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Abstract
This paper proposes an integrated geometric error prediction and compensationmethod to eliminate the positioning inaccuracy of
tool ball for a double ball bar (DBB) caused by the translational axes’ geometric errors in a multi-axis machine tool (MAMT).
Firstly, based on homogeneous transform matrix (HTM) and multi-body system (MBS) theory, the positioning error model only
considering the translational axes of a MAMT is established. Then, an integrated error parameter identification method (IEPIM)
by using a laser interferometer is proposed. Meanwhile, the identification discrete results of geometric error parameters for the
translational axes are obtained by identification experiments. According to the discrete values, the optimal polynomials of 18
position-dependent geometric errors (PDGEs) are founded. As a basis, an iterative compensationmethod is constructed tomodify
the NC codes generated with the ordinary compensation method in self-developed compensation software. Finally, simulation
verification is conducted with these two compensation methods. Simulation results show the positioning errors for test path of
tool ball calculated with the iterative compensation method that are limited within 0.001 mm, and its average accuracy and
accuracy stability are improved by 79.5 and 52.2%, respectively. In order to further verify the feasibility of the presented method,
a measuring experiment is carried out inXYplane of a five-axis machine tool by using DBB. The experiment results show that the
maximum circularity error with the iterative compensation method is reduced about 40.4% than that with the ordinary compen-
sation method. It is therefore reasonable to conclude that the proposed method in this paper can avoid the influence of the
translational axes’ geometric errors on rotary ones during a DBB test.

Keywords Translational axes . Geometric error . Positioning error . Integrated error parameter identification method . Iterative
compensationmethod . The optimal polynomials

1 Introduction

With a rapid development of precision machining for the com-
plex parts, multi-axis machine tools (MAMTs) are preferred
with the advantages of higher material removal rate and better
ability of positioning and orienting the tool with respect to the

workpiece and lower production cost [1–3]. Nevertheless, cur-
rent MAMTs cannot offer the same machining accuracy as
their three-axis counterparts. This hinders the wider accep-
tance and practical implementation of MAMTs. It is obvious
that major obstacles are that the introduction of rotary axes
radically changes the machine’s kinematic structure and
brings in more error sources.

Recently, many researchers have investigated some mea-
suring pattern to identify the rotary axes’ geometric errors,
which are the key contributors resulting in poor machining
accuracy of machine tools [4]. Tsutsumi et al. [5] presented
a measuring method for each rotary axis to identify the partic-
ular deviations based on simultaneous three-axis control mo-
tions by using the double ball bar (DBB). Lee et al. [6] esti-
mated geometric errors for a rotary axis using DBB and as-
sumed that all of the geometric errors for the translational axes
were compensated and negligible. Lee et al. [7] designed
four measurement paths to identify position-independent
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geometric errors of rotary axes A and C of a five-axis machine
tool using a DBB and assumed that the positioning accuracies
of the translational axes were within tolerances. Chen et al. [3]
proposed seven measurement patterns of multi-axis synchro-
nousmovement to predict and identify the rotary axes B andC
of a non-orthogonal five-axis machining center using the
DBB. Chen et al. [8] proposed a comprehensive geometric
error measurement and identification method for a tilt table
of a five-axis machine tool by using DBB on the basis of the
assumption that the geometric errors of the translational axes
were ignored during the experiments.

However, the measurement of the rotary axes is usually
realized by detecting position changes of two ends of the
DBB (i.e., worktable end and cutting tool end), which are
driven by the multi-axis synchronous motion. The assumption
that geometric errors caused by the translational axes have
been compensated perfectly will result in the positioning in-
accuracy of two ends of the DBB and affect the measuring
results of rotary axes, thus reducing machining accuracy of
MAMTs.

According to ref. [9], the positioning inaccuracy of work-
table end for DBB caused by the errors of the translational
axes can be avoided. Nevertheless, to the best of our knowl-
edge, the positioning inaccuracy of cutting tool end for DBB
caused by the errors of the translational axes is rarely noticed.

Hence, in order to eliminate the influence of the transla-
tional axes’ errors on the rotary ones, positioning inaccuracy
of cutting tool end for DBB caused by the translational axes’
errors should be compensated in real time during the measure-
ment experiment of the rotary axes.

Hsu et al. [10] divided the error compensation techniques
into three steps: (1) using a measuring device to measure er-
rors, (2) developing an error model for machine tools, and (3)
carrying out error compensation by using the obtained errors
and the established error model. So, the measurement and
identification of error sources are the prerequisite to set up
error model and conduct error compensation.

Over the past few decades, many literatures have reported
the geometric errors identification methods for translational
axes, mainly including identification method of individual
error measurement (IDOIEM) and integrated error parameter
identification method (IEPIM) [2, 11–13]. For the IDOIEM,
only one error component can be measured at one time and
various special measurement instruments are used to measure
and identify different types of error parameters. In addition,
the method requires familiarity with measurement instruments
and operator experts. For these reasons, the measurement ef-
ficiency is very low, and the measurement task is very tedious
and laborious. Comparatively speaking, the IEPIM has been
well recognized in a large amount of research due to many
advantages, such as faster measuring speed, higher measure-
ment precision, simpler operation, and fewer measurement
instruments.

Among the measurement instruments utilized by the
IEPIM, the laser interferometer is gradually becoming widely
used in machine tool industry since it is a heterodyne interfer-
ometry technology based on Doppler shift, with high resolu-
tion, high precision, and quick response characters [14, 15].
However, some drawbacks still exist in these IEPIMs based
on the laser interferometer. Zhang et al. [16] proposed a 22-
line method to obtain the geometric error components of a
three-axis machine tool. But the method can only be solved
by cycle or traversal algorithm and has a strict requirement
regarding measuring points, which make the method difficult
to implement and lack intuition. Liu [17] and Fan et al. [18]
developed the 9-line method and 14-line method to identify
geometric error parameter of three translational axes of a ma-
chine tool by using the laser interferometer, respectively. But,
the low identification accuracy in the 9-line method and the
assumption that all straightness errors have a 0 sum in the 14-
linemethodmake them lack universal property. Chen [19] and
Su et al. [20] presented the 15-line method and 12-line meth-
od, respectively. But, these two methods ignore the influence
of translational motion errors on the straightness errors, which
decrease the identification accuracy. Based on the aforemen-
tioned methods, Li et al. [21] summarized their characteristics
and proposed a novel 13-line method based on a laser inter-
ferometer. But, the identification process of the method is
complex and time consuming and the division of subspaces
is likely to give rise to the error accumulation, which reduce
the identification efficiency and accuracy.

According to the refs. [21–25], error compensation is di-
vided into hardware compensation and software compensa-
tion. Generally speaking, hardware compensation is not rec-
ommended since machining costs rise exponentially with the
level of machining accuracy involved [21, 23], whereas
software compensation does not need to take into account
economic limitations since only a computer software is
needed to compensate errors by correcting numerical con-
trol (NC) instructions before executing compensation in-
structions [22, 24, 25]. Therefore, in this study, software
compensation is chosen to be used.

In order to carry out software compensation perfectly, a
systematic and suitable error modeling method should be ap-
plied [26]. As a modeling method that can describe the motion
relationship between the adjacent kinematic parts of machine
tools simply and conveniently based on homogeneous trans-
form matrix (HTM) [27, 28], multi-body system (MBS) is the
most widely utilized way. Fan et al. [29] proposed a general-
ized kinematics error modeling method to improve the ma-
chining accuracy of NC machine tools by error compensation
based onMBS. To date, just as Zhu et al. [30] indicate, it is the
best method for geometric error modeling of machine tools.

It is worth noting that error parameters of machine tools
with the characteristics of nonlinearity and uncertainty, obtain-
ed by measurement and identification techniques, are the
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discrete values related to the position [31]. However, in the
process of error modeling and error compensation, the discrete
data cannot be directly used because they are not feasible
enough to provide necessary information at an arbitrary posi-
tion, thus having influence on software compensation effect.
Therefore, error parameters models need to be developed to
compute error values at any position. In some references,
position-dependent geometric error (PDGE) parameters are
modeled by various functions, such as first-order polynomials
(Jung et al. [32]), Fourier series (Bringmann et al. [33]), cubic
polynomials (Lasemi et al. [34]), and fifth-order polynomials
(Huang et al. [35]). Although these error parameters models
have been proved to be effective, they cannot provide suffi-
cient accuracy to describe the error behavior. Lee et al. [36]
developed the analytical polynomials of geometric error com-
ponents whose orders were determined by inspecting the mean
square error (MSE) of the residual errors. However, according
to the ref. [37], the individual error is variational and stochastic.
If the terms of the polynomial are too large, the mathematical
error models are difficult to be utilized since it leads to too
much calculation during the error compensation process. In
addition, if the polynomial includes the terms having little
influence on PDGE, its prediction accuracy will be affected.
And if the polynomial ignores the terms having a significant
influence on error, then the error models have a great deviation
from the actual ones, which will make the polynomial mean-
ingless. Therefore, how to establish the optimal models of
geometric error parameters is of paramount importance.

In view of the limitations stated, first, this paper presents a
general IEPIM to measure and identify the geometric errors of
translational axes in MAMTs. In order to predict the error
information at an arbitrary position effectively, the optimal
models of geometric error parameters are established to repre-
sent the non-linear relations between the axis position and the
geometric errors. Finally, a software compensation method is
developed to attain the desired positioning accuracy at the end
of cutting tool. This paper is organized as follows: positioning
error prediction model is established in Sect. 2. The measure-
ment and identification method of geometric errors for trans-
lational axes related to one typeMAMTs are presented in Sect.
3. In Sect. 4, the geometric error identification experiment and
the modeling process of geometric error parameters are de-
scribed. A software compensation method of geometric error,
the simulation verification, and a test experiment are presented
in Sect. 5. And finally, some conclusions are drawn in Sect. 6.

2 Positioning error modeling

2.1 Structure of the MAMT

An investigated MAMT is shown in Fig. 1a. Based on MBS
theory, the machine tool can be considered as the

combination of various rigid bodies, including machine
bed (body 1), Y axis slide carriage (body 2), C axis (i.e.,
worktable, body 3), workpiece (body 4), X axis slide carriage
(body 5), Z axis slide carriage (body 6), B axis (body 7), tool
spindle (body 8), and cutting tool (body 9). Furthermore, in
Fig. 1a, the ball of worktable end for DBB is called as work-
piece ball, and the ball of cutting tool end is called as tool ball.

Since this paper aims at the translational axes of the
MAMT, its kinematic chain (as shown in Fig. 1b) is figured
out by fixing C axis and B axis as one unit moving with the Z
axis and Y axis, respectively. In addition, according to the
lower body array approach [18], its topology structure map
is established, as shown in Fig. 2.

2.2 Geometric error parameter definition and setting
of the coordinate systems

Geometric errors of machine tools are usually classified into
position-dependent geometric errors (PDGEs) and position-
independent geometric errors (PIGEs) [12, 34]. PDGEs
change with the moving position of the axis. On the other
hand, PIGEs always keep constant [38].

According to ISO230-1 [39], three translational axes of a
MAMT have a total of 21 geometric error parameters, i.e., 18
PDGEs (six errors for each axis) and 3 PIGEs. Figure 3a is the
schematic diagram of Y axis PDGEs, and Fig. 3b is the sche-
matic diagram of PIGEs between translational axes, where
δi(y) and εi(y) (i = x, y, z) represent PDGEs of Y axis along
the i direction, respectively, while εxy, εyz, and εxz denote the
PIGE of between X and Y, Y and Z, X and Z, respectively.
Table 1 shows all the geometric errors of the translational axes
for the MAMT.

For the convenience of this study, some hypotheses are
made as follows: (1) the machine coordinate system (MCS)
OM − XMYMZM is selected as the base coordinate system
(BCS). Moreover, the coordinate system of bodies 1 and 2
and the BCS are in the same direction. (2) The ideal coordinate
system direction of each body is in line with the BCS. (3)
The coordinate system OW − XWYWZW is selected as work-
piece coordinate system (WCS), whose origin is set at the
geometrical center point OW of end surface in body 3. In
addition, the coordinate system OT − XTYTZT is selected as
tool coordinate system (TCS), whose origin is set at the
intersection point OT of the axis center line in bodies 7
and 9, as shown in Fig. 1a.

2.3 Positioning error modeling

When the translational axes of the MAMT is only taken
into account, the relative motion path variation of the tool
ball with respect to the workpiece ball can be regarded as
the mere result caused by geometric errors of the transla-
tional axes.
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Suppose that at the home position, the coordinate of
OW and OT in the MCS can be written as (qwx qwy qwz 1)

T and

qTx
qTy

qTz
1

� �
T respectively. The coordinate of the tool ball

center point PT in TCS can be expressed as PT = (XT YT ZT 1)
T.

By utilizing MBS theory, the transformation matrix of the
relative movement between the two adjacent bodies can be
represented as

SIJ½ � ¼ SIJ½ �p SIJ½ �pe SIJ½ �s SIJ½ �se ð1Þ

where [SIJ]p, [SIJ]pe, [SIJ]s, and [SIJ]se denote the rela-
tive position transformation matrix, the relative position
error transformation matrix, the relative motion transfor-
mation matrix, the relative motion error transformation

matrix between the rigid body I and the adjacent lower
body J respectively.

According to Sect. 2.1, C axis is fixed on the Yaxis. And B
axis and the spindle are fixed on the Z axis. Therefore, the
transformation matrix [S24] between Y axis and workpiece
and the transformation matrix [S 69] between Z axis and cut-
ting tool can be obtained, respectively. Based on the
abovementioned analysis, all of transformation matrices of
the adjacent bodies can also be determined, as shown in
Table 2.

As is seen in Fig. 2, the actual transformation matrix
from body 1 to body 4, which is denoted as [SBW], and
the actual transformation matrix from body 1 to body 9,
which is denoted as [SBT], can be expressed in Eqs.(2)
and (3) respectively.

SBW½ � ¼ ∏
t¼1

t¼n;Ln 3ð Þ¼1
SLt jð ÞLt−1 jð Þ� �

p SLt jð ÞLt−1 jð Þ� �
pe SLt jð ÞLt−1 jð Þ� �

s SLt jð ÞLt−1 jð Þ� �
se

� �

¼ S 12½ �p S 12½ �pe S 12½ �s S 12½ �se S 24½ �p S 24½ �pe S 24½ �s S 24½ �se
ð2Þ

SBT½ � ¼ ∏
t¼1

t¼n;Ln 4ð Þ¼1
SLt jð ÞLt−1 jð Þ� �

p SLt jð ÞLt−1 jð Þ� �
pe SLt jð ÞLt−1 jð Þ� �

s SLt jð ÞLt−1 jð Þ� �
se

� �

¼ S 15½ �p S 15½ �pe S 15½ �s S 15½ �se S 56½ �p S 56½ �pe S 56½ �s S 56½ �se S 69½ �p S 69½ �pe S 69½ �s S 69½ �se
ð3Þ

Since the point PT in TCS can be described to WCS, the
following equation is obtained.

PW
T ¼ SBW½ �−1 SBT½ �PT ð4Þ

where PW
T denotes the coordinate of the point PT in WCS.

Assume that the coordinate of the workpiece ball cen-
ter point in WCS can be expressed as Pw = (xw yw zw 1)T.

Then, as shown in Fig. 4, the relative motion path vec-
tor between two ends of DBB PE can be obtained as
follows.

PE ¼ PW
T −PW ¼

PEx

PEy

PEz
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Fig. 1 A MAMT used in this
research. a Structure. bKinematic
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where PEx , PEy , and PEz denote the component of PE in

x, y, z directions, respectively.
Therefore, the positioning error E can be obtained as

follows.

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
Ex
þ P2

Ey
þ P2

Ez

q
−l1

Ev ¼
Ex

Ey

Ez

1

2
664

3
775 ¼

E cosα
E cosβ
E cosγ

1

2
664

3
775

8>>>>><
>>>>>:

ð6Þ

where E denotes the positioning error size. Ev denotes
the coordinate vector of the positioning error. Ex, Ey,
and Ez denote the component of Ev in x, y, z directions,
respectively. l1 denotes the ideal length of the ball bar.

cosα ¼ PEx=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
Ex
þ P2

Ey
þ P2

Ez

q
, cosβ ¼ PEy=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
Ex
þ P2

Ey
þ P2

Ez

q
,

and cosγ ¼ PEz=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
Ex
þ P2

Ey
þ P2

Ez

q
.

3 The IEPIM of geometric error parameters

3.1 Multi-body synchronous motion modeling

As is seen in Fig. 1b, the three translational axes for the
selected MAMT exist in different branches. X and Y axes
can move with respect to machine bed. Moreover, Z axis
can move with respect to X axis. Without loss of general-
ity, machine bed and X, Y, and Z axes can be called as
bodies I, L, J and K respectively. The schematic diagram
of multi-body synchronous motion in different branches is
shown in Fig. 5. Where qli; q

e
i ; qi i ¼ L; J ;Kð Þ denote the

ideal position vector, position error vector, and actual po-
sition vector of body i relative to the adjacent lower body,

respectively. Slih; S
e
ih; Sih (i = L, J, K) denote the ideal mo-

tion vector, motion error vector, and actual motion vector
of body i relative to the adjacent lower body when body i
moves to the h-th (h = 0,1,…n) given position, respective-
ly. Oi − XiYiZi(i = I, L, J, K) represents the reference coor-
dinate system of body i. n denotes the discrete point
number.

Suppose at the hth given position, the position array
of Pl for body L in the reference coordinate system of
body L and I can be written as {rl} = {rlx rly rlz 1}

T and

( )x y

( )z y

YO ( )y y

X

Z
'Z

'Y

( )y y

( )x y

( )z y

Y
'X

y

z

x

yz

xz

xy

Z

Y

X

(a) (b)

Fig. 3 The schematic diagram of
geometric errors. a Yaxis PDGEs.
b PIGEs between translational
axes

Table 1 Geometric errors of the translational axes for the MAMT

X axis Y axis Z axis

PDGEs Positioning error δx(x) δy(y) δz(z)

Straightness error x direction δx(y) δx(z)

y direction δy(x) δy(z)

z direction δz(x) δz(y)

Roll error εx(x) εy(y) εz(z)

Pitch error εy(x) εx(y) εx(z)

Yaw error εz(x) εz(y) εy(y)

PIGEs XY axis perpendicularity error εxy
XZ axis perpendicularity error εxz
YZ axis perpendicularity error εyz

1

2

49

6

5
[ 12]S

[ 24]S

ZM

XM
YM

ZW

XW
YW

YT

ZT

XT
OT

OW

OM

[ 15]S

[ 56]S

[ 69]S

[ ]SBT
[ ]SBW

Fig. 2 The topology structure of the MAMT
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{Plh} = {xlh ylh zlh 1}
T, respectively. While the position

a r r a y o f P k f o r b o d y K i n t h e r e f e r e n c e
coordinate system of body K and I can be written as
{rk} {rkx rky rkz 1}T and {Pkh} = {xkh ykh zkh 1}

T respec-

tively. In addition, Slih and Sih (i = L, J, K) can be written

as Slih
� � ¼ Slihx S

l
ihy S

l
ihz 1

n o
T and {Sih} = {Sihx Sihy Sihz

1}T, respectively. Therefore, Plh is expressed as follows:

Plhf g ¼ SIL½ �p SIL½ �pe SIL½ �s SIL½ �se rlf g

¼ SIL½ �p SIL½ �pe
1 0 0 Sllhx
0 1 0 Sllhy
0 0 1 Sllhz
0 0 0 1

2
664

3
775

1 −εz Slhð Þ εy Slhð Þ δx Slhð Þ
εz Slhð Þ 1 −εx Slhð Þ δy Slhð Þ
−εy Slhð Þ εx Slhð Þ 1 δz Slhð Þ

0 0 0 1

2
664

3
775

rlx
rly
rlz
1

8>><
>>:

9>>=
>>;

ð7Þ

According to Eq. (7), all of error parameters are not con-
sidered when body L is at home position (i.e., h = 0). Hence,
Pl0 is expressed as follows:

Pl0f g ¼ SIL½ �p SIL½ �pe
rlx
rly
rlz
1

8>><
>>:

9>>=
>>;

ð8Þ

In the same way, Pkh and Pk0 can be expressed in Eqs. (9)
and (10), respectively.

Table 2 Transformation matrix of the adjacent bodies for the researched machine tool

Adjacent
body

Transformation matrix Error transformation matrix

Position Motion Position Motion

1–2 Y axis [S12]p = I4 × 4 S12½ � s ¼
1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 0

2
664

3
775

[S12]pe = I4 × 4 S12½ � se ¼
1 −εz yð Þ εy yð Þ δx yð Þ

εz yð Þ 1 −εx yð Þ δy yð Þ
−εy yð Þ εx yð Þ 1 δz yð Þ

0 0 0 1

2
664

3
775

2–4
workpiece

S24½ �p ¼
1 0 0 qwx
0 1 0 qwy
0 0 1 qwz
0 0 0 1

2
664

3
775

[S24]s = I4 × 4 [S24]pe = I4 × 4 [S24]se = I4 × 4

1–5 X axis [S15]p = I4 × 4 S15½ � s ¼
1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 0

2
664

3
775

S15½ � pe ¼
1 −εxy 0 0
εxy 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

S15½ � se ¼
1 −εz xð Þ εy xð Þ δx xð Þ

εz xð Þ 1 −εx xð Þ δy xð Þ
−εy xð Þ εx xð Þ 1 δz xð Þ

0 0 0 1

2
664

3
775

5–6 Z axis [S56]p = I4 × 4 S56½ � s ¼
1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 0

2
664

3
775

S56½ � pe ¼
1 0 εxz 0
0 1 −εyz 0

−εxz εyz 1 0
0 0 0 1

2
664

3
775

S56½ � se ¼
1 −εz zð Þ εy zð Þ δx zð Þ

εz zð Þ 1 −εx zð Þ δy zð Þ
−εy zð Þ εx zð Þ 1 δz zð Þ

0 0 0 1

2
664

3
775

6–9 tool S69½ � p ¼
1 0 0 qTx
0 1 0 qTy
0 0 1 qTz
0 0 0 1

2
664

3
775

[S69]p = I4 × 4 [S69]pe = I4 × 4 [S69]se = I4 × 4

Double ball
bar

Workpiece ball

Tool ball

ZW

YW
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Fig. 4 The relative motion path vector map between two ends of DBB
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Pkhf g ¼ SIJ½ �p SIJ½ �pe SIJ½ �s SIJ½ �se SJK½ �p SJK½ �pe SJK½ �s SJK½ �se rkf g

¼ SIJ½ �p SIJ½ �pe

1 0 0 Sljhx
0 1 0 Sljhy
0 0 1 Sljhz
0 0 0 1

2
6664

3
7775

1 −εz Sjh
	 


εy Sjh
	 


δx Sjh
	 


εz Sjh
	 


1 −εx Sjh
	 


δy Sjh
	 


−εy Sjh
	 


εx Sjh
	 


1 δz Sjh
	 


0 0 0 1

2
664

3
775

� SJK½ �p SJK½ �pe
1 0 0 Slkhx
0 1 0 Slkhy
0 0 1 Slkhz
0 0 0 1

2
664

3
775

1 −εz Skhð Þ εy Skhð Þ δx Skhð Þ
εz Skhð Þ 1 −εx Skhð Þ δy Skhð Þ
−εy Skhð Þ εx Skhð Þ 1 δz Skhð Þ

0 0 0 1

2
664

3
775

rkx
rky
rkz
1

8>><
>>:

9>>=
>>;

ð9Þ

Pk0f g ¼ SIJ½ �p SIJ½ �pe SJK½ �p SJK½ �pe
rkx
rky
rkz
1

8>><
>>:

9>>=
>>;

ð10Þ
With Eqs. (7)–(10), the projected array of the relative dis-

placement vector between Pl and Pk in the reference coordi-
nate system of body I from home position to the h-th given
position is obtained, as shown in Eq. (11).

plhf g− pl0f g− pkhf g− pk0f gf g

¼ SIL½ �p SIL½ �pe
1 0 0 Sllhx
0 1 0 Sllhy
0 0 1 Sllhz
0 0 0 1

2
664

3
775

1 −εz Slhð Þ εy Slhð Þ δx Slhð Þ
εz Slhð Þ 1 −εx Slhð Þ δy Slhð Þ
−εy Slhð Þ εx Slhð Þ 1 δz Slhð Þ

0 0 0 1

2
664

3
775

rlx
rly
rlz
1

8>><
>>:

9>>=
>>;
− SIL½ �p SIL½ �pe

rlx
rly
rlz
1

8>><
>>:

9>>=
>>;

−ð SIJ½ �p SIJ½ �pe

1 0 0 Sljhx
0 1 0 Sljhy
0 0 1 Sljhz
0 0 0 1

2
6664

3
7775

1 −εz Sjh
	 


εy Sjh
	 


δx Sjh
	 


εz Sjh
	 


1 −εx Sjh
	 


δy Sjh
	 


−εy Sjh
	 


εx Sjh
	 


1 δz Sjh
	 


0 0 0 1

2
664

3
775 SJK½ �p SJK½ �pe

1 0 0 Slkhx
0 1 0 Slkhy
0 0 1 Slkhz
0 0 0 1

2
664

3
775

�
1 −εz Skhð Þ εy Skhð Þ δx Skhð Þ

εz Skhð Þ 1 −εx Skhð Þ δy Skhð Þ
−εy Skhð Þ εx Skhð Þ 1 δz Skhð Þ

0 0 0 1

2
664

3
775

rkx
rky
rkz
1

8>><
>>:

9>>=
>>;
− SIJ½ �p SIJ½ �pe SJK½ �p SJK½ �pe

rkx
rky
rkz
1

8>><
>>:

9>>=
>>;Þ

ð11Þ

3.2 Identification of positioning, yaw, and pitch errors

When the machine tool moves only along X, Y, and Z axes,
respectively, the corresponding parameters can be obtained, as
shown in Table 3. Substituting these parameters into Eq. (11),
the following equations are given.

xkh − xk0
ykh − yk0
zKh − zk0

0

8>><
>>:

9>>=
>>;

¼
δx xhð Þ
δy xhð Þ
δz xhð Þ
0

2
664

3
775þ

xh
xhεxy
0
0

2
664

3
775

þ
0 −εz xhð Þ εy xhð Þ 0

εz xhð Þ 0 −εx xhð Þ 0
−εy xhð Þ εx xhð Þ 0 0

0 0 0 0

2
664

3
775

rkx
rky
rkz
1

2
664

3
775

ð12Þ

xlh − xl0
ylh − yl0
zlh − zl0

0

8>><
>>:

9>>=
>>;

¼
δx yhð Þ
δy yhð Þ
δz yhð Þ
0

2
664

3
775þ

0
yh
0
0

2
664

3
775

þ
0 −εz yhð Þ εy yhð Þ 0

εz yhð Þ 0 −εx yhð Þ 0
−εy yhð Þ εx yhð Þ 0 0

0 0 0 0

2
664

3
775

rlx
lly
rlz
1

2
664

3
775

ð13Þ

xkh − xk0
ykh − yk0
zkh − zk0

0

8>><
>>:

9>>=
>>;

¼
δx zhð Þ
δy zhð Þ
δz zhð Þ
0

2
664

3
775þ

zhεxz
−zhεyz
zh
0

2
664

3
775

þ
0 −εz zhð Þ εy zhð Þ 0

εz zhð Þ 0 −εx zhð Þ 0
−εy zhð Þ εx zhð Þ 0 0

0 0 0 0

2
664

3
775

rkx
rky
rkz
1

2
664

3
775

ð14Þ
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According to the first equation of Eq. (12), when the ma-
chine tool moves only along X axis, the displacement of the
given position point Pki (i = 1, 2, 3) for X direction on the tool
spindle, which is denoted as Lixh (i = 1, 2, 3), can bemeasured.

Hence, the three displacement equations of X direction can be
expressed as shown in Eq. (15).

L1xh − xh
L2xh − xh
L3xh − xh

8<
:

9=
; ¼

1 −rk1y rk1z
1 −rk2y rk2z
1 −rk3y rk3z

2
4

3
5 δx xhð Þ

εz xhð Þ
εy xhð Þ

8<
:

9=
; ð15Þ

Similarly, as is observed in the second equation of Eq. (13),
when the machine tool moves only along Y axis, the Y direction
displacements of the three different position points Pl4, Pl5, and
Pl6 on the worktable are measured, respectively, which are de-
noted as L4yh, L5yh, and L6yh, respectively. Thus, the three dis-
placement equations of Y direction can be expressed as follows.

L4yh − yh
L5yh − yh
L6yh − yh

8<
:

9=
; ¼

1 rl4x −rl4z
1 rl5x −rl5z
1 rl6x −rl6z

2
4

3
5 δy yhð Þ

εz yhð Þ
εx yhð Þ

8<
:

9=
; ð16Þ

In addition, from the third equation of Eq. (14), when
the machine tool moves only along Z axis, the Z direc-
tion displacements of the three different position points
Pk7, Pk8, and Pk9 on the tool spindle are measured,

Table 3 Parameters used in the
error identification process Symbol Single-axis motion Multi-axis synchronous motion

X axis Y axis Z axis XYaxis XZ axis YZ axis

Sllh 0
0
0
1

2
664

3
775

0
yh
0
1

2
664

3
775

0
0
0
1

2
664

3
775

0
yh
0
1

2
664

3
775

0
0
0
1

2
664

3
775

0
yh
0
1

2
664

3
775

Sljh

xh
0
0
1

2
664

3
775

0
0
0
1

2
664

3
775

0
0
0
1

2
664

3
775

xh
0
0
1

2
664

3
775

xh
0
0
1

2
664

3
775

0
0
0
1

2
664

3
775

Slkh

0
0
0
1

2
664

3
775

0
0
0
1

2
664

3
775

0
0
zh
1

2
664

3
775

0
0
0
1

2
664

3
775

0
0
zh
1

2
664

3
775

0
0
zh
1

2
664

3
775

[SIL]p I4x4
[SIL]pe I4x4
[SIJ]p I4x4

[SIJ]pe

1 −εxy 0 0
εxy 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

[SJK]p I4x4

[SJK]pe

1 0 εxz 0
0 1 −εyz 0

−εxz εyz 1 0
0 0 0 1

2
664

3
775

I

J

K

L

e
jql
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l
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l
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l
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Fig. 5 The schematic diagram of multi-body synchronous motion in
different branches
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respectively, which are denoted as L7zh, L8zh, and L9zh, respec-
tively. Thus, the three displacement equations of Z direction
can be expressed as follows:

L7zh − zh
L8zh − zh
L9zh − zh

8<
:

9=
; ¼

1 −rk7x rk7y
1 −rk8x rk8y
1 −rk9x rk9y

2
4

3
5 δz zhð Þ

εy zhð Þ
εx zhð Þ

8<
:

9=
; ð17Þ

Finally, the positions of these measuring points should be
chosen properly to ensure the full rank of the coefficient ma-
trix in Eqs. (18)–(20). Thus, the positioning, yaw, and pitch
errors of the three translational axes are obtained as follows.

δx xhð Þ
εz xhð Þ
εy xhð Þ

8<
:

9=
; ¼

1 −rk1x rklz
1 −rk2y rk2z
1 −rk3y rk3y

2
4

3
5
−1 L1xh − xh

L2xh − xh
L3xh − xh

8<
:

9=
; ð18Þ

δy yhð Þ
εz yhð Þ
εx yhð Þ

8<
:

9=
; ¼

1 rl1x −rl1z
1 rl2x −rl2z
1 rl3x −rl3z

2
4

3
5
−1 L1yh − yh

L2yh − yh
L3yh − yh

8<
:

9=
; ð19Þ

δz zhð Þ
εy zhð Þ
εx zhð Þ

8<
:

9=
; ¼

1 −rk4x rk4y
1 −rk5x rk5y
1 −rk6x rk6y

2
4

3
5
−1 L4zh − zh

L5zh − zh
L6zh − zh

8<
:

9=
; ð20Þ

3.3 Identification of roll errors of X and Z axes,
straightness error in X direction of Z axis,
and straightness error in Z direction of X axis

When the machine tool simultaneously moves along X and Z
axis, the motion equation of XZ axis linkage can be expressed

by substituting the corresponding parameters shown in
Table 3 into Eq. (11) as follows.

xkh − xk0
ykh − yk0
zkh − zk0

0

2
664

3
775 ¼

δx xhð Þ þ δx zhð Þ þ xh þ zhεy xhð Þ þ zhεxz
δy xhð Þ þ δy zhð Þ þ xhεxy−zhεx xhð Þ−zhεyz

δz xhð Þ þ δz zhð Þ þ zh
0

2
664

3
775

þ
0 −εz xhð Þ−εz zhð Þ εy xhð Þ−εy zhð Þ 0

εz xhð Þ þ εz zhð Þ 0 −εx xhð Þ−εx zhð Þ 0
−εy xhð Þ−εy zhð Þ εx xhð Þ−εx zhð Þ 0 0

0 0 0 0

2
664

3
775

rkx
rky
rkz
1

2
664

3
775

ð21Þ

As shown in Fig. 6, the wavy line represents the actual
trajectory of Pki from home position to the hth position.
The OH line represents the ideal linkage trajectory curve
in XOZ plane. Lih denotes the actual displacement distance.

Llih denotes the ideal displacement distance. δih denotes the
straightness error in XOZ plane. θ denotes the included
angle between the ideal linkage trajectory curve and Z axis.
Lixh and Lizh denotes the projection of Pk in X and Z direc-
tions, respectively.

Since it is impossible to guarantee that the laser beam is
parallel to XOZ plane in the measuring process, the straight-
ness error in the plane composed of the OH line and the Yaxis
cannot be measured, and the straightness error of the OH line
in the XOZ plane can only be measured. Hence, the following
equation can be represented through the position relationship
shown in Fig. 6.

Lixh ¼ Llih sinθþ δih cosθ
Lizh ¼ Llih cosθþ δih sinθ

�
ð22Þ

According to the first and third equations of Eq. (21), Eq.
(23) is given as follows.

Lixh ¼ δx xhð Þ þ δx zhð Þ þ xh þ zhεy xhð Þ þ zhεxz−rkiy εz xhð Þ þ εz zhð Þð Þ þ rkiz εy xhð Þ þ εy zhð Þ	 

Lizh ¼ δz xhð Þ þ δz zhð Þ þ zh−rkix εy xhð Þ þ εy zhð Þ	 


−rkiy εx xhð Þ þ εx zhð Þð Þ
�

ð23Þ

Utilizing Eq. (23) and altering Y coordinate values of the given position point, the following equations can be established.

L1xh ¼ δx xhð Þ þ δx zhð Þ þ xh þ zhεy xhð Þ þ zhεxz−rk1y εz xhð Þ þ εz zhð Þð Þ þ rk1z εy xhð Þ þ εy zhð Þ	 

L2xh ¼ δx xhð Þ þ δx zhð Þ þ xh þ zhεy xhð Þ þ zhεxz−rk2y εz xhð Þ þ εz zhð Þð Þ þ rk2z εy xhð Þ þ εy zhð Þ	 

L1zh ¼ δz xhð Þ þ δz zhð Þ þ zh−rk1x εy xhð Þ þ εy zhð Þ	 
þ rk1y εx xhð Þ þ εx zhð Þð Þ
L2zh ¼ δz xhð Þ þ δz zhð Þ þ zh−rk2x εy xhð Þ þ εy zhð Þ	 
þ rk2y εx xhð Þ þ εx zhð Þð Þ

8>><
>>:

ð24Þ

where L1xh ¼ Ll1h sinθþ δ1h cosθ, L2xh ¼ Ll2h sinθþ δ2h cosθ, L1zh ¼ Ll1h cosθþ δ1h sinθ, and L2zh ¼ Ll2h cosθþ δ2h sinθ.
Assume that XZ axis perpendicularity error εxz is known, then Eq. (25) can be obtained.

1 −rk1y 0 0
1 −rk2y 0 0
0 0 1 rk1y
0 0 1 rk2y

2
664

3
775

δx zhð Þ
εz zhð Þ
δz xhð Þ
εx xhð Þ

2
664

3
775 ¼

−L1xh þ δx xhð Þ þ xh þ zhεy xhð Þ þ zhεxz−rk1yεz xhð Þ þ rk1z εy xhð Þ þ εy zhð Þ	 

−L2xh þ δx xhð Þ þ xh þ zhεy xhð Þ þ zhεxz−rk2yεz xhð Þ þ rk2z εy xhð Þ þ εy zhð Þ	 

L1zh−δz xhð Þ−δz zhð Þ−zh þ rk1x εy xhð Þ þ εy zhð Þ	 


−rk1yεx zhð Þ
L2zh−δz xhð Þ−δz zhð Þ−zh þ rk2x εy xhð Þ þ εy zhð Þ	 


−rk2yεx zhð Þ

2
664

3
775 ð25Þ
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Due to rk1y ≠ rk2y, based on the above equation, the roll
errors of X and Z axes, the straightness error in X direction

of Z axis, and straightness error in Z direction of X axis are
obtained as follows.

εz zhð Þ ¼ L2xh−L1xh− rk1y−rk2y
	 


εz xhð Þ þ rk1z−rk2zð Þ εy xhð Þ þ εy zhð Þ	 

rk1y−rk2y

δx zhð Þ ¼ L1xh−δx xhð Þ−xh−zhεy xhð Þ−zhεxz þ rk1y εz xhð Þ þ εz zhð Þð Þ
−rk1z εy xhð Þ þ εy zhð Þ	 


εx xhð Þ ¼ L1zh−L2zh− rk1x−rk2xð Þ εy xhð Þ þ εy zhð Þ	 

− rk1y−rk2y
	 


εx zhð Þ
rk1y−rk2y

δz xhð Þ ¼ L1zh−δz zhð Þ−zh þ rk1x εy xhð Þ þ εy zhð Þ	 

−rk1y εx xhð Þ þ εx zhð Þð Þ

8>>>>>>>>><
>>>>>>>>>:

ð26Þ

3.4 Identification of roll error of Y axis, straightness
error in X direction of Y axis, and straightness error
in Y direction of X axis

When the machine tool simultaneously moves along X and Y
axes, the motion equation of XYaxis linkage can be expressed
by substituting the corresponding parameters (as shown in
Table 3) into Eq. (11) as follows.

xlh − xl0
ylh − yl0
zlh − zl0

0

8>><
>>:

9>>=
>>;
−

xkh − xk0
ykh − yk0
zkh − zk0

0

8>><
>>:

9>>=
>>;

¼
δx yhð Þ

δy yhð Þ þ yh
δz yhð Þ
0

2
664

3
775

þ
0 −εz yhð Þ εy yhð Þ 0

εz yhð Þ 0 −εx yhð Þ 0
−εy yhð Þ εx yhð Þ 0 0

0 0 0 0

2
664

3
775

rlx
rly
rlz
1

2
664

3
775

−

δx yhð Þ þ xh
δy xhð Þ þ xhεxy

δz xhð Þ
0

2
664

3
775−

0 −εz xhð Þ εy xhð Þ 0
εz xhð Þ 0 −εx xhð Þ 0
−εy xhð Þ εx xhð Þ 0 0

0 0 0 0

2
664

3
775

rkx
rky
rkz
1

2
664

3
775

ð27Þ

As Fig. 7 shows, the wavy line represents the actual
linkage trajectory of Pli and Pki from home position to
the hth position. Pi represents the given position point of
the actual linkage trajectory. The OH line represents the
ideal linkage trajectory curve in XOY plane. Lih denotes

the actual displacement distance. Llih denotes the ideal
displacement distance. δih denotes the straightness error
in XOY plane. θ denotes the included angle between the
ideal linkage trajectory curve and Y axis. Lixh and Liyh
denote the projection of Lih in X and Y directions,
respectively.

Using the position relationship in Fig. 7, Eq. (28) can be
obtained as follows.

Lixh ¼ Llih sinθþ δih cosθ
Liyh ¼ Llih cosθ−δih sinθ

�
ð28Þ

In addition, according to the first and second equations of
Eq. (27), the following equation can be obtained.

Lixh ¼ δx yhð Þ−δx xhð Þ−xh−rliyεz yhð Þ þ rlizεy yhð Þ þ rkiyεz xhð Þ−rkizεy xhð Þ
Liyh ¼ δy yhð Þ−δy xhð Þ þ yh−xhεxy þ rlixεz yhð Þ−rlizεx yhð Þ−rkixεz xhð Þ þ rkizεx xhð Þ

�

ð29Þ

Utilizing the first equation of Eq. (29) and altering the Z
coordinate values of the given position point, the following
motion equation can be established.

L1xh ¼ δx yhð Þ−δx xhð Þ−xh−rl1yεz yhð Þ þ rl1zεy yhð Þ þ rk1yεz xhð Þ−rk1zεy xhð Þ
L2xh ¼ δx yhð Þ−δx xhð Þ−xh−rl2yεz yhð Þ þ rl2zεy yhð Þ þ rk2yεz xhð Þ−rk2zεy xhð Þ

�

ð30Þ

where L1xh ¼ Ll1h sinθþ δ1h cosθ, and L2xh ¼ Ll2h sinθþ
δ2h cosθ.

O

X

Y

H

ih

ihL
ih

lL
ixhL

iyhL

iP

Fig. 7 The linkage curve diagram of Pi in XOY plane

O

X

Z

ih

ihL
ih

lL
ixhL

izhL

kiP

H

Fig. 6 The linkage curve diagram of Pki in XOZ plane
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Due to rl1z ≠ rl2z, the following equation can be obtained.

1 rl1z
1 rl2z

� 

δx yhð Þ
εy yhð Þ

� 


¼ L1xh þ δx xhð Þ þ xh þ rl1yεz yhð Þ−rk1yεz xhð Þ þ rk1zεy xhð Þ
L2xh þ δx xhð Þ þ xh þ rl2yεz yhð Þ−rk2yεz xhð Þ þ rk2zεy xhð Þ

� 


ð31Þ

Then, the roll error of Y axis and the straightness error in X
direction of Y axis are obtained as follows.

εy yhð Þ ¼ L1xh−L2xh þ rl1y−rl2y
	 


εz yhð Þ þ rk2y−rk1y
	 


εz xhð Þ þ rk2z−rk1zð Þεy xhð Þ
rl1z−rl2z

δx yhð Þ ¼ L1xh þ δx xhð Þ þ xh þ rl1yεz yhð Þ−rl1zεy yhð Þ−rk1yεz xhð Þ þ rk1zεy xhð Þ

8<
:

ð32Þ

According to the second equation of Eq. (29), the following
equation can be obtained.

L1yh ¼ δy yhð Þ−δy xhð Þ þ yh−xhεxy þ rl1zεz yhð Þ−rl1zεx yhð Þ
−rk1xεz xhð Þ þ rk1zεx xhð Þ ð33Þ

where L1yh ¼ Ll1h cosθ−δ1h sinθ.
Assume that XY axis perpendicularity error εxy is known,

then the straightness error in Y direction of X axis is obtained
as follows.

δy xhð Þ ¼ −L1yh þ δy yhð Þ þ yh−xhεxy þ rl1zεz yhð Þ−rl1zεx yhð Þ
−rk1xεz xhð Þ þ rk1zεx xhð Þ ð34Þ

3.5 Identification of the rest straightness errors

When the machine tool simultaneously moves along Y and Z
axes, the motion equation of YZ axis linkage can be expressed
by substituting the corresponding parameters (as shown in
Table 3) into Eq. (11) as follows.

xlh − xl0
ylh − yl0
zlh − zl0

0

8>><
>>:

9>>=
>>;
−

xkh − xk0
ykh − yk0
zkh − zk0

0

8>><
>>:

9>>=
>>;

¼
δx yhð Þ

δy yhð Þ þ yh
δz yhð Þ
0

2
664

3
775

þ
0 −εz yhð Þ εy yhð Þ 0

εz yhð Þ 0 −εx yhð Þ 0
−εy yhð Þ εx yhð Þ 0 0

0 0 0 0

2
664

3
775

rlx
rly
rlz
1

2
664

3
775

−

δx zhð Þ þ zhεxz
δy zhð Þ þ zhεyz
δz zhð Þ þ zh

0

2
664

3
775−

0 −εz zhð Þ εy zhð Þ 0
εz zhð Þ 0 −εx zhð Þ 0
−εy zhð Þ εx zhð Þ 0 0

0 0 0 0

2
664

3
775

rkx
rky
rkz
1

2
664

3
775

ð35Þ

As displayed in Fig. 8, the wavy line represents the actual
linkage trajectory of Pli and Pki from home position to the hth

position. Pi represents the given position point of the actual
linkage trajectory. The OH line represents the ideal linkage
trajectory curve in YOZ plane. Lih denotes the actual displace-
ment distance. Llih denotes the ideal displacement distance. δih
denotes the straightness error in YOZ plane. θ denotes the
included angle between the ideal linkage trajectory curve
and Y axis. Lixh and Liyh denote the projection of Lih in X and
Y directions, respectively.

Hence, the following equation can be obtained.

Liyh ¼ Llih sinθþ δih cosθ
Lizh ¼ Llih cosθþ δih sinθ

�
ð36Þ

Utilizing the second and third equations of Eq. (35), Eq.
(37) can be obtained as follows.

L1yh ¼ δy yhð Þ þ yh−δy zhð Þ þ zhεyz þ rl1xεz yhð Þ−rl1zεx yhð Þ
−rk1xεz zhð Þ þ rk1zεx zhð Þ

L1zh ¼ δz yhð Þ−δz zhð Þ−zh−rl1xεy yhð Þ þ rl1yεx yhð Þ þ rk1xεy zhð Þ
−rk1yεx zhð Þ

8>><
>>:

ð37Þ

Where L1yh ¼ Ll1h sinθþ δ1h cos θ, and L1zh ¼ Ll1h cos θþ
δ1h sin θ.

Assume that YZ axis perpendicularity error εyz is known,
then the straightness error in Z direction of Y axis and the
straightness error in Y direction of Z axis are obtained as
follows.

δz yhð Þ ¼ L1zh þ δz zhð Þ þ zh þ rl1xεy yhð Þ−rl1yεx yhð Þ−rk1xεy zhð Þ
þrk1yεx zhð Þ

δy zhð Þ ¼ −L1yh þ δy yhð Þ þ yh þ zhεyz þ rl1xεz yhð Þ
−rl1zεx yhð Þ−rk1xεz zhð Þ þ rk1zεx zhð Þ

8>>><
>>>: ð38Þ

3.6 Identification of the squareness errors

As can be observed in Sects. 3.3–3.5, the straightness errors of
X and Y directions of Z axis and Y direction of X axis can be
obtained on the basis of the hypothesis that the squareness
errors are all known. Therefore, in this section, the squareness
errors should be identified.
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izhL
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Fig. 8 The linkage curve diagram of Pi in YOZ plane
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It is well known that the guide rail of the machine tool is a
set of planes or surfaces that guide the translational axis along
a certain direction. Due to the influence of its guiding accura-
cy, the translational axis deviates from its ideal axis line. As a
matter of fact, the deviation is caused by the combination of
the pitch and yaw errors when the motion of translational axis
takes place. As shown in Fig. 9, for example, when the X axis
moves along X direction, its axis line deviates from X to Pzx in
XOZ plane due to the pitch error and to Pyx in XOY plane due
to the yaw error, respectively, while the actual X axis line,
which is denoted as X′, is the intersection line of two planes
composed ofPzx and PyxwithX, respectively. In the sameway,
the actual Y axis line Y′ and actual Z axis line Z′ can also be
obtained.

To identify the squareness errors, the best axis lines of three
translational axes are needed. The relationship diagram of
three squareness errors between three translational axes is
shown in Fig. 10.

Based on the foregoing analysis, Puv(u, v = x, y, z; u ≠ v),
which represents the offset curve of [SJK]p axis in I4x4 direc-
tion, can be expressed as follows.

Pyx ¼ ∑
h

i¼1
εz xið Þxi;Pzx ¼ ∑

h

i¼1
εy xið Þxi

Pxy ¼ ∑
h

i¼1
εz yið Þyi;Pzy ¼ ∑

h

i¼1
εx yið Þyi

Pyz ¼ ∑
h

i¼1
εx zið Þzi;Pxz ¼ ∑

h

i¼1
εy zið Þzi

8>>>>>><
>>>>>>:

ð39Þ

While, the best fitting line of Puv, which is denoted as

P
0
uv u; v ¼ x; y; z; u≠vð Þ, can be expressed as follows.

P
0
uv ¼ cuv0 þ cuv1v ð40Þ

By applying the least squares method, the coefficients of
the fitting line can be written as follows.

cuv0 ¼ 1

n ∑
n

i¼1
v2i − ∑

n

i¼1
vi

� �2 ∑
n

i¼1
v2i ∑

n

i¼1
Puvi− ∑

n

i¼1
vi ∑

n

i¼1
viPuvi

� 


cuv1 ¼ 1

n ∑
n

i¼1
v2i − ∑

n

i¼1
vi

� �2 n ∑
n

i¼1
viPuvi− ∑

n

i¼1
vi ∑

n

i¼1
viPuvi

� 


8>>>>>>><
>>>>>>>:

ð41Þ

Hence, the mathematical expressions of X′, Y′, and Z′ can
be represented as Eq. (42).

x
1
¼ P

0
yx−cyx0
cyx1

¼ P
0
zx−czx0
czx1

P
0
xy−cxy0
cxy1

¼ y
1
¼ P

0
zy−czy0
czy1

P
0
xz−cxz0
cxz1

¼ P
0
yz−cyz0
cyz1

¼ z
1

8>>>>>>>><
>>>>>>>>:

ð42Þ

Then, three squareness errors between X, Y, and Z axes can
be derived from the three direction vectors of X′, Y′, and Z′,
i.e., (1, cyx1, czx1), (cxy1, 1, czy1), and (cxz1, cyz1, 1), as follows.

εxy ¼ π
2
−arccos

cxy1 þ cyx1 þ czx1czy1
	 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2yx1 þ c2zx1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2xy1 þ c2zy1

q

εxz ¼ arccos
cxz1 þ czx1 þ cyx1cyz1
	 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2yx1 þ c2zx1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2xz1 þ c2yz1

q −
π
2

εyz ¼ arccos
cyz1 þ czy1 þ cxy1cxz1
	 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2xy1 þ c2zy1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2xz1 þ c2yz1

q −
π
2

8>>>>>>>>>>><
>>>>>>>>>>>:

ð43Þ
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3.7 Universality of the identification method

Compared with previous methods [16–21], the error
identification method has the following advantages: (1)
it avoids the artificial derivation mistakes since its error
identification process is mathematically analyzed. (2)
There is no strict requirement for measuring points. (3)
It can directly obtain the error parameter values and has
no error transitivity. Hence, the method is possessed of
higher identification speed and accuracy, stronger appli-
cability and generality, and easier realization of comput-
er automatic programming.

4 Measurement experiment and modeling
of geometric error parameters

4.1 Measurement of geometric error parameters

To obtain the 21 geometric errors of translational axes for
MAMTs, a measurement experiment is carried out on a five-
axis machine tool (DECKELMAHODMU60P, Germany) by
utilizing the dual-frequency laser interferometer, XL-80 by
Renishaw in the UK.

In the experiment, the work strokes of X axis, Y axis, and Z
axis are 540, 700, and 600 mm, respectively. In the measuring
process, the ambient temperature is controlled to around 20°
to eliminate the thermal error as far as possible. In addition, to
improve the measurement stability, the final error values are
the mean results of three times measurements. Meanwhile, to
minimize the setup errors, the laser interferometer is carefully
installed.

The total measuring procedures include twomeasuring pat-
terns, the details of which are as follows:

4.1.1 Pattern 1: single-axis motion

According to Sect. 3.2, in measuring process, the posi-
tion coordinates of the measurement points with respect
to WCS or TCS should be determined. Since X and Z
axes of the researched MAMT are located in tool
branch, their coordinate values are relative to that of
TCS. While Y axis is located in workpiece branch, so
their coordinate values are relative to that of WCS. As
shown in Fig. 11a, first, a measurement point in TCS is
determined. Second, X axis is only moved from the
home position. Third, the first measuring curve of the
displacement and positioning error in X direction is obtain-
ed. Finally, two other measuring curves in X direction can
also be obtained by altering the coordinate values of mea-
suring points. In the same way, three measuring curves in Y
and Z directions can be obtained, respectively. Table 4
shows the coordinates of measurement points in single-

axis motion. The curve charts of the displacement and po-
sitioning error for three measurement points in single-axis
motion are displayed in Fig. 12.

4.1.2 Pattern 2: two-axis synchronous motion

Unlike uniaxial motion, two-axis linkage involves si-
multaneous movements of two axes. In the researched
MAMT, X and Z axes are located in one branch. And Y
axis is located in the other branch. Hence, for XZ axis
linkage, the coordinates of the measuring points in TCS
only need to be given. While, for YZ axis and XY axis
linkage, the coordinates of two measuring points in TCS
and WCS need to be given, respectively. Table 5 shows
the coordinates of measurement points in two-axis link-
age. Figure 11b shows the experiment measuring pat-
terns of the laser interferometer in XY axis synchronous
motion.

According to Sects. 3.3–3.5, the measuring curves of the
displacement and error (i.e., positioning error and straightness
error) in two-axis synchronous motion can be obtained, as
displayed in Fig. 13.

4.2 Modeling of geometric error parameters

According to the measuring results in Sect. 4.1 and Eqs.
(18–20), (26), (32), (34), (38), and (43), the three PIGEs
of three translational axes in the researched MAMT, i.e.,
the squareness errors, can be obtained, which are
displayed in Table 6. Furthermore, the discrete values
of 18 PDGEs for three translational axes can also be
obtained. Based on these discrete values, the 18 PDGE
parameters can be modeled based on least-squares
technique.

Taking X axis as an example, its six PDGEs are represented
by the following:

δx xð Þ ¼ ∑
n

i¼1
ai1xi; δy xð Þ ¼ ∑

n

i¼1
ai2xi; δz xð Þ ¼ ∑

n

i¼1
ai3xi;

εx xð Þ ¼ ∑
n

i¼1
ai4xi; εy xð Þ ¼ ∑

n

i¼1
ai5xi; εz xð Þ ¼ ∑

n

i¼1
ai6xi

8>><
>>:

ð44Þ

where aij(j = 1, 2,⋯6) is the coefficient of the polynomials
describing the PDGEs. n denotes the orders of the polyno-
mials, which are determined by examining the MSE of the
residual errors. The constant terms of polynomials are not
considered since six PDGEs of X axis are zero at home posi-
tion (i.e., xh = 0).

By transforming Eq. (44), the following equation can be
obtained.

ATx ¼ B ð45Þ
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where A ¼

a11 a21 a31 a41 a51 a61
a12 a22 a32 a42 a52 a62
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
a1i a2i a3i a4i a5i a6i
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
a1n a2n a3n a4n a5n a6n

2
6666664

3
7777775
n�6

,

x ¼

x1 x2 ⋯ x j ⋯ xh
x21 x22 ⋯ x2j ⋯ x2h
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
xi1 xi2 ⋯ xij ⋯ xih
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
xn1 xn2 ⋯ xnj ⋯ xnh

2
6666664

3
7777775
n�h

, and

B ¼

δx x1ð Þ δx x2ð Þ ⋯ δx x j
	 


⋯ δx xhð Þ
δy x1ð Þ δy x2ð Þ ⋯ δy x j

	 

⋯ δy xhð Þ

δz x1ð Þ δz x2ð Þ ⋯ δz x j
	 


⋯ δz xhð Þ
εx x1ð Þ εx x2ð Þ ⋯ εx x j

	 

⋯ εx xhð Þ

εy x1ð Þ εy x2ð Þ ⋯ εy x j
	 


⋯ εy xhð Þ
εz x1ð Þ εz x2ð Þ ⋯ εz x j

	 

⋯ εz xhð Þ

2
6666664

3
7777775
6�h

.

Then, Eq. (45) is solved to obtain the coefficients of these
polynomials, which can be written as follows:

A ¼ xxT
	 
−1

xBT ð46Þ

4.3 Polynomial optimization

According to Sect. 4.2, it can be seen that the terms of the
polynomials are very large. Hence, the optimal polynomials
should be obtained. Procedures of polynomial optimization
are described as follows:

Assume that the order of the polynomial for a PDGE is p
and the corresponding error values are from the ith line of the
matrix B in Eq. (45), then X can be obtained by transforming x
and letting X ij ¼ xij as follow.

x ¼

X 1 1 X 1 2 ⋯ X 1j ⋯ X 1h

X 2 1 X 2 2 ⋯ X 2J ⋯ X 2h

⋯ ⋯ ⋯ ⋯ ⋯ ⋯
X i1 X i2 ⋯ X ij ⋯ X ih

⋯ ⋯ ⋯ ⋯ ⋯ ⋯
X p1 X p2 ⋯ X pj ⋯ X ph

2
6666664

3
7777775

p�h

ð47Þ

Table 4 The coordinate of
measurement points in single-axis
motion (unit: mm)

Motion pattern Measurement point Coordinate system

X axis motion Pk1 rk1(rk1x, rk1y,rk1z) (167, 30, −195) TCS

Pk2 rk2(rk2x, rk2y,rk2z) (185, 30, −175) TCS

Pk3 rk3(rk3x, rk3y,rk3z) (232, 40, −164) TCS

Y axis motion Pl4 rl4(rl4x, rl4y,rl4z) (45, −85, 64) WCS

Pl5 rl5(rl5x, rl5y,rl5z) (45, −85, 115) WCS

Pl6 rl6(rl6x, rl6y,rl6z) (150, −120, 84) WCS

Z axis motion Pk7 rk7(rk7x, rk7y,rk7z) (−100, −77, 125) TCS

Pk8 rk8(rk8x, rk8y,rk8z) (−54, −72, 125) TCS

Pk9 rk9(rk9x, rk9y,rk9z) (−54, −72, −165) TCS

X direction

ZT

OT

XTYT

TCS

OW

ZW
XW

YW
WCS

ZT

XT

YT
OT

TCS

Worktable
Worktable

Spindle

Spindle
X direction

Y direction

(a) (b)

Fig. 11 The experiment
measuring patterns of the laser
interferometer. a X axis motion. b
XY axis synchronous motion
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(1) Construct the polynomial equation, which can be
expressed by

Y ¼ XTβ ð48Þ
where Y = (Y1 Y2 ⋯ Yh)

T, β = (β1 β2 ⋯ βp)
T, Yj = Bij, and

Y j ¼ ∑
p

i¼1
X ijβi (j = 1, 2,⋯h). β denotes the coefficient matrix

in Eq. (48).

(2) Obtain the values of β based on the method discussed in
Sect. 4.2.

(3) Test the significance of Eq. (48) by F test [40]. The
significance level α is usually chosen as 0.05. If the test
result, i.e., P value, is higher than α, the significance test
of the equation cannot be passed. In other words, the
polynomial equation cannot describe the PDGE. On the
contrary, the polynomial is suitable for the error. At this
point, we should continue to the next step.

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

0 100 200 300 400 500 600

p
o

si
ti

o
n

in
g

 e
rr

o
r 

(m
m

) 

X-axis displancement (mm)

Pk1

Pk2

Pk3

(a)

(b)

(c)

0 200 400 600 800

)
m

m(
r

orre
g

ni
n

oitis
o

p

Y-axis displancement (mm)

Pl4

Pl5

Pl6

0 100 200 300 400 500 600 700

p
o

si
ti

o
n

in
g

 e
rr

o
r 

(m
m

)

Z-axis displancement (mm)

Pk7

Pk8

Pk9

-0.001

-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0
0.002
0.004
0.006
0.008

0.01
0.012
0.014
0.016
0.018

0.02

Fig. 12 The curve chart of the
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Fig. 13 The curve chart of the
displacement and error in multi-
axis synchronous motion. a XZ
axis. b XY axis. c YZ axis

Table 5 The coordinate of
measurement points in two-axis
synchronous motion (unit: mm)

Motion pattern Measurement point Coordinate system

XZ axis linkage Pk1 rk1(rk1x, rk1y,rk1z) (−75.2, 31.8, 58.3) TCS

Pk2 rk2(rk2x, rk2y,rk2z) (−75.2, 81.7, 58.3) TCS

XY axis linkage P1 rl1(rl1x, rl1y,rl1z) (130, 195, 75) WCS

rk1(rk1x, rk1y,rk1z) (−187.8, 97, − 49.127) TCS

P2 rl2(rl2x, rl2y,rl2z) (130, 195, 105) WCS

rk2(rk2x, rk2y,rk2z) (−187.8, 97, − 19.127) TCS

YZ axis linkage p1 rl1(rl1x, rl1y,rl1z) (113, 20, 78) WCS

rk1(rk1x, rk1y,rk1z) (−220, 93, − 26) TCS
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(4) Determine whether X has any effect on Y. At first, the
significance test of βi(i = 1, 2,⋯p) based on t test [41]
is carried out. If each P value calculated is less than
the significance level α, the significance tests of βi
are considered as being passed. That means the
established polynomial equation can perfectly repre-
sent the PDGE behavior. While if βi do not pass the
test, this shows that this equation has the redundant
terms, which have little influence on the PDGE. Since
Akaike information criterion (AIC) [42] can be used
to weigh the goodness of fit of the polynomial, while
the stepwise regression method [40] can be used to
remove the least important terms, in this study, the
stepwise regression method based on AIC is utilized
to determine whether X has any effect on Y.

(5) The steps mentioned above are repeated until the
significance tests of both the equation and βi can be
passed.

4.4 Fitting accuracy analysis

In this section, polynomial optimization is performed by R
language 3.1.1 on a computer having a 3.10 GHz frequency.
In this paper, for example, the polynomials of the pitch error
for X axis can be represented on the basis of the least-squares
method, as shown in Eq. (49).

εy xð Þ ¼ 1:16302� 10−1x−1:43581� 10−3x2 þ 8:16363

�10−6x3−2:21082� 10−8x4 þ 2:76963� 10−11x5

−1:15323� 10−14x6−2:13978� 10−18x7 μ radð Þ
ð49Þ

Then, Eq. (50) can be obtained by transforming Eq. (49)

εy xð Þ ¼ 1:16302� 10−1X 1−1:43581� 10−3X 2 þ 8:16363

�10−6X 3−2:21082� 10−8X 4 þ 2:76963� 10−11X 5

−1:15323� 10−14X 6−2:13978� 10−18X 7 μ radð Þ
ð50Þ

where Xi = xi(i = 1, 2,⋯7).
Since the P value for Eq. (50) is 3.5341 × 10−21, while the P

values for Xi(i = 1, 2,⋯7) are 3.91759 × 10−5, 0.034867,
0.240908, 0.533366, 0.770712, 0.928049, and 0.974858, re-
spectively, that means Eq. (50) has the redundant terms al-
though it can describe the pitch error of X axis. According to
Sect. 4.3, the following equation is obtained.

εy xð Þ ¼ 8:22104� 10−2X 1−6:40509� 10−4X 2

þ 1:87087� 10−6X 3−7:44546� 10−12X 5

þ 7:93764� 10−15X 6 ð51Þ

Herein, the P values for Eq. (51), X1, X2, X3, X5, X6 are
1.19152 × 10−22, 7.59006 × 10−10, 1.45651 × 10−6, 1.15052 ×
10−5, 8.80975 × 10−5, and 1.76691 × 10−4, respectively.
Therefore, the optimal polynomial of the pitch error for X axis
is obtained as follows.

εy xð Þ ¼ 8:22104� 10−2 x−6:40509� 10−4 x2 þ 1:87087

�10−6 x3−7:44546� 10−12 x5 þ 7:93764

�10−15 x6 μ radð Þ
ð52Þ

In the same way, the optimal polynomials of the rest
PDGEs for three translational axes can also be represented.

As discussed above, the scatter diagram of discrete data
and the polynomial curve diagram before and after optimiza-
tion for the pitch error of X axis can be obtained, as shown in
Fig. 14. According to Fig. 14, the fitting curve after optimiza-
tion is closer to the discrete point than that before optimiza-
tion. In order to demonstrate the goodness of fit of this

Table 6 The three PIGE
values of three
translational axes (unit:
rad)

εxy εxz εyz
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Fig. 14 The scatter diagram of
discrete data and the polynomial
curve diagram before and after
optimization for the pitch error of
X axis
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optimization method, the comparison of some fitting pa-
rameters before and after optimization for the pitch error of
X axis is shown in Fig. 15. According to Fig. 15, the term
number and residual standard error of the polynomial be-
fore and after optimization are reduced from 7 to 5 and
from 0.2836 to 0.2717, respectively, while adjusted R2 be-
fore and after optimization, which is the number indicating
data fitting degree, is increased from 0.9449 to 0.9474.
This shows that the optimal method used in this paper
possesses less term numbers, smaller fitting residuals, and
higher fitting accuracy than the traditional methods.
Hence, the prediction results of the polynomial can be di-
rectly used for software compensation.

5 Error compensation and results

5.1 The basic idea of error compensation

Suppose that the test path of tool ball is known in the identi-
fication process of the rotary axes’ geometric errors. If the
rotary axes keep still, the motion path variation can be con-
sidered as being caused simply by geometric errors of the
translational axes. In our last research [43], an iterative com-
pensation methodology for geometric errors of five axes in a
machine tool was developed. The influence of geometric er-
rors for the translational axes on the machine tool is not con-
sidered. As a matter of fact, this paper is an extended applica-
tion for ref. [43] to improve the machining accuracy of the
machine tool by eliminating the influence of the translational
axes’ errors on the rotary ones.

According to Sect. 2, suppose that the position array of PT
and PW in MCS is written as PM

T and pMW , respectively. In
addition, ignoring geometric errors, the ideal position array

of PW
T can be written as PW

Ti deal. So, the position vector of
DBB PD can be represented as follows.

PD ¼ PM
T −P

M
W ð53Þ

where PM
T ¼ SBT½ �PT ;PM

W ¼ SBW½ �PW .
According to the compensationmethod in ref. [10], to elim-

inate the influence of the translational axes’ geometric errors
on rotary ones, PD should be coincident with the vector dif-
ference of PW

T ideal and PW at any moment, as shown in Figs. 2
and 16. Therefore, Eq. (54) can be obtained.

PD ¼ PM
T −P

M
W ¼ PW

Ti deal−PW ð54Þ

For the convenience of description, the following equation
can be denoted by simplifying Eq. (54).

xT
yT
zT
1

2
664

3
775 ¼ Ψ x; y; zð Þ ¼

Ψx x; y; zð Þ
Ψy x; y; zð Þ
Ψz x; y; zð Þ

1

2
664

3
775 ð55Þ

where xT, yT, zT denote the coordinate values of PT, and x, y, z
denote the NC code driving the movement of translational
axes. The physical meaning of Eq. (55) is that the real position
of tool ball can be calculated in real time by the given NC
code.

Assume that the NC code of the test path for tool ball
can be represented as (x0, y0, z0) (namely, the ordinary
compensation method). By using Eqs. (5), (6), and (55),
the positioning errors of tool ball can be obtained.
However, its positioning accuracy cannot meet the actual
accuracy requirements. As a result, an iterative compen-
sation is essential, as shown in Fig. 17. Based on Eq. (6),
until E satisfies Eq.(56), the iterative compensation is not
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terminated. Thus, the modified NC code (xn, yn, zn) of the
test path for tool ball is obtained.

E≤ΔDBB ð56Þ
where ΔDBB denotes the resolution of the DBB. In this
study, ΔDBB = 0.001 (mm).

In order to carry out the iterative compensation method,
error compensation software is developed. Please note that
the modified NC codes generated in this way can be used to
drive the translational axes of the MAMT in real time during
the DBB test so as to avoid the influence of the translational
axes’ geometric errors on rotary ones and improve the posi-
tioning accuracy of tool ball.

5.2 Simulation verification of error compensation

To verify the effectiveness of the proposed method, simulation
is conducted on a five-axis machine tool, as shown in Fig. 1a.
The simulation mainly includes two parts: (1) the positioning
errors of tool ball are computed with the ordinary compensation
method, and (2) the positioning errors of tool ball are computed

with the iterative compensation method. According to Sect. 4,
PDGEs of the translational axes are predicted in real time at any
position. So they are not described here. Test path planning of
tool ball in this paper is put into effect by Pro/E software based
on the path like the letter S, as shown in Fig. 18. Then, the
cutter location source file (CLSF) is generated by the post pro-
cess module of Pro/E software.

Based on CLSF, the NC codes with these two methods are
generated in self-developed compensation software, respec-
tively. Then, their positioning errors are calculated. The error
maps generated with these two NC codes are drawn in Fig. 19.
In order to further reflect the average state and the stability of
positioning accuracy, the expectation and standard deviation
of positioning errors also should be taken into account, as
shown in Fig. 20.

From Fig. 19a, it can be seen that the maximum value of
positioning errors calculated with the ordinary compensation
method is 0.0021 mm, which cannot meet the requirement of
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positioning accuracy for tool ball. Since the resolution of the
DBB is usually 0.001 mm, there is no doubt that the errors of
translational axes cannot be fully compensated and the resid-
uals actually still have some influence on the DBB.

After applying the iterative compensation method, the
maximum positioning error is 0.00053 mm, as shown in
Fig. 19b. In other words, the positioning errors with the
iterative compensation method, which is limited within
0.001 mm, have no influence on the DBB. Based on
Fig. 20, the average accuracy and the standard deviation
of positioning errors are 0.00119 and 0.000249 mm before
compensation and 0.000244 and 0.000119 mm after com-
pensation, respectively. The total accuracy and accuracy
stability of positioning errors have been improved by
79.5 and 52.2%, respectively. Therefore, a conclusion can
be drawn that the proposed method in this paper can effi-
ciently eliminate the influence of the translational axes’
geometric errors on rotary axes.

5.3 Experiment test results

In order to further verity the feasibility of the presented meth-
od, a test experiment is conducted on a five-axis machine tool
(as mentioned in Sect. 4). Test conditions of the experiment
are shown in Table 7. Before the test, the DBB must be cali-
brated. Then, its two ends are carefully mounted on the

spindle and the worktable of the machine tool, respectively,
as shown in Fig. 21.

According to Sect. 5.2, these two NC codes generated with
the ordinary compensation method and the iterative compen-
sation method are used to drive the translational axes of the
five-axis machine tool, respectively. Then, these two circular
trajectories formed by multi-axis motion in XYplane are mea-
sured by using a DBB, QC20-W by Renishaw. The measuring
result charts of DBB in XY plane with these two methods are
displayed in Fig. 22. According to Fig. 22, their maximum
circularity errors can be obtained. The comparison of the max-
imum circularity error with these two methods is shown in
Table 8.

As can be seen in Table 8, the maximum circularity error
with the ordinary compensation method is 42.1 μm. And the
maximum circularity error with the iterative compensation
method is 25.1 μm. In other words, the error reduction by
using the iterative compensation method is about 40.4%.
Therefore, it is obvious that the proposed compensation meth-
od in this paper is more precise and effective than the ordinary
compensation method.

It is important to note that the experiment results are little
worse than the simulation results. It is because that many other
error sources, dynamitic errors, control errors, thermal errors,
and so on, can affect the compensation effect. Anyway, the
core idea of the method can be applied for the positioning
accuracy improvement of tool ball for DBB.

6 Conclusions

In this paper, an integrated geometric error prediction and
compensation method is proposed to eliminate the positioning
inaccuracy of tool ball for a double bar ball (DBB) caused by
the translational axes’ geometric errors in a multi-axis ma-
chine tool (MAMT). For the sake of the effective implemen-
tation of the method, firstly, the positioning error model only
considering the translational axes of FAMT is established. By
using this model, the positioning accuracy of tool ball can be
predicted.

(b)(a)Fig. 19 The positioning error
maps with two compensation
methods. a The ordinary
compensation method. b The
iterative compensation method
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Fig. 21 The measuring scenes of
the DBB in XY plane

Table 7 Test conditions in the experiment

Test specification Test plane Ball bar length (mm) Feed rate
(mm/min)

Sample rate (HZ) Run direction Test temperature (°)

Test parameter XY 360° 300 mm XY 300.0000 1000.0 13.333

Run 1 Clockwise 20

Run 2 Counterclockwise 20

5.0 m/div

Run 1

Run 2
Fit 1

Fit 2

Run 1

Run 2
Fit 1

Fit 2
5.0 m/div

(a) (b)

Fig. 22 The measuring result
charts of the DBB in XY plane
with two methods. a The ordinary
compensation method. b The
iterative compensation method

Table 8 The comparison of the
maximum circularity error The maximum circularity error (μm) Error reduction (%)

The ordinary compensation method The iterative compensation method

42.1 25.1 40.4
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Then, to obtain the translational axes’ geometric errors,
an integrated error parameter identification method
(IEPIM) is proposed. Compared with the previous identi-
fication methods, the IEPIM has the advantages, such as
higher identification speed and accuracy, stronger applica-
bility and generality, and easier realization of computer
automatic programming, and so on, which lays a founda-
tion for software error compensation. In addition, by iden-
tification experiments, the identification results of geomet-
ric error parameters for the translational axes are obtained.
In order to predict the positioning error at an arbitrary po-
sition effectively, the optimal polynomials of 18 position-
dependent geometric errors (PDGEs) are founded based on
their discrete values. By fitting accuracy analysis, these
models possess less term numbers, smaller fitting resid-
uals, and higher fitting accuracy than the traditional
methods. This means that the optimal models of geometric
errors are more suitable for software compensation.

Finally, simulation verification is conducted. Simulation
results show that the maximum positioning error for test path
of tool ball with the ordinary compensation method is
0.0021 mm and the maximum positioning error with the iter-
ative compensation method is 0.00053 mm. Furthermore, the
average accuracy and the standard deviation of positioning
errors are 0.00119 and 0.000249 mm with the ordinary com-
pensation method and 0.000244 and 0.000119 mm with the
iterative compensation method, respectively. The total accura-
cy and accuracy stability of positioning errors has been im-
proved by 79.5 and 52.2%, respectively. In order to further
verity the feasibility of the presented method, a measuring
experiment is conducted in XY plane of a five-axis machine
tool by using a DBB. The experiment results show that the
maximum circularity error with the iterative compensation
method is reduced about 40.4% than that with the ordinary
compensation method. According to the simulation and ex-
periment results, the proposed method in this paper is more
precise and efficient than the ordinary compensation method,
seen in the ref. [43] for instance. Therefore, there is no doubt
that the method can effectively avoid the influence of the
translational axes’ geometric errors on rotary ones during a
DBB test. Thus, this work will provide an important guidance
for researchers and practicing engineers in the field of ma-
chine tool to eliminate the influence of the translational axes’
errors on the rotary ones.

However, this paper is mainly concentrated on compensat-
ing the geometric errors of the machine tool. A further study
should be conducted in the future to consider all of error
sources or at least most of them.
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