Δx2 stands for the
translational errors along x-axis, PyC =Δy2 stands for the
translational errors along y-axis, and PzC =Δz stands for
the translational errors along the z-axis. Δx1, Δy1, Δz,
Δx2, and Δy2 can be acquired by the five displacement
sensors. L is a constant and notes the distance of the two
precision balls.

SPDF is an intermittent cutting process. And a circular
edge cutting tool with a radius of 5 mm is employed in
SPDF. Therefore, the work-piece surface generation along
feed-direction is determined by cutting interference phenom-
enon. The height z of a certain position P(x, y) is influenced by
several close intermittent cuttings which can be expressed by
the following equations:

yn ¼ R−
ffiffiffiffiffiffiffiffiffiffiffiffi
R2−x2

p
þ f ⋅

arcsin x=Rð Þ
ω

þ Yn ð14Þ

zn ¼ RT−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RT

2− y−ynð Þ2
q

ð15Þ
z ¼ min znð Þ ð16Þ

where Yn is the initial y location of several close intermit-
tent cutting trajectories, zn is the height under the influ-
ence of several close intermittent cutting trajectories, and
RT is the radius of the cutting tool. The surface simulation
can be carried out by combining the tool-tip cutting tra-
jectory, the cutting interference phenomenon and the dis-
placement of the cutting tool influenced by the spindle
motion errors.

Fig. 3 The measured three-dimensional topography and two-dimensional profile of the waviness errors along feed-direction
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4 Experimental results and discussions

The working condition plays an important role in SPDF pro-
cess. In this paper, all of the experiments with the special
SPDF are carried out in clean room, in which the temperature
is precisely controlled at about 21 °C and the humidity is
maintained at a stable level about 20%. Simultaneously, the
SPDF machine tools are specially placed on the vibration
isolation ground to minimize the environmental disturbance.
However, some waviness errors along feed-direction were

found on the machined KDP crystal surface recently while a
profiler ZYGO NEWVIEW 7200 (minimum measurement
better than 1 nm) was used to measure the surface topogra-
phies. It should be noted that the crystals are machined under
the following cutting parameters: cutting depth of 2 μm, feed
rate of 60 μm/s, and rotation speed of 590 rpm. Here, the
waviness errors appear despite of the rotation speed, and
590 rpm is just selected as an example. The measured three-
dimensional topography and 2D profile of the machined sur-
face are shown in Fig. 3. It can be seen that amplitude of the

Fig. 4 The frequency
characteristics of the spindle
motion errors. (a) spindle motion
errors along x direction, (b)
spindle motion errors along y and
z directions, and (c) spindle tilting
errors

Fig. 5 The influence mechanism
of two different frequencies (a)
influence mechanism of 1.1 Hz
motion errors and (b) influence
mechanism of 10.8 Hz motion
errors
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micro-waviness errors is about 22 nm, and the wavelength is
about 63 μm (time period about 1 s). These waviness errors
will deteriorate the optical performance of the KDP crystals,
and the main source should be identified.

In SPDF, the spindle directly influences the real cutting
trajectory of the cutting tool. Therefore, the motion errors of
the spindle are measured using the mentioned on-line mea-
surement to study the main source of the waviness errors. The
waviness errors possess strict periodicity. Thus, the key atten-
tion is paid to the frequency characteristics which are analyzed
by FFT method. The frequency components of the radial er-
rors in two measure planes are similar. Hence, the measured
results in the upper plane are selected to represent the radial
motion errors.

The frequency characteristics of radial errors along x direc-
tion, y direction, and the axial errors along z direction are
presented in Fig. 4a, b; it can be seen that the main frequency
components are below 50 Hz, which indicates that the low
frequency plays dominating roles in the spindle motion errors
and should be paid more attention to. Besides, it can be found
that the main components of the low frequency along x, y, and
z direction are similar. And they all possess dominating fre-
quencies of 19.8, 1.1, 9.7, and 10.8 Hz, which greatly influ-
ence the spindle motion and the machined surface. The fre-
quency characteristic of the spindle tilting errors is shown in
Fig. 4c; it can be found that the main components of the titling
motion are also accordant with the radial results, and the dom-
inating frequencies are 19.8, 1.1, 9.7, and 10.8 Hz. Among
these four main frequencies, 9.7 and 19.8 Hz are the onefold
and twofold frequencies of the rotation frequency,

respectively. They both belong to synchronous errors and
can make the real cutting location deviate from the ideal cut-
ting location. However, the deviation of the cutting location
can be neglected because of the same vibration phase along
feed-direction, which cannot generate thementioned waviness
errors.

The main frequency of 1.1 and 10.8 Hz belong to the asyn-
chronous errors, and their influence on the surface generation
in SPDF can be calculated by the transform model. Setting the
rotation frequency and asynchronous frequency as fR and fE,
respectively. The asynchronous errors can be expressed by Eq.
(17):

Z ¼ Δzsin 2π f Et þ φð Þ ð17Þ
where Δz notes the error amplitude. The phase will increase
Δφ per revolution, and it can be described by Eq. (18). The
waviness errors along feed-direction will generate when the
phase increase to 2π after several revolutions. Besides, the

Fig. 6 The dynamic
characteristics of the cutting tool,
(a) cutting trajectory, and motion
errors (b) frequency
characteristics

Table 1 The main frequencies of the cutting tool motion errors

Errors 1st 2nd 3rd 4th 5th 6th

Radial x 19.8 1.1 9.7 9 10.8 3.6

Radial y 9.7 19.8 1.1 9 10.8 29.5

Axial z 1.1 3.6 96 104 10.8 7.6

Tilting x 19.8 1.1 9.7 3.6 10.8 9

Tilting y 1.1 19.8 3.6 9.7 9 10.8

Total axial 29.5 9.7 19.8 8.8 10.9 13.3
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period and wavelength of the waviness errors can be described
by Eq. (19):

Δφ ¼ 2π
f E
f R

−N
� �

ð18Þ

T ¼ 1

Nf R− f Ej j ; Lw ¼ V f

Nf R− f Ej j ð19Þ

where N notes the closest inter of fE/fR, and Vf notes the
feeding speed. The frequency 1.1 Hz is specially fit for
the situation that N = 0, and the influence mechanism can
be explained by Fig. 5a. The frequency 10.8 Hz is fit for the
situation that N = 1 and the influence mechanism can be
expressed by Fig. 5b. Therefore, both of the two asynchro-
nous errors are likely to generate the waviness errors along
feed-direction, which needs further analyzed.

Then, the measured results of multi-direction errors are
substituted into the transform model to obtain the trajectory
and the axial motion errors of the cutting tool (shown in
Fig. 6a). The frequency characteristics of the cutting tool

motion errors are further shown in Fig. 6b, and the top six
frequencies of the spindle motion errors that have dominating
influence are summarized in Table. 1. It can be found that the
main asynchronous errors with frequency of 1.1 Hz disappear
while the 10.8 Hz still exist. Above all, the main source of the
waviness errors along feed-direction is the asynchronous er-
rors with frequency about 10.8 Hz.

The surface simulation considering the motion errors of the
cutting tool is shown in Fig. 7. It is clear that surface simula-
tion obtained the waviness errors along the feed-direction. The
wavelength of the simulated waviness errors is about 60 nm,
and the peak-to-valley value of the two-dimensional profile is
about 20 nm which is well coincident with the experimental
waviness errors. Thus, it validates that spindle motion errors
are the main source of the waviness errors along feed-direction
and the surface simulation based on on-line multi-direction
measurement can achieve well prediction of the machined
surface in SPDF.

As the spindle system adopts motorized spindle structure,
the performance ofmotor directly influences the spindle motion

Fig. 7 The three-dimensional topography and two-dimensional profile of the simulated surface

Fig. 8 The measured surface topography after optimization
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errors. The motor is controlled by analog control system which
is easier to be disturbed and may generate rotation fluctuation
when compared to digital control system. Thus, a method is
adopted by using the digital control system to restrain the gen-
eration of the waviness errors. Experiments are carried out un-
der the aforementioned cutting parameters to demonstrate the
effectiveness of the digital control method. Themachined result
is shown in Fig. 8. It can be found that the waviness has been
significantly restrained and the peak-to-valley value of the two-
dimensional profile has decreased from 20 to 10 nm.
Simultaneously, the frequency of the cutting tool motion errors
is analyzed and the result is shown in Fig. 9. It can be seen that
the asynchronous errors with frequency about 10.8 Hz disap-
pear. The experimental results clarify that the spindle rotation
fluctuation, which is introduced by the analog control system, is
the main source of the mentioned waviness errors along feed-
direction. And the waviness errors can be evidently restrained
by using digital control method.

In order to guide the practical processing and reduce ex-
ploration cost, experiments are carried out to study the motion
errors of the cutting tool by combining the on-line multi-di-
rection measurement and the error transformmodel. The RMS
of the radial motion errors under different rotation speeds are

shown in Fig. 10. It can be found that the total radial motion
errors decrease at first and then tend to be stable with the
increase of the rotation speed. And the total radial errors tend
to increase slightly when the rotation speed exceeds 400 rpm.
The radial asynchronous errors decrease with the increase of
the rotation speed while the radial synchronous errors increase
when the rotation speed exceeds 600 rpm, which means too
high rotation speed is not conducive to the machining quality
improvement due to the increased vibration.

The RMS of the axial motion errors under different rotation
speeds are shown in Fig. 11. It can be found that the total axial
motion errors are larger than the radial motion errors, which
mean the axial motion errors play dominating role in the sur-
face generation in SPDF. The total axial motion errors de-
crease at first and then tend to be stable with the increase of
the rotation speed. The axial asynchronous error decreases
with the increase of the rotation speed while the axial synchro-
nous errors have little increase when the rotation speed ex-
ceeds 400 rpm.

Above all, the cutting motion errors are relative small both
in radial and axial direction when the rotation speed is set
between 430 and 450 rpm, which contributes to improving
the surface quality in SPDF.

Fig. 9 The frequency
characteristics of the cutting tool
motion errors after optimization

Fig. 10 RMS of the radial motion errors under different rotation speeds Fig. 11 RMS of the axial motion errors under different rotation speeds
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5 Conclusions

In this paper, an on-line multi-direction measurement and an
error transform model are combined to investigate the main
source of the waviness errors along feed-direction based on
frequency analysis. The motion errors of the cutting tool at
different rotation speeds are further studied after optimization.
The following conclusions can be drawn from the study:

1. The method combining the on-line multi-direction mea-
surement, the error transform model, and frequency anal-
ysis is effective in investigating the waviness errors in
SPDF. And this method is useful for studying the motion
errors in different conditions.

2. The spindle rotation fluctuation, which is caused by the
analog control system, is determined to be the main
source of the waviness errors along feed-direction. And
changing the control system of the spindle from analog to
digital control can effectively eliminate the waviness
errors.

3. The motion errors both in the radial and axial directions
are relatively small when the rotation speed is set between
430 and 450 rpm, which contributes to better surface qual-
ity in SPDF.
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