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Abstract Carbon fiber reinforced polymers (CFRP) have got
rapidly increased applications in aerospace/aircraft and other
fields due to their attractive properties of high specific
strength/stiffness, high corrosion resistance, and low thermal
expansion. These materials have also some challenging prop-
erties like heterogeneity, anisotropy, and low heat dissipation.
Due to these properties, the issues of excessive cutting forces
and machining damages (delamination, fiber pull-out, surface/
subsurface defects, etc.) are encountered in machining. The
cutting forces are required to be minimized for qualified ma-
chining with reduced damages. In this research, a novel cut-
ting force prediction model has been developed for vibration-
assisted slot milling. The experimental machining has been
carried out on CFRP-T700 composite material. The effective
cutting time per vibration cycle and the force of friction have
been expressed/calculated. The feasibility of vibration-
assisted machining for CFRP composites has also been eval-
uated. The relationships of the axial and feed cutting forces
with machining parameters were investigated. The results
have shown the variations below 10% among experimental
and corresponding simulation values (from the model) of

cutting forces. However, the higher variations have been
found in some experiments which are mainly due to hetero-
geneity, anisotropy, and some other properties of such mate-
rials. The developed cutting force model then validated
through pilot experiments and found the same results. So,
the developed cutting force model is robust and can be applied
to predict cutting forces and optimization for vibration-
assisted slot milling of CFRP composite materials at the in-
dustry level.
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1 Introduction and literature review

Carbon fiber reinforced polymer composites have got widely
increased applications in aircraft, aerospace, automobile, and
other fields due to their attractive properties of high specific
strength, high specific stiffness, high corrosion resistance, and
low thermal expansion [1, 2]. Especially, the application of
such materials in the aircraft industry has increased rapidly
up to 50% by weight (Airbus A-380 of 45%, A350XWB
22%, and Dreamliner 787 by 50% by weight) [3].These com-
posite materials are the primary structural materials and used
for panels, stringers, and frames of the fuselage to achieve
weight reduction for fuel economy [4]. In addition, these ma-
terials have also some challenging properties of inhomogene-
ity, anisotropy, heterogeneity, and low heat dissipation [1, 2].
Due to these properties, the issues like excessive cutting
forces, high surface roughness, and machining damages like
delamination, fiber pull-out, and matrix burning have been
found in machining and required to be minimized for accurate
machining. The cutting forces are the main characteristic
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parameter for the machining process and are required to be
controlled within technical limits for qualified machining of
such materials with better surface integrity and reduced ma-
chining damages. The mechanics/mathematical models pro-
vide more accurate prediction of cutting forces and are appli-
cable for wide range of related parameters as compared to the
experimental investigations. Therefore, the cutting force pre-
diction models are the key requirement for controlling the
cutting forces. Even, these materials have been tried to
design/manufacture near-to-net shapes, but some processes
of drilling and milling are unavoidable. The slot milling is
necessarily applied if some openings/cavities are required in
the part/assembly or to make the proper seat for mating the
parts precisely.

The revolution in composite materials has occurred with
the development of carbon and boron fibers [5]. Then, various
machining technologies have been developed like cutting,
grinding, drilling, and milling for brittle materials [6–9].
However, the newly developed materials were found difficult
to machine through conventional machining methods [10].
Some nontraditional machining processes have also been
developed including abrasive water-jet machining, electric
discharge machining, vibration-assisted machining
(VAM), and rotary ultrasonic machining and have been
applied for improved machining of brittle materials
[11–14]. The ultrasonic energy was first applied for mate-
rial removal process in 1927 by Wood and Loomis [15].
The static ultrasonic machining was found suitable for
machining of materials with hardness greater than 40
HRC [16]. However, the ultrasonic machining has limita-
tions of low machining rates and geometrical errors in the
machined parts [17–19]. The vibration-assisted machining
has been found as the improved machining method.

One-dimensional vibration-assisted machining (1D VAM)
and two-dimensional vibration-assisted machining (2D VAM)
were first applied in 1950 and 1980, respectively [20, 21]. The
most of the research works in this area has been found for
drilling and turning of metals. The improved surface quality
and reduced tool wear were investigated for vibration-assisted
drilling of aluminum 6061-T6, and a cutting force prediction
model was developed [22]. The ultrasonic drilling of carbon
fiber reinforced polymers (CFRP) was carried out and the
reduction of thrust force has been found to be in excess of
60% with lower delamination as compared to conventional
drilling [23]. The conventional drilling of CFRP found in-
duced high stresses in the vicinity of the drilled hole along
with high thrust force on the tool in comparison with ultrason-
ically assisted drilling [24].The reduction of thrust force and
drilling-induced delamination were found with the ultrasonic
drilling of GFRP composites [25]. The kinematic modeling of
the vibration-assisted drilling was proposed for aluminum al-
loy [26]. The reduced tool forces, improved surface finish, and
enhanced tool life were then investigated for 1DVAM and 2D

VAMof turning process. Also, the ductile regimewas found at
increased depth for brittle materials [27]. The vibration-
assisted turning was carried out for unidirectional CFRP com-
posites and found that the application of ultrasonic vibration in
either the cutting or normal direction significantly decreased
the cutting forces, minimized the fiber deformation, and facil-
itated the fiber fracture at the cutting interface and significant
improvement in the quality of a machined surface [28]. The
ultrasonic vibration-assisted micro end grinding has been car-
ried out for silica glass, and reduction in normal, tangential,
and cross-feed direction grinding forces (up to 50%) have
been investigated [29]. The few research works have been
found for analysis and experimental investigations of milling
processes. However, hardly one or two research works were
found for modeling of cutting forces. The cutting force model
for 2D vibration-assisted micro end milling was developed for
the side milling of Al alloy [30]. The modeling and experi-
mental study was carried out for tangential, radial, and axial
direction cutting forces for ultrasonic vibration-assisted side
milling of titanium alloy [31]. The significant reduction in
surface roughness has found for stainless steel and titanium
materials with the excitation of the axial mode of vibration in
milling process [32]. The reduction in fraying has been found
for vibration-assisted slot milling of CFRP composite material
[33]. The elliptical vibration-assisted (EVA) machining was
investigated as a more effective machining technique in com-
parison with feed and axial direction vibration-assisted ma-
chining of CFRP composite materials [11].The VAM has been
found as the effective advanced machining method for im-
proving the process stability and the quality of the machined
components [34]. The ultrasonic vibrations were applied for
milling of Al alloy with defined geometry tool (face mill with
two cutting edges), and lower surface roughness was investi-
gated [35]. The ultrasonic vibration-assisted side milling was
carried out by using minimum quantity lubrication for glass-
ceramic material and found a reduction in edge-indentation
with improved surface morphology [36]. The reduction of
cutting forces was observed up to 32% with 2D ultrasonic
vibration-assisted milling for aluminum alloy in comparison
to conventional milling [37]. The cutting force in feed direc-
tion has modeled for vibration-assisted side milling of AISI
420 stainless steel and found reduced cutting forces than con-
ventional side milling process [38].

From the literature review, it was found that the research has
mainly carried out on vibration-assisted drilling and turning.
However, few research works were found for parametric inves-
tigations for vibration-assisted side and face milling. The avail-
able research works were found for Al-alloys and other metals.
Hardly, one or two research papers are related to cutting force
modeling having certain limitations. The cutting force modeling
based on vibration-assisted slot milling is not found in literature
for metals or composite materials. So, keeping in view the ap-
plications and the complex cutting phenomenon for CFRP
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composite materials, there is an essential need for the develop-
ment of cutting force model and experimental investigations for
vibration-assisted slot milling for such materials since the exces-
sive cutting forces have adverse effects on the properties of
composite materials and are required to be controlled/
minimized up to acceptable technical limits.

In this paper, the mechanistic-based model for axial and
feed direction cutting forces has been developed for
vibration-assisted slot milling of CFRP composites for the
first time. The novel approach has been presented to find the
effective cutting time and incorporated the force of friction.
The machining aspects have been considered for practical
machining for acceptable material removal rates. The experi-
ments have been carried out on CFRP-T700 material, and
cutting force constantsK1 andK2 have been found on the basis
of experimental results. The cutting force models have then
validated through pilot experiments. The relationships of cut-
ting forces with machining parameters have also been
investigated.

2 Development of cutting force prediction model

In this research, the vibration-assisted slot milling is applied as
the combination of vibration (along axial direction) and the
milling process. The grinding process is considered as the
more appropriate process for machining of fiber polymer com-
posites because the cutting depth of individual cutting edge is
usually smaller than the diameter of the fiber (5–10 μm).
However, the grinding process becomes inefficient due to
small cutting depths and less material removal rates (MRR).
The vibration-assisted machining has shown the improved

results because this type of machining methods adds a dis-
placement of micro-scale amplitude with an ultrasonic fre-
quency to the tip motion of a cutting tool [16, 39]. The defined
geometry end mill cutter is used which removes the material
continuously in the feed direction, and the cutting process is
like a conventional milling process because the vibrations
have minimum effect in this direction. Along the axial direc-
tion, the end mill cutter performs like a hammer (with high-
frequency vibrations) which mainly effect on the surface of
the material discontinuously. The relationship of the cutting
forces and the slot milling process is shown in Fig. 1.

The entry angle (ϕst) and exit angle (ϕext) of the end mill
cutter can be expressed as follows:

ϕst ¼ π−arccos 1−
ae
R

� �
ð1Þ

ϕext ¼ π ð2Þ

where R is the radius of an end mill cutter and ae is the
radial width of cut.

For the slot milling of the workpiece material,ae = R, then,
ϕst = 0 and ϕext = π.

The chip thickness can be represented as follows:

ac ¼ f zsinθ ð3Þ

where ac, fz, and θ are the un-deformed chip thickness, feed
per tooth, and chip angle for the chip, respectively.

2.1 Axial cutting force model

The high-frequency vibrations are being applied along the
axial direction (Z-axis) in this research. Therefore, the

Fig. 1 Illustration of slot milling
process and cutting forces
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relationship between axial distance Z, frequency f, and ampli-
tude A for sinusoidal wave can be shown as in Fig. 2 and have
expressed as follows:

Z tð Þ ¼ Asin 2πftð Þ ð4Þ

The velocity (displacement per unit time), V(t) can be ob-
tained from the derivative of Eq. (4) as under:

V tð Þ ¼ 2πAf cos 2πftð Þ ð5Þ

V(t) has units μm/s in Eq. (5), and it can be expressed in
units mm/min (same units as feed rate) as under:

V tð Þ ¼ 12πAf cos 2πftð Þ
100

ð6Þ

The effective cutting time,Δt for single sine wave is shown
in Fig.2 and can be written as follows:

Δt ¼ 1

πf
π
2
−arcsin 1−

W
A

� �� �
ð7Þ

whereW is the penetration depth of the cutter in sine wave
and can be taken as half of the amplitude A (i.e.,W ¼ A

2 ) for
simplification. Therefore, Eq. (7) can be simplified as follows:

Δt ¼ 1

3 f
ð8Þ

The feed per tooth, fz for conventional milling process can
be expressed as follows:

f z ¼
f r
Nnt

ð9Þ

where fr is the feed rate (mm/min) and N (rev/min) is the
spindle speed of the end mill cutter.

In vibration-assisted slot milling, both the feed motion
and vibratory motion have been found. Since the feed
rate, fr has been applied along feed direction (Y-axis)
and displacement per unit time due to ultrasonic vibration
is along the axial direction (Z-axis). Therefore, the angle
between these two parameters is 90°. Then, the resultant
feed rate, ft can be found through Pythagorean theorem as
follows:

f t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
s

ð10Þ

The total feed per tooth, ft, z can be found as follows:

f t;z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt
ð11Þ

By applying Eq.(3), the un-deformed chip thickness acv
can be found for VAM as follows:

acv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt
sinθ ð12Þ

In the milling process, the cutting force is a function of
unreformed chip cross-section area. By knowing un-deformed
chip thickness, the relationship for axial cutting force can be
written as:

F ¼ K1apacv ð13Þ

Fig. 2 Relationship for penetration depth (W) and effective cutting time
(Δt)

Fig. 3 Illustration for cutting
forces and friction force
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where ap is cutting depth and K1 is the cutting constant for
the axial cutting force. The maximum chip thickness can be
found at angle, θ = 90°. Also, the cutting force can be found
maximum at this angle (θ = 90°). There is a cycloid movement
of the cutter, and two flutes of the cutter remain engaged in
cutting, so the total axial cutting force (Fa) can be expressed as
follows:

Fa ¼ K12ap

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt
sinθ ð14Þ

Equation (14) represents the axial cutting force prediction
model for vibration-assisted slot milling.

2.2 Feed cutting force model

Since the effect of vibrations in the feed direction is minimum
and the machining is just like the conventional slot milling

process, therefore the cutting force along feed direction due
to a single flute of the end mill cutter is given by:

F f 1 ¼ K2 Ffeed þ Ffriction
	 
 ð15Þ

where Ffeed and Ffriction are the feed force and fric-
tion force for single flute of the end mill, respectively.
The relationship for the feed force can be written as
follows:

F f 1 ¼ K2 ap f zsinθþ μappN F

h i
ð16Þ

where μapp is the applied friction co-efficient, NF is the
normal cutting force, and K2 is the cutting force constant.
The researcher, Mondelin et al. [40] has defined and reported
the value of μapp as follows:

μapp ¼ μadh þ μdef ð17Þ

The value of μapp is found as 0.10 by considering μadh is
0.06 and μdef is 0.04 for a dry regime of CFRP material and
mono-crystalline diamond conical pin during experiments.
The force of friction and the normal force are shown in
Fig. 3a, and the radial Fr and thrust force Ft are shown in
Fig. 3b. The normal force NF is the axial cutting force

Table 1 Experimental design

Group Experiment Spindle speed, N
(rpm)

Feed rate, fr
(mm/min)

Cutting
depth, ap
(mm)

1 1–6 2500, 3000, 3500,
4000, 4500, 5000

600 1.0

2 7–11 4500 200, 400,
600, 800,
1000

1.0

3 12–15 4500 600 0.5, 0.75,
1.0, 1.2

Fig. 4 Experimental setup

Table 2 Properties of machine tool

Nomenclature Specification

Spindle speed (with ultrasonic device) 0–6000 rpm

Vibration amplitude 10 μm

Vibration frequency 16,000 Hz

Table 3 Mechanical properties of workpiece material

Nomenclature Specification

Density (ρ) 1.54 g/cm3

Elastic modulus (E) 7.11 GPa

Tensile strength (TS) 689.08 MPa

Fracture toughness (KIC) 11.5 MPa m1/2

Vickers-hardness (Hv) 0.4 GPa

Poisson’s ratio (ν) 0.30

Layer configuration 0°, 45°, − 45°, 90°
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because it is due to the cutter and workpiece combination, so
the normal force in case of a single flute is as follows:

N F ¼ K1ap

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt
sinθ ð18Þ

From Eq. (16), the feed force for single flute is given by:

F f 1 ¼ K2ap
f r þ K1μapp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt

2
664

3
775sinθ ð19Þ

The maximum chip thickness can be found at angle,
θ = 90°, and the cutting force can also be found maximum.
There is a cycloid movement of the cutter and two flutes of the

cutter remain engaged in cutting. So, the total cutting force can
be expressed as follows:

F f ¼ K22ap
f r þ K1μapp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f rð Þ2 þ 12πAf cos 2πftð Þ

100

� �2
r

Nnt

2
664

3
775sinθ ð20Þ

Equation (20) represents the feed cutting force prediction
model for vibration-assisted slot milling.

3 Experimental setup and conditions

3.1 Experimental design

From the random experiments and the previous studies, the
spindle speed, feed rate, and cutting depth are found as essen-
tial machining parameters and are considered as variables.
Also, the vibration-assisted machining and rotary ultrasonic
machining (RUM) were carried out on CFRP-T700 and found
that the slot milling of this material (having elastic modulus
7.11 GPa) is feasible/batter with VAM instead of RUM. The
significantly higher cutting forces, higher surface roughness,
and fraying (one type of material damage in machining) are
found in RUM. Moreover, the blockage of the core tool has
been observed for RUM. So, the CFRP composites having
lower/medium elastic modulus values can be machined accu-
rately through VAM. On the other hand, CFRP composite
materials having high elastic modulus (53 GPa) can be ma-
chined accurately through RUM as per investigations of Yuan
et al. [41]. The experiments have designed by single-factor
experiment array three factors. The level of each factor is
selected after theoretical calculations, previous experiments,

Table 4 Properties of
end mill cutter Nomenclature Specification

Diameter 6 mm

No. of flutes 4

Material CVD-coated carbide

Helix angle Low helix

Flute length 18

Helix angle 10 deg

Overall length 65 mm

Fig. 5 Cutting force graph for exp. no.5 (N = 4500 rev/min, fr = 600 mm/
min, ap = 1.0 mm)

Fig. 6 Measurement of forces for exp. no.5 (N = 4500 rev/min,
fr = 600 mm/min, ap = 1.0 mm)
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and keeping in view the higher values of MRR for industrial
applications. The experimental design is shown in Table 1.

3.2 Experimental procedure

The experimental setup is shown in Fig. 4. This setup is com-
posed of mainly three parts such as vibration system, CNC
vertical machining center, and the end mill cutter. The vibra-
tion system has a vibration spindle and vibration generator.
The vibration system is capable for high-frequency/ultrasonic
vibrations. The CNC vertical machining center (Model: VMC
0850B, Shenyang, China) has fitted with vibration device/
attachment (developed by Tianjin University, China) having
the vibration spindle. The main specifications of the machine
tool are mentioned in Table 2. The workpiece material CFRP-
T700 with dimensions 96 × 40 × 5 mm has been used for
experimental machining. The single-pass layer-by-layer strat-
egy has been applied for slot milling keeping in view the
smooth fracture of carbon fibers of the workpiece material.
The mechanical properties of the workpiece material are re-
ported in Table 3. The specifications of the end mill cutter are
shown in Table 4. The experiments have been carried out as
per experimental design. The cutting force has been measured
using the dynamometer (9257B, Kistler, Switzerland). The
value of vibration amplitude and vibration frequency has been
applied as 10μm and 16,000Hz, respectively. These values of
amplitude and vibration frequency have been found effective
for significant results in the case of CFRP composite materials
through previous experiments. The amplitude has been mea-
sured with laser Doppler vibrometer (Model: LV-S01, Sunny
optical technology, China), and frequency has been noted
from the display of the ultrasonic generator.

4 Experimental results and discussion

The experimental machining process has been divided in-
to three stages, i.e., Enter, Stable, and Exit as shown in
Fig. 5. The cutting force data for the stable stage is ob-
tained from the real time cutting force data obtained
through Dynoware software (V2.41) in graphical form.
The graphical cutting force data then transformed to nu-
merical values of cutting forces by using developed

Table 5 Experimental and simulated data of axial cutting force

Exp.
no.

N
(rev/
min)

fr
(mm/
min)

ap
(mm)

Axial
force
(Fa(m))
(newton)

Axial force
(Fa(s) without
K1) (newton)

Axial force
(F’a(s) with
K1) (newton)

1 2500 600 1.0 13.779 0.1206 13.989

2 3000 600 1.0 10.137 0.1005 11.657

3 3500 600 1.0 10.042 0.0861 9.987

4 4000 600 1.0 8.031 0.0754 8.746

5 4500 600 1.0 7.727 0.0670 7.771

6 5000 600 1.0 8.432 0.0603 6.994

7 4500 200 1.0 7.614 0.0432 5.011

8 4500 400 1.0 8.154 0.0449 5.208

9 4500 600 1.0 8.556 0.0670 7.771

10 4500 800 1.0 10.090 0.0891 10.335

11 4500 1000 1.0 10.452 0.1113 12.910

12 4500 600 0.5 4.178 0.0335 3.885

13 4500 600 0.75 6.707 0.0503 5.834

14 4500 600 1.0 8.325 0.0670 7.771

15 4500 600 1.2 9.716 0.0804 9.326

Table 6 Experimental and
simulated data of feed cutting
force

Exp.
no.

S (rev/
min)

fr (mm/
min)

ap
(mm)

Feed force (Ff(m))
(newton)

Feed force (Ff(s) without
K2) (newton)

Feed force (F’f(s) with
K2) (newton)

1 2500 600 1.0 63.226 13.1733 74.112

2 3000 600 1.0 58.978 11.8111 66.449

3 3500 600 1.0 51.272 10.1238 56.956

4 4000 600 1.0 50.687 8.8583 49.836

5 4500 600 1.0 46.636 7.8741 44.299

6 5000 600 1.0 52.824 8.0867 45.495

7 4500 200 1.0 37.950 7.7955 43.857

8 4500 400 1.0 45.570 7.8305 44.054

9 4500 600 1.0 50.830 7.8741 44.299

10 4500 800 1.0 62.842 8.9260 50.217

11 4500 1000 1.0 64.858 10.0863 56.745

12 4500 600 0.5 28.204 2.9852 16.794

13 4500 600 0.75 35.301 4.4417 24.989

14 4500 600 1.0 44.295 7.8741 44.299

15 4500 600 1.2 51.085 11.0026 61.900
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Fig. 7 Axial cutting force and machining parameters
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Fig. 8 Feed cutting force and machining parameters
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MATLAB code (Fig. 6). The cutting force value obtained
through MATLAB code for each force (Fx, Fy, and Fz) is
the mean value of all the peak values of the cutting force

in the stable stage. The cutting force values obtained by
considering peak values are the factual presentation of the
cutting force and higher than simply the average values of

Table 7 Experimental and simulated data of axial cutting force

Exp.
no.

N (rev/
min)

fr (mm/
min)

ap
(mm)

Axial force (Fa(m))
(newton)

Axial force (Fa(s) without K1)
(newton)

Axial
force
(F’a(s) with K1)
(newton)

Variations
F
0
a sð Þ−Fa mð Þ

� �
Fa mð Þ

�
100%

1 3000 400 0.6 6.156 0.0505 5.857 − 4.85
2 3000 400 0.6 6.672 0.0505 5.857 − 12.21
3 3000 600 0.6 8.138 0.0603 6.994 − 14.05
4 3000 600 0.6 7.040 0.0603 6.994 − 0.65
5 3000 600 1.0 13.334 0.1105 12.817 − 3.87
6 3000 600 1.0 12.875 0.1105 12.817 − 0.45
7 3000 400 1.0 9.978 0.0778 9.024 − 9.56
8 3000 400 1.0 9.810 0.0778 9.024 − 8.01
9 4000 400 0.6 4.989 0.0403 4.674 − 6.31
10 4000 400 0.6 4.516 0.0403 4.674 + 3.49

11 4000 400 1.0 6.581 0.0506 5.869 − 10.81
12 4000 400 1.0 6.984 0.0506 5.869 − 15.96
13 4000 600 0.6 5.021 0.0452 5.243 + 4.22

14 4000 600 0.6 4.856 0.0452 5.243 + 7.76

15 4000 600 1.0 9.336 0.0788 9.140 − 2.27
16 4000 600 1.0 9.721 0.0788 9.140 − 6.14

Table 8 Experimental and simulated data of feed cutting force

Exp.
no.

N (rev/
min)

fr (mm/
min)

ap
(mm)

Feed force (Ff(m))
(newton)

Feed force (Ff(s) without K2)
(newton)

Feed force (F’f(s) with K2)
(newton) Variations

F
0
f sð Þ−F f mð Þ

� �
F f mð Þ

�100%

1 3000 400 0.6 24.715 4.2445 23.879 − 3.38
2 3000 400 0.6 24.467 4.2445 23.879 − 2.40
3 3000 600 0.6 30.024 5.2760 33.023 + 9.98

4 3000 600 0.6 41.936 5.2760 33.023 − 21.25
5 3000 600 1.0 55.657 10.8111 61.073 + 9.73

6 3000 600 1.0 64.280 10.8911 61.073 − 4.98
7 3000 400 1.0 46.627 8.7458 49.203 + 5.52

8 3000 400 1.0 45.950 8.7458 49.203 + 7.07

9 4000 400 0.6 18.555 3.1834 17.909 − 4.35
10 4000 400 0.6 20.075 3.1834 17.909 − 10.78
11 4000 400 1.0 41.473 8.0093 45.063 + 8.65

12 4000 400 1.0 40.046 8.0093 45.063 + 12.52

13 4000 600 0.6 26.931 4.2070 23.668 − 12.11
14 4000 600 0.6 27.541 4.2070 23.668 − 14.06
15 4000 600 1.0 54.794 8.8583 49.836 − 9.87
16 4000 600 1.0 54.092 8.8583 49.836 − 7.86
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the cutting forces. The experimental data is recorded in
column 5 of Table 5 for the axial force and column 5 of
Table 6 for the feed force.

4.1 Obtaining of cutting force constants, K1 and K2

The simulation values of the axial cutting force are closest
to measurement values when the factor ∑(Fa − K1 × F'S)

2

got the minimum value. The linear least square method is
applied for this purpose which defines the best fit function
with minimizing the error/residual, s as follows [42]:

s ¼ ∑
i¼n

i¼1
yi− axi þ bð Þð Þ2 ð21Þ

where a and b are constants, yi and xi are the dependent and
independent variables, respectively, and i is the series of mea-
surements, i.e., i = 1, 2, 3, 4… n.

For minimizing the residual s, the function is then partially
differentiated with respect to constants (a and b). The same
method has applied to find the value of K1 by partially differ-
entiating the factor ∑(Fa(m) −K1 × Fa(s))

2 with respect to K1 as
follows:

∑2 � Fa mð Þ−K1 � Fa sð Þ
� �

−Fa sð Þ
� � ¼ 0 ð22Þ

By putting the values of experimental and simulated cut-
ting forces for each experiment, summation of all the experi-
ments and equating to zero, then the value of K1 is obtained.
This value gives the relationship between K1 and machining
parameters. This cutting force constant is based on the rela-
tionship of the workpiece material and properties (geometry,
material, etc.) of cutting tool and is not dependent on the
machining parameters. The same considerations are applied
on the factor ∑(Ff(m) −K2 × Ff(s)) for feed cutting force model.
The values of K1 and K2 are found as 115.997 and 5.626,
respectively. The data obtained by applying the developed
cutting force model for the axial and the feed forces are shown
in column 6 of Table 5 and Table 6, respectively.

The axial and the feed cutting force data obtained through
experiments and by applying the respective cutting force
models have been plotted as shown in Fig. 7 and Fig. 8, re-
spectively. The simulated values of the axial and the feed
cutting forces are found to have close match with the mea-
sured values of both type cutting forces. These graphs also
show that the axial force decreases with the increase of spindle
speed. The feed cutting force has found to increase with the
increase of spindle speed up to certain limits and then found to
decrease. It is pertinent to mention that the significant results
have obtained with spindle speed 4500 rev/min. With spindle
speed higher than this value, the axial and feed cutting forces
are going to increase. This increase in the cutting forces is due
to the reason that with higher rotations of the cutter beyond the
certain values, the effect of vibrations is found reduced. Both
of these forces have found to increase with the increase of feed
rate and cutting depth.

The graphical analysis has shown that the simulated values
of axial cutting force have a close match (nearly equal) with
the measured values of axial cutting forces while the varia-
tions of experimental and simulated feed forces found higher.
These higher variations are due to the facts that high-
frequency vibrations are applied only in the axial direction
and also due to inhomogeneity, heterogeneity, anisotropy,
and varying thermal behavior of CFRP composites. The var-
iations can rise due to uneven material properties and disloca-
tions of fibers during machining. The value of instantaneous
cutting force may change more than three times because when
machining different cutting area, the average cutting force
may change. So, the error was recorded in some of the cases
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and is expected to the acceptable level as per nature of such
materials.

Zarchi et al. [38] have developed the cutting force model
for vibrations along feed direction (Y-axis) of side milling of
AISI 420 stainless steel. However, the effective cutting time
for vibration cycle is not calculated and there are issues in the
practical application of this model. The cutting force model
developed in this paper has the expression for the calculation
of the value of effective cutting time for one vibration cycle.
The practical aspects of machining have been incorporated in
this research by considering cutting angle from 0 to π degrees,
maximum chip thickness at angle 90°, and two flutes perform
the cutting action in the case of four-fluted end mill. The
developed cutting force model for the axial and the feed cut-
ting forces are novel with practical machining requirements.

The maximum values of spindle speed, feed rate, and cut-
ting depth (N=5000 rpm, fr = 1000mm/min, and ap = 1.2mm)
have been applied to develop the cutting force model. Also,
the higher values of machining parameters are significant to
increase the MRR as, MRR = f

r
apae.

4.2 Validation of cutting force model

The additional experiments were carried out for validation of
the developed cutting force model. These pilot experiments
have designed three factors, two-level factorial designs and
each experiment was repeated. The changed values (from
values mentioned in Table 4) of machining parameters have
been applied for validation of the cutting force models. The
related data is reported in Table 7 and Table 8 and is plotted as
shown in Fig. 9 and Fig. 10. From the graphical analysis, it is
found that the most of the data points are closely match for the
measured and simulated values of cutting forces. Numerically,
the variation more than 10% is found in four experiments
(exp. 2 as 12.21%, exp. 3 as 14.21, exp.11 as 10.81%, and
exp.12 as 15.96%) for the axial cutting force. The variations
more than 10% are found in five experiments (exp. 4 as
21.25%, exp. 10 as 10.78%, exp. 12 as 12.52%, exp. 13 as
12.11%, and exp. 14 as 14.06%). These variations show the
similar behavior of higher variations for CFRP composites
and have supported the findings that variations in cutting force
values may occur in cutting forces due to heterogeneity, an-
isotropy, and other factors mentioned in above discussion. So,
the developed axial and feed cutting force models are accurate
and can be applied for the prediction of these cutting forces.

5 Conclusions

From the development of cutting force prediction model for
the axial and the feed forces and vibration-assisted slot milling
of CFRP composite materials, the following conclusions have
been drawn:

1. The cutting force predictionmodel for axial and feed force
has been developed for vibration-assisted slot milling of
CFRP-T700 composite materials. The graphical/
numerical analysis has shown that the measured and the
simulated values of cutting forces have a close match
(nearly equal), and the variations among their correspond-
ing values are found less than 10% in most of the exper-
imental groups. However, in some cases, higher variations
have been found which are due to the heterogeneity, an-
isotropy, and some other properties of such materials.

2. The developed cutting force model is novel and robust.
This model is in the form of one equation and can be
applied with ease in calculations. The practical aspects
of machining have incorporated in this research by con-
sidering cutting angle from 0 to π degrees, maximum chip
thickness at angle 90°, and two flutes perform the cutting
action at the same time in the case of four-fluted end mill
cutter.

3. The significantly higher values of machining parameters
have been applied (N = 5000 rev/min, fr = 1000 mm/min,
and ap = 1.2 mm) for the first time in order to maintain
MRR and to close the research work with practical ma-
chining. The axial force has been found to decrease with
the increase of spindle speed. The feed cutting force has
been found to decrease with the increase of spindle speed
up to certain limits and then found to increase. Both of the
forces (axial and feed force) have been found to increase
with the increase of feed rate and cutting depth.

The developed cutting force model for axial and feed force
in this paper is applicable for prediction/minimizing of the
cutting forces for vibration-assisted slot milling of CFRP com-
posites at the industry level. The input resources can be saved/
optimized with the increase of process efficiency and quality
of the product.
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