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Abstract The kinematic accuracy of the target part is an im-
portant evaluating indicator of the mechanical product quality.
This paper proposes a novel kinematic accuracy analysis
method based on the deviation propagation and small dis-
placement torsor (DP-SDT) theory. Meanwhile, two new al-
gorithms are presented. One is the semantic-based exploring
algorithm which is presented to solve the influence of the
force direction and vibration on the deviations; the other is
the displacement-transformation algorithm which is to syn-
thetically describe the generated deviations frommotional dis-
placement. Based on the above algorithms, an improved DP-
SDT kinematic accuracy analysis method for dynamic geo-
metric model is proposed to simulate the kinematic perfor-
mance of the product considering the deviations caused by
manufacturing, motion, force direction, and vibration.
Comparing with the typical methods, the proposed method
can predict the kinematic performance of the product in the
design phase rather than in the pilot phase, which can greatly
reduce the experimental manufacturing cost. Besides, the pro-
posed method can also provide a new application field for
tolerance analysis methods. A case study on the kinematic
accuracy analysis of a lathe saddle is provided to verify the
performance of the proposed method.

Keywords Kinematic accuracy . Deviation propagation .

Tolerance analysis . Quality prediction

1 Introduction

Deviations in a complex mechanism are of vital importance to
the performance of the product. So it is important to analyze
the kinematic accuracy in an assembly. However, it is difficult
to get an accurate and reliable analysis result in the design
stage, since the assembly information and tolerance analysis
procedures are quite complicated, and the existing analysis
methods are insufficient in dealing with user-defined quality
requirements. Even though modern manufacturing processes
offer steadily increasing accuracy, the product assemblability
as a main driver for manufacturing costs as well as the product
quality are influenced by geometric part deviations [1]. It is
quite waste of time and cost to conduct the experiment since
the assembly engineering is huge and complex. What is more,
the kinematic accuracy is closely related to the geometry and
external factors, such as idle stroke, motional displacement,
force direction, and vibrations. These factors are challenging
issue due to the dynamic behavior [2]. For example, idle
stroke occurs when the external force direction is changed.
As shown in the Fig. 1a, when the external force direction
changes on part A, it will move an idle stroke before part B
begins to move. Figure 1b shows the same situation.

In order to achieve reliable prediction of the product qual-
ity, the whole assembly process should be considered and
different kinds of tolerances and locating modes should be
supported in the kinematic accuracy analysis method.

In this paper, a novel kinematic accuracy analysis method
based on the DP-SDT theory [3] is developed to simulate the
factors of motional displacement, force direction, and vibra-
tion during the product operation process. This method is an
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extension of the DP-SDTassembly process tolerance method.
Using the design information of the geometrical structure,
tolerances, and assembly process of the product, the path de-
viation of the target parts and other qualities can be predicted
at the design stage. The analysis of product quality aims at
predicting the product quality and improving the tolerance and
the structure. The DP-SDT theory provides a novel approach
to synthesize the deviation information in the assemblies.

The outline of the rest of this paper is organized as
follows. Section 2 presents a literature review about the
typical analysis methods. Section 3 presents the details
of the proposed method. Section 4 gives out a case to
verify the performance of this method, and Section 5
presents a conclusion of the method.

2 Related works

Product quality is comprehensively affected by geomet-
ric information, tolerances, tolerance types, assembly
sequences, locating modes, and etc. [4–7]. And zero
failure is an unrealistic target when dealing with the
phenomenon of variability. There always be a chance
of failure due to the uncertainties [8]. Thus, many re-
searchers devoted themselves to develop a practical
model to predict the product quality. Mao et al. [9]
proposed a mechanical assembly quality prediction
method based on stated model. Su et al. [10] proposed
a prediction model for assembly defects mainly based
on operator-induced. Xiong et al. [11] adopted geomet-
ric variation to predict the assembly quality. Shen et al.
[12] used Jacobian-torsor model to make the assembly
quality controlled.

Lots of scholars carry out the research from the perspective
of tolerance analysis to analyze and optimize the product qual-
ity [13, 14]. Tolerance analysis is a fundamental tool in the
definition of the tolerances for single components and solving
the trade-off between product quality and cost [15]. The typ-
ical methods are worst-case (WC) [16–18], root sum squares

(RSS) [19], and statistical methods [20, 21].WCmethods give
the results that are overly pessimistic, while the results obtain-
ed from the root-sum-squares method are optimistic [21, 22].

Kinematic accuracy analysis aims at predicting the product
operability and improving the initial design. Many researchers
[23–26] focused on the joint clearances as the major contributor
that affects the kinematic accuracy of the assembly. Rao et al.
[27] used a probabilistic model to evaluate the kinematics and
dynamics performance. He et al. [28] proposed a virtual
prototyping to analyze the kinematic accuracy. Guo et al. [29]
developed a state space model to measure and adjust the accu-
racy requirement. Vahebi et al. [30] developed an improved
error estimation model based on kinematic transformation.
However, these methods take a single factor as the influence.
Kinematic accuracy is a full-scale reflection of the product op-
erability. Although tolerances design, geometry design, and
assembly process design determined the overall level of prod-
uct, the motional displacement, force direction, vibration, and
other factors can also have significant impact on the kinematic
accuracy. The factors that directly affect the kinematic accuracy
of the product can be analyzed comprehensively by utilizing
the DP-SDT theory. In the DP-SDT theory, ω is the rotation
vector; α , β,and γ are components of ω along the x/y/z-axes,
respectively. Besides, let ε be the translation vector; u , v, and w
are components of ε along the x/y/z-axes, respectively. Then,
the tolerance zones and feature deviations τ can be defined as
follows [31]

ω ¼ α;β; γ½ � ð1Þ
ε ¼ u; v;w½ � ð2Þ
τ ¼ ω; εð Þ ð3Þ

3 The kinematic accuracy deviation analysis

The proposed method in this paper is a novel kinematic accu-
racy analysis method based on the DP-SDT theory and is de-
veloped to simulate the influences of motional displacement,

Fig. 1 Idle stroke happens when
the external force direction
changes. a A is the part under
stress. b B is the part under stress
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force direction, and vibration during the product operation pro-
cess. The details are illustrated as follows.

3.1 The proposed DP-SDT kinematic accuracy analysis
method

Three major steps are designed to conduct the proposed
method.

& Step 1: Constructing the relationship between the motion
and the position of the part; the feature and the position of
the point, then integrating the motional displacement into
the geometric design information;

& Step 2: Proposing the motional accuracy model and the
algorithms to calculate the deviation of motional
displacement;

& Step 3: Constructing the relationship among the locating
coefficients (see Section 3.3) and the external factors of
force directions, and vibration intensity, thus the force di-
rections and the vibration intensity are integrated into the
locating deviation solution.

The assembly function based on DP-SDT kinematic accu-
racy can be established through the above three steps:

τTolerance
list ¼ VT T list;Dlistð Þ

τLocation
list ¼ VL T list;Dlist;VForce;Mvibrateð Þ
τFeature
list ; τDirect

list

� � ¼ F τTolerance
list ; τLocation

list ;Dlist

� �
q;Δplistð Þ ¼ G τFeature

list ;T list;Dlist

� �

8>><
>>:

1) where VT is the function to solve the manufacturing devi-
ation, VL is the function of location deviation, F is the
function of deviation propagation and accumulation, G
is the quality requirement function. Tlist is the list of
tolerances,Dlist is the list of motional displacements,
VForce is the force direction of the target point, Mvibrate is
the user-defined vibration intensity, τTolerance

list is the toler-

ance deviation list, τLocation
list is the location deviation list,

τDirect
list is the list of motional displacement deviations,

τFeature
list is the key feature deviation list, Δplist is the list

of quality points deviation in eachmotional displacement,
q is the quality deviation. The general framework of the
DP-SDT kinematic accuracy deviation analysis can be
described in Fig. 2.

So four kinds of algorithms can be set up to link up the flow:

(1) The algorithm to solve the deviations concerned with
locating deviations, manufacturing deviations, and qual-
ity point deviations;

(2) The algorithm to solve the deviations concerned with
force direction and vibration intensity;

(3) The algorithm to solve the motional displacement;
(4) The analysis and evaluation algorithm to estimate the

kinematic accuracy under different quality requirements.

3.2 The solution of manufacturing deviation and quality
point deviation under arbitrary displacement

The motional displacement directly changes the direc-
tion and position of the points, features, and parts.
The changes of direction and position of the key fea-
tures and quality point under motional displacement will
lead to the changes of location deviations and quality
point deviations, which ultimately affect kinematic per-
formance of the target part. In this section, the influence
of each deviation under arbitrary displacement is solved
by the displacement-transformation algorithm. As the
product includes a small number of kinematic pairs,
more parts are a group of static states to each other,
and the effect of motional displacement to the relatively
static parts is the same. Therefore, the motional compo-
nents and motional parts can be defined to simplify the
solutions. The relationship among them can be illustrat-
ed as a component tree in Fig. 3.

& Motional components: all parts those are interconnect-
ed and relatively static in the assembly.

& Motional part: the moving part.

3.2.1 The displacement-transformation of motional
component with a single kinematic pair

The changes of the direction and position are closely
related to the type of kinematic pairs and motional dis-
placement, so the transformation of the linear motion
and the rotary motion can be established.

(1) Linear motion

Linear motion will change the deviation of the point. As
shown in Fig. 4a, the slider Bmoves rightward along the guide
rail A. As shown in Fig. 4b, it is assumed that the guide A has
a deviation shown by a dotted line. When the slider B moves
along the guide rail A, the deviation from the guide surface
propagates to the slider B is unchanged. However, the devia-
tion of point P is changed and its upward deviation is contin-
uously enlarged.

Figure 5 shows a model that moves along a straight line.
All the coordinates and directions of the model are defined in
the unified assembly coordinate system (ACS). Suppose that
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the motional direction isDACS, this vector is a unit vector, i.e.,
|DACS| = 1, the motional displacement is L.

It can be seen from the Fig. 5 that the linear motion changes
the point coordinates while does not change the direction of
the vector. Assuming that the target point is P, the coordinate
of P is pACS and located at point P∗. The coordinate of P∗ after
the displacement-transformation is

pACS
* ¼ pACS þ L� DACS ð4Þ

(2) Rotary motion

Rotary motion will change the direction of the deviation
and features. As shown in Fig. 6, the position and direction of

Fig. 2 The general framework of
the DP-SDT kinematic accuracy
deviation analysis method

Fig. 3 The kinematic pairs and
motional components tree
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the end surface are changed with the rotation. At the same
time, the deviation (Δp and Δp′) of the point P also changes
with the rotation.

Figure 7 shows the model moves around an axis. All the
coordinates and directions in this model are defined in the
ACS. Suppose that the axial direction is DACS = (Dx,Dy,Dz),
the vector is a unit vector, i.e., |DACS| = 1, the motional dis-
placement is α.

As shown in Fig. 7, the coordinates of the point and the
direction vector change at the same time when the model
rotates around the axis. Assuming that the target point is P,
the coordinate of P is pACS and located at point P∗; the coor-
dinate of P∗ after displacement-transformation is

pACS
* ¼ pACS � R DACS;α

� � ð5Þ

2) where,

R DACS;α
� �

¼
D2

x 1−cð Þ þ c
DxDy 1−cð Þ þ Dzs
DxDz 1−cð Þ−Dys

DxDy 1−cð Þ−Dzs
D2

y 1−cð Þ þ c
DyDz 1−cð Þ þ Dxs

DxDz 1−cð Þ þ Dys
DyDz 1−cð Þ−Dxs
D2

z 1−cð Þ þ c

0
@

1
A ð6Þ

c = cosα , s = sinα.
Similarly, for the vector ABACS, after it rotates around the

axis, the A*B*ACS is

A*B*
ACS

¼ AB
ACS

� R DACS;α
� � ð7Þ

3.2.2 The displacement transformation of motional
component with multiple kinematic pairs

In an assembly with multiple kinematic pairs, it can be seen
from the Fig. 3 that the previous kinematic pairs will affect
subsequent motional components and kinematic pairs. Thus,
the transformation caused by the individual motional

displacement can be superimposed in orders along the kine-
matic components. The solution steps are as follows:

& Step 1: defining the kinematic pair and related features in
the assembly sequence;

& Step 2: defining the assembly motional components tree
according to Fig. 3;

& Step 3: solving the effect caused by the motional displace-
ment through inverse solution.

3.2.3 The deviation of motional displacement

The deviation of motional displacement is entirely
caused by the motional displacement itself and is
superimposed on the deviation of the moving parts in
deviation propagation. Figure 8 shows the parameters
and coordinate system of motional displacement devia-
tion. Assuming that part A is a moving part, the direc-
tion of movement is DACS, the motional tolerance is
TD, and the tolerance value is tD. For a linear motion
(as shown in Fig. 8a), taking any point as the origin of
the coordinate, and the motional direction as the Y-
axis, the feature coordinate system (FCS) is established
to solve the function of deviation. For a rotary motion
(see Fig. 8c), the FCS can be established as the fol-
lowing method, a point on the axis is the origin of the
coordinates, and DACS is the Z-axis of the coordinates.

If there is a kinematic pair before this kinematic pair, it
needs to transform the direction of motional component when
the coordinate system is established by using the direction of

Fig. 4 a Sketch of the linear
motion. b The deviation
propagation for linear motion

Fig. 6 The deviation propagation for rotationFig. 5 Sketch of linear motion
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DACS. Through the analysis of the geometric relationship of
the two motional modes in Fig. 8, it can be seen that the
motion is along the straight line, and the motional deviation
is along the y-axis. Therefore, the deviation in the FCS is as
follows:

τFCS
D ¼ 0; 0; 0; 0; tD; 0ð Þ ð8Þ

For rotary motion, the deviation of motional displacement
is only the rotational component around the z-axis. Therefore,
the deviation in FCS is as follows:

τFCS
D ¼ 0; 0; tD; 0; 0; 0ð Þ ð9Þ

The deviation of the motional displacement and deviation
of the locating surface are superimposed on the locating sur-
face, and they are mutually independent. Thus, the formula of
deviation propagation τACS

prop is

τACS
prop ¼ τACS

MLF þ τFCS→ACS
AP þ τFCS→ACS

D ð10Þ

3) where τACS
MLF 、τFCS→ACS

AP are the integrated deviation
vector of main locating feature and auxiliary locating fea-
ture. FCS→ACS means the deviation vector transforma-
tion from FCS into ACS.

3.3 The solution of the locating deviations

The force direction and vibration acted on the kinematic
accuracy by changing the direction and magnitude of
the deviations in the part-locating process. As shown
in Fig. 9a the external force determines the direction

of displacement in clearance referred to Fig 1. The ex-
ternal force makes the deformation and changes the ac-
tual fitting features as shown in Fig. 9b, c.

As shown in Fig. 10, when the parts are subject to the
external forces without vibration, the parts are located at the
dotted line position. When the part vibrates, the most likely
vibration direction is against the force direction (α in Fig. 10).

When the force direction and a motional displacement are
selected, the position of the part in the mating gap is deter-
mined and the locating coefficient is uniquely determined.
Due to the difficulty of solving the locating coefficient, a
method using the semantic-based exploring algorithm and lo-
cating parameters is proposed to analyze the locating coeffi-
cient under arbitrary force direction, and further put forward
the solution of locating deviation under arbitrary force direc-
tion and vibration intensity.

3.3.1 The locating coefficient in the case of arbitrary force
direction

The solution of the locating coefficient is related to the
torque direction of the parts in each mating gap. As the
force transformation between parts is complex, it is dif-
ficult to determine the force direction when the number
of parts in the assembly is large. So it is hard to con-
firm the locating coefficient. Changing the values of the
translational amplitude coefficient (TAC), translational
direction coefficient (TDC), rotational direction coeffi-
cient (RDC), and rotational amplitude coefficient
(RAC) can directly influence the kinematic performance
of the product. And the four coefficients are defined as
locating coefficient. In this section, a semantic-based
exploring algorithm is presented for confirming the lo-
cating coefficient under arbitrary forces which based on
the following lemma:

Fig. 7 a Deviation of a point in
rotary motion. b The deviation of
a vector in rotary motion

Fig. 8 The coordinate system (b)
and parameters of motional
displacement deviation (a) and (c)
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The stress point in the assembly is subject to external
forces; the moment the target part starts to move, the maxi-
mum possible deviation is always along the force direction.

a) The deviation of the parts will reach the maximum ampli-
tude under the action of external forces, so the value of the
deviation reaches the upper or lower limit, that is, {−1, 1}.

b) Taking only the maximum translation or maximum rota-
tion when both the translation and rotation exists in a part
under the action of forces.

c) The amplitude coefficient and the direction coefficient of
deviation in each fitting clearance can be separately
searched and solved due to the locating deviation is an
independent deviation in the DP-SDT theory.

According to the above, the exploring space of the locating
coefficient can be confirmed. Table 1 gives out an exploring
combination of locating coefficients under various location
modes.

3.3.2 The solution of the locating deviation in the case
of arbitrary force direction and vibration intensity

In order to integrate the force direction and vibration intensity
into the location deviation, the mathematical model of the
vibration intensity needs to be built. The vibration intensity
and the vibration intensity coefficient are defined as follows:

& Vibration intensity (Mvibrate): the maximum amplitude of
the actual vibration and the ratio of the maximum ampli-
tude of all the parts in the whole analysis. The range of
vibration intensity is [0, 1].

& Vibration intensity coefficient (mvibrate): the vibration in-
tensity magnitude of all parts at random time. The range of
vibration intensity coefficient is [0,Mvibrate].

The vibration intensity coefficient is 0 when the as-
sembly is stationary; the vibration intensity coefficient
fluctuates in [0,Mvibrate]and presents a complex distribu-
tion when the assembly began to run, this distribution is
closely related to the kinematic pairs and the accuracy
of manufacturing and assembling. In the DP-SDT theo-
ry, it is assumed that the vibration intensity coefficients
of all parts are the same at any time, and the vibration
intensity coefficient is assumed as a triangular distribu-
tion, as shown in Fig. 11.

Therefore, the influence of the vibration can be added by
proportionally adjusting the deviation amplitude coefficient.

Assuming that k0m and k0d denote the amplitude coefficient and
the direction coefficient of deviation only considering the
force direction for solving process, the location coefficients
under vibration are

km ¼ 1−2mvibrateð Þ � k0m
kd ¼ k0d

�
ð11Þ

Fig. 9 a Example model. b, c
The effect under different external
force direction conditions

Fig. 10 The effect of vibration

Table 1 The exploring combinations of locating coefficients

Location mode TAC TDC RAC RDC

Two pins {−1, 1} [0, π] {−1, 0, 1} None

Pin-slot-plane {−1, 1} [0, π] {−1, 0, 1} None

Hole-plane {−1, 1} [0, π] None None

Cylinder {−1, 1} [0, π] {0} {0}

{0} [0, π] {−1, 1} [0, π]

Cylinder-key {−1, 1} None {−1, 1} None

Groove {−1, 1} None {−1, 0, 1} None

Int J Adv Manuf Technol (2018) 94:4301–4315 4307



4) where km is the amplitude coefficient of deviation and kd
is the direction coefficient of deviation under vibration
and forces, respectively.

3.4 Modeling and solving algorithms of the quality
requirements

Assuming that the target positions are defined by quality
points, which are P1, P2, ⋯, Pn respectively. The devia-
tions of these target positions are ΔpACS1 , ΔpACS2 , ⋯,

ΔpACSn . Different requirements under which have the so-
lution of kinematic accuracy deviation is established as
follows:

(1) The deviation of kinematic accuracy is required to
be the path deviation of a quality point in target
position. Assuming that the point is Pi, the solution
to this quality requirement is as follows:

qi ¼ ΔpACSi

�� �� ð12Þ

(2) The quality requirement is the average quality point
deviation, the solution is

qave ¼
1

n
� ∑n

i¼1 ΔpACSi

�� �� ð13Þ

(3) The quality requirement is the component deviation
along the force direction of the quality point; the
solution is

qcom−i ¼
ΔpACSi ∙DACS

arb

�� ��
DACS

arb

�� �� ð14Þ

where, DACS
arb is the arbitrary force direction.

As shown in Fig. 12, ΔpACS1 and ΔpACS2 are the quality
deviations when the vibration coefficient are 0 and 1, respec-
tively, then the path deviation under vibration is

qvib ¼ mvibrate � ΔpACS2 −ΔpACS1

� � ð15Þ

3.5 Statistical analysis

It is necessary to carry out the simulation multiple times under
different tolerance values that the simulations can be statisti-
cally analyzed. The influences of the tolerances and vibration
intensity on kinematic accuracy and the contribution rate of
the tolerances for path deviation can be statistically analyzed.
The contribution rate of tolerances for path deviation is ϕtm

ctrb.

The values of each influence are qδ1inf ; qδ2inf ;⋯; qδsinf and

qt1inf ; q
t2
inf ;⋯; qtkinf . The influence of each mating gap and non-

matching tolerance on path deviation can be solved. For ex-
ample, qtminf is the effective value of tolerance Tm; the path

deviation contribution rate of Tm is

ϕtm
ctrb ¼

qtminf
∑s

i¼1q
δi
inf þ ∑k

j¼1q
tj
inf

� 100% ð16Þ

Figure 13 shows the flow chart for each analysis of the
single coefficient under motional displacement, force direc-
tion, and vibration intensity.

4 Case study

In this section, a lathe saddle of a special purpose lathe
CK8011 is used as an example to illustrate the applica-
tion of the proposed method. The major parts of the
lathe saddle are presented in Fig. 14.

4.1 Decomposition of the quality requirements

In this case, the quality requirement is the height vari-
ation, which should be controlled to guarantee the

Fig. 12 The deviation of path under vibration
Fig. 11 Distribution of vibration intensity coefficient
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kinematic accuracy. As shown in Fig. 15a, a point on
the cutting edge is defined as the quality point. The
process starting point is 155 mm apart from the left
side of the lathe tool, the processing distance is
90 mm and the four points which are uniformly distrib-
uted on the actual machining stroke are defined as track
point 1, track point 2, track point 3, and track point 4,

respectively. According to the geometric relationship in
the figure that the motional displacements of the four
track points correspond to 155, 185, 215, and 245 mm,
respectively.

As can be seen from the Fig. 15b, the coordinates of the
track points are p1, p2, p3, p4 and the deviation of the target
position of the four points are Δp1 = (Δp1x, Δp1y, Δp1z),

Fig. 13 The DP-SDT kinematic
accuracy deviation analysis
process

Fig. 14 The major parts of the
lathe saddle
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Δp2 = (Δp2 x , Δp2 y, Δp2 z ) , Δp3 = (Δp3 x , Δp3 y, Δp3 z ) ,
Δp4 = (Δp4x, Δp4y, Δp4z). In accordance with the quality re-
quirements, the absolute height deviation and the relative
height deviation of the quality point in the vertical direc-
tion are:

qave ¼
1

4
Δp1z þ Δp2z þ Δp3z þ Δp4z
� � ð17Þ

qσ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
∑4

i¼1 Δpiz−qave
� �2r

ð18Þ

5) where qave reflects the vertical distance between the tool
path and ideal surface, qσ reflects the amplitude of the tool
path height deviation.

4.2 Assembly process modeling

The assembly process modeling includes the definition of as-
sembly sequence, key parts, key features, location, fit modes,
and feature tolerances. In this case, the key parts and the as-
sembly sequence is guide rail → pallet → lathe tool. The
location modes and fit modes are presented in Table 2.

As shown in Fig. 16, guide rail lateral 1, guide rail lateral 2,
and guide rail undersurface are the three key features of the
guide rail. And Table 3 lists the relevant tolerances of the key
features.

As shown in Fig. 17, the pallet lateral 1, pallet lateral
2, pallet bottom, and pallet bottom are four key fea-
tures. Table 4 lists and the relevant tolerances for the
key features of the pallet.

4.3 Solving process

The four track points are used to analyze the qave and qσ
according to the Fig. 13.

& Step 1: solving the position and direction transformation
of the quality points

The transformation formula of the four track points is:

pACSi ¼ pACS þ Di; 0; 0ð Þ ð19Þ

6) whereDi is the motional displacement of each track point.

& Step 2: solving the fit clearance and error values related to
the manufacturing and locating errors

Assume that the error values are t1, t2, ⋯, t12 for
each tolerances, the clearance δ between the pallet bot-
tom and guide rail undersurface is as follows:

δ ¼ t8−t4ð Þ=2 ð20Þ

& Step3: calculating the deviation of the features and mo-
tional displacement.

For the dimensional tolerances T1 and T11, the di-
mensional direction of them is fACS = (0, 0, 1). The di-
mensional tolerance deviations are

τACS
1 ¼ 0; 0; 0; 0; 0; t1ð Þ ð21Þ

τACS
11 ¼ 0; 0; 0; 0; 0; t11ð Þ ð22Þ

For tolerances T2, T5, T6, T9, and T12, take T2 for example,
the tolerance deviation is τFCS

2 ¼ α2;β2; 0; 0; 0;w2ð Þ, and
τFCS
2 can be decomposed [3]

Fig. 15 a Definition of ACS. b
Definition of quality points

Table 2 Location and fit modes

Assembly sequence Installed part Locating mode Fit mode

1 Guide rail Fixed part None

2 Pallet Groove Clearance

3 Lathe tool Plane (fixed) None

4310 Int J Adv Manuf Technol (2018) 94:4301–4315



w2 ¼ k1t2=2
α2 ¼ k2 1− k1j jð Þt2=L2
β2 ¼ k3 1− k1j jð Þ 1− k2j jð Þt2=L1

8<
: ð23Þ

7) where k1 , k2 ∈ [−1, 1] and obeying uniform distribution,
k3 ∈ {1, −1}.

The tolerance ofmotional displacement is T13, and the error
value of T13 is t13. So the deviation of T13 along the motional
direction is

τACS
13 ¼ 0; 0; 0; t13; 0; 0ð Þ ð24Þ

& Step 4: calculating the locating deviation. It presents in the
Table 2, the pallet is fitted with a groove without position-
ing pin clearance; the FCS can be established through the
displacement-transformation and the location deviation is
τFCS
L ¼ 0;β; γ; u; 0; 0ð Þ

β ¼ 1−2mvibrateð Þk4k5δ1=h
γ ¼ 1−2mvibrateð Þk4 1− k5j jð Þ 1− k6j jð Þδ1=λ
u ¼ 1−2mvibrateð Þk4 1− k5j jð Þk6δ1

8<
: ð25Þ

8) where k4 is TAC, k5 and k6 are RAC, and h is the depth of
groove.

& Step 5: DP-SDT deviation synthesis

According to the sequence of the processing, the
key features of each key part can be calculated.

Process 1: fixed the guide rail.
The deviation of the guide rail relative to the main locating

surface of the pallet is:

τACS
guide−F1 ¼ τACS

1 þ τFCS→ACS
2 ð26Þ

The deviation of the guide rail relative to the auxiliary
locating surface of the pallet is

τACS
guide−F2 ¼ τFCS→ACS

4 þ τFCS→ACS
5 ð27Þ

Process 2: assembled the pallet.
The main installing surface is the datum plane, the

deviation of the installing surface is

Fig. 16 Key features and
relevant tolerances

Table 3 Key feature tolerances of the guide rail

Key features Tolerances Symbol Values (mm)

Guide rail undersurface Dimensional T1 (−0.1,0.1)
// T2 0.02

▱ T3 0.02

Guide rail lateral 1,2 Dimensional T4 (−0.1,0)
∠ T5 0.02

⊥ T6 0.02

Fig. 17 Key features and related
tolerances
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τACS
carry−F1 ¼ τACS

guide−F þ τACS
guide−F2 þ τFCS→ACS

L

þ τACS
13 −τFCS→ACS

9 ð28Þ

The deviation of pallet relative to the locating surface of the
lathe tool is

τACS
carry−F2 ¼ τACS

carry−F1 þ τACS
11 þ τFCS→ACS

12 ð29Þ

Process 3: assembled the lathe tool.
The final deviation is as follows:

τACS
qp ¼ τFCS→ACS

L þ ∑
i¼2;5;6;12

τFCS→ACS
i

þ ∑
j¼1;11;13

τACS
j −τFCS→ACS

9 ð30Þ

& Step 6: calculating the deviation of quality requirements.

First, the coordinates of the four track points in the ACS
should be calculated. Then the deviation of the quality

requirements can be calculated.

Δpiz ¼ τACS
qp−i � R pACSi

� �� 0; 0; 1ð ÞT ð31Þ

9) where τACS
qp−i is the deviation of each track point according

to formula (31). R pACSi

� �
is the transformation matrix of

each track points.

& Step 7: analysis on height deviation of lathe tool path.

The analysis was repeated three times in order to
predict the absolute height deviation and relative height
deviation of the tool path and analyze the main sources
of two kind deviations in height. According to the anal-
ysis algorithm in Section 3, the analysis results are
shown in Table 5.

As listed in Table 5, the tool path height deviation
mainly comes from the clearance δ. Meanwhile, this fit
clearance also affects the deviation of the path and vi-
bration. Therefore, δ is the bottleneck factor that re-
stricts the machining quality.

As can be seen from Table 6 and Fig. 18:

(1) The absolute height deviation qave changes greatly, while
the relative height deviation qσ is small. Therefore, the
overall deviation during the lathe tool machining process
is related to the machining errors of the parts.

(2) The variation of the height deviation of each track point
during a single analysis is completely irregular.

Table 5 The influence and contribution of each tolerances and
clearance to the lathe tool path

Tolerance Value (mm) Influence (mm) Contribution rate (%)

T1 (−0.1, 0.1) 0.0276 6.76

T2 0.02 0.0003 0.08

δ 0.1 0.2508 61.39

T5 0.02 0.0337 8.26

T6 0.02 0.0330 8.07

T9 0.02 0.0334 8.17

T11 (−0.1,0.1) 0.0257 6.29

T12 0.02 0.0040 0.97

T13 (−0.01,0.01) 0.0000 0

Table 4 key feature tolerances of the pallet

Key features Tolerances Symbol Values (mm)

Pallet bottom ▱ T7 0.02

Pallet lateral 1,2 Dimensional T8 (0,0.1)

∠ T9 0.02

▱ T10 0.02

Pallet plane Dimensional T11 (−0.1,0.1)
// T12 0.02

Table 6 The height deviation of the lathe tool under forces and
vibration (unit: mm)

Order Δp1z Δp2z Δp3z Δp4z qave qσ

1 −0.3864 −0.4246 −0.3901 −0.4080 −0.4023 0.0176

2 −0.1555 −0.1130 −0.1912 −0.1697 −0.1573 0.0330

3 −0.3315 −0.2628 −0.2842 −0.3713 −0.3125 0.0486

Fig. 18 The variation of the four track points in height deviation
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Therefore, the fluctuation is mainly related to the random
vibration intensity coefficient in a single analysis. So the
height deviation mainly comes from the vibration.

4.4 Contrastive analysis

In order to provide a specific design improvement, the accu-
racy performance of the product under the following condi-
tions can be analyzed:

1) Kinematic accuracy analysis: In this case, the stochastic
tolerances, motional displacement, force direction, and
vibration are considered using the proposed method to
simulate the product kinematic accuracy.

2) Tolerance analysis: In this case, the DP-SDT tolerance
analysis method is used to simulate the product accuracy
only with the tolerances.

3) Motional displacement analysis: In this case, the stochas-
tic tolerances and motional displacement are taken into
account to simulate the product kinematic accuracy using
the proposed method, namely the variables in Eq. 25 sat-
isfy the following conditions: mvibrate = 0 and k4 , k5 ,
k6 ∈ [−1, 1].

4) Force direction analysis: In this case, the stochastic toler-
ances and force direction, i.e., mvibrate = 0 in Eq. 25 and

only track point p1 will be considered, and the proposed
method will be used to simulate the product kinematic
accuracy.

5) Vibration analysis: In this case, the stochastic tolerances
and vibration, i.e., k4 , k5 , k6 ∈ [−1, 1] in Eq. 25 and only
the track point p1 will be considered, and the proposed
method will used to simulate the product kinematic
accuracy.

To provide a more convincing result, the Monte
Carlo method will be applied to simulate the absolute
height deviation (qave) and the relative height deviation
(qσ) of the quality points (see Eqs. 17 and 18). The
cycle-index of the simulation is 5000, and the final re-
sults are shown in Table 7, Figs. 19 and 20.

The results in Table 7 and Fig. 19 show that

1) The simulated height deviations have great difference be-
tween kinematic accuracy analysis method and DP-SDT
tolerance analysis method;

2) Traditional DP-SDT tolerance analysis method cannot
simulate the motional path deviation of the lathe tool.

Table 7 and Fig. 20 present the influences of different fac-
tors on the product kinematic accuracy. The results show that

1) The force direction makes the maximum contribution to
the product kinematic accuracy except for the tolerances
(the absolute height deviation is − 0.3143 mm).

Table 7 Absolute height
deviation and relative height
deviation of the quality points
(unit: mm)

Conditions Absolute height deviation (qave) Relative height deviation

(qσ)

Kinematic accuracy analysis − 0.2525 0.1249

Tolerance analysis − 0.0030 None

Motional displacement analysis − 0.0001 0.1393

Force direction analysis − 0.3143 None

Vibration Analysis 0.0019 None

Fig. 19 Probability density distribution of the height deviation for
kinematic accuracy analysis and tolerance analysis Fig. 20 Influences of different factors on the product kinematic accuracy
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2) The motional displacement mainly affects the relative
height deviation of the product kinematic accuracy (the
relative height deviation is 0.1393 mm).

The absolute height deviation will cause the idle
stroke to the lathe tool when the force direction changes
during the manufacturing process. The relative height
deviation will cause the manufacturing deviation during
the feed process of the lathe tool. In order to improve
the manufacturing quality of this lathe, the design prod-
uct in the design phase can be well optimized according
to the above conclusions:

10) The influence of the force direction can be reduced by
narrowing the clearance between the guide rail laterals
and pallet laterals in Figs. 16 and 17.

11) The influence of the motional displacement can be re-
duced by reducing the parallelism of the guide rail un-
dersurface in Fig. 16.

5 Conclusion

This paper proposed a new method to predict the kinematic
accuracy of the target parts in an assembly at the design stage.
The product design information and actual operation condi-
tions, such as the geometric structure, assembly approach,
tolerances, force direction, and vibration, are taken into ac-
count in a modified DP-SDTmethod to achieve a comprehen-
sive evaluation of the product quality. First of all, a general
framework of the DP-SDT kinematic accuracy prediction
method is developed based on the DP-SDT tolerance analysis
method. Then a displacement-transformation algorithm for
motional components is proposed to describe the influences
of motional displacement on feature deviation. Next, a
semantic-based exploring algorithm is presented to solve the
influence of the force direction and vibration on the part de-
viation. According to these algorithms, a solving procedure of
DP-SDT kinematic accuracy prediction method is proposed to
predict the product quality for different quality requirements
and in actual operation conditions. The DP-SDT kinematic
accuracy deviation analysis method expands the application
field of tolerance analysis. At the same time, the method ex-
tends the application range of traditional tolerance analysis
method by introducing the motional displacement, force di-
rection, and vibration intensity into the DP-SDT theory.

The results of the contrastive analysis show that the actual
operation conditions have significant effect on the product
kinematic accuracy. With the help of the proposed method,
the designers will get a more practical quality prediction of
the designed product in comparison with the traditional toler-
ance analysis method. And this method can optimize the

design tolerances and geometric structure in the design phase
rather than in the manufacturing phase, which will greatly
reduce the manufacturing cost. More work about the relation-
ships between the actual operation conditions and kinematic
accuracy should be studied in the future.
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