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Abstract
Trochoidal milling is an alternative path planning strategy with the potential of increasing material removal rate per unit of
tool wear and therefore productivity cost while reducing cutting energy and improving tool performance. These charac-
teristics in addition to low radial immersion of the tool make trochoidal milling a desirable tool path in machining difficult-
to-cut alloys such as nickel-based superalloys. The objective of this work is to study the dynamic stability of trochoidal
milling and investigate the interaction of tool path parameters with stability behavior when machining IN718 superalloy.
While there exist a few published works on dynamics of circular milling (an approximated tool path for trochoidal
milling), this work addresses the dynamics of the actual trochoidal tool path. First, the chip geometry quantification
strategy is explained, then the chatter characteristic equation in trochoidal milling is formulated, and chatter stability lobes
are generated. It is shown that unlike a conventional end-milling operation where the geometry of chips remains constant
during the cut (resulting in a single chatter diagram representing the stability region), trochoidal milling chatter diagrams
evolve in time with the change in geometry (plus cutter entering and exiting angles) of each chip. The limit of the critical
depth of cut is compared with conventional end milling and shown that the depth of cut can be increased up to ten times
while preserving stability. Finally, the displacement response of the cutting tool is simulated in the time domain for stable
and unstable cutting regions; numerical simulation and theoretical results are compared.

Keywords Trochoidal milling . Dynamic stability . Superalloys . IN718

1 Introduction

With rapid advancements in transportation and power gener-
ation industries, a demand for advanced nickel-based superal-
loys is on the rise [1]. High strength and corrosion resistivity
of these alloys are the two most important factors that make
nickel-based superalloy an excellent candidate for high tem-
perature and pressure environments. However, cutting these
alloys is extremely difficult due to their strength and low ther-
mal conductivity which leads to a temperature rise at the tool-
workpiece interface and premature failure of the tool due to
excessive notch wear [2]. As a result, a significant amount of
work is published to address various metallurgical and ma-
chinability characteristics of superalloys. The recent articles
published by Thakur et al. and Zhu et al. are extensively
reviewing those aspects [2, 3]. Within the past decade, the
emergence of low-cost sensing technologies and availability
of machine data through open-source standards such as
MTConnect have opened new doors for affordablemonitoring
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strategies outside of research laboratories with high technolo-
gy readiness level. In superalloy machining, monitoring the
state of the machining operation becomes critical due to high
cost of material and tooling. An unexpected tool failure results
in re-work or scrapping of the workpiece and therefore reve-
nue loss. Deterministic-based monitoring strategies such as
neural network [4, 5], or support vector machine [6, 7] and
stochastic-based monitoring such as Kalman and particle fil-
ters [8–10], hiddenMarkovmodels [11], or random forest [12]
for tool wear monitoring (specifically tool flank wear) have
shown degrees of success by various researchers. Even though
there is a significant body of work on monitoring strategies,
one specific alternative solution for improving machining pro-
ductivity is left out by many researchers. Cutting strategies
such as circular or trochoidal milling are alternative path plan-
ning solutions that have been recently introduced into CAM
software packages. Pleta et al. demonstrated that using a tro-
choidal milling strategy, it is possible to achieve up to 600%
increase in material removed per unit of tool wear in compar-
ison with a similar end-milling strategy in cutting IN738 su-
peralloy, which shows the significance of this alternative cut-
ting strategy to increase productivity [13].

In general, trochoidal milling can be studied in four steps,
shown as a knowledge tree in Fig. 1. The first step is chip
thickness and force modeling. Kardes and Altintas [14] as
well as Otkur and Lazoglu [15] were the first to introduce a
model of chip thickness for trochoidal milling. However, their
modeling strategy is a simplified trochoidal tool path estima-
tion which considers circular motion of the tool center inde-
pendent of a secondary step in feed direction. In contrast, the
actual trochoidal tool path is a superposition of tool circular
and translational motions in the feed direction (to avoid con-
fusion, the term “circular milling” is used in this article to
distinguish the simplified tool path). Deng et al. used the same
formulation and studied circular tool path in corner machining
[16]. The relation between material removal rate and machin-
ing time with respect to cutting force were investigated and
optimal parameter selection strategy was laid out. In [17], a

new chip thickness model based on numerical intersection-
finding algorithm was proposed for the actual trochoidal path
which was shown to be capable of generating the exact uncut
chip geometry. The simulated and experimental forces were
compared, and corresponding error was quantified.

The second step in studying trochoidal milling is stability
prediction and chatter analysis. To the best of authors’ knowl-
edge only two articles have discussed this matter, and only for
the simpler circular milling case. In [14], two methods of
frequency domain solution and time finite element analysis
were used to create the stability lobe diagram of circular mill-
ing; stable and unstable regions were identified. The same
approach was taken by Yan et al. in circular milling of steel
alloy as well [18]. Tool path planning and NC programming is
the next step in the knowledge tree of trochoidal milling.
Optimization of trochoidal parameters to improve machining
time and productivity was studied by Rouch et al. [19]. In [20,
21], the effect of trochoidal path parameters on tool life and
forces were studied in high speed operations. The energy de-
mand, effective cutting time and material removal rate in con-
ventional milling was compared with trochoidal milling in
[22] and it was shown that higher material removal rate is
achievable in trochoidal milling with the cost of higher power
consumption. Finally, the last portion of the trochoidal knowl-
edge tree is the degree of effect on the machining affected
zone which is one of the most important aspects governing
the resultant workpiece life behavior. From the industrial
standpoint, trochoidal milling allows for low radial immersion
and high axial depth of cut in cutting. The low radial immer-
sion can cause an increase in temperature due to plowing
effect of the tool on the surface of the workpiece and high
axial depth of cut can induce excessive residual stress beneath
the surface. Since this alternative tool path is used for cutting
difficult-to-machine materials, such as nickel-based superal-
loys or titanium-based alloys, it is very important to be able to
quantify the degree of microstructural damage in both radial
and axial directions and to investigate the machining affected
zone region.While, there are limited attempts to study the first

Fig. 1 Knowledge tree in trochoidal milling
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three aspects in trochoidal knowledge tree of Fig. 1, the effect
of tool path on machining affected area is left blank so far.

As it was explained in the literature review, there are only
few articles [14–16] that proposed a methodology for mechan-
ics of trochoidal milling (i.e., chip thickness and force model-
ing). All these articles simplified the trochoidal tool path to
circular tool path and therefore their solution is an approxima-
tion. In the previous work of the authors [17], the methodology
for constructing the exact chip geometry was provided and
static force was simulated with consideration of infinite rigidity
of the tool. In this work, the infinite rigidity assumption of the
cutting tool will be removed and cutting dynamics of the oper-
ation will be studied. Therefore, the objective of this work is to
study the dynamic stability and vibrational response of the cut-
ting tool in the actual trochoidal tool path. Furthermore, the
workpiece material is chosen as IN718 to purposefully show-
case the application and proper trochoidal path parameter se-
lection suitable for difficult-to-machine superalloys. The orga-
nization of this work is as follows: the chip thickness formula-
tion for chatter stability prediction and time domain simulation
of trochoidal milling are discussed in Section 2. In Section 3,
the experimental setup for system identification and design of
experiment is given. Results and comparison of stability lobe
diagrams in trochoidal milling and conventional end-milling is
discussed in Section 4, followed by a time domain study of
cutting tool vibration. Finally, the conclusion and future direc-
tions of the work is given in Section 5.

2 Theoretical background

2.1 Trochoidal tool path and chip formation

The trochoidal tool path can be expressed by three main param-
eters, namely: rotation rate (i.e., spindle rpm denoted as θ̇ ),
nutation rate (denoted as ϕ̇ ), and step-over feed rate (denoted as
v). The trajectorial motion of the tool tip in x- and y-directions is
given by Eqs. 1 and 2, where Rcp is the radius of tool center, Rd
is radius of the cutting tool, and t is time. Unlike conventional
up- (or down-)milling, where the chip geometry profile remains
constant during the cut, in trochoidal milling, chip geometry
changes over the nutation cycle. This is shown in Fig. 2 where
the chip geometry at the start, middle, and end of a nutation in
trochoidal milling is compared with slot milling.

X t ¼ Rcpcos ϕ˙ t
� �þ Rtcos −

2π
60

θ˙ t
� �

ð1Þ

Y t ¼ Rcpsin ϕ˙ t
� �þ Rtsin −

2π
60

θ˙ t
� �

þ vt ð2Þ

Contrary to conventional milling, where chip thickness, de-
noted as h(t) in Fig. 2b, can be approximated with a closed form

solution, in trochoidal milling, a closed form solution to repre-
sent chip geometries cannot be directly calculated. As a result,
numerical approximation techniques must be utilized to calcu-
late the chip thickness. The authors previously published an
article detailing a method of finding chip thickness in trochoidal
milling through a numerical intersection method [17]. In that
work, a detailed algorithm was discussed for single- and multi-
tooth cutters. Therefore, the chip thickness derivation will not
be discussed to avoid duplicity and results (i.e., calculated uncut
chip thickness, corresponding simulated tangential, and radial
forces) will be shown without proof. Assuming a positive di-
rection convention for forces in Cartesian and polar coordinates
is shown in Fig. 3, uncut chip thickness and cutting force evo-
lution over time can be found (see [17] for details).

Simulated cutting forces in Fig. 3c were derived with an
assumption of rigid tool (i.e., no vibrational effect). As shown
in Eq. 3, tangential force (denoted as FT) and radial force
(denoted as FR) are the product of chip area and tangential
and normal cutting pressure coefficients denoted as KT and
KR respectively. Utilizing the rotation matrix R shown in Eq.
4, the tangential and radial forces can be projected into x- and
y-directions. Note that, the parameter b in Eq. 3 represents
axial depth of cut and Kte and Kre are edge coefficients
representing the frictional force due to tool wear.

FT ¼ KTbhþ Kteb
FR ¼ KRbhþ Kreb

ð3Þ

FX FY½ �T ¼ R FT FR½ �T ; R

¼ −sin θð Þ −cos θð Þ
−cos θð Þ sin θð Þ

� �
ð4Þ

2.2 Fourier series approach for dynamic stability
analysis in trochoidal milling

Altintas and Budak [23] developed a method for dynamic sta-
bility prediction in milling based on Fourier series approach.
The method described in [23] targeted the conventional slot-
milling operation where same chip geometry is created per tool
rotation. As shown in Fig. 2b, in slot milling, the cutter entering
and exiting angles remain constant per chip. In trochoidal tool
path however, the entering and existing angles of the tool are
constantly changing per chip and therefore, the resultant formu-
lation proposed in [23] cannot be used directly.

Considering a non-rigid tool, the instantaneous chip thick-
ness h for a given chip {N} can be written as Eq. 5, where hnom
is the nominal uncut chip thickness (derived using numerical
algorithm described in [17]), Rprev is the vibrational contribu-
tion of previous cutter or previous nutation on the given chip,
Rcurr is the vibrational contribution of the current cutter on the
given chip, and g(θ) is a switching function with its value
equal to unity when the cutter is engaged in the cut.
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Considering negligible frictional effect on the flank face of the
tool (i.e., Kre =Kte = 0), Eq. 5 is substituted in Eq. 3 to obtain
dynamic cutting forces in x- and y-directions and is shown in
Eq. 6 (see Appendix B for mathematical derivation). Note that
the positive direction of forces in x- and y- and normal to the
surface are shown in Fig. 3a.

h Nf g θð Þ ¼ h Nf g
nom−Rprev þ Rcurr

� 	
g θð Þ ð5Þ

FX

FY

� �
¼ 1

2
bKT A½ � Δx

Δy

� �
ð6Þ

In Eq. 6, matrix A is known as the time-dependent force
coefficient matrix which depends on chip entering and exiting
angles and is calculated as in Eq. 7. Here, parameter γ repre-
sents the ratio of radial to tangential cutting pressure coeffi-
cients (=KR/KT), θi is the instantaneous cutter angle which is a
function of time and Nt is the number of cutting edges. To
remove the time dependency from matrix A, Altintas and
Budak first suggested to take a Fourier transform from A and
then keep the constant Fourier coefficient as an approximation
of the original matrix A; thus its time-dependency can be
eliminated [23]. In Eq. 8, the constant Fourier coefficient of
matrix A is given. The integral should be taken over a com-
plete tool rotation. Since in trochoidal milling, the cutter

engagement angle varies and is dependent on the chip geom-
etry, the constant Ac in Eq. 8 varies for each chip and needs to
be updated per tool nutation angle based on the cutters’ enter-
ing and existing angles. For instance, for a double-flute cutting
tool shown in Fig. 4 (where two chips are produced per one
full rotation of the tool), the A matrix should be calculated as
in Eq. 9.

A½ � ¼ axx axy
ayx ayy

� �
¼

∑
i¼1

Nt

g θið Þ sin 2θið Þ þ γ 1þ cos 2θið Þð Þð Þ ∑
i¼1

Nt

g θið Þ 1−cos 2θið Þ þ γsin 2θið Þð Þ

∑
i¼1

Nt

g θið Þ 1þ cos 2θið Þ−γsin 2θið Þð Þ ∑
i¼1

Nt

g θið Þ sin 2θið Þ−γ 1−cos 2θið Þð Þð Þ

2
6664

3
7775

ð7Þ

A½ �≈ Ac½ � ¼ 1

2π
∫
2π

0
A½ �dθ ¼ 1

2π
∫

θenter

θexit

A½ �dθ ¼ aixx aixy
aiyx aiyy

� �
ð8Þ

Double-flute tool in Fig. 4:

Ac½ � ¼ 1

2π
∫

θenter c2

θexit c1

A θc1ð Þ½ �dθc1 þ ∫
θenter c2

θexit c2

A θc2ð Þ½ �dθc2
" #

ð9Þ

Considering Eq. 10 as the general definition of a fre-
quency response function (FRF), the characteristic

Fig. 2 Geometrical chip shape representation for (a) trochoidal milling, and (b) conventional end milling

Fig. 3 Uncut chip thickness (and simulated cutting forces) varies
during a nutation in trochoidal milling, (a) positive direction
convention; (b) chip thickness evolution for single flute tool with θ̇

=300 rpm, ϕ̇ =0.64 rad/s, and v = 0.05 mm/s; and (c) simulated cutting
forces in x- and y-directions for axial depth of cut of 0.5 mm
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equation of trochoidal milling dynamics can be derived as
in Eq. 11 (see Appendix C for mathematical derivation). In
Eq. 10, [Xcurr Ycurr]

T is the vibration contribution of the
current cutter, [Xprev Yprev]

T is the vibration contribution
of previous cutter pass, τ is the tooth passing period, ωc

is the chatter frequency, and I is the identify matrix.
Equation 11 is similar to the characteristic equation of con-
ventional milling given in [23]. However, the matrix Ac

needs to be updated based on the chip geometry (i.e., cutter
entering and exiting angles).

X curr

Y curr

� �
¼ FRFXX 0

0 FRFYY

� �
FX

FY

� �
e−iωct AND

X prev

Y prev

� �

¼ FRFXX 0
0 FRFYY

� �
FX

FY

� �
e−iωc t−τð Þ

ð10Þ

det I−
1

2
bKT 1−e−iωcτ

� �
Ac½ � FRFXX 0

0 FRFYY

� �� �
¼ 0 ð11Þ

Defining the product of Ac and FRF matrices as FRForient,
Eq. 11 can be reformulated as Eq. 12. By rewriting the param-
eter λ in Eq. 13 as a complex number and solving for b, the
axial depth of cut for initiation of chatter can be derived as in
Eq. 14. Here, the parameter η (given in Eq. 15) is derived based
on the assumption that axial depth of cut must be a real number,
and therefore the imaginary part (λimag) in Eq. 13 must be zero.
The chatter dependent spindle speed (ϖ) is calculated similar to
conventional milling and is given in Eq. 16, where n is an
integer number starting from zero. Combining Eqs. 14 to 16
creates the chatter stability diagram for trochoidal milling.

det FRForient−λIð Þ ¼ 0 ; λ ¼ 2

bKT 1−e−iωcτð Þ ð12Þ

λ ¼ 2

bKT 1−e−iωcτð Þ ¼ λreal þ iλimag

→
Solving for b

b ¼ 2

KT

λreal 1−cos ωcτð Þð Þ−λimagsin ωcτð Þ
2 1−cos ωcτð Þð Þ λ2

real þ λ2
imag

� 	 þ i
−λrealsin ωcτð Þ−λimag 1−cos ωcτð Þð Þ� �
2 1−cos ωcτð Þð Þ λ2

real þ λ2
imag

� 	
2
4

3
5 ð13Þ

blim ¼ λreal 1þ η2ð Þ
KT λ2

real þ λ2
imag

� 	 ð14Þ

η ¼ λimag

λreal
¼ sin ωcτð Þ

−1þ cos ωcτð Þ ð15Þ

ϖ ¼ 60ωc

N t π−2tan−1 ηð Þ þ 2πnð Þ ð16Þ

2.3 Time domain approach for local dynamic stability
analysis in trochoidal milling

In addition to chatter stability which provides insight on
stable/unstable cutting regions in trochoidal milling, time do-
main simulation can be utilized to investigate the dynamic

behavior of the cutting tool in a given cutting condition. The
dynamic equation of motion in both x- and y-directions is
given in Eq. 17, where M is mass, C is damping, and K is
stiffness matrices. Equation 17 can be solved numerically
using Euler approximation as in Eqs. 18 to 20 to obtain the
tool displacements in x- and y-directions. In these equations, n
is an integer number starting from one and dt is the time-step.

M€x tð Þ þ Cx˙ tð Þ þ Kx tð Þ ¼ FX tð Þ
M€y tð Þ þ Cy˙ tð Þ þ Kx tð Þ ¼ FY tð Þ

�
ð17Þ

€x tnð Þ ¼ FX tnð Þ−cxẋ tnð Þ−kxx tnð Þ
mx

; €y tnð Þ

¼ FY tnð Þ−cyẏ tnð Þ−kyy tnð Þ
my

ð18Þ

Fig. 4 Entering and existing angles of the cutter varies over time in trochoidal milling
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x˙ tnð Þ ¼ x˙ tn−1ð Þ þ €x tnð Þdt ; y˙ tnð Þ ¼ y˙ tn−1ð Þ þ €y tnð Þdt ð19Þ

x tnð Þ ¼ x tn−1ð Þ þ x˙ tnð Þdt ; y tnð Þ ¼ y tn−1ð Þ þ y˙ tnð Þdt ð20Þ

Considering the positive directions of Cartesian and polar
coordinates shown in Fig. 3a, the magnitude of FX and FY can
be written as Eq. 21. Where ϑ and ρ are switching functions and

Fig. 6 System dynamics characterization via modal testing unit

Fig. 5 Three regions create a chip in trochoidal milling; instantaneous chip thickness is initially affected byR3 when the tool enters the cut and then by R2

while the tool exits the cut

Fig. 7 Comparison of simulated and measured FRF in x-direction, (a) real part and (b) imaginary part

1410 Int J Adv Manuf Technol (2019) 102:1405–1419



τR2 and τR3 are the times that the tool is cutting through regions
R2 and R3 in Fig. 5. Note that instantaneous chip thickness (h)
follows the same formulation as in Eq. 5, except that the angle of
rotation (θ) is replaced with time (t). Considering Fig. 5, where
three regions comprising a chip are shown with different colors,
the vibration of the non-rigid tool is reflected on region R1 where
the cutter is currently located (the normal vibration magnitude is
shown as Rcurr(t) in Eq. 21). The previously generated vibration
on the surface can be decomposed into two regions. Region R3

represents the vibrational contribution of previous nutation of the
tool and region R2 represents the vibrational contribution of the
previous cutter pass. When the tool enters the cut, the instanta-
neous chip thickness is affected by current vibration of the tool
and vibration on R3 (i.e., previous nutation vibration). At some
point in the cut, the cutter passes the region R3 and enters the
region R2. After this point, the instantaneous chip thickness is
affected by the current vibration of the tool as well as the vibra-
tion onR2 (i.e., previous cutter vibration). As a result, a switching
function is required for both regions R2 and R3 to isolate the
effect of each region on chip thickness (see Eq. 22)

FX tð Þ ¼ −sin θð ÞFT−cos θð ÞFR ¼ −sin θð ÞKtbh tð Þ−cos θð ÞKrbh tð Þ
FY tð Þ ¼ −cos θð ÞFT þ sin θð ÞFR ¼ −cos θð ÞKtbh tð Þ þ sin θð ÞKrbh tð Þ
where h tð Þ ¼ hnom tð Þ−Rprev t−ϑ tð ÞτR2−ρ tð ÞτR3ð Þ þ Rcurr tð Þ

� �
g tð Þ

2
64

ð21Þ

ϑ tð Þ ¼ 1 t∈R2

0 t∉R2
; ρ tð Þ ¼ 1 t∈R3

0 t∉R3




ð22Þ

3 Experimental setup

3.1 Modal parameters identification

All the tests were conducted on a 5-axis OKUMAMU-5000V
CNC machine with Sandvik R390-016EH16-11L double-flute
tool holder and Sandvik Coromill R390-11T308M-PM-1030
carbide inserts with tool radius (Rd) of 7.94 mm. Modal testing

was carried out with an impact hammer with a medium-impact
tip for excitation of the “tool-spindle” dynamic system in order
to identify modal parameters. The vibration response of the
system was captured through an accelerometer (sensitivity
5 mV/g, resolution 0.03 m/s2 rms) attached to the modal ham-
mer (sensitivity 1.1 mV/N, resolution ± 4448 N pk). Both ex-
citation force and vibration response signals were later convert-
ed in signal analyzer from time domain into frequency domain
to generate direct FRF in x- and y-directions (see Fig. 6).

To be able to extract the modal mass, stiffness, and damping
from FRF measurements, a peak picking method was utilized
(see Appendix A for details). As shown in Fig. 6, four mode
shapes are visually detectable in x-direction (and also y-direction,
which is not shown here) up to the frequency range of 5 kHz. In
this figure, the parameter ζi is the damping ratio, ki is the modal
stiffness, ωi is the natural frequency, and i ϵ {1,2,3,4}. The sim-
ulated FRF is compared with the measured FRF in Fig. 7, where
a good degree of agreement can be observed. The error was
quantified between simulated and measured values of real FRF
in local extrema points, and maximum error of 30% was ob-
served which occurs around the 3rd natural frequency. The same
process was repeated to identify modal parameters in y-direction.
In Table 1, the identified modal parameters are summarized.

All the testing sampleswere cut from a block of IN718 nickel-
based superalloy to ensure consistency in the microstructure and
mechanical behavior of samples. The force signal was captured
with sampling frequency of 5 kHz using a Kistler 9257B piezo-
electric dynamometer. The Design of Experiments (DoE) table

with trochoidal tool path parameters (θ̇, ϕ̇, and v) and

Table 1 Identified modal parameters in both x- and y- directions

Modal properties in x-direction

Mode [#] ωnx [Hz] mx [kg] cx [N.m/s] kx [N/m]

1 1573 106 1.2 × 103 2.6 × 108

2 2443 23 308 1.4 × 108

3 2556 28 295 1.8 × 108

4 3178 2.4 26 2.4 × 107

Modal properties in y-direction

Mode [#] ωny [Hz] my [kg] cy [N.m/s] ky [N/m]

1 1481 148 1.9 × 103 3.2 × 108

2 2411 32 347 1.9 × 108

3 2562 18 296 1.2 × 108

4 3173 2.5 22 2.46 × 107

Table 2 DoE table for trochoidal milling with double-flute tool; tool
rotation radius (Rcp) was selected as 10.06 mm in all the experiments

CNC machine equivalent
parameters

Trochoidal tool path parameters

Number
[#]

Step-over
feedrate ν
[mm/s]

Nutation
rate ϕ̇
[rad/s]

Rotational
rate θ̇
[RPM]

Axial
depth
of cut
b[mm]

Feed per
tooth
f [mm/
tooth]

T1 0.025 0.3 400 0.50 0.357

T2 0.025 0.5 1200 1.00 0.198

T3 0.025 0.7 600 0.75 0.556

Table 3 Identified cutting pressure coefficients for each experiment

Number [#] Tangential cutting
pressure coeff. KT [N/mm2]

Radial cutting
pressure coeff. KR [N/mm2]

T1 4891 3044

T2 5252 4516

T3 5097 2690

Int J Adv Manuf Technol (2019) 102:1405–1419 1411



corresponding machine parameters (RPM, feed per tooth) are
given in Table 2 (refer to [17] on the process of converting
trochoidal tool path parameters to machine parameters). High
strength and poor thermal conductivity of IN718 superalloy ex-
pose the cutting tool to extremely high pressure and temperature
which could potentially reduce the tool lifetime or make it prone
to premature catastrophic failure. Therefore, there are practical
challenges in increasing spindle speed and depth of cut in cutting
IN718 and many trial tests were carried out to identify the feasi-
ble regions of machining in which the cutting tool lasts for a slot
length of 80 mm. To avoid tool wear effects on the simulation

results, it was decided to stop the experiments intermittently and
to measure the tool wear in order to ensure that flank wear does
not exceed 40 μm.

The tangential and radial cutting pressure coefficients (KT and
KR) were calculated for each test after converting the measured
forces (FX and FY) into polar coordinate and dividing FT and FR
by calculated chip thickness. The calculated cutting pressure co-
efficients for all the experiments are given in Table 3. The calcu-
lated chip thickness and measured cutting forces for the experi-
ment T1 are given in Fig. 8 to provide an example of chip
thickness and force variation over time.

Fig. 8 Cutting pressure coefficients are calculated using the a simulated uncut chip thickness and b measured forces—results are given for
experiment T1

Fig. 9 Dynamic stability curve, evolution per chip in experiment T1, a stability curves for the beginning, middle, and end of a full nutation; and b
complete stability curves for a full nutation (total of 136 chips)

Fig. 10 Chatter stability limit for a trochoidal test T1 and b slot milling test

1412 Int J Adv Manuf Technol (2019) 102:1405–1419



4 Results and discussion

4.1 Chatter stability in Trochoidal milling

Using Eqs. 14 to 16, chatter stability curves can be created for the
trochoidal tool path. As mentioned in Section 2.2, due to the
change in shape and orientation (i.e., change in tool entering
and exiting angles) of the chips in a full nutation of the tool, the
matrix A in Eq. 7 needs to be updated for each individual chip.
This leads to generation of a family of unique chatter curves per
chip that evolve over time. To better demonstrate this, the stability
curve for only four chips at the beginning ([θenter, θexit]Chip #
10 = [31

o, 12o]), middle ([θenter, θexit]Chip # 42 = [81
o, 52o] and

[θenter, θexit]Chip # 82 = [132o, 104o]), and near the end
([θenter, θexit]Chip # 122 = [172

o, 155o]) of a full nutation is shown
in Fig. 9a. As in this figure, each chip has its own stability criteria
and critical depth of cut limit evolves with the nutation of the tool.
It is observed that at the beginning and the end of the cut where
chip thickness is the least, the depth of cut limit (blim) has the
highest value, whereas in the middle of the cut where the chip
thickness reaches its peak, the blim reaches its minimum.

The tangential cutting pressure coefficients directly affects
the limit of the axial depth of cut (see Eq. 14); therefore it is
necessary to reevaluate the stability curves based on cutting
pressure coefficients for all three experiments of Table 2. This
is shown in Figs. 10a, 11a, and 12a. It is also worth comparing

Fig. 11 Chatter stability limit for a trochoidal test T2 and b slot milling test

Fig. 12 Chatter stability limit for a trochoidal test T3 and b slot milling test

Fig. 13 Simulated displacement and force in test T1, a tool displacement in full nutation, b detailed vibrational response of the hatched area, and c
comparison of simulated and experimental force of the hatched area
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the stability curves and limit of axial depth of cut between
trochoidal and conventional end-milling scenarios. Assuming
KT = 5080 MPa and γ = 0.65 as the average of KT and γ values
in Table 3, the slot milling stability diagram can be generated.
As shown in Figs. 10b, 11b, and 12b, the depth of cut limit for
slot milling is significantly smaller (at least ten times) than
trochoidal milling tests which can be attributed to the partial
engagement of the cutter in trochoidal milling. As discussed in
[17], low radial engagement in trochoidal milling provides the
opportunity to the user to greatly increase the depth of cut while
maintaining the stability of the machining process. The higher
depth of cut allows for higher volume of material removed
which leads to increased productivity in comparison to conven-
tional end-milling strategy, a significantly critical factor in
selecting proper tool path from industrial standpoint.

4.2 Time domain simulation of tool vibration
in trochoidal milling

Considering the second order dynamic equation of motion giv-
en in Eq. 17 and identified modal parameters of tool-spindle-
machine system given in Table 1, a time domain simulation can
be conducted for each experiment. For simplicity and decreas-
ing run-time in the simulation, it is assumed that the tool vi-
brates as a single-degree of freedom systemwith dynamic char-
acteristics of themodewith lowest stiffness (mode 4 in Table 1).
In addition, the boundary conditions of the tool (i.e., initial
displacement and velocity in both x- and y-coordinates) are

set equal to zero to initiate the numerical simulation. As ex-
plained in Section 2.3 and shown in Fig. 5, initially when the
cutter enters the chip, the instantaneous chip thickness is affect-
ed by vibrational contribution of previous nutation (term Rprev

t−ρ tð ÞτR3ð Þ in Eq. 21). At some point in the middle of the cut,
this vibrational contribution shifts from previous nutation to
previous cutter (term Rprev t−ϑ tð ÞτR2ð Þ in Eq. 21). Therefore,
to be able to truly capture the tool’s displacement effect on chip
thickness, the simulation should be executed for two consecu-
tive nutations. In the first nutation (0o < ϕ < 180o), no vibration-
al effect due to R3 (see Fig. 5) is assumed and Rprevðt−ρ tð ÞτR3

in Eq. 21 is set equal to zero. Therefore, the instantaneous chip
thickness is assumed to be only affected by the cutter’s current
vibration and the previous cutter vibration (i.e. vibration created
in R2). The tool displacement results are saved to be used for a
second nutation (where a portion of R1 defines region R3 of
second nutation). This way, the time domain simulation pro-
duces tool displacement results considering both the vibrational
contribution of the previous nutation and previous cutter pass.

Fig. 14 Simulated displacement and force in test T2, a tool displacement in full nutation, b detailed vibrational response of the hatched area, and c
comparison of simulated and experimental force of the hatched area

Fig. 15 Simulated displacement and force in test T3, a tool displacement in full nutation, b detailed vibrational response of the hatched area, and c
comparison of simulated and experimental force of the hatched area

Table 4 Selected modal
properties in x- and y-
direction

x-direction

mx [kg] cx [N.m/s] kx [N/m]

10.6 34.5 2.4 × 105

y-direction

my [kg] cy [N.m/s] ky [N/m]

10.9 29.1 2.4 × 104
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The tool vibration and simulated force results are given
Figs. 13, 14, and 15 for all three experiments. As can be inferred
from chatter stability curves discussed in Section 4.1, the tool
remains in stable cutting region in all the experiments. This can
also be seen in Figs. 13a, 14a, and 15a, where the tool vibration
does not exceed 20 μm in both x- and y-directions. The free
vibration of the tool with its natural frequency is also observable
at the point where the cutter exits the chip in Figs. 13b, 14b, and

15b. Moreover, the simulated dynamic force is compared with
the measured force in the region where the maximum force
occurs and is given in Figs. 13c, 14c, and 15c. Note that the
small displacement of the tool particularly in tests T1 and T3
does not affect the cutting force significantly. However, a large
displacement was observed in test T2 (~ 20 μm) with its mag-
nitude is comparable to the maximum chip thickness generated
in this test (~ 45 μm). As a result, significant jitter in simulated
cutting force is observable in Fig. 14c.

To be able to simulate the dynamic force and displacement of
the tool and transition from stable to unstable (chatter) regions,
two criteria are required. First, in a given spindle rotation, in-
creasing the axial depth of cut and second in a given depth of
cut, increasing the spindle rotation will initiate chatter. From a
practical point of view, this is not feasible in cutting IN718
nickel-based superalloys. As explained in Section 1, the ex-
tremely high strength and low thermal conductivity of this alloy
restrict the user’s choice of cutting parameters to a small region.
The authors conducted experiments in spindle speeds beyond
2000 RPM but catastrophic failure of the tool was commonly
observed during the first nutation. Therefore, the range between
600 and 1500 RPMwas selected for the DoE which also agrees
with the tool manufacturer heuristic cutting criteria suggestions
in trochoidal milling of nickel-based superalloys. It should be
noted that in these selected range of spindle speeds, the limiting
depth of cut to initiate chatter is above 8 mm, which makes

Fig. 18 FFT analysis on the simulated tool displacement, a stable cutting with b = 0.15 mm and, b unstable cutting with b = 0.32 mm

Fig. 17 Tool displacement in a given spindle rotation and variable depth of cut, a stable cut with depth of cut of 0.15 mm, b premature chatter with depth
of cut of 0.22 mm, and c unstable cut with depth of cut of 0.32 mm

Fig. 16 Stability diagram for a spindle system with a given modal
parameters in Table 4, three depths of cut in constant rotation rate of
1100RPM is chosen for time domain simulation
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testing stability of machining IN718 nearly impossible due to
the combination of high material strength and high chip load in
comparison to limited strength of the cutting tool. Therefore, it
was decided to simulate the machine response in the stable,
transition, and unstable zones in a more compliant machine
defined by the modal parameters given in Table 4. First, the
chatter stability diagram in trochoidal milling for a test with
cutting parameters (ϕ̇ = 0.4 rad/s, θ̇ = 1100 RPM, and vfeed =
0.05mm/s) is created and is shown in Fig. 16. The green zone in
Fig. 16 is a region where no chatter should be observed. By
increasing the depth of cut, the tool enters a transitional zone
between stable and unstable cut. In other words, the tool un-
dergoes chatter in only a portion of chips and in the rest of the
other chips, the tool stays in stable region (premature chatter).
By increasing the depth of cut to 0.32 mm, the tool remains in
unstable region for more than 80% of the chips, and therefore
chatter occurs throughout the full nutation of the tool. The dis-
placement of the tool is given in Fig. 17 for all three depths of
cut. Note that the y-axis in Fig. 17 is chosen based onmaximum
displacement in order to enable the reader to compare the over-
all tool displacement in stable (maximum displacement of
16 μm), premature chatter (maximum displacement of
40 μm), and chatter regions (maximum displacement of
140 μm, where tool disengagement was observed).

The time domain simulation in stable and unstable cuts must
contain information of the tooth passing and natural frequencies.
Therefore, a fast Fourier transform (FFT) was performed on the
displacement signal (in x-direction only); the results are shown in
Fig. 18. As can be seen in Fig. 18a, in the stable cutting region
(b= 0.15 mm), the energy of the natural frequency is significant-
ly lower than the energy of the tooth passing frequency.
However, in Fig. 18bwhere the tool vibrates in the chatter region,
a significant spike in the energy of the signal around the natural
frequency is observed. The simulated natural frequency and tooth
passing frequency based on FFT analysis is compared with the

theoretical natural frequency (=
ffiffiffiffiffiffiffiffiffiffiffiffi
kx=mx

p
from Table 4) and tooth

passing frequency (= 1100� 2
60 Hz) in Table 5.

5 Summary, conclusions, and future
directions

The objective of this work was to investigate the effect of the
trochoidal tool path on stability in milling IN718 nickel-based
superalloy. In the previous work of the authors, a chip thick-
ness model based on a numerical intersection-finding method

was established for a rigid tool-spindle system. In this work,
the assumption of tool-spindle rigidity was removed, and the
non-rigid dynamic system was analyzed and proper formula-
tion extracted to establish chatter stability curves for true tro-
choidal milling. Furthermore, a time domain simulation was
performed to study the instantaneous chip thickness and tool
displacement. The summary of the work is given below:

& The fast Fourier approach for establishing milling stability
proposed in [23] was reformulated to account for variable
chip thickness and chip geometry in the trochoidal tool path.
It was shown that since the tool enters and exits each chip
with different angles, a unique stability curve must be attrib-
uted to each individual chip, where the critical depth of cut
(blim) varies based on thickness and orientation. In other
words, it is possible in trochoidal milling to select a depth
of cut higher than the smallest critical depth of cut (b-
lim_minimum) and still avoid chatter since chatter is initiated
in only a portion of the chips with their individual blim bigger
than selected depth of cut, while the rest of the chips do not
undergo any chatter. As a result, full vibrational instability
remains premature and chatter can be avoided.

& Modal testing was conducted to extract the modal parameters
of the spindle-tool system and local stability of the tests was
studied in a time domain simulation. It was shown that the
results of time domain simulation can capture stability or in-
stability of the cut. FFT analysis was also performed on the
simulated tool displacement with an expectation to detect a
natural frequencywith high spectral energy in the unstable cut.

Combining the results of this work on dynamic stability anal-
ysis of trochoidal milling and previous work of authors on static
chip thickness modeling provides a comprehensive framework to
the user to better understand the process and be able to fine-tune it
before running extensive trial testing. This is of significant impor-
tance when working with nickel-based superalloys, where mate-
rial and tooling cost are major challenges for industrial users.
While this work is establishing a groundwork of dynamic stability
analysis in trochoidal milling, there is still room for improvement.
First, the Fourier approach used for formulating the stability curves
is mostly accurate for a milling operation with high radial immer-
sion. However, trochoidal milling is considered as a low radial
immersion process and therefore the methods of stability analysis
based on low radial immersion [24, 25] need to be investigated
and benchmarked with current methods; this is a future direction
of this work. Also, tool wear is a critical factor in cutting superal-
loys. To avoid wear effects on cutting pressure coefficients and
stability prediction, the operation was stopped before tool flank
wear reaches a minimum limit of just 40 μm. Therefore, wear
effects were neglected. Studying the effect of wear on dynamic
stability of the process is the second direction considered for future
work. Furthermore, extending the application of trochoidalmilling
to non-metals, such as cutting plastics for automotive applications

Table 5 Comparison of theoretical and simulated natural frequency and
tooth passing frequency

From theory From simulation
(FFT analysis)

Natural frequency [Hz] 24 23.1

Tooth passing frequency [Hz] 36.6 36.3
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with growing market usage of plastics and composites [26], is
another direction that is worthy of investigation.
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Appendix 1

Considering a single degree of freedom dynamic system, the
ratio of displacement response with respect of input force can
be written as Eq. A1. Where X is displacement and F is input
force. By taking the derivative of imaginary part of X/F with
respect to ω/ωn, it can be shown that when ω/ωn is equal to 1,
the imaginary part reaches its peak value of − 1/2kζ. In other
words, at natural frequency (ω =ωn), the imaginary part of FRF
has its peak value equal to − 1/2kζ. The same procedure can be
written for the real FRF where local extrema can be found as ω/
ωn= (1 ± 2ζ)

1/2. Considering small values of ζ, when ζ2 can be
neglected, ω/ωn can be approximated as 1 ± ζ.

Therefore, the peak picking method can be summarized as
follows: the natural frequency of a system can be found where
the imaginary part of FRF reaches its peak. By having access to
natural frequency of the system, and reading theω/ωn values from
real part of FRF at a local minima or local maxima, the damping
ratio ζ can be found. Having access to ζ and the magnitude of
peak value of imaginary FRF, the modal stiffness k can be found.
With the combination of modal stiffness k, damping ratio ζ, and
natural frequency ωn, the rest of modal parameters (i.e., modal
mass m and modal damping c) will be calculated.

Re
X
F

� �
¼ 1

k
1− ω=ωnð Þ2

1− ω=ωnð Þ2
� 	2

þ 2ζω=ωnð Þ2

0
B@

1
CA

Im
X
F

� �
¼ 1

k
−2ζω=ωn

1− ω=ωnð Þ2
� 	2

þ 2ζω=ωnð Þ2

0
B@

1
CA

ðA1Þ

Due to the principle of superposition for linear systems, if
multiple degrees of freedom exist, then the direct FRF is the
summation of contribution of each degree of freedom where it
can be calculated as Eq. A2.

X
F

¼ ∑
m

i¼1

1

km

1− ωm=ωnmð Þ2
� 	

−i 2ζmωm=ωnmð Þ

1− ωm=ωnmð Þ2
� 	2

þ 2ζmωm=ωnmð Þ2

0
B@

1
CA ðA2Þ

Appendix 2

Assuming the positive direction shown in Fig. 3, the normal
vibration in radial direction can be written as in Eq. A1, where
r is displacement in radial direction and x and y are tool dis-
placements in Cartesian coordinate system. By substituting

Eq. B1 in Eq. 5 and neglecting the constant term (h Nf g
nom ), Eq.

B2 can be written.

r ¼ −xcos θð Þ þ ysin θð Þ ðB1Þ

h Nf g θð Þ ¼ xprevcos θð Þ−yprevsin θð Þ−xcurrcos θð Þ þ ycurrsin θð Þ
� 	

g θð Þ
¼ −cos θð Þ xcurr−xprev

� �þ sin θð Þ ycurr−yprev
� 	� 	

g θð Þ
¼ −Δxcos θð Þ þΔysin θð Þð Þg θð Þ

ðB2Þ

By plugging Eq. B2 into Eq. 3, the dynamic part of radial
and tangential force can be found. Using the rotational matrix
R given in Eq. 4, and after some trigonometric manipulation
the dynamic forces in x- and y-directions are derived as Eqs.
B3 and B4.

FX ¼ −FT sin θð Þ−FRcos θð Þ
¼ −KTb −Δxcos θð Þ þΔysin θð Þð Þg θð Þð Þsin θð Þ−γKTb −Δxcos θð Þ þΔysin θð Þð Þg θð Þð Þcos θð Þ
¼ 1

2
KTb sin 2θð Þ þ γ 1þ cos 2θð Þð Þð Þg θð ÞΔxþ 1

2
KTb 1−cos 2θð Þ þ γsin 2θð Þð Þg θð ÞΔy

ðB3Þ

FY ¼ −FTcos θð Þ þ FRsin θð Þ
¼ −KTb −Δxcos θð Þ þΔysin θð Þð Þg θð Þð Þcos θð Þ þ γKTb −Δxcos θð Þ þΔysin θð Þð Þg θð Þð Þsin θð Þ
¼ 1

2
KTb 1þ cos 2θð Þ−γsin 2θð Þð Þg θð ÞΔxþ 1

2
KTb sin 2θð Þ−γ 1−cos 2θð Þð Þð Þg θð ÞΔy

ðB4Þ
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Combing Eqs. B3 and B4 into a matrix format, Eq. 6 can be
found. Note that in this derivation, it was assumed the portion
of the chip geometry affected by R3 region (previous nutation)
is significantly smaller than the other portion of the chip cre-
ated by R2 region (previous cutter). This assumption is valid
since in the DoE table, the rotational rate is chosen much
higher than nutation rate and therefore R3 region will be sig-
nificantly smaller than R2. This is shown in Fig. 19.

Appendix 3

Considering Eq. 10 for vibration of current cutter and vibra-
tion of the previous cutter, Eq. C1 can be written.

ΔX
ΔY

� �
¼ X curr

Y curr

� �
− X prev

Y prev

� �

¼ FRFXX 0
0 FRFYY

� �
FX

FY

� �
eiωct 1−e−iωcτ

� � ðC1Þ

By writing the Eq. 6 in frequency domain (Eq. C2), and
substituting Eq. B1 in C2, Eq. C3 can be found.

FX

FY

� �
eiωct ¼ 1

2
bKT A½ � ΔX

ΔY

� �
ðC2Þ

FX

FY

� �
eiωct ¼ 1

2
bKT A½ � FRFXX 0

0 FRFYY

� �
FX

FY

� �
eiωct 1−e−iωcτ

� �
ðC3Þ

Re-arranging Eq. C3 gives Eq. C4. In order for Eq. C4 to
have a non-trivial answer, its determinant given in Eq. C5
should be zero. This is the characteristic equation of chatter.

FX

FY

� �
eiωct I−

1

2
bKT A½ � FRFXX 0

0 FRFYY

� �
1−e−iωcτ
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¼ 0

ðC4Þ

det I−
1

2
bKT A½ � FRFXX 0

0 FRFYY

� �
1−e−iωcτ
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¼ 0 ðC5Þ
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