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Abstract In this paper, based on the slab method and focus-
ing on the rate-dependent flow condition, asymmetrical
thermomechanical rolling (ATMR) is investigated to establish
a new model for calculation of the rolling force. Unlike the
former models where the rate-dependent condition of the yield
shear stress has not been considered, in this study, a visco-
plastic flow stress formulation of material is used for applying
the rate and temperature sensitivity parameters and kinetic of
work hardening and softening of the material. Comparison of
the present analytical model with experimental data and other
models reveals the precision of calculation. An asymmetrical
rolling index (ARI) is introduced to evaluate the effects of
rolling parameters on asymmetrical conditions of the rolling
process. Using the response surface methodology (RSM), the
interaction effects and contribution of rolling parameters are
studied. Investigations indicate that the speed rate plays a role
as an intensifier of the parameters’ effect on the ARI.
Furthermore, the occurrence of high value of speed rate with
a low percent of thickness reduction leads to the restricted rise
of the ARI levels. The verification of the statistical models
indicates an acceptable competency of results.

Keywords Asymmetrical thermomechanical rolling
(ATMR) . Slabmethod . Asymmetrical rolling index (ARI) .

Response surfacemethodology (RSM)

1 Introduction

Based on various models, there are different studies performed
in the analytical field of rolling forces. Because of the signif-
icance rule of the rolling force on rate of power consuming,
rolling stand vibration, and equipment’s lifetime, the quantity
of established works is very widespread. Researchers have
presented several analytical models with varying hypotheses
in rolling stress investigation approach. Recently, analysis of
asymmetrical rolling has been used for evaluation of the slab
outgoing curvature from stand roll gap and rolling force [1].
Because of the friction condition in the rolling process, espe-
cially in the thermomechanical rolling (TMR), variation in the
interface condition of the slab and the rolls, different roll di-
ameters, rolls’ speed mismatch, different temperatures in the
upper and lower surface of the slab in rolling region and hor-
izontal and vertical deviations of the roll axis from pass-line
and the slab caused varying distribution strain and strain rates
and different distribution stresses imposing in the deformed
region, consequently. This unequal distribution of deforma-
tion parameters leads to asymmetrical deformation during
the TMR process. In the asymmetrical rolling, in addition to
the inlet and outlet zones in the roll gap, there is a third zone
named cross shear region (CSR) inclosing between neutral
points. In this region, the upper and the lower friction shear
stresses are imposed in opposite directions. For performing an
accurate calculation of rolling force, analysis of asymmetrical
rolling is very efficient, as some researchers have revealed that
the amount of predicted rolling force in the asymmetrical anal-
ysis is less than the symmetrical analysis [2, 3]. In the rolling
industry, effective rolling parameters are changed into a route
to create asymmetrical rolling conditions, naturally, though
sometimes the asymmetrical conditions are imposed to the
rolling stand by operators. For example, in order to control
the sheet curvature index in the roll gap exit, by setting the
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speed mismatch of rolls, a feature named ski is created to keep
from hitting the head of sheet and the run out table.

In the literature, the rigidity behavior, plane strain plastic
deformation, and Von Mises yield criterion have been mostly
assumed.

Hwang et al. [4–6] have presented the first advanced stud-
ies in the analysis of asymmetrical rolling based on the slab
method. Due to various procedures, they have studied alter-
natively the rolling force by applying Von Mises and Tresca
criteria, shearing compression slip line theory, imposing shear
stress and internal moment, and constant and variant sticking
friction condition.

Tzou [7], establishing a relation between friction coeffi-
cient and friction factor, has evaluated the influences of roll
speed rate, thickness reduction percentage, and tension (for-
ward and backward) in asymmetrical rolling. Salimi and
Sasani [8] have carried out an analysis like Hwang’s one with
different friction condition. They have neglected of bit angle
effect. Kadkhodaei et al. [2] have attempted to investigate the
effect of vertical deviation of the lower roll from the slab in the
input section of the roll gap by an analytical model in a stick-
ing friction condition. For considering the asymmetrical
rolling based on Salimi’s model in slipping-sticking friction
conditions, Mousavi et al. [9] have executed the effects of
speed mismatch of the rolls on the distribution of the normal
and shear stresses and compared with FEM results. Based on
Salimi’s model, Gudur et al. [10] have made a new attempt
including the work hardening in flow stress function of the
rolled material and friction model of Wenheim and Bay. Their
model presented a good agreement result comprising experi-
mental works. Tian et al. [11], assuming the constancy of
friction along the length of contact surfaces and neglecting
the shear stress in vertical surfaces of internal sides of the
CSR, have demonstrated that with increasing the speed rate
of the rolls, the length of the CSR would be extended.

Assuming a second-order function of shear stress and a
linear function imposed normal stress on the vertical side of
the slab, Qwamizadeh et al. [3] have attempted to detect the
neutral point position and curvature index of the sheet. Same
as Tian’s model and by imposing the shear stresses on the
vertical sides of triplet regions of the deformed cross section,
Zhang et al. [12] have analyzed the asymmetrical rolling in
sticking friction conditions. In comparison, Zhang worked
with Salimi’s model, Hwang’s model, and experimental re-
sults; Salimi’s model has presented more accurate results than
other models. Assuming the slipping friction conditions in the
entrance and exit of the roll gap and sticking friction condi-
tions in the CSR of the roll gap, Chen et al. [13] have studied
the stress distribution along the length of contact interface and
the effects of friction conditions, flow stress, and roll distor-
tion. Imposing the non-uniform normal and shear stress in the
asymmetrical rolling of two-layer sheet, Qwamizadeh et al.
[14] and Afrouz and Parvizi [15] have evaluated the rolling

force, outgoing curvature, and neural point position in the roll
gap. Concentrating on the CSR, Tang et al. [16] have present-
ed a relationship between cross-shear ratio and exit thickness
reduction. They developed a new formulation to predict the
minimum permissible foil thickness in the asymmetrical
rolling. Aboutorabi et al. [1] have proposed a model based
on Salimi’s model by inserting horizontal deviation axis of
the upper rolling roll from lower one. They have presented a
fourth region near the entrance of the roll gap and have calcu-
lated the curvature of the slab in the entrance and exit of the
roll gap.

In spite of expanded procedure of usage of the finite ele-
ment method in 2D and 3D modeling of the asymmetrical
rolling, simplification and reduction of time-consuming cal-
culations in analytical methods are the evident competition
advantages. In the asymmetrical rolling process, especially
TMR, yield shear stress has been influenced by conditions
of unequal distribution of strain, strain rate, temperature, and
microstructure. However, in the accomplished analytical mod-
el of the slab method approach, in spite of the variety of strain
and strain rate, the yield shear stress has been assumed as a
constant value.

In TMR process, the presence of features, including work
hardening (WH), dynamic recovery (DRV), dynamic recrys-
tallization (DRX), and variety of grain size (GS) during defor-
mation, leads to an unstable condition for flow curve of ma-
terial [17]. In addition, the difference of strain, strain rate, and
temperature in the upper and lower contact surface and the
unequal diameter of the rolls intensify the unsteadiness of
the material flow. Comprising the symmetrical and the asym-
metrical hot rolling of steel, Liu and Kawalla [18] have indi-
cated that the high diameter ratio of rollers leads to the high
value of grain refinement. By evaluating the aluminum tex-
ture, Wronski et al. [19] have found that the asymmetrical
rolling improves the microstructure and the homogeneity of
material texture. Performing a comprehensive study of the
advanced rolling techniques by Yu et al. [20] revealed that
the asymmetrical rolling can improve the final mechanical
property of rolled material.

In this study, the purpose was to develop the analysis of the
asymmetrical thermomechanical rolling (ATMR) by imposing
the rate-dependent yield shear stress due to the dynamic con-
dition of unsteady strain, strain rate, and work hardening and
softening. Hence, in the present model, diversity between
yield shear stress in the upper and lower interfaces of the roll
gap confining between the slab and the rolls is assumed. These
rate-dependent conditions are performed for the first time in
the analytical model.

Furthermore, because of the inequality of the rolls’ radii,
the initial slab thickness in the upper and lower portion of the
slab is assumed to be unequal. Hence, in this study, a novel
analytical model is introduced based on a new description of
the deformation region in the roll gap. Concentrating on the
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CSR morphology, an asymmetrical rolling index (ARI) is in-
troduced to evaluate the effects of the rolling parameters on
asymmetrical conditions. After verification of the model out-
put by experimental date for pipeline API-5L X70 microalloy
steel and pressure vessel steel of P265GH, using response
surface method (RSM) as an applicable tool of DOE, the in-
teraction effects and contribution of parameters on the ARI
and rolling force are investigated.

2 Asymmetrical rolling mathematical model analysis

Regarding Fig. 1, ATMR is developed based on the slab meth-
od using the following assumptions:

1. Plain strain plastic deformation.
2. Horizontal direction of the slab in entrance and exit of the

roll gap neglecting of bit angle effect.
3. Linear differential of normal stress distribution in ele-

ment’s sides.
4. Constancy of temperature distribution in the upper and

lower surfaces of the roll gap.
5. Regarding unequal rolls’ radii, the thickness of the slab is

supposed to be intersect from the x-axis.
6. Sticking friction conditions of the slab and the rolls’ in-

terfaces (mu,ml).
7. Friction shear stress is variable corresponding to yield

shear stress, strain, and strain rate distribution (τu , l =mu-

, lku , l).
8. In comparison with the roll circumference, the rolls’ con-

tact length is assumed to be very small using the following
relationship [21]

L ¼ hi−h0ð Þ 2Ru þ h0−hið Þ 2Rl þ h0−hið Þ 2 Ru þ Rlð Þ þ h0−hið Þ½ �f g1=2
2 Ru þ Rl þ h0−hið Þ ð1Þ

Regarding the stress field of the cross section that has been
positioned at x distance from the exit of the roll gap, the fol-
lowing equations can be extracted [3]

hu ¼ h0
2
þ Ru−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ru

2−x2
p

ð2Þ

hl ¼ h0
2
þ Rl−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl

2−x2
p

ð3Þ

h ¼ hu þ hl ¼ h0 þ Ru þ Rl−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ru

2−x2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl

2−x2
p� �

ð4Þ

Referring to Fig. 2, in the first portion of the deformed
region, the roll speed is more than the slab speed. So, the
directions of friction force in the upper and lower interfaces
are in forward direction. In the third portion of the deformed
region, the condition is reversed as the slab speed is more than
the rolls’ speed. Hence, in this portion, the direction of impos-
ing friction forces on the interfaces is in the opposite direction

of the rolling process. Assuming that the circumferential speed
of the lower roll is more than that of the upper roll, the location
of the lower neutral point is nearer to the rolling exit.
Therefore, in the second portion of the deformed region, the
flow speed of the lower surface of the slab is more than that of
the slab upper surface. This speed mismatch of the slab and
the rolls leads to unlike direction of friction force in the upper
and lower interface.

According to the interaction resultant of imposing normal
and shear stress andmoment on the point O of the first portion,
indicated in Fig. 2, equilibrium equations are given by the
following relation [10]

∑Fx ¼ 0⇒
pu
Ru

þ pl
Rl

� �
x−

x
Req

σu þ σlð Þ− τu þ τ lð Þ− h
2

dσu
dx

þ dσl

dx

� �
¼ 0

ð5Þ

∑Fy ¼ 0⇒
2x
Req

τ þ pl −puð Þ þ τ l
Rl

−
τu
Ru

� �
xþ h

dτ
dx

¼ 0 ð6Þ

∑MO* ¼ 0⇒τhþ xh
2

pl
Rl
−
pu
Ru

� �
þ xh σu þ σlð Þ

2Ru
þ h

2
τu−τ lð Þ

−
xh σu þ 5σlð Þ

6Req
þ h2

12

dσu

dx
−
dσl

dx

� �
¼ 0

ð7Þ

As illustrated in Fig. 2, unlike zone I, the directions of the
upper and lower friction stress in zone III are both forward.
Because, unlike zone I, the velocities of the upper and lower
rolls are both higher than that of the slab. The asymmetry of
rolling leads to the movement of the position of the upper and
lower neutral points in opposite direction and creates a new
middle zone II. In this zone, the velocity of the upper roll is
lower than that of the slab and the velocity of the lower roll is
higher than that of the slab. So, the directions of the upper and
lower friction stress in zone II are not the same. By sorting the

Fig. 1 Asymmetrical roll gap geometry
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differential terms of normal stresses toward x direction in Eqs.
(5) and (7), the set of following equations can be obtained:

A ¼ dσu

dx
þ dσl

dx

� �

¼ 2x
h

pu
Ru

þ pl
Rl

� �
−

2x
hReq

σu þ σlð Þ− 2

h
τu þ τ lð Þ ð8Þ

B ¼ dσl

dx
−
dσu

dx

� �
¼ 12

h
τ þ 6x

h
pl
Rl
−
pu
hRu

� �
þ 6x

hRu
σu þ σlð Þ

þ 6

h
τu−τ lð Þ− 2x

hReq
σu þ 5σlð Þ

ð9Þ

3 Friction condition

Assuming the sticking friction conditions in the interfaces
between the slab and the rolls, the imposed shear friction
stresses on the upper and lower surfaces of the roll gap are
presented as the following equations

τu ¼ muku ; τ l ¼ mlkl ð10Þ

Because of the unequal distribution of speed mismatching
of the rolls and the resulting strain rate variety in the upper and
lower interfaces, the yield shear stresses of ku and kl are iden-
tified to represent asymmetrical material flow in the roll gap.
This distinguishing of material flow in the upper and lower
surfaces of the roll gap is performed for the first time in the
analytical model.

Referring to Fig. 3, this asymmetrical material flow leads to
unequal yield shear stress and friction stress distribution in the
deformed region in the roll gap. Because of work hardening
and softening features, the curves of shear stress imposing on
the vertical side of thickness elements (vertical axis y: vertical
distance from the centerline of the slab) are different. So, the
asymmetrical condition of the upper and lower surface of the
deformed region leads to non-uniformity of material flow in
the upper and lower surfaces.

4 Yield criterion

Plastic flow rule of Levy–Mises in plane strain condition is
used based on the following relationships

τ xz ¼ τyz ¼ 0 ; σz ¼ σx þ σy

2
ð11Þ

Therefore, aimed to VonMises yield criterion, the flow rule
for each element of the upper and lower surfaces can be given
by [21]

σx þ σy

2

��� ��� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2−τ2xy

q
; k ¼ σ=

ffiffiffi
3

p ð12Þ

So, assuming the small bit angle, the normal stress in upper
and lower can be derived as follows

σu ¼ pu−2ku
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q
ð13Þ

σl ¼ pl−2kl
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

l

q
ð14Þ

5 Visco-plastic flow stress

In order to include rate-dependent, work hardening, and work
softening feature in the material flow stress, the visco-plastic
model of Yanagida et al. [22] is used for flow stress acquisition
as the following equations

σu;l ¼ F1ε
n

u;l ε
˙
m

u;lexp C
1

Tu;l
−

1

T0

� �� 	
ε≤εc
� �

σu;l ¼ F2 exp a εu;l−εmax

� �2� 	
þ F3

� �
ε˙
m

u;l exp C
1

Tu;l
−

1

T 0

� �� 	
ε > εc
� �

8>><
>>:

ð15Þ
where n is the strain hardening parameter, m is the strain rate-
dependent term, andC is the temperature-dependent term. The
term εc is the critical strain to define the onset of DRX and
εmax is the relative strain at maximum stress of the flow curve.

Fig. 2 Equilibrium diagram and
stress field of elements in
deformed triple regions
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The terms F1 , n ,F3 and εc are defined as independent param-
eters calculated in inverse analysis of hot compression test, and
the terms a and F2 are the functions of the mentioned indepen-
dents’ parameters. The parameters T and T0 are the temperature
of the roll gap and reference temperature, respectively [22].

Where ε and ε̇ are the effective strain and strain rates,
respectively. In plane strain condition, these components are
given by the following formulation [23, 24]:

εu;l ¼ 2ffiffiffi
3

p ln
hiu;il
hu;l

; ε˙ u;l ¼ 2ffiffiffi
3

p Vu;l

L
ln
hih;il
hu;l

ð16Þ

hiu ¼ h0
2
þ Ru−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ru

2−L2
p

; hil ¼ h0
2
þ Rl−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl

2−L2
p ð17Þ

In which V is the circumferential speed of the roll and hiu,
hil, hu, and hl are the upper and lower slab thicknesses in
entrance and exit of the roll gap, respectively. Because the
variation of the horizontal character of x leads to diversity in
thickness and rate-dependent conditions, the rate-dependent
flow stress of the rolled material can be presented as a function
of x. So by differentiating constitution equation of flow stress
(Eq. (15)) with respect to x

dσ
dx

¼ Q
dh
dx

⇒
dk
dx

¼ Qffiffiffi
3

p dh
dx

ð18Þ

whereQ is named differential stress factor. Differentiating of ε
and ε̇ is with respect to x; the following equations are derived

d ε
n� �

dx
¼ −

2n

hu;l
ffiffiffi
3

p 2ffiffiffi
3

p ln
hiu;il
hu;l

� �n−1 dhu;l
dx

ð19Þ

d ε̇
m� �

dx
¼ −

2mV

Lhu;l
ffiffiffi
3

p 2ffiffiffi
3

p ln
hiu;il
hu;l

� �m−1 dhu;l
dx

ð20Þ

According to Eqs. (15) and (18), the Q parameter is pre-
sented to identify for condition before critical strain (strain
hardening) and after the critical strain (recovery and softening)
as the following formulizations

Qu;l
ε ≤ εC

� � ¼ F
�
1 −

2n

hu;l
ffiffiffi
3

p 2ffiffiffi
3

p ln
hiu;il
hu;l

� �n−1
" #

ε˙
m

þ −
2mVu;l

Lhu;l
ffiffiffi
3

p 2ffiffiffi
3

p ln
hiu;il
hu;l

� �m−1
" #

ε
n�
exp C

1

T
−

1

T0

� �� 	 ð21Þ

Qu;l
ε>εC

� � ¼
�

F2 2a ε−εmax

� �� �
exp a ε−εmax

� �2� 	
−2

hu;l
ffiffiffi
3

p ln
hiu;il
hu;l

" #
ε˙
m

þ −
2mVu;l

Lhu;l
ffiffiffi
3

p 2ffiffiffi
3

p ln
hiu;il
hu;l

� �m−1
" #

F2 exp a ε−εmax

� �2� 	
þ F3

� ��

exp
h
C

1

T
−

1

T0

� �

ð22Þ

Whereas ε and ε̇ are the functions of hu , l (Eq. (16) and hu , l
is a function of x (Eqs. (2) and (3)), differentiating the consti-
tutive equation of flow stress (Eq. (15)) with respect to x leads

to extract a coefficient named Qu , l that corresponds with
dhu;l
dx .

By differentiating of Eqs. (13) and (14) with respect to x

dσu

dx
¼ dpu

dx
−2

ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q Quffiffiffi
3

p dhu
dx

ð23Þ

dσl

dx
¼ dpl

dx
−2

ffiffiffiffiffiffiffiffiffiffiffi
1−m2

l

q Qlffiffiffi
3

p dhl
dx

ð24Þ

So, by substituting Eqs. (23) and (24) into relations (8) and
(9), the following terms are defined

A ¼ dσu
dx

þ dσl
dx

� �
¼ dpu

dx
þ dpl

dx
−

2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q
Qu

dhu
dx

þ
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q
Ql

dhl
dx

� �

ð25Þ
B ¼ dσl

dx
−
dσu
dx

� �
¼ dpl

dx
−
dpu
dx

þ 2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q
Qu

dhu
dx

−
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

l

q
Ql

dhl
dx

� �

ð26Þ

Therefore, the below equations can be obtained

dpu
dx

¼ A−B
2

þ 2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

u

q
Qu

xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ru

2−x2
p

 !
ð27Þ

Fig. 3 Unequal distribution of shear stress in triple regions in the roll gap
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dpl
dx

¼ Aþ B
2

þ 2ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffi
1−m2

l

q
Ql

xffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl

2−x2
p

 !
ð28Þ

dτ
dx

¼ −
2x
hReq

τ−
pl −puð Þ
h

−
τ l
Rl
−
τu
Ru

� �
x
h

ð29Þ

In this step of the calculations, aimed to function ODE45 as
MATLAB’s standard solver for ordinary differential equations
(ODEs), the above ordinary differential equations are solved.
The mentioned function executes a Runge–Kutta method with
a variable time step for effective estimation. Hence, the un-
known terms of pu and pl can be obtained for triple zones of
the roll gap.

For determination of unknown terms of equilibrium equa-
tions of triple zones, the neutral point position in the roll gap
length and boundary conditions for each zone separately
needs to be defined. Therefore, due to the material volume
constancy principal of the roll gap, the neutral point location
is determined based on the following equation [6, 10, 21]:

xnu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VAx2nl þ VA−1ð Þh0

RA

r
ð30Þ

where Vu, Vl, and VA = Vl/Vu are the circumferential speed of

rolls and speed rate, respectively. Req ¼ 1=Req−ho=2R2
eq is the

equivalent roll radius. In addition, xnu and xnl are the horizon-
tal locations of the upper and lower neutral points,
respectively.

Because there is no force imposing on the end face of the
outlet portion of the slab, the boundary condition of the third
zone is known, consequently. Since the deformed region con-
tinuity can be used for the determination of the position of
neutral points, the boundary conditions of the overall de-
formed region can be defined, as a result. In the inlet portion
of the slab, there is no free-stress condition same as in the
outlet portion. Therefore, for assuming the horizontal entrée
of the slab into the roll gap, the loading force on inlet portion is
one of the unknown terms which should be known for solving
the related equations of inlet portion. This loading force is
calculated based on the continuity principle of the cross-
section region and an entrance portion of the roll gap.

In the present model, assuming no forward tension or com-
pression imposing on inlet portion, the imposed axial force
will be zero [3]. This technique is applied because it is near
to the real condition of the process in reverse mill rolling. So,
with a condition of zero values of the axial normal mean stress
(σu + σl )/2 = 0 in the inlet portion and implementing the bi-
section method, the position of neutral points is determined
easily.

Considering the mentioned boundary conditions, determi-
nation of the position of the triple zone is performed by guess-
ing the position of the xnl varying between a position near the
entry section and near the exit section along the length of the

roll gap. Using the assumed xnl, the supposition of xnu can be
calculated by Eq. (30). So, the roll gap can be divided into
three assumed zones. Now, the governing differential equa-
tions (Eqs. (27)–(29)) can be solved for three assumed zones.
The next step is the calculation of the normal mean stress for
each iterated case. This iteration manner is continued until the
guessed xnl and xnu lead to a zero value of the normal mean
stress. Thus, the true locations of the neutral points can be
found in the case of the corresponding zero mean axial stress.

After the precise positioning of neutral points and analysis
of the differential equations of overall points for triple zones of
the roll gap, the rolling force in per slab width unit can be
calculated as follows [21]

Fu ¼ ∫l0 pu þ
x
Ru

τu

� �
dx ð31Þ

Fl ¼ ∫L0 pl þ
x
Rl

τ l

� �
dx ð32Þ

Tu ¼ ∫L0τuRudx ð33Þ
Tl ¼ ∫L0τ lRldx ð34Þ

In the rolling process, the elastic deformation of the rolls’
surfaces of the contact interface with the deformed region
leads to the roll flattening feature. In order to identify the real
conditions of the rolling in the present calculations, the flat-
tened roll radius is calculated using Hitchcock relation.

6 Result and discussion

6.1 Analytical analysis

The results of the predicted rolling force from the present
model were compared with Salimi’s model [21] (constant
flow stress situation) and Gudur’s model [10] (imposing only
strain hardening in flow stress), consequently. As shown in
Fig. 4a, the pressure distribution on the rolls’ surfaces in ana-
lytical models is different. In the present model, same as
Salimi’s model and Gudur’s model, the maximum pressure
distribution on the rolls’ surface is not located into neutral
points and there is more than one maximum pick of pressure
distribution. In the present model, the property of stress distri-
bution is different because of the imposition of the rate-
dependent flow stress.

Position shifting of imposing shear stress at the slab surface
leads to abrupt variations of the pressure-distribution gradient.
But, stress distributions on the rolls’ surfaces in the rolling exit
are the same. Because of the presence of bending torque and
shear stress, this stress distribution is unequal in CSR and the
entrance region of the roll gap. According to Fig. 4b, due to
the variation of mean flow stress in the roll gap length, the
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positions of neutral points are moved in the direction of the
rolling exit.

Increase of the roll radii leads to the increase of the friction
stress and moves the neutral point to the center of the roll gap,
consequently. But in the high value of initial thickness, the
position of the upper and lower neutral points moves to the
entrance and exit of the roll gap. The difference effect of initial
thickness on the position of the neutral points is caused by the
increase in imposing bending moment onto the deformation
region. However, the slab thickness and the roll radii have
negligible effect on the position shifting of neutral points.

The comparative positions of neutral points of models un-
der different conditions of thickness reduction are shown in
Fig. 5a. As seen in this figure, by increasing the thickness
reduction per rolling pass, the location of the neutral points
moves to the center of the roll gap and the length of CSR is
reduced. On the other hand, increasing the thickness reduction
leads to the occurrence of the condition of symmetrical
rolling. So it can be concluded that imposing the rate-
dependent and strain-hardening conditions in the present mod-
el leads to increasing the length of CSR.

The variation of neutral point’s position versus rolling tem-
perature is shown in Fig. 5b. By increasing the rolling temper-
ature, the location of neutral points moves to the center of the
roll gap and the length of CSR is being reduced as a result.

6.2 Experimental verification

In the first section, regarding the material flow formulation of
carbon steel considered by Yanagida and Yanagimoto [25],
the thermomechanical rolling of pressure vessel steel grade
of P265GH was carried out using the wide 4Hi-single stand
reversing mill of Khouzestan Oxin Steel Co. (KOSC). This
wide rolling mill stand is shown in Fig. 6. Gap control of the
rolling passes is performed by signal processing of X-ray
thickness gauge. The dimensions of the rolled slab are mea-
sured by γ-ray profile meter device of 1-μm accuracy and
processing time of 10 ms. The capacity of rolling force is
105 kN.

The rolling force data have been measured by a couple of
Kelk disk type load cells with 56 × 103 kN capacity and

Fig. 4 Distribution scenario. a Pressure distribution. b Mean shear stress distribution (hi = 4.0 mm; r = 10%; mu = ml = 0.35; Ru = Rl = 350 mm;
VA = 1.05; K = 98.1; m = 0.0542; n = 0.225)

Fig. 5 Asymmetrical index variations. a ARI versus thickness reduction. b ARI versus rolling temperature (hi = 4.0 mm; mu = ml = 0.35;
Ru = Rl = 350 mm; VA = 1.05; K = 98.1; m = 0.0542; n = 0.225)

Int J Adv Manuf Technol (2018) 94:175–189 181



response time less than 0.1 ms. The broadsiding rolling sched-
ule of a P265GH slab is given in Table 1.

In the second section of experimental work, based on in-
verse analysis (IA) method introduced by Yanagida et al. [22],
the flow behavior of X70 was considered. Then, the verifica-
tion of the analytical model was verified using rolling sched-
ule setup.

The hot compression tests of X70 were performed under
different high temperatures of 850 − 1150 °C and strain rates
of 0.001 − 1 s−1 to acquire the constitutive flowmodel of X70.
The evaluation of the experimental results of hot compression
tests leads to the extraction of a general form of X70 flow
model as follows

σ ¼ 135:3ε
0:174

ε˙
0:000116T−0:01337ð Þ

exp 5225
1

T
−

1

1273

� �� 	
ε≤εc
� �

σ ¼ 66exp −9:6 ε−εmax

� �2� 	
þ 51:6

� �
ε˙

0:000116T−0:01337ð Þ

�exp 5225
1

T
−

1

1273

� �� 	
ε > εc
� �

8>>>>>><
>>>>>>:

ð35Þ

The complete rolling schedule of a X70 slab is given in
Table 2. Reference source not found. There are two
groups of pass in the schedule named broadsiding and
finishing. The broadsiding passes are roughing passes

performed to increase the width of the slab and austenite
grain refining. The finishing passes are performed under
non-recrystallization temperature for obtaining the target
thickness of plate and the final fine grain of ferrite
structure.

As shown in Fig. 7a, the comparison of calculated out-
comes of Salimi’s, Gudur’s, and the present model with
experimental results of thermomechanical rolling signifies
a good acquisition of the rolling force with a mean error
of 7.6%. As indicated in this figure, the calculated rolling
force of the Salimi’s model is lower than that of the
Gudur’s model. Because, in the Salimi’s model, the value
of yield stress is constant during the rolling process, while
the Gudur’s model has included the strain hardening ef-
fect in the rolled material.

This figure implies that the calculated amounts of the
rolling force of the present model are bigger than themeasured
ones and by an increase of thickness reduction the error extent
is being reduced. Referring to Salimi’s and Gudur’s researches
[10, 21], these models have just been investigated in the
rolling condition of low initial thickness and thickness reduc-
tion range without imposing the condition of rate dependent,
work hardening, and softening.

Because of the lack of the mentioned imposing condition in
Salimi’s and Gudur’s model, by increasing the thickness re-
duction of middle rolling passes, the calculated error of these
models is being intensified.

As shown in Fig. 7b, the comparison of calculated out-
comes of the present model with experimental results of
thermomechanical rolling of X70 microalloy steel signifies a
good acquisition of the rolling force with a mean error of
5.06%.

6.3 Design of experiments

In the processes parameters study of a set of controllable
variable parameters, the design of experiments (DOE)
methodology is applied to design an optimum trial layout.
As a useful DOE tool, response surface methodology

Fig. 6 4Hi-single stand reversing mill

Table 1 Thermomechanical
rolling schedule of P265GH slab Pass

no.
Thickness
(mm)

Reduction
(%)

Width
(mm)

Temperature
(K)

Rolling
speed
(mm/s)

Pass type

1 203 6.47 3488 1348 2499 Broadsiding
2 189.473 6.21 3470 1338 2535

3 177.705 8.63 3476 1336 2517

4 162.363 5.49 3470 1332 2633

5 153.449 9.91 3478 1329 2650

6 138.245 8.67 3477 1326 2705

Initial dimension of slab (mm): 203 × 1611 × 3478

182 Int J Adv Manuf Technol (2018) 94:175–189



(RSM) was utilized for optimization procedure of process
parameters [26].

In this study, Box–Behnken matrix is used to dictate a
trial layout for an analytical model in 29 runs for the
assessment of four parameters such as speed rate, reduc-
tion, initial thickness, and roll radii. The mentioned flow
model material of X70 microalloy steel is used in analyt-
ical runs. These sets of analytical runs are executed for
evaluation of effective numerical factors of rolling force
and asymmetrical index. The considered asymmetrical

rolling index (ARI) in this work is introduced as the fol-
lowing relation

ARI ¼ Length of CSR xnu−xnlð Þ
Contact length of roll gap Lð Þ � 100 ð36Þ

The levels and limits of the independent variables of the
Box–Behenken matrix are given in Table 3.

The dictated analytical layout of the Box–Behnken matrix
and their factors’ levels are introduced in Table 4.

Table 2 Thermomechanical
rolling schedule of X70 slab Pass

no.
Thickness
(mm)

Reduction
(%)

Width
(mm)

Temperature
(K)

Rolling speed
(mm/s)

Pass type

1 232 5.67 4558.99 1354.4 2.59 Broadsiding
2 219.75 6.01 4560.09 1352.68 2.64

3 206.54 6.4 4561.27 1350.81 2.69

4 193.33 6.83 4562.53 1348.86 2.76

5 180.12 7.33 4563.89 1346.81 2.83

6 166.91 7.92 4565.36 1344.75 2.92

7 153.7 8.6 4566.96 1342.52 3.01

8 140.48 9.4 4568.72 1339.84 3.08

9 127.27 12.21 3387.23 1329.52 3.34 Finishing
10 111.74 13.9 3390.04 1325.85 3.44

11 96.2 16.15 3393.35 1322.23 3.55

12 80.66 16.31 3396.51 1142.67 3.69

13 67.51 13.46 3398.77 1142.63 3.86

14 58.42 13.48 3400.92 1140.86 4.01

15 50.55 13.51 3402.95 1138.29 4.07

16 43.72 13.54 3404.88 1134.48 4.14

17 37.8 13.58 3406.71 1129.13 4.21

18 32.66 13.63 3408.44 1122.05 4.26

19 28.21 13.68 3410.08 1114.06 4.32

20 24.35 7.85 3410.75 1103.96 4.38

21 22.44 7.6 3411.36 1092.14 4.42

Initial dimension of slab (mm): 232 × 1853 × 4557

Fig. 7 Comparison between analytical and experimental results. a P265GH. b X70

Int J Adv Manuf Technol (2018) 94:175–189 183



6.4 ANOVA analysis

The Box–Behnken design technique can evaluate the interac-
tion effects of variable parameters on the response function
and estimate a regression model by the implementation of
analysis of variance (ANOVA) [26]. The ANOVA is a precise

method that, by overall estimation of variance of response
function and evaluation of the influence of each parameter
on reactions, runs statistical trials to reveal which variables
have a major effect on the test runs. When the “P value” is
less than 0.05, the factor is taken into account that has a sig-
nificant effect on the response function with a confidence level
of 95% [27].

In this study, ANOVA is used for the identification of the
confidence level of the parameter’s effect on the ARI. In
Table 5, the model summary statistics are given with their
regression terms and predicted residual error sum of squares
(PRESS). R2, adjusted R2, and predicted R2 are the criteria for
the determination of the range of variation of response toward
the mean value described by the model; the number of pre-
dicted model’s terms corresponds to the points in the design
matrix and the range of variation for new predicted results,
respectively. The definitions of other ANOVA terms are pre-
sented in nomenclature. Regarding Table 5, the minimum val-
ue of predicted residual error sum of squares (PRESS) and the
maximum value of adjusted R2 and predicted R2 is the most
suitable model suggested by ANOVA. Hence, this model is
selected for analysis of the data [28]. The response surface
model of the ARI and rolling force and the contribution effect
of parameters on the model’s terms are analyzed by ANOVA.
The significance of the quadratic model terms is given in
Table 6. The model P value less than 0.0001 demonstrates
the precise estimation of the models.

For ARI function, the comparison of parameters “F value”
and contributions indicated that the speed rate with the highest
level of criteria’s and the initial thickness with the lowest ones
have the major and minor influence on the ARI, respectively
[29]. In addition, interaction effects of speed rate–reduction
and reduction–roll radii have major and minor effects on the
ARI, respectively.

For rolling force function, the comparison of the mentioned
criteria indicates that reduction, initial thickness, and interac-
tion of these are the most important parameter influencing the
rolling force. Comprising the F value of interaction effect of
speed rate–reduction and reduction–initial thickness reveals
that the increase of ARI caused to reduce the rolling force.

In thermomechanical rolling process of X70, the mathe-
matical model of the ARI is extracted based on the rolling
parameters such as speed rate (Vl/Vu), thickness reduction
(r), initial thickness (hi), and roll radii (R). This model can
be presented as follows

ARI ¼ f Vl=Vu; r; hi;Rð Þ
¼ −5734:5þ 9889:5 Vl=Vuð Þ þ 40:5 rð Þ−0:41 hið Þ−0:07 Rð Þ

−43:9 Vl=Vu � hið Þ þ 0:45 Vl=Vu � rð Þ−0:12 Vl=Vu � Rð Þ
−1:25 r � hið Þ þ 0:00032 r � Rð Þ−0:000042 hi � Rð Þ

−4114:5 Vl=Vuð Þ2 þ 0:09 rð Þ2 þ 0:000022 hið Þ2
þ0:00004 Rð Þ2

ð37Þ

Table 4 Analyt ical layout of the Box–Behnken matr ix
(material = X70; rolling speed = 2500 mm/s; mu = ml = 0.57;
Ru = Rl = 586.5 mm; T = 1373 K)

Run no. Parameters Responses (analytical)

Vl/Vu r (%) hi (mm) R (mm) ARI (%) Force (kN)

1 1.03 15 150 575 27.27 14.6

2 1.01 15 150 550 11.07 11.53

3 1.05 10 150 575 56.8 9.69

4 1.05 20 150 575 30.99 11.53

5 1.03 15 150 575 27.27 11.53

6 1.03 15 100 550 26.45 9.47

7 1.03 15 150 575 27.27 11.53

8 1.03 15 150 575 27.27 14.65

9 1.03 10 200 575 40.23 13.19

10 1.03 15 150 575 27.27 9.95

11 1.01 20 150 575 8.1 8.67

12 1.03 15 200 600 28.07 12.51

13 1.05 15 100 575 39.04 11.82

14 1.03 10 150 600 38.68 7.25

15 1.03 15 200 550 28.43 12.74

16 1.05 15 150 600 40.15 11.19

17 1.03 10 100 575 37.57 14.22

18 1.03 20 100 575 20.02 8.23

19 1.05 15 150 550 40.5 16.21

20 1.03 20 150 550 20.8 15.03

21 1.03 10 150 550 39.03 8.48

22 1.03 20 200 575 21.43 10.25

23 1.03 20 150 600 20.61 11.87

24 1.01 10 150 575 16.32 12.81

25 1.03 15 100 600 26.3 9.99

26 1.01 15 150 600 10.96 12.89

27 1.05 15 200 575 41.69 14.6

28 1.01 15 100 575 10.61 11.53

29 1.01 15 200 575 11.45 9.69

Table 3 Independent variable levels of the Box–Behenken matrix

Numerical factors −1 (low level) +1 (high level)

Vl/Vu , speed rate 1.01 1.05

r, reduction (%) 10 20

hi , initial thickness (mm) 100 200

R , roll radii (mm) 550 600

184 Int J Adv Manuf Technol (2018) 94:175–189



The adequacy of the ARI and rolling force models is
checked in Table 7.

The high computed coefficient of the regression amount
reveals the precision performance of the obtained model. In
addition, the favorable values for the adjusted coefficient of
regression and adequate precision in high values (value >4)
demonstrate the adequacy of the models [29].

6.5 3D graphs and interaction effects

The interaction effects of the studied parameters on the ARI
and rolling force are evaluated using the following 3D graphs.
From Fig. 8, it is clear that ARI reduces with an increase in
thickness reduction and rises due to the increase of speed rate
[4]. The combination of the low amount of thickness reduction
with the high value of speed rate intensifies the rise of the ARI
(Fig. 8a). Because in low reduction, the presence of speed rate
increases the difference of bending moment in the upper and

lower interface of the roll gap. Hence, in higher values of
thickness reduction and lower value of speed rate, the amount
of the ARI is at the lowest level. Also, the high level of thick-
ness reduction compensates the effects of speed rate when the
initial thickness is constant.

Figure 8b shows the interaction effects of initial thickness
and speed rate on the ARI. Regarding this figure and based on
the presented ANOVAmodel terms given in Table 6, the term
of initial thickness has the lowest effect on the ARI model and
high values of the ARI occurred in high levels of speed rate.
From Fig. 8c, e, f, it is found that the parameter of roll radii,
initial thickness, and their interaction have minimum effect on
ARI.

Figure 8d shows the interaction effects of initial thickness
and reduction on the ARI. In constant speed rate with an
increase of the levels of reduction, the ARI range is raised.
But the variation of initial thickness has a negligible effect on
the ARI. In the high level of reduction, reduction of the

Table 5 Model summary statistics of ARI and rolling force

Model Std. dev. R2 Adjusted R2 Predicted R2 PRESS

ARI Force ARI Force ARI Force ARI Force ARI Force

Linear 2.52 0.15 0.9601 0.9962 0.9535 0.9955 0.9376 0.9940 239.16 0.84

2FI 2.03 0.077 0.9806 0.9992 0.9699 0.9988 0.9361 0.9976 244.92 0.33

Quadratic 0.58 0.015 0.9988 1.0000 0.9976 1.0000 0.993 0.9999 26.84 0.019 Suggested

Table 6 ANOVA for quadratic model of the ARI and rolling force

Source Sum of squares D.F. Mean square F value P value Contribution (%)

ARI Force ARI Force ARI Force ARI Force ARI Force

Model 3827.26 140.04 14 273.38 10.00 821.29 42,979.83 <0.0001 <0.0001 − −
A—Vl/Vu 2719.84 9.6E−3 1 2719.84 9.6E−3 8171.05 41.39 <0.0001 <0.0001 71.06 6E−3
B—r (%) 948.39 113.65 1 948.39 113.65 2849.18 4.88E+5 <0.0001 <0.0001 24.77 81.15

C—hi (mm) 10.66 24.68 1 10.66 24.68 32.02 1.06E+5 <0.0001 <0.0001 0.27 17.62

D—R (mm) 0.19 1.17 1 0.19 1.17 0.57 5008.35 0.4625 <0.0001 4E−3 0.83

AB 77.35 2.5E−5 1 77.35 2.5E−5 232.38 0.11 <0.0001 0.7480 2.02 2.5E−5
AC 0.82 4.0E−4 1 0.82 4.0E−4 2.46 1.72 0.1391 0.2110 0.02 4E−4
AD 0.014 2.5E−5 1 0.014 2.5E−5 0.043 0.11 0.8382 0.7480 3E−4 2.5E−5
BC 0.39 0.39 1 0.39 0.39 1.17 1678.39 0.297 <0.0001 0.01 0.27

BD 6.4E−3 0.034 1 6.40E−3 0.034 0.019 147.05 0.8917 <0.0001 1E−4 0.024

CD 0.011 3.6E−3 1 0.011 3.6E−3 0.033 15.47 0.8582 0.0015 2E−4 0.002

A2 17.57 4.5E−6 1 17.57 4.5E−6 52.79 0.019 <0.0001 0.8913 0.45 3E−6
B2 39.47 3.2E−4 1 39.47 3.2E−4 118.57 1.40 <0.0001 0.2567 1.03 2.3E−4
C2 0.02 0.094 1 0.02 0.094 0.06 404.12 0.8103 <0.0001 5E−4 6.7E−2
D2 4.1E−03 4.5E−6 1 4.1E−3 4.5E−6 0.013 0.019 0.9123 0.8913 1E−4 3E−6
Residual 4.66 3.2E−3 14 0.33 2.3E−4
Pure error 0 0 4 0 0

Cor. total 3831.92 140.05 28 100 100
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imposed moment on the vertical side of the deformation zone
leads to the decrease of the length of CSR and ARI, conse-
quently. The speed rate has a considerable effect on the ARI,
generally. Also, this parameter performs an intensifier for the
ARI in the rolling process.

As indicated in Fig. 9a–c, increasing the parameters of
reduction, initial thickness, and roll radii leads to the increase
of the pressure distribution, bending moment onto the vertical
side of the roll gap and friction stress, respectively. Hence, the

Fig. 8 The interaction effects of parameters on the ARI. a Reduction versus speed rate. b Initial thickness versus speed rate. c Roll radius versus speed
rate. d Initial thickness versus reduction. e Roll radius versus reduction. f Roll radius versus initial thickness

Table 7 The adequacy of the ARI and rolling force modelTerms

Value Terms Value

ARI Force ARI Force

Std. dev. 0.58 0.015 R2 0.9988 1.0000

Mean 27.64 11.48 Adjusted R2 0.9976 1.0000

C.V. (%) 2.09 0.13 Predicted R2 0.9930 0.9999

PRESS 26.84 0.019 Adequate precision 115.416 822.407
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rolling force value rises, whereas in this range of parameters,
the roll radii has negligible effect on the rolling force (Fig. 8c–
f).

Furthermore, speed rate and its interaction with roll radii
have an unnoticeable effect on the rolling force (Fig. 9c). As

the speed rate and the roll radii have a reverse effect on ARI
(Fig. 8c), the interaction of these neutralizes their effects on
the rolling force. A considerable feature is shown in Fig. 9d
where the interaction of thickness reduction and initial thick-
ness increases the value of rolling force, intensively. The cause

Fig. 9 The interaction effects of parameters on the rolling force. a Reduction versus speed rate. b Initial thickness versus speed rate. cRoll radius versus
speed rate. d Initial thickness versus reduction. e Roll radius versus reduction. f Roll radius versus initial thickness
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of this overlapping is the simultaneous growth of shear stress
and imposed moment on vertical sides of the deformed region.
Also, as indicated in Fig. 9e, the interaction effect of roll radii
and thickness reduction leads to intensification of the imposed
friction stress onto vertical side of roll gap and increases the
rolling force, consequently.

7 Conclusions

In this work, based on the slab analysis method and RSM’s
design, an advanced analytical model for the calculation of
TMR force is presented. In the present model, in addition to
imposing visco-plastic flow stress of the rolled material (X70
and P265GH steel grades), the effects of rate-dependent and
strain-hardening condition on yield shear stress of the upper
and lower surfaces of the rolled slab are investigated. A new
index of asymmetry (ARI) is introduced for the rolling pro-
cess. In the comparison scenario, the ranges of the calculated
results of the rolling force in the present model are higher than
other models and have a good agreement with experimental
data. The outcome results of the presented model are implied
in the following concepts:

1. By imposing the strain-hardening condition, the positions
of neutral points are moved in the rolling exit direction.

2. Increasing of the rolling temperature and thickness reduc-
tion per rolling pass reduces the dimension of the ARI and
leads to a reduction of the asymmetrical rolling intensity.

3. The initial thickness has a minimum effect on the ARI
level and the speed rate roles as an intensifier of parame-
ters’ effect on the ARI.

4. The interaction of thickness reduction and initial thickness
increases the value of rolling force. The combination of
the high value of speed rate with the low percent of thick-
ness reduction leads to the restricted rise of the ARI level.

8 Nomenclature

au , al,material constant of the upper and lower surface of slab,
respectively; C, temperature sensitivity of slab; Core. total,
the contrast sum of squared of the single examination versus
the comprehensive average. C.V., coefficient of variation; D,
work roll material constant; degrees of freedom (D.F.), the
number of separate attainable collations for estimation a pa-
rameter; F, rolling force per width unit; F1 ,F2 ,F3 , n, slab
material constant; F2u ; F2l , material constant of the upper and
lower surface of slab, respectively; Fu ,Fl, material constant
of the upper and lower surface of slab, respectively; h, vari-
able slab thickness; hi , ho, slab thickness in entrance and exit
of roll gap, respectively; hiu , hil, upper and lower slab

thickness in entrance and exit of roll gap, respectively; hu ,
hl, upper and lower variable slab thickness, respectively; k,
mean yield shear stress of the slab; ku , kl, upper and lower
mean yield shear stress of the slab, respectively; L, contact
length of roll gap; mean square, the sum of squares divided
to the degrees of freedom parallel to variance; model sum of
squares, total of the sum of squares for the all of model terms;
model D.F., generally equal to the sum of model terms minus
1; model F value, a trial for comparison of model versus
residual variance; m, strain rate dependent parameter of slab;
mu ,ml, upper and lower friction factor, respectively; Qu ,Ql,
upper and lower differential stress factor, respectively;
PRESS, predicted residual error sum of squares; pu , pl, upper
and lower rolling pressure, respectively; residual sum of
squares, the total of the sum of squares of the model terms
not counting the model; residual D.F., adjusted total degree of
freedom minus the model one; RSM, response surface meth-
odology; R2, coefficient of determination; Req, equivalent roll
radius; Ru ,Rl, upper and lower roll radius, respectively; r,
thickness reduction; Std. dev., standard deviation; T, slab tem-
perature; T0, reference temperature; Tu , Tl, upper and lower
surface temperature of slab, respectively; VA, speed rate of
rolls;Vu ,Vl, circumferential speed of the upper and lower roll,
respectively; x, distance of rolled element from exit of roll
gap; xnu , xnl, distance of the upper and lower rolled element
from the exit of roll gap, respectively; εcu ; εcl , critical equiva-
lent strain of the upper and lower surface of slab, respectively;
εmaxu ; εmaxl , maximum equivalent strain of the upper and low-
er surface of slab, respectively; εu; εl, equivalent strain of the
upper and lower surface of slab, respectively; ε̇u; ε̇l, equivalent
strain rate of the upper and lower surface of slab, respectively;
μu ,μl, upper and lower friction coefficient, respectively; σ,
stress at any element of the vertical side of roll gap; σu ,σl,
stress at any upper and lower element of vertical side of roll
gap, respectively;σx ,σy , τxy, normal and shear stresses at any
element of roll gap, respectively; τ ,mean shear stress at any
element of the vertical side of roll gap; τu , τl, shear stress at
the upper and lower surface of roll gap, respectively; Δh,
rolling draft
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