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Abstract Geometric error is the main error that affects the
machining accuracy of complex five-axis machine tool.
Therefore, tracing analysis of error influence for a complex
machine tool has been carried out based on an S-shaped work-
piece in this study. A method of judging the error parameters
which is the biggest influence on machining errors is
established. In this method, the machining error of S-shaped
workpiece and shaping motions of complex machine tool are
comprehensively considered. Cubic B-splines surface has
been applied to characterization of the curved surface. The
actual position of tool center can be deduced by projecting
the B-splines surface in its normal direction. The mapping
relationship between the actual tool position and the actual
machining curve has established. The machining errors gen-
eration model has established. The error expression equation
has been deduced. Those five key parameters that have great
influence on machining errors are determined according to the
contribution which have been computed using the sensitivity
and measured values of error parameters. Experimental results
show that the error of each point is not more than ±1.5 μm by
comparing the five error parameters and all parameters under
the action of at the same time. The biggest errors which influ-
ence on the machining errors are εyC1

, δz(B), εy(C1), εx(C1),
and εx1C1 .

Keywords Complexmachine tool . Error tracing .Machining
error . Sensitivity . S-shaped workpiece

1 Introduction

Positioning accuracy is the key factor that affects the machin-
ing accuracy of ultra-precision machine tool. At present in the
accuracy test and acceptance check of machine tools, it is
necessary to use the dual-frequency laser interferometer to
detect the positioning accuracy of the movement axis of the
machine tool and to require processing of the standard sam-
ples of machine tool to achieve the specified accuracy
requirements.

At present, the S-shaped parts, cone-body parts, and round-
diamond-square parts are widely used as the standard samples.
And the machining of these samples needs to utilize the multi-
axis linkage function of machine tool. Therefore, the machining
errors of these samples are also the results of the comprehensive
effect of multiple error factors. The machine tool contains a large
number of error sources, and the milling mode of turning and
milling composite machine tool is only studied in this paper.
Each motion axes has six motion errors, for the five-axis (three
translational axes and B, C rotation axes) machine tool, so the
error model contains a total of 30 motion errors. Moreover, there
are three non-perpendicularity errors between the two translation-
al axes, and the same time, there are 2 non-perpendicularity errors
between rotation axis B and axis X1,Z1, there are two non-
perpendicularity errors between rotation axis C1 and axis X1,Y1;
therefore, the error model has a total of 37 error parameters.

It is a very theoretical and practical research topic to find out
the main influencing factors of machining errors by detecting the
machining samples and reverse tracing in the many error factors.
Generally for the error sources that cannot be measured directly,
firstly the intermediate quantities associated with the error
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components to be identified are measured with test instruments.
Then, the main error components that affect machining accuracy
are estimated by an accurate and effectivemathematical model of
error identification. Therefore, the error identification requires
that the measured intermediate quantities have the traceability
for the causes of the errors. Lin et al. [1] proposed a method of
matrix summation tomodel the geometric error of five-axis CNC
machine tools. This method divides the motion equation into six
parts, each of which has a physical meaning. Besides this method
significantly reduces the computational effort of the model and
makes the five-axis error model easy to understand. Kyoung-gee
Ahn et al. [2] used the homogeneous coordinate transformation
to establish the geometric error model of the multi-spindle ma-
chine tool and solved the corresponding space errors. Suh SH
et al. [3]presented a comprehensive procedure for the calibration
of the rotary table including geometric error model, error com-
pensation method for the CNC controller, error measurement
method, and verification of the error model and compensation
algorithm with experimental apparatus. The methods developed
were verified by various experiments, showing the validity and
effectiveness of the presented methods, indicating they can be
used for multiaxis machine tools as a means of calibration and
precision enhancement of the rotary table. Using the standard test
bar-micro displacement sensor-encoder method, Hong et al. [4]
successfully traced the source for the individual movement error.
Utilizing the white light interferometer, Kim et al. [5] designed
three-dimensional measurement system of the ultra-precision.
Jung et al. [6] used a contact probe to perform on-line measure-
ments for the errors of each coordinate direction of machine tool.
Gao et al. [7] used the photoelectric autocollimator to detect the
spindle skew error and measured the axial runout error with the
capacitance displacement probe, and detected the straightness
error of the guidewaywith the ruler and the capacitance displace-
ment probe. Grejda et al. [8] tested the radial and axial runout
errors of the nanoscale spindles by using the portable leading
shaft and the capacitive probe. A few scholars [9–13] used a laser
interferometer to measure the geometric error of NC machine
tools. The laser beam was concentrated by using a condenser.
The error was compensatedwith software based on themeasured
results, and this method reduced the cost of ultra-precision ma-
chining. Based on the kinematics model of five-axis machine
tools, Ibaraki et al. [14] proposed a set of machining tests for a
five-axis machine tool to identify its kinematic errors, one of its
most fundamental error sources. In each machining pattern, a

simple straight side cutting using a straight endmill is performed.
The relationship between geometric errors of the finished work-
piece and the machine’s kinematic errors is formulated based on
the kinematic model of a five-axis machine. A simple straight
side cutting using a straight end mill was only performed.
However in order to detect more comprehensively, the S-
shaped workpiece with the machining features of open angle
processing area, closed angle processing area, the processing area
of open angle and closed angle conversion and the varying angle
between the edge of the surface and the base surface is used as
the test workpiece in this article. Lee et al. [15] measured a
machine with a ball bar, analyzed the measurement results, and
obtained the independent geometric error of the position, and
established the corresponding confidence interval in 2013. The
correctness of themachining results was verified by experimental
compensation. Chen et al. [16] measured the rotation axis of
machine tool with a two-step identification method and cue in-
strument. The identification model was established based on the
measured results. The most suitable installation parameter was
obtained by sensitivity analysis and the correctness of the model
was verified on the four-axis machining center. According to the
certain machining conditions, the workpiece surface is machined
and the surface morphology of the workpiece can be measured
directly to trace the errors. Using the method of surface evalua-
tion, the satisfactory traceability results can be obtained quickly.
The profiler and the interferometer are the most frequently used
instruments for the measurement of a workpiece [17–19].

Fig. 1 The structure map of CHD-25 turning-milling complex machine

Table 1 The branches of the machine tools

Number 1 2 3 4 5 6 7

Name Bed Slider in Z1 Slider in X1 Slider in Y Axis B Tool Slider in Z2
Number 8 9 10 11 12 13 14

Name Slider in X2 Tool Axis C1 Workpiece Slider in Z3 Axis C2 Workpiece

Branch ‘machine-workpiece’ 1, 10, 11

Branch ‘machine-tool’ 1, 2, 3, 4, 5 and 6
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According to the mathematical model of the S-shaped work-
piece in this study, cubic B-splines surface has been applied to
surface representation. The actual position of tool center can be
deduced by projecting the B-splines surface in its normal direc-
tion. Themapping relationship between the machine tool and the
actualmachining curve is established. Based on the error analysis
theory of multi-body system and the mathematical model of the
curved surface, the error expression equation corresponding to
each processing point on the surface has been established by
utilizing a method of superposition of the tool center position
and tool direction vector from the perspective of the machine
tool. Besides based on the actual machining of the S-shaped
sample of complex CNC machine tool, the model of error pa-
rameter sensitivity influencing accuracy of curved surface and
the model of impact analysis are established, and a method of
reverse tracing analysis for key error parameters is proposed. The
influence proportion of each error parameter on the machining
accuracy can be obtained, so the identification of key error pa-
rameters can be realized and the error parameters which have
great influence on machining errors can be found.

2 Characterization and analysis of machining errors
of complex CNC machine tool

2.1 Mathematical model of B-spline surfaces

Because of geometric invariance, continuity, and symmetry,
the B-spline surface is widely applied in the field of mechan-
ical processing. For a given number of (n + 1) × (m + 1) points,

these points Pi , j(i = 0,1,…,n; j = 0,1,…,m) constitute a control
grid. Here, the powers of the parameters u and v are p and q,
respectively. And two node vectors are given as U = (u0, u1,
⋯ , un + p + 1) and V = (v0, v1, ⋯ , vm + p + 1) respectively. So a
B-spline surface with the p × q power of tensor product can be
defined as follows:

s u;wð Þ ¼ ∑
n

i¼0
∑
m

j¼0
Ni; p uð ÞN j; p wð ÞVi; j ð1Þ

In the above equation, Ni,p(u) is the B-spline basis function
with p power of u, and Nj,q(w) is the B-spline basis function
with q powers of w, and Vi, j are control points of the B-spline
surface.

In practical application, generally when the values of p and
q are both 3, it can meet the requirement of continuous order
of the surface in engineering design; And substituting the
values of p and q being both 3 into the above equation, the
uniform double cubic B-spline surface is expressed as follows:

s u;wð Þ ¼ UMBVMT
BWT 0≤u w≤1 ð2Þ

In which

U ¼ 1 u u2 u3
� �

; W ¼ 1 w w2 w3
� �

MB ¼ 1

6

1 4 1 0
−3 0 3 0
3 −6 3 0
−1 3 −3 1

0
BB@

1
CCA;V ¼

Vi−1; j−1 Vi−1; j Vi−1; jþ1 Vi−1; jþ2

Vi; j−1 Vi; j Vi; jþ1 Vi; jþ2

Viþ1; j−1 Viþ1; j Viþ1; jþ1 Viþ1; jþ2

Viþ2; j−1 Viþ2; j Viþ2; jþ1 Viþ2; jþ2

0
BB@

1
CCA

The elements in the V matrix in Eq. 2 are the control ver-
tices of the polygon. And the matrixMB is a coefficient matrix.

2.2 Characterization of machining errors of workpiece

The machining process of the workpiece is the process of
relative movement between the tool and workpiece—this is
called forming movement. The tooling point is the forming
point. And the forming path in the workpiece coordinate sys-
tem is the machined surface of the workpiece. Any machine
tool can be decomposed into two branches: the ‘machine tool-

Fig. 2 Position relationship between cutter and workpiece

Fig. 3 The contrast of ideal
carved surface and tool center
carved surface
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tool’ branch and ‘machine tool-workpiece’ branch. Through
establishing coordinate systems in various movement bodies
and using homogeneous coordinate transformation, the center
position and direction vector of the tool described in the tool
coordinate system can be transformed into workpiece coordi-
nate and described by transformation matrix of error motion.

Therefore, the actual path and actual direction of the tool are
obtained.

pT½ �W ¼ BW½ �−1 BT½ � pT½ �T ð3Þ

vT½ �W ¼ BW½ �−1 BT½ � vT½ �T ð4Þ

Fig. 5 The fitting diagram of tool
path

(a)Designed     (b) Machined 

Fig. 6 The scene of S-shaped
workpiece

Fig. 4 The vector diagram of tool
direction
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Where the [pT]W and [pT]T denote the position coordi-
nates of the cutter head in workpiece coordinate system
and tool coordinate system respectively. The [vT]Wand
[vT]T denote the projection of the direction vector of the
tool in workpiece coordinate system and tool coordinate
system respectively. The [BW] is the transform matrix of
the actual motion of the machine tool-workpiece branch
and the [BT] is the transform matrix of the actual motion
of the machine tool-tool branch.

In this study, the complex CNC machine tool relates to
five-axis linkage in the machining process. And the five axis
turning-milling multi-functional machine tools contains X1

axis, Y axis, Z1 axis, B axis and C1 axis, the structure is illus-
trated in Fig. 1. The machine tool-workpiece branch includes
1, 10, and 11. And the machine tool-tool branch includes 1, 2,
3, 4, 5, and 6. Their description is presented in Table 1.

Thus, the transform matrices of the actual motion of the
machine tool-workpiece branch and machine tool-tool branch
are obtained, respectively, as illustrated below:

BW½ � ¼ S1 10½ �p S1 10½ �pe S1 10½ �s S1 10½ �se S10 11½ �p S10 11½ �pe ð5Þ

BT½ � ¼ S12½ �p S12½ �pe S12½ �s S12½ �se S23½ �p S23½ �pe S23½ �s S23½ �se
S34½ �p S34½ �pe S34½ �s S34½ �se S45½ �p S45½ �pe S45½ �s S45½ �se
S56½ �p S56½ �pe S56½ �s S56½ �se

ð6Þ

The subscript p denotes the relative position of two adja-
cent objects. The subscript pe denotes the relative position
error of two adjacent objects. The subscript s denotes the rel-
ative motion of two adjacent objects. And the subscript se
denotes the relative motion error of two adjacent objects.
The [Sij] denotes motion transformation matrix.

The following formulas can be obtained by considering
Eqs. (3) to (6).

pT½ �W ¼ OW½ �−1 OT½ � pT½ �T ð7Þ
vT½ �W ¼ OW½ �−1 OT½ � vT½ �T ð8Þ

The [OW] denotes the actual motion transformation matrix
of machine tool-workpiece branch. The [OT] denotes the ac-
tual motion transformation matrix of machine tool-tool
branch.

2.3 Machining error of each point in the S-shaped
workpiece

The expressions for the actual tool path and actual tool direc-
tion in the workpiece coordinate system are obtained from the
above analysis. Based on the error model of the machine tool,
the expressions can be used to deduce the equation of machin-
ing error for each point on the S-shaped workpiece. Figure 2
illustrates the relationship of relative position between the tool
and workpiece in the workpiece coordinate system. The actual
position of the tool center whose value distancing from the
end face of is D can be expressed as:

pa½ �W ¼ pT½ �W þ D� vT½ �W ð9Þ

The values of x1a, y1a and z1a can be obtained by con-
sidering Eqs. (7) to (9). When all the error parameters of
x1a, y 1a and z1a are zero, the position coordinates in an

Table 2 Parameters of the CMM

Measuring accuracy (μm) Measuring range (mm) Workpiece weight (Kg) Resolution (mm) Position accuracy (mm) Acceleration (mm/s2)

(2.1 + L)/250 X1 700
Y 700
Z1 60
B −180°∼180°
C1 0∼360°

560 0.0002 0.001 1700

Fig. 7 The sketch of detecting piece Fig. 8 The detecting scene of coordinate measuring machine
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ideal condition can be obtained, and the values are x1I, y1I
and z1I. The Ex, Ey and Ez representing the errors in each
direction can be obtained by subtracting the ideal values
from the actual values.

Ex ¼ x1a−x1I ð10Þ
Ey ¼ y1a−y1I ð11Þ
Ez ¼ z1a−z1I ð12Þ

The coordinates of the location point at the actual condi-
tions are x1a, ya and z1a.The coordinates of the location point at
the ideal conditions are x1I, yI and z1I. Ex denotes the error in
the x direction. Ey denotes the error in the y direction. Ez

denotes the error in the z direction.

3 Reverse tracing analysis of surface errors
of S-shaped workpiece

3.1 Relationship between tool center point
and corresponding machining point of curved surface

Because machining errors of the surface are generated by er-
rors superposition of the machine tool, the corresponding cen-
ter position of the tool can be obtained by back calculation
based on the actual machining point on the surface, and so as
to further study the errors of the machine tool. For the curved

surface expressed in Eq. (1), the unit normal vector of any
point P(u,v) on it can be expressed as:

n ¼ su � sw
su � swj j ð13Þ

Where su = (0, 1, 2u, 3u2)BVBT(1,w,w2,w3)T

sw ¼ 1; u; u2; u3
� �

BVBT 0; 1; 2w; 3w2
� �T

The matrix B is the actual motion transformation matrix.
According to the vector product equation, the following

formula can be obtained.

su � sw ¼
i j k
xu yu zu
xw yw zw

������
������

¼ yuzw−ywzuð Þi− xuzw−xwzuð Þ jþ xuyw−xwyuð Þk ð14Þ

When a = (yuzw − ywzu),b = (xuzw − xwzu),c = (xuyw − xwyu);
And the following formula also can be obtained.

su � sw ¼ aiþ b jþ ck ð15Þ
su � swj j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2

p
ð16Þ

Substituting the formulas (15) and (16) in Eq. (13), the
projections of the unit normal vector in the three coordinate
directions are as follows:

xn ¼ a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2

p
yn ¼ b=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2

p
zn ¼ c=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2

p
8><
>: ð17Þ

The projection of spline surface in the Z direction accord-
ing to the above methods could be positive or negative. If the
Z axis direction of workpiece coordinate is consistent with the
Z axis direction of machine tool coordinate, it is defined as the
positive direction of the curved surface, and the tool center of
the machining curved surface should be biased towards the
positive direction of the curved surface. Assuming that the
vector (xps, yps, zps)

T is component of position vector of a point

Fig. 9 Measuring errors of different points

Fig. 10 The actual machining
carved surface
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on the curved surface in the X, Y and Z coordinate direction,
respectively, the projector array is expressed as (xn, yn, zn)

T in
the normal direction at this point. And the corresponding cen-
ter position coordinate of the tool is expressed as:

xp
yp
zp

0
@

1
A ¼

xps
yps
zps

0
@

1
Aþ r

xn
yn
zn

0
@

1
A ð18Þ

where (xp, yp, zp)
Tis the position array of the tool center, and r

is the radius of the tool.
According to the above analysis, as illustrated in Fig. 3, the

blue mesh denotes the ideal curved surface and red mesh is the
fitting figure of the surface corresponding to tool center surface.

3.2 Acquisition of the tool path

During analysis of error effect, it is necessary to use the tool path
data to generate the actual tool path. However, acquisition of tool
path by using manual programming is more complex. Here,
CAXA Manufacturing Engineer software was used to plan the
tool path, the data of generated tool path and tool direction vector
are simulated by MATLAB software. Figure 4 illustrates the
superposed plots for the position and direction of each tool point.
The profile showed in the figure based on the obtained data is the
S-shape. This verifies the correctness of the extracted data. After
the correct tool path and vector data of the tool direction are
obtained, the fit figure of curved surface of tool path also can
be obtained by the above proposed B-spline surface fitting meth-
od, which is illustrated in Fig. 5.

3.3 Machining and precision test of S-shaped workpiece

The accuracy of form, position and dimensional precision of
machined workpiece reflect machining accuracy of CNC ma-
chine tools and they are the combined effects of the errors of
all moving parts of the machine tool. And the detecting piece
refers to such part which has non-smooth machining surfaces,
poor surface quality, poor geometrical accuracy and even occur-
rence of over cutting in certain special locations. Therefore using

the accuracy of machined workpiece is the most direct and ef-
fective way to evaluate the geometric errors of the machine. So
the S-shaped surface was designed as illustrated in Fig. 6a in this
paper. The external dimensions of workpiece is
400 mm × 200 mm and the profile dimensions of the S-shaped
is 250 mm × 180 mm. The material of workpiece is the alumi-
num alloy 7075; And the curved part of the workpiece could be
composed of two symmetrical semi-circular B-splines surfaces.
As illustrated in the figure, two holes with a diameter 15 mm are
utilized to locate for the machining and accuracy test of S-shaped
workpiece. The machining site is as illustrated in Fig. 6b. In the
actual process, the CAXAManufacturing Engineer is adopted to
accomplish the modeling, the planning of the tool path and ver-
ification of correctness based on simulation. Besides the rotation
speed of the spindle is 3000 rpm, and the feed velocity along the
X,YandZ axes are 24, 16 and 30m/min, respectively. Finally, the
NCmachining codes are input into the machine tool for process-
ing by using a post-processing program.

The profile measurement of the S-shapedworkpiece ismainly
carried out by the CMM (Coordinate Measuring Machine)
named CMMCMM CONTURA G2, which is produced by the
German company Zeiss. And the parameters are presented in
Table 2. The contour errors of the S-shaped workpiece were
measured at different heights respectively before and after com-
pensation, as illustrated in Fig. 7. The three groups of errors were
measured in total, and each group consists of 25 random points.
Figure 8 is the measurement site.

When the values of z are 3, 12 and 17 at three different
heights, respectively, there are 75 points that are randomly select-
ed. The center of the hole is selected as the origin of reference
coordinate system to measure errors in the X, Yand Z directions.
And the space errors corresponding to each point are calculated.
The result of the measurement is illustrated in Fig. 9.

3.4 Simulation analysis of the actual tool path
and direction

According to the above analysis, it is obvious that the actual tool
path must be deviated from the ideal position due to the existence
of the errors. And the actual tool path and tool direction can be
predicted by considering the generatedmodel of machining errors.
The machining errors of the workpiece can be predicted and com-
pensated from the perspective of the machine tool. The actual
processing of the S-shaped workpiece described in Section 3.3 is
considered as research object. Figure 10 is the curved surface of
actual errors which is built by the actual tool path and actual tool
direction based on the calculation of formula (1) and formula (2).
In the figure, the red wireframe denotes the largest area of space
error and the green part denotes the points of maximum error
which is calculated. In order to facilitate the analysis, the values
of structure parameters are presented in Table 3. Table 4 shows the
seven error parameters that have no relationship with the position
of the point. In Table 3, the parameter L is the distance from the

Table 3 Structure parameters

Parameter qwx qwy qwz q5x q5y q5z L

Value (mm) 100 100 200 −200 −200 −100 100

Table 4 The value of position-independent parameters

Parameter εx1z1 εx1y εx1C1 εyz1 εx1B εBz1 εyC1

Value × 10−5

(rad)
2.6 −0.5 2.7 1.0 1.5 3.0 4.4
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center of rotation to the cutter head. The parameters q5x, q5y and q5z
denote the position coordinates of the intersectionO5 between the
rotation center axis of the B axis and the center axis of the tool
under initial conditions in the machine coordinate system. And the
parameters qwx, qwy and qwz denote the position coordinates of
workpiece coordinate system relative to reference coordinate sys-
tem ofmachine tool. In Table 4, these parameters εx1z1 , εx1y, εx1C1 ,
εyz1 , εx1B, εBz1 and εyC1 denote the verticality error between the
two axes respectively.

4 Analysis of error sensitivity of machine tool

According to the above formulas of the actual position point
and tool direction, the accuracy of S-shaped workpiece ma-
chined by complex CNC machine tool can be expressed as a
function of the 37 error parameters.

E ¼ f δi jð Þ; εi jð Þ; εx1y; εyz1 ; εx1z1 ; εx1B; εBz1 ; εx1C1 ; εyC1

� � ð19Þ

where i = x , y , z; j = x1 , y , z1 , B ,C1;
The parameter εi(j)(i = x, y, z; j = x1, y, z1,B,C1) denotes the

motion angle error around the x, y and z axis respectively when
moving along eachmotion axis. The parameter δi(j)(i = x, y, z; j=
x1, y, z1,B,C1) denotes the motion displacement error around the

x, y and z axis respectivelywhenmoving along eachmotion axis.
These parameters x1, y, z1, B and C1 denote 5 axes of complex
five-axis machine tools.

In order to obtain the mathematical expressions of the sensi-
tivity of error parameters, based on Eqs. (10), (11) and (12)
respectively, the partial derivatives of the 37 error parameters
can be obtained. And they are presented in Tables 5, 6 and 7.
From Tables 5, 6 and 7, it is obvious that the error sensitivity of
machine tool have relationships with the structure, numerical
control instructions and length of cutting tool. The effects on
the machine tool are different when the error parameters are
different; the machining accuracy of each machined area is also
different. The formulas of the error model are in the appendix.

From Eqs. (10), (11) and (12), although the sensitivities of a
few error parameters are significantly high, the values of corre-
sponding error parameters are significantly small, and these error
parameters have little influence on the point in this case.
Therefore, the sensitivity parameters are proposed in this study
to evaluate the degree of influence of error parameters and its
formula is as follows:

Δ ¼ ∂E
∂u

u ð20Þ

Where u is the error parameter, and E is the error.

Table 5 The error sensitivity of x axis

Partial
derivative

Expression Partial
derivative

Expression Partial
derivative

Expression

∂Ex
∂δx x1ð Þ

cosC1 ∂Ex
∂εx x1ð Þ −q5zsinC1−LsinBsinC1 −DsinBsinC1

∂Ex
∂δy z1ð Þ sinC1

∂Ex
∂δx yð Þ cosC1 ∂Ex

∂εx yð Þ −q5zsinC1−LsinBsinC1 −DsinBsinC1
∂Ex

∂δy Bð Þ sinC1

∂Ex
∂δx z1ð Þ cosC1 ∂Ex

∂εx z1ð Þ −q5zsinC1−LsinBsinC1 −DsinBsinC1
∂Ex

∂εy x1ð Þ q5zcosC1þ LsinBcosC1 þ D
sinBcosC1

∂Ex
∂δx Bð Þ sinB cosC1 ∂Ex

∂δy x1ð Þ sinC1 ∂Ex
∂εy yð Þ q5zcosC1þ LsinBcosC1 þD

sinBcosC1

∂Ex
∂δx C1ð Þ −1 ∂Ex

∂δy yð Þ sinC1 ∂Ex
∂εy z1ð Þ q5zcosC1þ LsinBcosC1 þD

sinBcosC1

∂Ex
∂εy Bð Þ LsinBcosC1 þDsinBcosC1

∂Ex
∂εz z1ð Þ q5xsinC1−LcosBsinC1 −q5ycosC1−DcosB

sinC1 þx1sinC1−ycosC1

∂Ex
∂εBz1

−LsinBsinC1 −DsinBsinC‘

∂Ex
∂εy C1ð Þ −q5z−LsinB −z1−DsinB ∂Ex

∂εz Bð Þ −L sinC1 −D sinC1 ∂Ex
∂εyC1

LsinBcosC1þ q5zsinC1 þz1
sinC1 þDsinBsinC1

∂Ex
∂δz Bð Þ sinB cosC1 ∂Ex

∂εz C1ð Þ −q5xsinC1 þ LcosBsinC1þ q5ycosC1 þ D

cosBsinC1− x1sinC1 þ ycosC1

∂Ex
∂εx1C1

−q5zcosC1− LsinBcosC1 −z1
cosC1− DsinBcosC1

∂Ex
∂εz x1ð Þ q5xsinC1− LcosBsinC1− q5y

cosC1− DcosBsinC1

∂Ex
∂εx1z1

q5zcosC1 þ LsinBcosC1 þDsinBcosC1
∂Ex
∂εyz1

−q5zsinC1− LsinBsinC1 −z1
cosC1− DsinBsinC1

∂Ex
∂εz yð Þ q5xsinC1− LcosBsinC1− q5y

cosC1− DcosBsinC1

∂Ex
∂εx1y

q5xsinC1−LcosBsinC1 −q5ycosC1−DcosB
sinC1 −ycosC1

∂Ex
∂εx1B

−LcosBsinC1 −DcosBsinC‘
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At present, a method based on the machining accuracy of
the workpiece is widely applied to evaluate machining accu-
racy of the NC machine tool. However, the influence of geo-
metric error, thermal deformation, mechanical vibration and
other comprehensive factors on machine tools is different.
Thus the machining errors reflected in the test workpiece are

also different. It is very important to track reversely the factors
that have a greater impact on the basis of the accuracy of the
test workpiece. To solve this problem, the main geometric
error parameters that affect the machining accuracy are
tracked reversely according to the machining errors of S-
shaped workpiece in this section. In Fig.2, the points which

Table 6 The error sensitivity of y axis

Partial
derivative

Expression Partial
derivative

Expression Partial
derivative

Expression

∂Ey

∂δx x1ð Þ
− sinC1 ∂Ey

∂δx yð Þ
− sinC1 ∂Ey

∂δx z1ð Þ
− sinC1

∂Ey

∂δx Bð Þ
− sinB sinC1 ∂Ey

∂δx C1ð Þ
−1 ∂Ey

∂εx Bð Þ −LcosC1 −DcosC1

∂Ey

∂εx x1ð Þ −q5zcosC1− LsinBcos
C1− DsinBcosC1

∂Ey

∂εx x1ð Þ −q5zsinC1−LsinB sinC1−DsinBsinC1
∂Ey

∂εz C1ð Þ −q5xcosC1 þ LcosBcosC1 −q5ysinC1−x1
cosC1−ysinC1 þDcosBcosC1

∂Ey

∂εx yð Þ −q5zcosC1− LsinBcos
C1− DsinBcosC1

∂Ey

∂εy yð Þ −q5zsinC1−LsinB sinC1−DsinBsinC1
∂Ey

∂εx1y
q5xcosC1−LcosBcosC1 þq5ysinC1 þ y

sinC1− DcosBcosC1

∂Ey

∂εx z1ð Þ −q5zcosC1− LsinBcos
C1− DsinBcosC1

∂Ey

∂εy z1ð Þ −q5zsinC1−LsinB sinC1−DsinBsinC1
∂Ey

∂εx1z1
−q5zsinC1−LsinBsinC1 −DsinBsinC1

∂Ey

∂εx C1ð Þ q5zsinC1 þ LsinB þz1
þDsinB

∂Ey

∂εy Bð Þ −LsinBsinC1− DsinBsinC1
∂Ey

∂εx1C1
q5zsinC1 þ LsinBsinC1 þz1sinC1 þ D
sinBsinC1

∂Ey

∂δy x1ð Þ
cosC1

∂Ey

∂δz Bð Þ − sin B sinC1
∂Ey

∂εyC1
q5zcosC1 þ LsinBcosC1 þz1cosC1 þ D
sinBcosC1

∂Ey

∂δy yð Þ
cosC1

∂Ey

∂εx x1ð Þ q5xcosC1−LcosBcosC1 þq5ysinC1 þ y

sinC1− DcosBcosC1

∂Ey

∂εyz1
−LsinBcosC1 −DsinBcosC1

∂Ey

∂δy z1ð Þ
cosC1

∂Ey

∂εz yð Þ q5zsinC1 þ q5xcosC1 −LcosBcosC1 −D
cosBcosC1

∂Ey

∂εx1B
−LcosBcosC1 −DcosBcosC1

∂Ey

∂δy Bð Þ
cosC1

∂Ey

∂εx z1ð Þ q5xcosC1−LcosBcosC1 þq5ysinC1 þ y

sinC1 þ ysinC1 −DcosBcosC1

∂Ey

∂εBz1
−LsinBcosC1 −DsinBcosC1

Table 7 The error sensitivity of z axis

Partial
derivative

Expression Partial
derivative

Expression Partial
derivative

Expression

∂Ez
∂δx Bð Þ

− sin B ∂Ez
∂εy yð Þ

−q5x + L cos B +D cos B ∂Ez
∂δz z1ð Þ

1

∂Ez
∂εx x1ð Þ

q5y + y ∂Ez
∂εy z1ð Þ −q5x þ LcosB þDcosB−x1 ∂Ez

∂δz Bð Þ
cosB

∂Ez
∂εx yð Þ

q5y ∂Ez
∂εy Bð Þ

L cosB +D cos B ∂Ez
∂δz C1ð Þ −1

∂Ez
∂εx z1ð Þ q5y + y ∂Ez

∂εy C1ð Þ q5xcosC1−LcosBcosC1 þq5ysinC1 þ x1cosC1 þysin

C1−DcosBcosC1

∂Ez
∂εx1z1

−q5x þ LcosB þD
cosB−x1

∂Ez
∂δz x1ð Þ

1 ∂Ez
∂εx C1ð Þ q5xsinC1−LcosBsinC1 þq5ycosC1 þ x1sinC1 þycosC1

−DcosBsinC1

∂Ez
∂εyz1

−q5y + y

∂Ez
∂εy x1ð Þ −q5x þ LcosB þD

cosB

∂Ez
∂δz yð Þ

1 ∂Ez
∂εx1C1

q5x−LcosB −DcosB
þx1

∂Ez
∂εyC1

−q5y − y
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locate in the larger machining error area are sorted according
to the size of the errors. Then the 102 points with the maxi-
mum error values are selected. Sensitivities of 37 geometric

errors at the 102 points are calculated, and the average of the
degree of influence of each individual error parameter at the
102 points is provided. Finally the normalization processing is
carried out and the geometric error parameters that have high
influence on area error are identified. The steps for finding the
solution are as follows:

(1) Calculation and sorting of comprehensive error of each
point.

The error expressions have been provided for the
various points in the x, y and z directions respectively.
Therefore the expression of space error can be obtained,
and it is shown below.

EV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
x þ E2

y þ E2
z

q
ð21Þ

The Ex, Ey and Ez are the errors of a point along the X, Yand
Z directions respectively.

The correlative parameters of each point are substituted
into the above formula, and the larger processing error area
is determined according to the sizes of the comprehensive
errors. Points in the larger processing error area are sorted
according to the value of errors. Then the 102 points with
the largest errors are selected as description points of the
features.

(2) Calculation of average value of influence degree of indi-
vidual error parameter.

Table 8 The error values and orders of feature points

No. x y z Space error No. x y z Space error

1 6.75718 8.66608 0.274 0.025326 21 5.22561 −13.3305 −4.7165 0.025125
2 6.59275 8.01246 0.274 0.025284 22 6.05461 −10.1823 −4.7165 0.025118
3 6.85071 8.99054 0.274 0.025276 23 5.98878 −10.5018 −4.7165 0.025113
4 7.05414 8.58406 −4.7165 0.025246 24 4.72372 −13.8439 0.274 0.025108
5 5.12671 −12.6205 0.274 0.02522 25 6.11536 −9.86302 −4.7165 0.025098
6 5.21862 −12.3113 0.274 0.025215 26 7.64805 8.42002 −14.6975 0.025096
7 5.03196 −12.9287 0.274 0.025213 27 5.12106 −13.6403 −4.7165 0.025077
8 5.54598 −11.0666 0.274 0.02521 28 7.06797 7.24361 −9.707 0.02507
9 5.47085 −11.3777 0.274 0.025207 29 7.49444 7.80961 −14.6975 0.025068
10 4.93315 −13.2337 0.274 0.025198 30 5.90009 −12.166 −9.707 0.025067
11 6.82561 7.62169 −4.7165 0.02519 31 6.14549 −11.2088 −9.707 0.025063
12 5.75248 −10.1221 0.274 0.025181 32 5.61948 −13.1144 −9.707 0.025062
13 6.95315 9.31331 0.274 0.025166 33 6.29018 −10.5655 −9.707 0.025058
14 5.81248 −9.80669 0.274 0.025159 34 4.61263 −14.1484 0.274 0.025052
15 5.86994 −9.48977 0.274 0.025151 35 5.51808 −13.4273 −9.707 0.025046
16 7.19387 7.87723 −9.707 0.025144 36 7.73518 8.72238 −14.6975 0.025042
17 5.76963 −11.4528 −4.7165 0.025142 37 5.01379 −13.9477 −4.7165 0.025027
18 5.92332 −9.17246 0.274 0.025136 38 7.866 8.041 −19.688 0.025021
19 5.32572 −13.0216 −4.7165 0.025136 39 7.53808 9.11966 −9.707 0.025014
20 5.84574 −11.1377 −4.7165 0.025132 40 4.49894 −14.4494 0.274 0.025005
97 6.78049 −9.64819 −14.6975 0.024957 100 5.19032 −14.3627 −9.707 0.024893
98 5.30386 −14.0515 −9.707 0.02495 101 6.103 −13.621 −19.688 0.024889
99 4.38111 −14.7487 0.274 0.024943 102 4.2598 −15.0477 0.274 0.024888

Table 9 The mean influences of error parameters

No. Error
parameter

Effect degree No. Error
parameter

Effect degree

1 εyC1 0.009666 20 εy(x1) 0.001327

2 δz(B) 0.007318 21 εy(z1) 0.001304

3 εy(C1) 0.007236 22 εx1y 0.001133

4 εx(C1) 0.005967 23 δz(x1) 0.000876

5 εx1C1 0.005589 24 δx(z1) 0.000694

6 εbz1 0.003326 25 δy(z1) 0.000673

7 δy(x1) 0.003102 26 εx(x1) 0.000634

8 δy(C1) 0.002908 27 εz(C1) 0.000568

9 εyz1 0.00282 28 εy(B) 0.000315

10 δy(B) 0.0024 29 δy(y) 0.000267

11 εz(z1) 0.002339 30 δx(y) 0.000185

12 δx(B) 0.002272 31 δz(y) 0.000182

13 εx1z1 0.00207 32 εz(B) 0.000176

14 δz(C1) 0.001986 33 εy(y) 0.000127

15 δz(Z1) 0.001967 34 εx1B 0.000103

16 δx(C1) 0.001922 35 εy(y) 3.39E-05

17 δx(x1) 0.001863 36 εx(y) 2.36E-05

18 δx(z1) 0.001714 37 εx(B) 3.34E-06

19 εz(x1) 0.001339
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According to the above analysis, the correlative parameters
of the 102 points are substituted into the expressions of sen-
sitivity. And the influence degree of each point is calculated
by Eq. (20). The expression is as follows for influence degree
of individual error parameter.

Δu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂Ex

∂u
u

� �2

þ ∂Ey

∂u
u

� �2

þ ∂Ez

∂u
u

� �2
s

ð22Þ

Where u is the individual error parameter.

(3) Calculation of average value of influence degree of indi-
vidual error parameter

For an error parameter, the influence degrees at different
points are different. In order to analyze the incremental con-
tribution of the error parameters to the region error, the aver-
age value of influence degree of individual error parameter of
the 102 points is obtained. Therefore it can reflect the size of
the effect of the error, which is calculated as follows:

Δu ¼ ΣΔui

102
i ¼ 1; 2;…; 102ð Þ ð23Þ

WhereΔui is average value of influence degree of individ-
ual error parameter at point i.

The feature points are 102 points which locate in the larger
error area in Section 3.4, and they are sorted according to
space error. The results are presented in Table 8, and the re-
sults in Table 8 are theoratical. The x, y and z are coordinates
of the points of the larger error value corresponding to the
ideal location points in the workpiece coordinate system.
The values of space errors of 102 feature points are obtained
by using Eq. (21). The average values of influence degree of
individual error parameter are presented in Table 9.

In order to more intuitively analyze the influence of the
individual error parameters on the final machining accuracy,
the average values of the individual error parameter are nor-
malized in Table 9.

Vu ¼ Su
ΣSu

ð24Þ

Where the u is the error parameter, and the Su is the average
value of the influence degree corresponding to error parameter.

After the above normalization, the influence proportion of
each error parameter on the machining accuracy is obtained,
as illustrated in Fig. 11.

Fig. 11 The ratio of all the error
parameters influence on
machining accuracy

Fig. 12 The effect difference of
five error parameters and all error
parameters
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After calculation, the error parameters εyC1
, δz(B),

εy(C1), εx(C1) and εx1C1 obtained accounted for the total
error ratio of 46.8%.Therefore the five error parameters
have maximum influence. In order to verify the correct-
ness of the analysis, the results are shown in Fig. 12, and
it is the difference between space error of each point of
the simultaneous action of the 5 errors and space error of
each point of the simultaneous action of the all errors. The
maximum difference does not exceed ±1.5 μm. Therefore
this demonstrates the correctness of the analysis.

5 Conclusion

(1) The method is a study for the error tracing of the
complex CNC machine tools based on S-shaped
workpiece. Based on the error analysis theory of
multi-body system and the mathematical model of
the curved surface, the error expression equation cor-
responding to each processing point on the surface
has been established by utilizing a method of super-
position of the tool center position and tool direction
vector.

(2) Based on the actual machining of the S-shaped sample of
complex CNC machine tools, the model of error param-
eter sensitivity influencing accuracy of curved surface
and impact analysis is established and a method of re-
verse tracing analysis for key error parameters is
proposed.

(3) The five key parameters that have great influence on
machining errors are determined according to the contri-
bution which have been computed using the sensitivity
and measured values of error parameters. The results
show that the error of each point is not more than
±1.5 μm by comparing the five error parameters and all
parameters under the action of at the same time. The
biggest errors which influence on the machining errors
are εyC1

, δz(B), εy(C1), εx(C1) and εx1C1 . The method is
suitable for the machining of complex machine tool,
through the diagnosis of these five error parameters, the
quality of the workpiece can be improved.
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Appendix

The formulas of the error model in three directions are shown.

Ex ¼ δx x1ð ÞcosC1 þ δx yð ÞcosC1 þ δx z1ð ÞcosC1 þ δx Bð ÞcosC1−δx C1ð Þ þ q5zεx1z1
cosC1 þ q5zεy x1ð ÞcosC1 þ q5zεy yð ÞcosC1 þ q5zεy z1ð ÞcosC1−q5yεz yð ÞcosC1 þ δz Bð Þ
sinBcosC1 þ Lεx1z1 sinBcosC1 þ LεysinBcosC1 þ Lεy x1ð ÞsinBcosC1 þ Lεy yð Þ
sinBcosC1 þ Lεy z1ð ÞsinBcosC1−q5xεz C1ð ÞsinC1 þ Lεz C1ð ÞcosBsinC1 þ q5xεz z1ð Þ
sinC1−Lεz z1ð ÞcosBsinC1−q5zεx1C1cosC1 þ q5zεyC1

sinC1−q5zεy C1ð Þ−Lεx1C1 sinB
cosC1 þ LεyC1

sinBsinC1−Lεy C1ð ÞsinB−Lεz Bð ÞsinC1 þ δy x1ð ÞsinC1 þ δy yð ÞsinC1

þδy z1ð ÞsinC1 þ δy Bð ÞsinC1 þ q5xεx1ysinC1−q5zεyz1 sinC1−q5zεxsinC1−q5zεx yð Þ
sinC1−q5zεx z1ð ÞsinC1 þ q5xεz x1ð ÞsinC1 þ q5xεz yð ÞsinC1−Lεx1BcosBsinC1−Lεx1y
cosBsinC1−Lεz x1ð ÞcosBsinC1−Lεz yð ÞcosBsinC1−LεBz1 sinBsinC1−Lεyz1 sinB
sinC1−Lεx x1ð ÞsinBsinC1−Lεx yð ÞsinBsinC1−Lεx z1ð ÞsinBsinC1−q5yεx1ycosC1

þq5yεz C1ð Þ−q5yεz x1ð ÞcosC1−q5yεz z1ð ÞcosC1 þ x1 −εz C1ð ÞsinC1 þ εz z1ð ÞsinC1ð Þ
−y εx1ycosC1−εz C1ð ÞcosC1 þ εz x1ð ÞcosC1 þ εz z1ð ÞcosC1

� �
−z1ðεx1C1cosC1−εyC1

cosC1

þεy C1ð ÞÞ þ D εx1z1 sinBcosC1 þ εy Bð ÞsinBcosC1 þ εy x1ð ÞsinBcosC1 þ εy yð ÞsinBcosC1

� �
þεy z1ð ÞsinBcosC1 þ εz C1ð ÞcosBsinC1−εz Bð ÞsinC1−εx1BcosBsinC1−εx1ycosBsinC1

−εz x1ð ÞcosBsinC1−εz yð ÞcosBsinC1−εz z1ð ÞcosBsinC1−εBz1 sinBsinC1−εyz1 sinB
sinC1−εx x1ð ÞsinBsinC1−εx yð ÞsinBsinC1−εx z1ð ÞsinBsinC1 þ εyC1

sinBsinC1−εx1C1

sinBcosC1−εy C1ð ÞsinBÞ
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Ey ¼ −δx x1ð ÞsinC1−δx yð ÞsinC1−δx z1ð ÞsinC1−q5zεx1z1 sinC1−q5zεy x1ð ÞsinC1−q5zεy yð ÞsinC1

−q5zεy z1ð ÞsinC1 þ q5zεz yð ÞsinC1−δx Bð ÞcosBsinC1−δz Bð ÞsinBsinC1−δy C1ð Þ−Lεx1z1 sinB
sinC1−LεysinBsinC1−Lεy x1ð ÞsinBsinC1−Lεy yð ÞsinBsinC1−Lεy z1ð ÞsinBcosC1−q5x
εz C1ð ÞcosC1 þ q5xεz z1ð ÞcosC1 þ Lεz C1ð ÞcosBcosC1−Lεz z1ð ÞcosBcosC1 þ q5zεyC1

cosC1þ
q5zεx1C1 sinC1 þ q5zεx C1ð ÞsinC1 þ LεyC1

sinBcosC1 þ Lεx1C1 sinBsinC1 þ Lεx C1ð ÞsinB−Lεz Bð ÞcosC1

þδy x1ð ÞcosC1 þ δy yð ÞcosC1 þ δy z1ð ÞcosC1 þ δy Bð ÞcosC1 þ q5zεx1ycosC1−q5zεyz1cosC1

−q5zεx x1ð ÞcosC1−q5zεx yð ÞcosC1−q5zεx z1ð ÞcosC1 þ q5xεz x1ð ÞcosC1 þ q5xεz yð ÞcosC1−Lεx1BcosB
cosC1−Lεx1ycosBcosC1−Lεz x1ð ÞcosBcosC1−Lεz yð ÞcosBcosC1−LεBz1 sinBcosC1−Lεyz1 sinB
cosC1−Lεx x1ð ÞsinBcosC1−Lεx yð ÞsinBcosC1−Lεx z1ð ÞsinBcosC1 þ q5xεx1ysinC1−q5yεz C1ð Þ
sinC1 þ q5yεz x1ð ÞsinC1 þ q5yεz z1ð ÞsinC1 þ x1 εz z1ð ÞcosC1 þ εz C1ð ÞcosC1ð Þ þ yðεx1ysinC1−εz C1ð Þ
sinC1 þ εz x1ð ÞsinC1 þ εz z1ð ÞsinC1Þ þ z1 εyC1

cosC1−εx1C1 sinC1 þ εx C1ð Þ� �þ DðεyC1
sinBcosC1 þ εx1C1

sinBsinC1 þ εx C1ð ÞsinB−εz Bð ÞcosC1−εx1BcosBcosC1−εx1ycosBcosC1−εz x1ð ÞcosBcosC1−
εy yð ÞcosBcosC1−εz z1ð ÞcosBcosC1−εBz1sinBcosC1−εyz1 sinBsinC1−εx x1ð ÞsinBsinC1−εz yð Þ
sinBsinC1−εx z1ð ÞsinBcosC1 þ εz C1ð ÞcosBcosC1−εx1z1 sinBsinC1−εysinBsinC1−εy x1ð Þ
sinBsinC1−εy yð ÞsinBsinC1−εy z1ð ÞsinBsinC1Þ

Ez ¼ q5xεy C1ð ÞcosC1 þ q5xεx C1ð ÞsinC1 þ q5xεx1C1−q5xεx1z1−q5xεy z1ð Þ−Lεy C1ð ÞcosBcosC1−
Lεx C1ð ÞcosBsinC1−Lεx1C1cosBþ Lεx1z1cosBþ Lεy z1ð ÞcosBþ q5yεy C1ð ÞsinC1−q5yεx C1ð Þ
cosC1−q5yεyC1

−q5yεyz1 þ q5yεx x1ð Þ þ q5yεx z1ð Þ þ δz x1ð Þ−δz C1ð Þ þ δz yð Þ þ δz z1ð Þ þ δz Bð ÞcosB
þq5yεx yð Þ−q5xεy x1ð Þ−q5xεy yð Þ−δx Bð ÞsinBþ Lεy Bð ÞcosBþ Lεy x1ð ÞcosBþ Lεy yð ÞcosBþ
x1 εy C1ð Þ� �

cosC1 þ εx C1ð ÞsinC1 þ εx1C1−εx1z1−εy z1ð ÞÞ þ y
�
εy C1ð ÞsinC1−εx C1ð ÞcosC1−εyC1

þεyz1 þ εx x1ð Þ þ εx z1ð ÞÞ þ D
�
−εy C1ð ÞcosBcosC1−εx C1ð ÞcosBsinC1−εx1C1 cosBþ εx1z1cosBþ

εy Bð ÞcosBþ εy x1ð ÞcosBþ εy yð ÞcosBþ εy z1ð ÞcosBÞ
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