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Abstract

This paper deals with the elastodynamic modeling and parameter sensitivity analysis of a parallel manipulator with articulated
traveling plate (PM-ATP) for assembling large components in aviation and aerospace. In the elastodynamic modeling, the PM-
ATP is divided into four levels, i.e., element, part, substructure, and the whole mechanism. Herein, three substructures, including
translation, bar, and ATP, are categorized according to the composition of the PM-ATP. Based on the kineto-elastodynamic
(KED) method, differential motion equations of lower levels are formulated and assembled to build the elastodynamic model of
the upper level. Degrees of freedom (DoFs) at connecting nodes of parts and deformation compatibility conditions of substruc-
tures are considered in the assembling. The proposed layer-by-layer method makes the modeling process more explicit, especially
for the ATP having complex structures and multiple joints. Simulations by finite element software and experiments by dynamic
testing system are carried out to verify the natural frequencies of the PM-ATP, which show consistency with the results from the
analytical model. In the parameter sensitivity analysis, response surface method (RSM) is applied to formulate the surrogate
model between the elastic dynamic performances and parameters. On this basis, differentiation of performance reliability to the
parameter mean value and standard variance are adopted as the sensitivity indices, from which the main parameters that greatly
affect the elastic dynamic performances can be selected as the design variables. The present works are necessary preparations for
future optimal design. They can also provide reference for the analysis and evaluation of other PM-ATPs.

Keywords Parallel manipulator - Articulated traveling plate - Elastodynamic modeling - Parameter sensitivity

1 Introduction motion capability. One typical example of PM-ATPs is the
parallel manipulator with Schonflies motion (three transla-
tions and one rotation around the vertical axis, i.e., 3T1R)
whose rotation is provided by the relative translation of the

two in-parts. The well-known Par4 [4], 14 [5], and the four

Parallel manipulator with articulated traveling plate (PM-
ATP) is one of the most well-recognized mechanisms in the
research community of parallel manipulators [1, 2]. The com-

mon parallel manipulator is composed of one fixed base, one
moving platform, and several kinematic chains linking to
them. The moving platform is usually a single plate.
Alternatively, the articulated traveling plate (ATP) is a special
type of moving platform consisting of two or more in-parts
and one out-part [3]. Besides the mobility provided by the
kinematic chains, PM-ATP gains extra motions from the
ATP. Therefore, PM-ATPs are more flexible in terms of
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degree of freedom (DoF) parallel robot [6] belong to this
group of PM-ATPs. The extra rotation from the in-parts is
up to 720 degree, making the PM-ATP attractive to posture
changing of disorder products. In practice, these PM-ATPs
have been successfully applied for the high-speed pick-and-
place in food packaging, medicine, and semiconductor
manufacturing.

Inspired by the successful applications of parallel manipu-
lators with Schonflies motion, more and more attention has
been drawn to the investigation of PM-ATPs. Referring to the
industrialization of conventional parallel manipulators in the
sequence of topology innovation [7, 8], optimal design
[9-13], calibration, and control [14—18], the developments
of PM-ATPs start from the topology synthesis. The aim is to
invent new PM-ATPs for wider industrial scenarios [19, 20].
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In this regard, Sun [3] discussed the kinematic constraints
within the ATP and proposed a group of PM-ATPs that can
be applied as tracking mechanism, docking equipment, or
machine tools. The parameterized topological models were
further analyzed [21-23]. By filling in the gap between finite
and instantaneous screw theory, Sun [24, 25] succeeded in
connecting topology analysis to the following performance
analysis and even optimal design, which is a milestone in
the topology synthesis of parallel manipulators.

A PM-ATP (details shown in Section 2) is then selected
from the topology synthesis and used as a pose-adjusting
mechanism for assembling large components in aviation and
aerospace. The next problem for the development of the PM-
ATP is the optimal design that builds an actual mechanism
from certain topological structure. The concerned perfor-
mances would be optimized by adjusting the structural param-
eters which are regarded as design variables. Therefore, the
two essential elements for the optimal design are the perfor-
mance and the structural parameters.

The commonly concerned performance indices of parallel
mechanisms include workspace [26], singularity avoidance
[27, 28], stiffness [29, 30], and dynamic [31-33]. Since the
studied PM-ATP is targeted for assembling large components,
elastodynamic performance [34, 35] catering on large load-
carrying, lightweight structure and small deflections is of im-
portance. Performance indices such as natural frequency or
elastic deformations can be adopted as objectives in the opti-
mal design, which require for the mapping model between the
elastodynamic performances and the structural parameters.

The existing elastodynamic modeling methods are mainly
for the high-speed pick-and-place PM-ATPs whose links are
made of light weight material. The elastic deformations of the
links are coupled with the pick-and-place motions, resulting in
an ongoing trend of applying flexible multibody dynamic
methods to model the elastodynamic performances [36-38].
Although the obtained elastodynamic models are with high
accuracy, the modeling process is computationally expensive
due to the nonlinear couplings between link deformations and
rigid motions. For the rigid structures moving in a low speed,
however, elastic deformations of parts are much smaller than
the rigid body motions. The deformations are assumed not to
affect the mechanism motions and the kineto-elastodynamic
(KED) method can be applied [39, 40]. In the KED frame-
work, the motions of PM-ATP are firstly analyzed by the rigid
body kinematics, and then the elastic deformations computed
by the structural dynamics at each instantaneous moment are
added. The modeling procedure is greatly simplified while the
effectiveness in describing the elastodynamic performance of
the whole mechanism can be kept.

The KED method is applicable under the assumption that
the parts are relatively rigid and the mechanism moves slowly.
Since the pose-adjusting motions of the studied PM-ATP are
relatively slow and the parts are designed towards high
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stiffness, the KED method can be adopted. Two challenges
need to be addressed in the elastodynamic modeling of the
studied PM-ATP by the KED method. (1) The parts are usu-
ally with irregular shapes, increasing difficulty in analytically
computing the dynamic behavior. (2) The ATP contains com-
plex structures and multiple joints, complicating the whole
system.

In order to address the modeling difficulties, the studied
PM-ATP is divided into four levels, i.e., element, part, sub-
structure, and the whole mechanism. By applying the element
as basic unit, the elastic deformation of irregular parts can be
captured. The elastodynamic model of each level is built by the
KED method and the model of upper level is assembled by the
model of lower level. The obtained elastodynamic model of the
PM-ATP will be verified by simulations in finite element soft-
ware and elastic dynamic experiments in the following sec-
tions. Herein, the relation of structural parameters and
elastodynamic performance are the major concern in the
modeling. Noises [41, 42] that impose influence on the dynam-
ic performance in practical application are not included. They
are regarded as system disturbances and solved by in the con-
troller development after the optimal design of the PM-ATP.

However, the optimal design is still challenging if the
elastodynamic model is directly applied. Large amounts of
structural parameters are involved because of the irregular
parts, the complex structures, and the compositions of the
PM-ATP. Parameter sensitivity analysis is usually implement-
ed to exclude the trivial parameters and simplify the model
[43]. By analyzing the change of the output performances
when varying the input parameters, parameter sensitivity iden-
tifies the effects of parameters to the performances.
Parameters with high sensitivity impose more influence to
the performance and should be chosen as design variables
while the parameters with low sensitivity can be eliminated
in the optimal design.

Current parameter sensitivity methods mainly compute per-
formance changes by randomly changing the values of one
parameter at a time, in which the rest of the parameters remain
unchanged [44, 45]. The coupling effects of multiple parame-
ters are ignored in these methods. In order to efficiently and
effectively analyze parameter sensitivity, more comprehensive
parameter sensitivity indices are required. They should (1) con-
sider the possible coupling effects among parameters, and (2)
evaluate the change of each parameter via statistic technique,
for instance mean value and standard variance.

In summary, this paper focuses on the preparations for the
optimal design of a PM-ATP, i.e., the elastodynamic modeling
and the parameter sensitivity analysis. The difficulties of this
work are resulted from the complicated composition and the
substantial parameters. To illustrate the adopted methods, this
paper is organized as follows. Section 2 briefly introduces the
PM-ATP and carries out the inverse kinematics analysis.
Based on the KED method, elastodynamic modeling of the
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PM-ATP is implemented in Section 3. Translation, bar, and
ATP substructures are assigned to assemble the dynamic mod-
el of the whole mechanism. In Section 4, simulation and ex-
periment are conducted to verify the elastodynamic model.
Section 5 is dedicated to the parameter sensitivity analysis,
from which the main parameters are identified and selected
as design variables in future optimal design. Conclusions are
drawn in Section 6.

2 Mechanism description and inverse
kinematics

The studied PM-ATP is named as PaQuad PM (Fig. 1a). The
PaQuad PM is composed of a fixed base, an ATP, and four
identical PRS limbs. Herein, P, R, and S denote actuated pris-
matic, revolute, and spherical joint. The PRS limbs connect to
the fixed base and the ATP by P joint and S joint, respectively.
The ATP consists of in-part 1, in-part 2, and out-part. The in-
part 1 links to the out-part through helical (H) joint, whereas
the in-part 2 joins to out-part by R joint. The axes of the H
joint and R joint are collinear. According to the mobility anal-
ysis, the ATP has one translational and two rotational capabil-
ities provided by the PRS limbs. Additionally, the relative
translation of in-part 1 and in-part 2 results in the rotation of
H joint, which adds an extra rotation to the out-part. Hence,
the PaQuad PM has one translation and three rotations.

In order to formulate the kinematic model of the PaQuad
PM, some denotations and coordinate frames are defined as
shown in Fig. 1b. Point A; is assigned to the connecting point
of the ith (i=1, 2, -*-, 4) PRS limb and the fixed base. The
fixed base is defined by a circle whose center is point O and
radius is a. Points B;, C;, and D; denote centers of P joint, R

In-part 1~ Out-part

PRS
limb

(a)
Fig. 1 The PaQuad PM. a Virtual prototype. b Schematic scheme

joint, and S joint, respectively. The lengths of in-part 1 (D D5 )
and in-part 2 (D,Dy4 ) are both 25 and the vertical distance
between them is e. The traveling distance of P joint and the
length of bar are represented by ¢; and /. A fixed reference
frame O —xyz is assigned to point O. The x-axis is collinear
with OB, and the z-axis is vertical to the fixed base. A moving
reference frame O — uvw is attached to the point O’ on the out-
part. Its w-axis points to the same direction as H joint and the
u-axis is parallel to D4D, at home position.

The rotation matrix of frame O — wvw with respect to frame
O —xyz can be computed by

R=R,Rg,R,, =[u v w|
sy

= | sasfcy + casy

—casfcy + sasy

—cfsy sp
—sasfsy + cacy —sac
casfsy + sacy  cacf

(1)

where «, (3, and ~y are the three Euler angles. ¢ and s denote
cosine and sine, respectively.

Considering the projection of point D; on the O' — uv plane,
the position vector of point D; in frame O —uvw can be
expressed as

(—bsiny —bcosy —do—e)’,

(beos(y; +7) ~bsin(y, +7) —do)"
(bsiny bcosy —do—e)’,

(=beos(y, +7)  bsin(y, +7) —do)"

dy
dyy
dyy
dyy

where 7; denotes additional rotation angle produced by Euler
angles « and f3.
Point D; can also be described in frame O — xyz as

d;=Rd, +ry, i=12"4 2)

wherery = (xy vy 2y )

The point D; moves within the plane spanned by s, ; and s;_
; due to the limitation of the R joint, which can be mathemat-
ically described by

diTSZ,i:O7 izlvzv.”,4 (3)

where
s50=(1 0 0)', s,=(0 1 0)", s55=(-1 0 0),

$50=(0 -1 0)"

Substituting Eq. (1) and Eq. (2) into Eq. (3) yields

Xy = (do + e)sinf
Yy = —dosinacos 3 (4)
7, = arctan(tanasin 3)

P .
’éfj + ep. P, denotes screw pitch, e=e¢, when

where e =
PaQuad PM is at home position. d,, represents distance be-
tween point O and D,D,.
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The closed-loop equation can be formulated as
rof—i—d;:ai—i—qisl?,'—i—ls&,', i=1,2,-,4 (5)
where
d = Rd,,, a; =a(sing; —cosg; 0)", ¢ =(@-1)m/2,
si;i=(0 0 1)

For the inverse kinematic of the PaQuad PM, the z value of
point O’ and the three Euler angles («, (3, ) are the known
parameters. By solving Eq. (1) to Eq. (5), the traveling dis-
tance of the P joint is obtained as follows

G =2g +d~VE-M-N?, =124 (6)

where M = x; + afix—asin@, N=yy+ d;y + acoso;.

3 Elastodynamic modeling

As has been mentioned in Section 1, the KED method is
adopted to formulate the elastodynamic model of the PaQuad
PM. Based on the inverse kinematics, any configuration within
workspace can be computed, with which the elastodynamic
modeling is implemented. The PaQuad PM is divided into four
levels, i.e., element, part, substructure, and the whole mecha-
nism. Euler-Bernoulli beam is applied to be the basic element,
whose dynamic performance can be analytically formulated.
The elastic dynamics of parts are denoted by the elements and
then assembled to form the elastodynamic model of substruc-
tures. Finally, the model of the whole mechanism is established
by the models of substructures. During the assembling process,
displacements at connecting points of parts and deformation
compatibility conditions of the substructures are concerned.
According to the KED method, some basic assumptions
are made as follows. (1) The rigid body motions and the elas-
tic deformations are independent and linear superposition is
feasible. (2) The transformation matrices are time invariant.
(3) Transversal deformations of the beam elements are cubic
polynomial and the longitudinal deformations are linear.

3.1 Differential motion equation of beam element

Figure 2 shows a spatial beam element whose two nodes are
E/ and E,. An element coordinate frame £,—xy7 is assigned to
point £;. Elastic deformation of any point on the beam can be
expressed as

8; = Nu (7)

where &, =[U(t) V(&) W() 60«(t) 6y(7) 0,()]"
U(®), V(¢), and W(¢) are the linear deformations along X, ¥,
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and Z -axis while 0,(#), 0,(¢), and 0,(¢) are the angular defor-

mations. The details are referred to [39]. N is a type function
matrix [39], and u = [u; up up }T is the elastic de-
formations of node £, and E>.

The beam element generates tension, compression,
bending, and torsional deformations if an arbitrary force
is applied. Elastic energy of the beam is thus computed

by

! 2 "
Lo | BA(U) HELOV) |
Epr :EIO dx (8)

+EL(W')? + G, (9;)2

where E, A, and G are Young’s modulus, area of cross
section, and shear modulus. /,, I, and /. denote the
polar moment of inertia about each axis. U and 9;, are
the first-order differentiation of U and 6,, and V' and
W' are the second-order differentiation of V and W.

In addition, gravity potential energy is given by

-L —
Epz = *IOpAgTrpzdx (9)

where p, g, and 1, are density, gravity acceleration, and vector
from point O to point E; in frame E,—X)Z.
Moreover, kinetic energy can be expressed as

1

Ek:i

. . 1... . 1. .
JéuaTiGua,-d)_c = EIéuZNTGNuad)_c = Eu;rmua (10)
where u,; = N(u, + u) = Nu,. Herein, u,; is the absolute
velocity of point E;. u, and u denote velocities of rigid body
motion and elastic deformation.

Hence, Lagrange equation is formulated as

d (6Ek>_6Ek OE,

— === =f 11
dr \ Ou ou (11)

ou
where E, = E, + E,,, fis the vector of external forces.

Differential motion equation of the beam can be formulated
by substituting Eq. (8) to Eq. (10) into Eq. (11) as follows.

MU” + KU® = F° + Q° (12)

where U is the generalized coordinates of nodes. M, K*, F*,
and Q° are the mass matrix, stiffness matrix, and vector of
external and internal forces in frame O — xyz.

M¢ =T'mT, K°=T'kT, F°=T'f,
e T Lo TN T o A= AT T

Q° = T ' f,—[;pA T'N'gdx-M“U,,

T = diag(R® R® R® R°)

herein T is the transformation matrix of frame £,—xyz with
respect to frame O —xyz.
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Fig. 2 The spatial Euler-
Bernoulli beam element
Ug
Uy
- =
Vaf H
> U
. / ’ E2 U
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3.2 Differential motion equation of substructures

The differential motion equation of the beam is applied to
assemble the elastic dynamic of the parts by considering
DoFs of the connecting points. Then, the parts will be used
to construct the substructure. The PaQuad PM is divided into
three substructures, i.e., translation, bar, and ATP. The first
two substructures are from the PRS limb, where the former
is the main body of the P joint and the latter is the connecting
structure of the R and S joints. The effects of P, R, and S joints
will be taken into account in the mechanism level. Unlike the
other two substructures, ATP contains internal joints (H and R
joints) whose influences need to be addressed in the substruc-
ture level.

3.2.1 Translation substructure

The P joint is composed of screw pair and guide slider, as is
shown in Fig. 3. Ball screw and slider are the major

Fig. 3 Translation substructure

Guide-slider

Screw elements

components to deform; thus, they are assumed to be elastic
and represented by two and three beam elements, respectively.
The elements are named from E1 to /ES and the seven nodes
are denoted by /N1 to iN7. Element coordinate frames are
firstly established for establishing the differential motion
equation of elements. Frame /N1 —x;,z; is assigned to node
iN1. The x;-axis is collinear with the rotational axis of ball
screw, the y;-axis is parallel to the x-axis in frame O —xyz,
and z-axis satisfies right hand rule. Frames of element /E2,
iE3, and /E4 are parallel to frame /N1 —x;1,z;. Frame iN7 — x-
iz 1s established at node iN7, whose x;-axis points to the axis
of element {E5 and z;-axis is in the same direction as z-axis of
O—xyz.

Based on Eq. (12), the differential motion equation of ball
screw can be computed as

Mp1Upi + Kip1Uppt = Fpi + Qpp (13)

where Up; = [Uni Unisg ]T is the vector of general-
ized coordinates of ball screw. Mjp;, Kip;, Fip1, and Q;p; are

%

Slider element |3

HiNI
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the mass matrix, stiffness matrix, and vectors of external and
internal forces.

2 2
T T
Mipr = 2 JipMigjdiej, Kiet = 2 I KigjJixj
Jj=1 Jj=1
2 T 2 T
Fip1 = '21 Jig;Fiej, Qi1 = Zl Jig,;Qiej-
j= j=

Similarly, the differential motion equation of slider is
M2 Ui + KippUpo = Fipy + Qi (14)
where Uy = [Upig U,N42]T is generalized coordi-
nates of slider.

5 5
T T
Mipy = 2 g Migjdiwj, Kipp = 2 I Kigjdie;
j=3 =3
S T S T
Fip, = 23 Jig Fej, Q= 23 Jig,Qir;
J= J=

herein J5; (j=1, 2, -+, 5) is referred to Appendix.

Next, the boundary conditions and relations of connecting
points are analyzed. The elastic deformations of node /N1 are
restricted because one end of the ball screw is fixed to the servo
motor. The other end is linked to the fixed base by bearings.
Thus, the five elastic deformations of node /N3 are zeros except
for the rotation about the screw axis. Node iN2 of the ball screw
and node iN5 of the slider are connected by H joint, hence

Uinos = Uing +%(U1N28_U1N10) (15)
(Ung Uno Unni Uni2)' . (16)
=(Un2e Uz Unzo Unio)

where py, is the pitch of ball screw.
Finally, the differential motion equation of translation sub-
structure is obtained by Eq. (13) to Eq. (16) as

M, Usp + KUy = Fip +Qp, i=1,,4 (17)

where U, is generalized coordinates of translation substruc-
ture. Uy, My, Ky, Fp, and Q;, are shown under Fig. 3, in
which By, is referred to Appendix.

3.2.2 Bar substructure

According to the features of the bar, ten elements with nine
nodes are assigned to the bar, as is shown in Fig. 4. The
element coordinate frames iINj —xyiz;(i=5, -, 8 j=1, -,
10) are defined, where the x;-axis is along the length of the
elements. Differential motion equation of the bar is expressed
as

MUy + KpUp = Fip +Qp, i= 1,4 (18)
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i iN3 .

Fig. 4 Bar substructure

where Uy, = [Uini UiNsa ]T is the generalized coordi-
nates. M;,, K;,, F;,, and Q;, are the mass matrix, stiffness

matrix, and vector of external and internal forces,

T
Up = [Un7Uniz Unis UnioUnos Unog Uinai " Unaz |aeg
2 2 2
_ T _ T _ T
M;, = Zl B, Mip;Bip;, Kip = -21 B, KipBipj, Fip = Zl B, Fipj,
= = =

2
T
Qp = '21 By, Qi
i=

10 10
T T
My = 3 JigMigjdig;, Kip = 2 I KigjJig;
= =
bl

10 2
T T
Fiyp = ‘21 Jig,; Fijs Qyp = Zl Jig; Qi
j= j=

herein J;; (j=1, 2, -+, 10) is shown in Appendix.

3.2.3 ATP substructure

The ATP is shown in Fig. 5. Concerning the effects of the
internal joints, the procedure for formulating differential mo-
tion equation of ATP is summarized as follows: (1) apply
beam element to describe the major features of each compo-
nent and establish element coordinate frames, (2) formulate
differential equation of each component separately, (3) ana-
lyze the relations of connecting modes according to the as-
sembling conditions, and (4) assemble to get the differential
equation of ATP by step (2) and (3).

First of all, elements are assigned to the parts. The in-parts
are represented by four beam elements (R1E1, R2E1, R3E],
and R4E1). The two cylindrical structures are designed to
enhance translational capability of the H joint and assessed
by concentrated masses at their centers of mass (RS and R6).
The screw of the H joint is denoted by two elements (R7E1
and R7E2). The out-part is regarded as concentrated mass
(R8). Then clement coordinate frames are defined. For the
elements R1E1, R2E1, R3E1, and R4E1, frame D; — xg'riZri
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Fig. 5 The ATP substructure

Out-part

Cylindrical part  Cylindrical part
(R5)

are assigned to point D; (i=1, 2, -, 4). The xz-axis is collin-
ear with direction of element length and zz;-axis is perpendic-
ular to the plane of in-parts. For the elements RS, R6, and RS,
frame O — Xrivrizri (i =15, 6)is defined at point O'. The xg-axis
is along the axis of screw, and zzs-axis and zz¢-axis are parallel
t0 xp4-axis and xp;-axis.

Next, differential motion equation of each component can
be formulated by the elements as

Central screw
(R7)

(R6)

Mg Ug; = Fri + Qp;, i=5,6,8 (20)

Mg;Ur7 + Kr7Ur7 = Fr7 + Qgs (21)

where Uyg; is the generalized coordinates of components;
Mg;, Kg;, Fg;, and Qg; are the mass matrix, stiffness
matrix, and vector of external and internal forces.
Differential motion equation of R7 and R8 is formulated

Mg;Ur; + Kg;Ur; = Fr; + Qr;, i=1,.,4 (19) in frame O'—xRéyRszR&
Uri = [Urini Urnviz]', i=1,,4, Uri = [UriNi Urn ] i=5,68, Urs=[Urmi Urmis]',
2 2 2 2
Mg; = | : J£7EjMR7EjJR7Ej7 Kg7 = 21 J£7EJ'KR7EjJR7Ej7 Fr7 = _Zl J£7EjFR7Ej7 Q7 = 21 J£7EjQR7Ej
J= J= J= J=
Jroer = [ElelZ Olzxd’ Jr7e2 = [012x6 E12><12]

The relations at connecting nodes of each part are then Rss 0 Ursni = Ursng =
assessed by the assembling conditions as shown in Fig. 5. 0 R Urs = Uss, Ureni = Urena = 0 (24)
Node R8 and node R7N3 have the same generalized coordinates
since the out-part and the screw is fixed. Node R8 and node R5 U U Phe () U 25
are linked by R joint; thus, the five coordinates are the same r7N7 = UReNt + E( RIN10~UR6Nd) (25)
except for the angular deformation about rotational axis. " Uriny | i i
Cylindrical joint is formed between node R5 and node R6, and : _ | Ra ~ReS(ay) Use (26)
the coordinates about/along the joint axis are different. Node R6 Urini | 0 Rg; ]
and node R7 is connected by H joint. Node R6 is attached to node ) )
R1 and R3 rigidly, while node RS is fixed to node R2 and R4. Urany Res  —RgS(as) |
These assembling conditions can be mathematically expressed as : =1 0 R Ure (27)

. . | Ursni2 | -

[ Ursni Ursne] = [UriNi Urinig | (22) - .

Rss 0 U [Re Ras(a) ] (28)

> Ugrs = Urg, Ursng = Urgng =0 (23) ’ 10 Rs; RS
0 Ry | Uroniz | *
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Urany _ Usp(7:9) | Usp(7:9) |
N — R54 R54S(a4) URS (29) K3S |:U9p(13 . 15) - Q3S7 K4S ng(19 . 21) - Q4S
0 Rs4
Urani2

where Rsg is the rotation matrix of frame O — XRsVRsZRs With
respect to frame 0 - XreVrR6ZR6- Rg1 and Rg; are rotation ma-
trices of frame OV—xR6yR6zR6 with respect to frame Dy —
Xr1Vr1Zr1 and frame Dz — xr3Vr3Zr3- Rs> and Rsy are the ro-
tation matrices of frame O — Xr5Vr5Zrs With respect to frame
D, — xroVRroZr2 and frame D4 — Xr4Vr4aZr4- S(a;1) and S(a3) are
the skew matrices of node R6 to node RIN2 and node R3N2
in the frame O — XrRaVR6ZR6- S(A5) and S(a,) are skew matrices
of node R5 to node R2N2 and node R4N2 in the frame O —
XR5VR5ZR5-

Finally, the differential motion equation of ATP can be
formulated from the equations of parts and relations of
connecting nodes as follows.

Mng9p + KopUg, = Fop, + Qgp (30)

where Ug,, is a 40 < 1 vector representing generalized coordi-
nates.

8 8
T T
Mop = > Bop Mop;Bop;, Kop = 3. Bgp;Kop;Bop;
j=1 j=1

8 8
_ T _ T
Fop = Zl Byp Fop;, op = 21 Bgp,Qop,;
= =

herein Bop; is referred to Appendix.

3.3 Dynamic model of PaQuad PM

With the differential motion equations of substructures avail-
able at hand, the elastodynamic model of the whole mecha-
nism is assembled by the deformation compatibility condi-
tions among substructures. Node /N7 of translation substruc-
ture connects to node iN8 and /N9 of bar substructure by R
joints. Hence, the other five generalized coordinates of these
nodes are the same except for the rotational deformations
about the axis of R joint.

( = Ugtr5)p(49 : 51) = Uggr1)p(37 £ 39),
(47 : 48) Ur5)p(53 : 54) = Up)p(41 : 42),
(43 46) U(k )p(49 : 52) = U(k+2)p(37 : 40)7
(48) = Urr6)p(54) = Ugr12)p(42).
(31)

where k=0, 2.

Node iN2 (i=5, --*8) links to the in-parts through S joints.
Considering the stiffness of the S joints, the generalized coor-

dinates of connecting nodes between bar structure and ATP
are expressed as

Usp(7:9) Ugp(7:9)
KIS|:UZ§(1 :3)} =Qss, KZS{UZEW : 9)} =0 (32)
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(33)

-, 4) is stiffness matrix of S

where K;5 = { iS
kis, ) Qs is the external forces

e “: i=1,2,"
joint. K;g = dlag(k,sx kisy
of ith PRS limb.

Therefore, the elastodynamic model of the PaQuad PM is
obtained by assembling differential motion equations of sub-

structures as follows
MU + KU = F (34)

where M, K, and F are the mass matrix, stiffness matrix, and
external forces of PaQuad PM.

Me

M =

9 4
D/M;,D;, F= P D/ Fj, + ) A Qss,
2 Z

©

K:ZDD%D+ZAP%A

herein D; and A, are listed in Appendix.

4 Natural frequencies
4.1 Case study

The virtual and physical prototypes of the PaQuad PM were built,
which can be used to verify the elastodynamic model formulated
in Section 3. The natural frequency of the PaQuad PM can be
computed by the elastodynamic model shown in Eq. (34) as

det(~w’M + K)=0 (35)
where w; (i=1, 2, -+, n) is the natural frequencies.

Dimensional parameters of the PaQuad PM are shown in
Table 1. The major material for most components is 45# steel,
whose density is 7.8 x 10° kg/m®, Young’s modulus is 2.2 x
10" Pa and shear modulus is 7.938 x 10'° Pa. The mass of in-
part 1 is 13.13 kg. Its moment of inertia about x-, y-, and z-axis
is 0.0598, 0.0598, and 0.0572 kg - m>, respectively. The mass
of in-part 2 is 20.46 kg, whose moment of inertia is 0.146,
0.146, and 0.278 kg - m*. The mass of out-part is 34.27 kg, the
moment of inertia is 0.348, 0.348, and 0.681 kg - m>.

By applying the parameter value to the elastodynamic
model, the distribution of natural frequencies within
workspace is shown in Fig. 6. The first frequency is symmet-
rical to the plane =0 and the maximum value is at 3=0",
then it decreases with the increasing of 3. With the increment
of a, the first frequency drops when 3 is fixed. The second
frequency is symmetrical to the axis a=(3=0". It decreases
with the changes of v and 3. The peak value is at the sym-
metrical axis.
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Table 1 Dimensional parameters
of the PaQuad PM (unit: m) Part Element Value Part Element Value
Screw [iE1] 0.818-g;, 0.025 Bar [E6] 0.09, 0.15, 0.06
[iE2] q;, 0.025 [{E7] 0.09, 0.15, 0.06
Slider [ZE3] 0.285, 0.278, 0.085 [{E8] 0.2,0.15, 0.06
[iE4] 0.285,0.278, 0.085 [{E9] 0.06, 0.16, 0.09
[iE5] 0.115, 0.12, 0.096 [{E10] 0.06, 0.16, 0.09
Bar [iE1] 0.15, 0.15, 0.09 In-part 1 [R1E1] 0.2,0.14,0.176
[iE2] 0.15, 0.15, 0.09 [R3E1] 0.2,0.14,0.176
[{E3] 0.09, 0.15, 0.05 In-part 2 [R2E1] 0.15, 0.26, 0.055
[iE4] 0.09, 0.15, 0.05 [R4E1] 0.15, 0.26, 0.055
[{E5] 0.22,0.13, 0.06 Central screw [R7] 0.24, 0.025

The third frequency monotonously climbs up as « in-
creases and obtains the maximum value at a=10" when
keeps the same. However, the third frequency decreases if a
increases to aw=30", then it increases again. The fourth fre-
quency is plane symmetrical. Maximum and minimum values
are mainly on the boundary of the workspace. The former are
ata=0", = +40",and = £40°, 3=0", while the latter are
at = £40" and f= £40°. The fifth frequency is axial sym-
metrical to a=£3=0", where it gets the minimum value.
Distribution of the sixth frequency is similar to the first fre-
quency but the change is sharper.

In summary, the natural frequencies change versus config-
urations and they show plane-symmetrical features due to the
plane-symmetrical structure of the PaQuad PM.

4.2 Simulation and experiment

Simulations on the virtual prototype by FEA software are
applied to verify the elastodynamic model of PaQuad PM.
SAMCEEF from SEMTECH Inc. is chosen to analyze the nat-
ural frequencies of eight typical configurations within
workspace. The simulation is implemented as follows.

,(Hz)

,(Hz)
45

0
-40 40 a(e)
Fig. 6 Natural frequencies of PaQuad PM within prescribed workspace

(1) Compute actuations of the first configuration through the
inverse kinematics. Drive the P joints according to the
calculated input value. Save the corresponding 3D model
under the first configuration as name.x-p file.

(2) Choose Structural analysis and Modal in the Solver
Driver Setting of SEMCEF. In the Modeler, insert the
file from step (1).

(3) Define material property of all components. They are the
same as theoretical model in Section 4.1. Assign assem-
bling conditions to the adjacent parts and add boundary
condition to the fixed base in Analysis Data.

(4) Select the type of finite elements and mesh the elastic
components in Mesh.

(5) Calculate the natural frequencies in So/ver and analyze in
Result.

(6) Choose the second configuration and proceed to step (1)
to step (5). Repeat until PaQuad PM under all eight con-
figurations is simulated.

The simulation results are shown in Table 2. The changing
tendencies of the first to sixth frequencies are similar for both
theoretical analysis and simulations. Generally, the simulated fre-
quencies are smaller because non-standard features, such as

,(Hz)
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Table 2 Frequencies from analytical model, simulation, and experiment (unit for z value is m; for «, 3, and -y are rad)

Typical poses Ist 2nd 3rd 4th Sth 6th
@, 8,7
1(1,0,0,0) Analytical 41.9304 44.1657 82.4025 94.6113 92.7057 143.2316
Simulation 35.5523 36.1542 64.9501 81.9512 87.3907 129.2675
Experiment 32.4898 34.2315 60.6773 72.7372 71.3741 108.8969
1 (1, 0,0, m Analytical 41.4272 44.3282 83.1551 94.6537 93.8977 142.4961
Simulation 35.3664 37.7455 71.5466 80.0202 78.9961 115.8921
Experiment 32.6736 33.6141 65.0023 73.2241 71.5970 104.9939
I (1, 0, 77/12, 0) Analytical 40.3680 43.5945 82.3984 93.9079 96.2659 150.3307
Simulation 35.4754 37.3910 68.9345 80.0847 82.1822 127.9465
Experiment 30.0822 34.1650 60.3733 69.8487 71.1116 112.1317
1V (1, /12, 0, 0) Analytical 40.9937 43.2746 81.9762 93.9391 96.3282 140.0827
Simulation 35.0209 37.7225 69.9667 81.2197 83.2854 119.3925
Experiment 32.7171 33.6979 63.0069 70.2946 72.5737 106.6450
V (0.85,0,0,0) Analytical 42.1163 58.0972 108.4610 128.3735 125.8064 152.1344
Simulation 36.1695 49.3942 93.1355 108.5654 110.0303 129.8467
Experiment 31.8357 43.7879 84.8382 98.7064 95.1600 114.4203
VI (0.85, 0, 0, ) Analytical 41.6071 58.0864 112.5567 128.4408 132.8896 151.5208
Simulation 34.8418 51.7550 95.0654 111.1527 113.2618 128.4896
Experiment 32.3661 46.0683 88.1770 97.4737 104.1190 115.6255
VII (0.85, 0, 7/12, 0) Analytical 40.5888 52.7093 105.8559 124.5424 138.7063 158.1596
Simulation 34.8171 45.8676 90.7503 107.7790 119.9393 135.6851
Experiment 30.9002 41.3979 81.7419 93.8178 105.2365 116.5478
VIII (0.85, /12, 0, 0) Analytical 41.1648 51.9080 105.5830 124.5799 135.0210 152.9583
Simulation 35.1259 44.2516 93.4832 107.4254 115.0919 130.8864
Experiment 31.5693 40.9191 81.3306 94.2945 105.6809 118.6038

shape and dimension, are included in the simulation while they

are approximately represented by standard beam element.
Elastic dynamic experiments are also carried out as shown

in Fig. 7. Measuring points are firstly assigned to different

Acceleration

SEnsors Hammer

PaQuad PKM LMS dynamic

testing system

Fig. 7 Experiment setup for natural frequencies of the PaQuad PM
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parts of PaQuad PM, on which acceleration sensors are at-
tached. Hammer is then applied to excite the PaQuad PM at
the end reference point. Through collecting exciting forces
and response signals from the sensors, the modes are fitted
and analyzed by LMS dynamic testing system (including
SCSASA 1II data collecting hardware and LMS Test. Lab
software from SIEMENS). Finally, the frequencies of
PaQuad PM are obtained. The experimental procedure can
be summarized as follows.

(1) Geometrical modeling. In the Geometry interface, the
overall and local coordinate frames (fixed and element
frames) are defined according to Section 3. Measuring
points are assigned in the local frames based on the struc-
tures. By connecting the measuring points in the overall
frame, the geometrical model of PaQuad PM is obtained.
There are 68 measuring points in total.

(2) Sensor setting. In the Channel Setup interface, channel 1
is assigned to measure force. The actual sensitivity is
0.2838 mv/N. Channels 2 to 4 are chosen to collect sig-
nals from acceleration sensors in three directions. Their
sensitivity are 9.822, 9.99, and 9.864 mv/(m/sz),
respectively.



Int J Adv Manuf Technol (2019) 102:1583-1599

1593

—©—  Analytical solution
/i (Hz)
46

Fig. 8 Comparisons of
frequencies at eight poses from
analytical solution, simulation,
and experiment
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(3) Excitation setting. In the Impact Scope interface, the ex-
citation of hammer is set as free form mode with 200 Hz
bandwidth. The pre-excitation time and signal setups are
also defined.

(4) Data collection. In the Measure interface, excitations are
applied to the end reference point by hammer. These
excitations are exerted along x-, y-, and z-axis and repeat-
ed five times at each direction. Measurement data is col-
lected from the measuring points.

(5) Data analysis. In the Validate interface, the data is
checked. Modal parameter is then analyzed in the
Modal Data Selection.

The experimental results are shown in Table 2 and Fig. 8.
Comparing with the analytical models and simulations, exper-
imental frequencies are the smallest due to (1) detail features
such as chamfer and groove are included in the physical pro-
totype while they are ignored in the other two cases; (2)

—¥— Simulation results —A— Experiment results

/2 (Hz) /3 (Hz)
60 120
54 108
48 96
42 84
36 72
30 60
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Poses Poses
Js (Hz) J¢ (Hz)
140 160
124 148 M
108 136
92 124
76 112 W/A’A/A
60 100
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Poses Poses

contacts between parts, especially within joints are not ideal
in experiments; and (3) there are external influences like mea-
surement noise, non-rigid fixed base, or low bearing preload.

The modals of the PaQuad PM are further analyzed to
check the consistency of the analytical, simulation, and exper-
iment results. Taking pose I in Table 2 as an example, the first
and second modals are the relative vibrations of opposite PRS
limbs along x- and y-axis. The third and fourth modals are the
torsions of opposite PRS limbs and the connected in-parts.
The fifth and sixth modals are the vibrations along z-axis.
The first to sixth modals have the same rules.

In summary, frequencies from the analytical model, simu-
lation, and experiment are close, and the changing tendencies
are similar. In addition, the modal of the eight typical poses are
the same. The elastodynamic model is validated. The paramet-
ric elastodynamic model can be applied to the re-design of the
PaQuad PM under specific requirements from different appli-
cation scenarios.

Table 3  Parameters of PaQuad PM for sensitivity analysis (unit for mean value is m, standard variance x 107%)
Parameters Mean value Standard variance Parameters Mean value Standard variance
dse Screw diameter 0.025 0.2091 d; S joint diameter 0.09 0.677
L1 Horizontal length of slider 0.285 27.17 L S joint length 0.13 1.413
/o Horizontal height of slider 0.085 2.417 lip1 Length of in-part 1 0.63 33.19
beq1 Horizontal width of slider 0.278 25.85 hip1 Height of in-part 1 0.04 0.535
L Vertical length of slider 0.096 3.083 bipy Width of in-part 1 0.23 442
hsao Vertical height of slider 0.115 4424 lip> Length of in-part 2 0.63 33.19
bed> Vertical width of slider 0.12 4817 hipa Height of in-part 2 0.37 45.80
IS Bar length 0.205 3.515 bip> Width of in-part 2 0.04 0.535
Iy Bar height 0.16 2.141 A H joint diameter 0.02 0.134
by, Bar width 0.12 1.204 Iy H joint length 0.25 5.227
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5 Parameter sensitivity

The complicated composition and structures of the PaQuad
PM lead to large amounts of parameters. In the re-design or
the optimization process, however, it is not necessary to opti-
mize all the parameters since some parameters impose little
effects to the elastodynamic performance. Besides, the sub-
stantial parameters increase the difficulties of the optimiza-
tion. Based on the engineering experience, the parameters
are scaled down as shown in Table 3. Parameter sensitivity
analysis is then implemented to categorize the main or subor-
dinate parameters according to their effects to the natural fre-
quencies. In our previous work, we proposed a parameter
sensitivity analysis method by response surface method
(RSM) based model, parameter mean value, and variance-
based indices [44]. The RSM method is to build the surrogate
model between parameters and the performances. Based on
the explicit mapping model, the parameter mean value and
variance-based indices are applied as the criteria for evaluat-
ing the parameter sensitivity. The merits of this method are
twofold. (1) Coupling contributions among different parame-
ters are included in the analytical expression of RSM model.
(2) Comprehensive evaluation is achieved by considering the
statistic features of parameters. According to this method, pa-
rameter sensitivity analysis of PaQuad PM can be divided into
two parts: formulation and assessment of RSM model, com-
putation, and analysis of sensitivity indices.

5.1 RSM model

Based on design of experiment (DoE), RSM employs a set of
experiments to establish the polynomial surface function for
mapping the relations between parameters and targeted per-
formances [46]. Herein, experiments are performed by the
elastodynamic model built in Section 3. The experimental
setup, including different combinations of parameters, number
of experimental sets, is decided by the DoE strategy. Due to
the amount of parameters and uncertain order of polynomial
functions, the Latin hypercube design (LHD) strategy [47] is
chosen since it is capable of dealing computation-intensive
problems with limited number of experiments. After setting
up by LHD strategy and implementing the experiments by the
elastodynamic model, the linear, quadratic, cubic, and quartic
RSM functions can be formulated as

20
flinear(x) =ap+ 'Z;l bix; (36)
20 20 20
fquadratic(x) =ao+ ‘Zl bix; + Z Cx + Zl ; diyxix; (37)
i= i=1i<j
20 20
fcubic( )*a0+zb1xt+zcxz+z Zd,,x,x,-i— Z€X3 (38)
i=1i<j
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20 20
=ag+ > bix;+ Z CiX;
=1 =
20 20

+ 2 ZdyxzxﬂrZex JFZfzz

=1i<j

fquanic(x)
(39)

where x = (x; X, X20 )T is the vector of parameters.
ao, b, ¢;, dyj, e;, and f; are the estimated coefficients obtained
from the least square regression. xx; is the interaction of any
two parameters. x7, x, and x? are the second, third, and fourth
nonlinearity of x.

Accuracy assessment is then carried out to verify the RSM
models. Additional parameter sets are randomly generated.
The errors between the actual responses and the results from
RSM models are compared via four metrics [48], i.e., R square
(RS), relative average absolute error (RAAE), relative maxi-
mum absolute error (RMAE), and root mean square error
(RMSE), as follows

m R 2
Z Vi3l 'Z ( i i)
RAAE = R?=1-2) > (40)
Z = ) yr’)
i=1
max{|yi_j}1|7.”7|yi_j/m|}
RMAE = . (41)
2 by3l/m
(42)

where y; is the natural frequency obtained from analytical
model, j; is the value computed by RSM model, and y is the
mean value of y;.

In these accuracy metrics, RS, RAAE, and RMSE evaluate
the overall accuracy of RSM models within the parameter
ranges while RMAE shows the maximum error. Through the
simultaneous consideration of global and worst accuracy,
RSM model that has smaller RS, RAAE, and RMSE and
larger RS are selected as the surrogate model for parameter
sensitivity analysis.

For the PaQuad PM, the parameter values shown in Table 1
are regarded as the baseline and the range of parameters is set
as +10%. Since the number of involving parameters is 20, the

Table 4 Accuracy assessment of RSM model for first-order natural
frequency

Error (accepted level)  Linear Quadratic  Cubic Quartic
RS (>0.9) 0.98898  0.99985 0.99985  0.99984
RAAE (<0.2) 0.01807  0.00157 0.00175  0.0022
RMAE (<0.3) 0.05898  0.00789 0.00676  0.0107
RMSE (<0.2) 0.02401  0.00201 0.00232  0.00284
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Table 5 Parameter sensitivity of first-order natural frequency
K (107 ¢ Ky (107 ¢

dye 0.0024  0.1057 0.0017 dg 0.0684 —1.0789 0.0483
lsn —0.0005 —0.003 0.0004 [; 0.0011 —1.1146 0.0008
hgr  0.0006  0.1566 0.0004 [, 0.0018 —0.0772 0.0013
b1 —0.0006  0.0005 0.0005 £y 0.0107  4.8707 0.0076
[ 0.0082 —0.0909 0.0058 bj,; 0.0123 —0.2166 0.0087
hap  0.0041 —0.0892 0.0029 [, 0.0884 —0.006  0.0625
bygp 00148 —0.0737 0.0105 7y, 14142 —1.0022 1

Iy 0.0019  0.1608 0.0013 b, 0.1063 —0.0094 0.0752
hy, 0.0073 —0.0519 0.0052 d,; 03499 —0.5964 0.2474
by, 0.0449 —0.3417 0.0318 Z; 0.0007 02139 0.0005

number of parameter sets required by LHD is 42, 462, 502,
and 542 for linear, quadratic, cubic, and quartic RSM func-
tions. The formulation of RSM models shown in Eq. (32) to
Eq. (34) can be implemented with the aid of MATLAB and
Isight software. Additional 21, 231, 251, and 271 sets of pa-
rameters are randomly generated to assess the accuracy of the
RSM models (see Table 4). The errors of quadratic and cubic
RSM models are smaller than the linear and quartic models.
RS values of quadratic and cubic RSM models are the same.
The RAAE and RMSE values of quadratic RSM model are
lower than cubic model, but the RMAE value is higher. From
the comparison, the quadratic RSM model is finally chosen.

5.2 Parameter sensitivity indices

Based on the explicit RSM model, parameter sensitivity indi-
ces are defined by the differentiation of performance reliability
to the parameter mean value and variance. Performance reli-
ability describes the probability of the studied PM achieving

Fig. 9 Global sensitivity and

target performance with given range of parameters. It is
expressed as
R, = P{g(x) > 0} = 1-P{Y > 3} = —— Teta (43)
= X) > = 1= > =0y = e 2dt
p g P
where P{g(x)>0} denotes the probability of g(x)>0. And
g(x) is the subtraction of RSM model and the allowable
values. Y= [g(x)— u,]/o, is a random variable determined by
0. = p/o. Herein, Y€ [0, 1] is subjected to normal distribu-
tion. u, and o, are the mean value and variance of g(x) > 0.
Taking differentiation of Eq. (43) to the mean value and
covariance of parameters yields

2

72 - T
OR, dR,0p,0p, e |og(w) . og(w) . 0og(w) (44)
o df o on o 2m | Oy T Auy T By
OR,  dR,dp, 007
dCov(x)  dB, 02 dCov(x)
R 2 2 2 (45)

et o2 e oo

203 21 € oot’ a3’ 003,
where yi; and 0; (=1, 2, -+, 20) are mean value and standard

variance of jth parameter (see Table 3).
Considering both parameter mean value and variance, a
global sensitivity index is defined as

2 2
e = < i ) +< % ) j=1,2,-+,20 (46)
| maxll llomaxll

__ iR, _ R, .
where k; = 0= 3 Con(e))’ Fmax and o, are the maxi-
mum sensitivity of mean value and variance among all the

parameters.

Based on Eq. (37) to Eq. (39), the parameter sensitivity of
PaQuad PM is computed and shown in Table 5 and Fig. 9. In
summary, ATP imposes great effects to the elastodynamic

parameter sensitivity to mean 12
value and variance
0.7
0.2
0.3
K
1.5 e
hipy hip1
1 4f
2 k
0.5 th
dsj [ipZ 0
oo
4 by bipa by hyj
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performance, especially central screw and in-part 2 that directly
link to the end-effector. Comparatively, PRS limbs are more rigid
and hence have little influence to the natural frequency. For the
sensitivity to mean values, diameter of central screw in H joint
(dy), parameters of in-part 2 (i, hip2, and byy), diameter of S
joint (dgj), and width of fixed bar (by) have larger values than the
rest of the parameters. Herein, /4, is the maximum, indicating it
has the most significant influence to the natural frequency.

For the sensitivity to parameter variance, the top parame-
ters are Aip1, hipo, dsj, Lsj, dpj, and by,. Considering both param-
eter mean value and variance, global indices show that by, d;,
lip2, hipo, bip>, and d,; are the major parameters that would
greatly affect the natural frequencies. By increasing the values
of these parameters, the resulted natural frequency is expected
to increase. Therefore, they can be chosen as the design pa-
rameters in the future optimization.

6 Conclusions

Aiming at the optimal design of a PM-ATP named as PaQuad
PM, this paper carries out the elastodynamic modeling by KED
method and parameter sensitivity analysis by RSM method and
reliability sensitivity indices. Conclusions are drawn as follows.

(1) The PaQuad PM is divided into four levels, i.e., beam ele-
ment, parts, substructure, and the whole mechanism.
Differential motion equation of lower level is assembled
to formulate the model of upper level. Through this layer-
by-layer modeling method, multiple parts and joints within
ATP can be considered explicitly. The proposed
elastodynamic modeling method can also be applied to oth-
er types of PMs.

(2) Natural frequencies are regarded as the dynamic perfor-
mance indices. Simulation by finite element software
and experiments by LMS dynamic test system are imple-
mented to verify the elastodynamic model of PaQuad
PM. Although the results from the three methods are
slightly different, the changing tendency and modal are
the same. The analytical model is confirmed.

(3) RSM models are investigated to get explicit polynomial
functions between natural frequency and parameters of
PaQuad PM. The coupling effects among parameters can
be evaluated. Parameter sensitivity indices are defined
based on the differentiation of performance reliability
to the parameter mean value and standard variance. The
statistic features of parameters are considered; hence, the
obtained parameter sensitivity is comprehensive.

Elastodynamic modeling is the basis of formulating objec-
tive functions while the parameter sensitivity analysis deter-
mines the design variables. They are both necessary prepara-
tions for the optimal design which is the future work for the
development of the PaQuad PM.

Appendix

The transformation matrices of the element frames in translation
substructure with respect to fixed frame O — x)z are computed as

Jiez = [012x6  Epxaz]
Jiga = [012x6  Enxiz 0126

0126,
012512],

Jiet = [Enx2
Jies = [Enxn

(A—-1)
T — O6x6  Eoxe  Oox12
s O6x1s  Eoxe

And the relations of connecting nodes in translation sub-
structure can be written in matrix form as

06526
E¢xs  06x20
Bip] = 03526
016 Eix1 O1x19
0226
067 Eoxe  06x13 (A-2)
Eii 012 —5—; 019 5—; 01512
B = 021 Exo 0Oaxo3
01xi3  Eixi Oixn2
024 Eywo 02420
0px14 Enxin

The transformation matrices of the element frames in bar
substructure are expressed as

Jei =[Enxiz Oixaz], Jie2 = [012x6  Eizxiz 012436 ],
I — Esxs  06xas i = Osx12 Eexs  O6x36 7
0618 Eexs  0sx30 O6x24 Egxs  0O6x24
Jies = [012x18 Eioxiz 012404 ], Jips = 36X18 EGXG 86“0}7 E7 = [36X24 E6X6 gGXM}
6x30 6x6 6x18 6x36 6X6 6x12 (A _ 3)
Jies = [012x30 Einxiz Oi2x12]
06x30 Eexs Osx1s

Jigg =
0sx42 Eoxs Osxs

Jto — 06x36 Eoxs Opx12
' O6xas  Eoxo
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The connecting relations of nodes within ATP can be cal-
culated as
[ Eecxs  Ox34 i [ 066  Esxs  O6x2s i
01525  cosy;  —siny;  O1x13 01526 —Eix1 01x13
01505 siny;  cosy 014 =l O1xg 0125 Eir 011 —L Oz
Bop1 = | O1x28 I1siny;  licosy;  Epxr 01y yBopy = | 01x26  Erx1 0151 L Oixn
0;1x28 cosy;  —siny;  Opxpo 01520 —Eix1 O1xio
01508  —siny;  —cosy;  Oixi0 01528 Eir O
L 01531 Eix 013 1 L 01527 Epaa O1xn2 i
0612 E¢x6 0622 0615 Esxs  0Osx16
0125 —cosy;  siny; Opys 01526 Eia 0113
0;.05 —siny;  —cosy, 014 =3 Opxsg 0125 “Epa O —la Oz
Bops = | 01,08 —I3siny;  —l3c08y;  Eixp 01y JBops = [ 01524 Epg 013 —la Oy
01528 —cosy, siny, 0110 0120 Epa 0O1xpo
01528 —siny;  —cosy;  O1x10 0108 —Eix1 Oixn
i 01531 Eix 01,3 i 01527 Eix1 O1x12 i
0130 Eix 0159 01524 Eixi Ops
01525 —siny;  —cosy;  O1x13 0i,05 siny;  —cosy;  Opxi13
Bops — 0125 cosy;  —siny; 01«13 Bops — 01525 cosy, —siny;  Opxi3
0131 Eixa 018 01530  Epx
O]ng —sinvl —CO0S87Y, 01><10 lezg _Sil’l’)/l —CO0S87Y, 01><1()
01x28 cosy;  —siny; Oixp0 01,08 cosy; —siny;  Oixio
Bops = [06x24 Eexs  06x10]
r 0sx32  Esxe 062 T
01530 Eqx *% 0156 % 011
01 %25 —sin’yl —CO0S87, 01 %13
01x25 cosy,  —siny; Opxp3
01538 Eixi 0151
01508 —siny; —cosy;  Oix1o
Bop7 = 05,08 cosy, —siny;  Opxjo
01524 Eixi Orxas
01><25 *sin’y] —CO0S87Y, 0]><|3
01x05 cosy,  —siny; Opxp3
01530  Eixi
01,08 —siny; —cosy;  Oixi0
L 01><28 COs7y, *sin'yl 01><10 J
(A—4)
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where /4, [, /5, and [, are the length of elements in R1, R2, R3, The converting matrices of PaQuad PM are as

and R4. py, is the pitch of central screw. follows.
A = |:03><50 E3.3 03><203:| Ay — [03><93 E3.3 03><160] A — |:03><136 E3xz 03x117
03,216 E3xz 03337 |’ 0352220 Ezxz 03431 03.208 Ezxs 03425
Ay = {33“79 ESXS gSXM Dy =[Eixr 0245, D2 = [01111 Epicnr 011234 ]
3x234 3x3 3x19
D3 =[011x22 Eixar Onixa2s [, Da=[011x33 Epixir Onix212 ], Do = [Oa0x216  Eaox40 ]
042544 Eazxa2 042170 04x87 Eagxaz 0424127
035 Esxz 03048 0416 Eaxa 045236
01x86  Eix1 O1x160 01120 Eixr O1xiz6
Ds=| 020 Eax2  02x245 |,Ds= | 0121 Eix1 02x234
035  Esxz 03504 04516 Eaxa  04x236
0186 Eixi O1xie0 015120 Eix1 0O1x126
L 02x0  Eaxa 025245 | L Ona1 Ena 02:034
00x130 Ea2xa2 04284 (A—5)
0327 Esxz  03:22
012 Eix1 Oixs3
D7=| 0231 Eao  02x023
03527 Esxz 0350
01512 Eixi Orxs3
L 02,31 Ezxo 02,003
0425173 Eaxaz  Ogx41
0438  Esxa 045014
015215 Eix1 O1xa0
Ds= | 01x3  Epa 0200
04538 Esxa  04x014
01215 Ei1x1 0O1xa0
L 01xa3 Epnag 025012
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