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Abstract Surface grinding is always accompanied with
chatter due to self-excited vibration. It often leads to an
unexpected impact on the quality of the workpiece’s to-
pography. However, the chatter is regarded as a harmonic
vibration in most topography researches. This may lose
preciseness when the relative vibration and the abrasive
trajectory are taken into consideration. In order to study
the relationship between the system’s dynamic character-
istic and the workpiece’s topography, a two-DOF (degree
of freedom) dynamic model with time-delay characteristic
is established accordingly. Then, reliability analysis is in-
troduced into chatter vibration by analyzing the fluctua-
tions of dynamic parameters with two analysis methods,
namely Monte Carlo (MC) and first-order second-moment
(FOSM). With the above two reliability analysis methods,
the calculations are carried out as follows: firstly, the non-
Gaussian distribution of the grinding wheel based on
Johnson Curves and filter techniques is established.
Secondly, the results of the dynamic analysis are coupled
into the grain trajectory equation. Thirdly, the influence of
the wheel grinding parameters and dynamic parameters on
the surface height is discussed by coupling the dynamic
characteristics into the simulation model. Finally, the sim-
ulations and experiments are carried out on the impact of
different feeding rates and sections on the workpiece to
the surface heights. The comparisons verify the prediction
of the simulation model. The obtained conclusions could
be applied to optimize the workpiece’s topography by

regulating the grinding parameters and dynamic parame-
ters to weaken the chatter’s influence.
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1 Introduction

Surface grinding is widely applied in high-precision ma-
chining with low material-removal rate and high surface
precision. The surface topography is the response of the
interaction between the wheel’s abrasive grains and the
workpiece surface’s material [1–6]. In addition, the
change of surface topography affects the stress distribu-
tion, waviness, and contact fatigue limit directly [7].
Various factors have influence on the surface topography,
especially the relative movement between the abrasive
grains and the workpiece [8]. The relative movement is
decided by the system’s dynamics. It was verified that the
wheel’s dynamics and the surface topography are closely
related [9]. Therefore, it is necessary to make a dynamic
analysis on the system. The output of the dynamic re-
sponse is the vibration. There are two kinds of vibration
forms including the grinding chatter and the forced vibra-
tion. The forced vibration is commonly seen in the cylin-
drical grinding. Due to the deficiency of the process sys-
tem’s rigidity which leads to the deformation of the work-
piece, the vibration becomes stronger. However, the
forced vibration may not be suitable for the surface grind-
ing, because the workpiece’s fixture is of great rigidity.
Therefore, the forced vibration is neglected in the regular
surface grinding. As is known, the source of the surface
grinding vibration belongs to the regenerative chatter,
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which is produced from the metal cutting operations such
as grinding, milling, drilling, etc. [10]. The regenerative
chatter with time-delay characteristic is a kind of self-
excited vibration caused by the phase difference from
the two adjacent grains [11, 12]. The regenerative chatter
and the randomly distributed abrasive grains make the
grinding process complicated. However, the chatter is al-
ways neglected when it comes to the surface topography.
Even though the vibration is considered, the mode of vi-
bration is still regarded as a kind of forced vibration.
Therefore, solving the dynamic equations and analyzing
the fluctuations of dynamic parameters within the machin-
ing error range are of great significance in improving the
quality of surface topography.

The surface topography is affected by the grinding
chatter. Chatter stems from the unbalance of the grinding
system [13]. Therefore, the unbalance of the grinding
wheel is analyzed by the lobe diagram [14–16]. For the
reason that it can be a reference standard to measure the
chatter’s strength, the contact stiffness between the wheel
and the workpiece is discussed, which is an important
affecting parameter of the lobe diagram. Since the contact
stiffness is affected by the dynamic parameters, the study
on dynamic parameters is carried out. The reason why the
grinding dynamic parameters are not always the same as
the set values under the actual working conditions is that
the dynamic parameters fluctuate in a short range which is
caused by interference and the machining errors.
Therefore, the reliability for random factors analysis is
introduced with two methods. Monte Carlo (MC) is ap-
plied to settle the influence of the dynamic parameters’
fluctuation, and the first-order second-moment method
(FOSM) is used to verify the accuracy of MC [17, 18].
Then, the dynamic characteristic of the system chatter is
coupled into the analysis of workpiece’s surface
topography.

For the sake of studying the relationship between the
dynamic characteristics of system chatter and the work-
piece’s surface topography, the model of the grinding sur-
face should be established first. Zhou and Xi created a
truncated Gaussian distribution model to relate the wheel
volume wear to the change of protrusion’s heights [19].
Yan and Rong established the mathematical model of the
abrasive grains based on the Gaussian distribution [20].
Xie and Williams made a prediction on a hard rough sur-
face on the assumption that the grains’ heights were
regarded as Gaussian distribution [21]. To sum up, all
the simulated models above are based on the Gaussian
distribution. However, the wheel’s surface always shows
a negative skewness to some extent. When the wheel’s
machining process is considered, the peak of the rough
surface is easier to be removed than the valley.
Therefore, it is believed that the height of the abrasive

grains seemingly belongs to non-Gaussian distribution
[22, 23]. The non-Gaussian distribution of the wheel and
the system’s dynamic interactions result in the complexity
of workpiece’s surface topography. Yang and Guo ana-
lyzed the effect of the vibration on the assumption that
the wheel’s surface was treated to be smooth [24]. Cao
and Wang simulated workpiece’s surface topography
when the wheel’s and workpiece’s vibrations were taken
into account. However, the vibrations were regarded as a
type of fixed amplitude harmonic vibration [1, 7]. To sum
up, the majority of the existed vibration researches are
based on the simple vibration form. When the chatter
happens, the vibration style and the vibration amplitude
are time-varying and should be reconsidered.

After confirming the chatter’s dynamic characteristic
and the surface topography of the grinding wheel, a new
simulation model for workpiece’s surface is established.
The stability and reliability of the system are analyzed
firstly, and then the system’s dynamic solution and param-
eter fluctuations are coupled into the interactions between
the abrasive grains and the wheel’s surface. Based on the
new method, the simulation is in the same order of mag-
nitude with the result of experiments. It shows that chatter
can directly increase the values of the workpiece’s surface
height. The fluctuations of the grinding system’s dynamic
parameters will lead to differences in chatter’s stability
and reliability. As a consequence, the abrasive grains tra-
jectory on the workpiece is influenced. Finally, the work-
piece’s surface is affected accordingly. Therefore, the
chatter factors should be seriously taken into consider-
ation when it comes to the analysis of the workpiece’s
surface topography.

2 Analysis of the grinding system

2.1 Dynamic modeling

In order to study the dynamic characteristic of the grind-
ing system, a two-DOF (degree of freedom) dynamic
model in the normal direction is established in Fig. 1.
The wheel (mass Mg) rotates at the angular velocity of
ω, and the workpiece’s (mass Mw) material is 1045 steel,
which begins with the feeding rate of vw. The normal
cutting force FN between the wheel and the workpiece is
considered to be nonlinear due to the chatter factors. The
equations of the entire two-DOF dynamic system are as
follows:

M g€xg þ Cgxg þ Kgxg ¼ FN ð1Þ

Mw€xw þ Cwxw þ Kwxw ¼ −FN ð2Þ
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Where Cg, Cw, Kg, Kw, xg, and xw are the damping coeffi-
cients, the stiffness and the displacement of the wheel and
workpiece respectively. The normal cutting force FN at the
grinding position is given by [25]

FN ¼ Kn

�
1−αð Þε0 þ 1−αγð Þ xw tð Þ−xg tð Þ� �

− 1−γð Þ xw t−Tg

� �
−xg t−Tg

� �� �� ð3Þ

Where Kn is the contact stiffness between the workpiece and
the wheel. Tg is the time delay of the grinding system and it is
also the rotation period of the wheel. ε0 is the pre-set grinding
depth. γ is the cutting ratio of the grinding system. The value of γ
ranges from 2 × 10‐4 to 1.When γ is relatively smaller, the wheel
should get harder. As a result, the grinding force increases. Or
else, the grinding force decreases with the increase of γ; mean-
while, the wheel is easy to be worn out. α is the overlapping
factor which is related to the contact arc length Ls, the workpiece
feeding rate vw, and the time delay Tg, and it can be written as:

α ¼ 1−
2πvw
Lsωg

ð4Þ

Where the contact arc length can be written as Ls ¼
ffiffiffiffiffiffiffiffiffi
ε0ds

p
.

ds is the wheel diameter. Furthermore, ε0 is the grinding depth
related to the entire penetration. The entire penetration can be
written as (see Fig. 2):

ε tð Þ ¼ εg tð Þ þ εw tð Þ ¼ ε0 þΔε tð Þ ð5Þ

Where Δε(t) is the time-varying part of the entire penetra-
tion. εg(t) and εw(t) are penetrations from the wheel and work-
piece surface respectively, which can be defined as:

Δε tð Þ ¼ xw tð Þ−xg tð Þ ð6Þ
εg tð Þ ¼ 1−γð Þε tð Þ ¼ 1−γð Þε0 þΔεg tð Þ ð7Þ
εw tð Þ ¼ γε tð Þ ¼ γε0 þΔεw tð Þ ð8Þ

Where Δεg(t) and Δεw(t) are the time-varying parts
of the εg(t) and the Δεw(t). They are related to the
calculation of the grinding system, and they can result
in the diversity of the workpiece’s surface topography
with the change of vibrations. Therefore, it is necessary
to couple the macro chatter into the microanalysis of the
workpiece’s surface topography.

In order to solve the delay differential equations, the
Runge-Kutta method is adopted in simulation. Vector y(t) is
defined as y tð Þ ¼ xg tð Þ; xw tð Þ; xg tð Þ; xw tð Þ� �

T. When the

Fig. 2 The grinding contact region

Fig. 1 The surface grinding model

Fig. 3 The phase-plane diagrams of the grinding system
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derivative of y(t) is calculated, it comes to y tð Þ ¼
xg tð Þ; xw tð Þ;€xg tð Þ;€xw tð Þ� �

T. Finally, the delay differential
equations can be written as:

y ¼ Myþ Ny t−T g

� �þΔy ð9Þ

Where

M ¼

0 0 1 0
0 0 0 1

−Kg−Kn 1−αγð Þ
M g

Kn 1−αγð Þ
Mg

−
Cg

M g
0

Kn 1−αγð Þ
Mw

−Kw−Kn 1−αγð Þ
Mw

0 −
Cw

Mw

0
BBBBB@

1
CCCCCA

N ¼

0 0 0 0
0 0 0 0

1−γð ÞKn

M g

γ−1ð ÞKn

Mg
0 0

γ−1ð ÞKn

Mw

1−γð ÞKn

Mw
0 0

0
BBBBB@

1
CCCCCAΔy ¼

0
0

Kn 1−αð Þε0
Mg

Kn α−1ð Þε0
Mw

0
BBBBB@

1
CCCCCA

2.2 Response analysis

The phase-plane diagrams of the wheel and the workpiece’s
stable vibration are shown in Fig. 3. It shows that the chatter
amplitude becomes larger at the beginning of grinding.
However, as the grinding process continues, the chatter ampli-
tude gets smaller. It is also shown that the wheel’s chatter am-
plitude is much larger than the workpiece’s chatter amplitude.
Therefore, the wheel’s chatter plays a more important role in
deciding the stability and reliability of the grinding system.

A key parameter that measures the chatter’s strength is the
contact stiffness between the wheel and the workpiece. There
are many factors contributing to the value of contact stiffness,
especially the change of the dynamic parameters. Figure 4
panels a and b are the wheel’s dynamic responses under dif-
ferent contact stiffness. The contact stiffness of panel a is 3 ×
107 N/m, while the contact stiffness of panel b is 7 × 107 N/m.
Panel c is the change of amplitude under different contact
stiffness. It can be seen that with the increase of the contact

stiffness, the stable chatter becomes unstable gradually and the
amplitude increases exponentially.

3 Modeling of the grinding system chatter reliability

3.1 Stability of the grinding chatter

Chatter affects the workpiece’s precision and the grinding
efficiency to a great extent. When a set of dynamic pa-
rameters are given, the contact stiffness can be calculated.
Compared with the machine tool with a good rigidity,
which is used to fix the workpiece, the wheel’s response
plays a more important role in deciding the dynamic char-
acteristic. Consequently, as the dynamic approximation,
the wheel’s responses can replace all DOF. Laplace trans-
formation is applied to Eq. (1):

G sð Þ ¼ X sð Þ
F sð Þ ¼

1

Kg

s
ωn

� �2
þ 2ξs

ωn
þ 1

ð10Þ

Then Laplace transformation is applied to the grinding
force FN, and FN can be written as:

F iωð Þ ¼ Kn Aþ Be−Tgiω
� �

X iωð Þ ð11Þ

When Eq. (10) is combined with Eq. (11), it can be obtain-
ed that:

1

−λ2 þ 2ξλiþ 1
¼ Kg

Kn Aþ Be−Tgωið Þ ð12Þ

Where ξ and ωn are the damping ratio and nature wheel’s
frequency respectively. ω is the chatter system’s frequency.
A = αγ − 1, B = 1 − γ. Where λ ¼ ω

ωn
, e−Tgωi ¼ cos ωgT

� �
−isin ωgT

� �
, Eq. (12) can be expressed as:
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Fig. 4 The response regularity under different contact stiffness
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1−λ2−2ξλi

1−λ2
� �2 þ 2ξλð Þ2

¼ Kg

Kn
⋅

Aþ Bcos ωTg

� �þ iBsin ωT g

� �
Aþ Bcos ωTg

� �� �2 þ B2sin2 ωTg

� �
ð13Þ

By separating the real and imaginary parts in Eq. (13), it
can be obtained that:

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−λ2
� �2 þ 2ξλð Þ2

q
¼ Kg

Kn
⋅

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aþ Bcos ωTg

� �� �2 þ B2sin2 ωTg

� �q ð14Þ

arctan
−2ξλ
1−λ2

� �
¼ arctan

Bsin ωTg

� �
Aþ Bcos ωT g

� �
 !

ð15Þ

Where Kn and ωTg can be written as:

Kn ¼
Kg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−λ2
� �2 þ 2ξλð Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aþ Bcos ωTg

� �� �2 þ B2sin2 ωTg

� �q
¼ 2ξλKg

Bsin ωTg

� �
ð16Þ

ωTg ¼ arcsin
A
B
⋅

2ξλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2−1
� �2 þ 2ξλð Þ2

q
0
B@

1
CA

−arctan
2ξλ

−λ2 þ 1

� �
þ 2iπ i ¼ 1; 2; 3⋯nð Þ

ð17Þ

Due to ωn ¼ 2πNg

60 and Tg ¼ 2π
ωn
, it can be obtained that:

Ng ¼ 60λωn

ωT g
ð18Þ

When Eq. (17) is combined with Eq. (18), it can be obtain-
ed from our operation that:

Ng ¼ 60λωn

arcsin −
A
B
⋅

2ξλffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2−1
� �2 þ 2ξλð Þ2

q
0
B@

1
CA

−arctan
2ξλ

−λ2 þ 1

� �
þ 2iπ

0
BBBBB@

1
CCCCCA

−1

ð19Þ

According to Eq. (16) and Eq. (19), the lobe diagram about
the contact stiffness and the wheel rotation speed under dif-
ferent Mg, Cg, and Kg are shown in Fig. 5

Figure 5 shows the relationship between the wheel rotation
speed and the contact stiffness under different mass, stiffness,
and damp. It can be seen that contact stiffness fluctuation
range becomes larger with the increase of the wheel rotation
speed, and the contact stiffness becomes larger with the in-
crease of damp and stiffness, but the increase of mass can
result in the decrease of the contact stiffness. It is because that
the formula of the contact stiffness is related toMg, Cg, andKg

as well as the wheel rotation speed. However, when the con-
tact stiffness becomes larger, the grinding force of generating
unit displacement gets larger. Therefore, the grinding force
acts on the workpiece’s surface directly and may have a neg-
ative effect on the workpiece’s surface.

3.2 Reliability analysis on fluctuated parameters

From Eq. (16), the theoretical parameters are used to be
known as fixed parameters such as Mg, Kg, Cg, and chatter
frequency ω. However, these parameters are not constant
when the machining errors in actual working conditions are
taken into consideration. Therefore, the fluctuation of dynam-
ic parameters leads to the uncertainty in the process of grind-
ing. Furthermore, the uncertainty effect can act on the work-
piece’s surface directly, which may change the scheduled
workpiece’s surface. In order to study the influence of this
uncertainty, reliability analysis is proposed. The reliability is
a scale to measure the uncertainty and is a structural reliability
of the grinding system. It originates from the fluctuations of
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Fig. 5 Typical lobe diagrams under different dynamic parameters
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the grinding dynamic parameters. Monte Carlo method is used
to calculate structural reliability, and the limit state equation
can be expressed as:

U Xð Þ ¼ Kn−Kn0 ð20Þ

If U(X) > 0 in the calculations of sampling by N times, the
actual contact stiffness is larger than the theoretical calculation
result, and the chatter is more powerful than before. This phe-
nomenon may result in a negative effect on the workpiece’s
surface. It is assumed that the calculation time is set as N =
5000. IfU(X) < 0 in the calculations of sampling byN times, it
is of little effect in the generation of workpiece’s topography.
On the assumption that among the N times sampling there are
S times samplings making U(X) < 0, the reliability of the sys-
tem can be written as:

P ¼ S
N

ð21Þ

Where Kn0 is the given contact stiffness without consider-
ing the uncertainty. X is a defined variable matrix. X = (Mg,
Cg,Kg, ω)

T.Mg, Kg, and Cg are linearly independent with each
other, but they all linearly depend on the chatter frequency ω.
According to Eq. (19), ω is decided by Mg, Kg, Cg, and the
wheel rotation speed Ng. As a consequence, Ng can indirectly
change the chatter state by influencing the chatter frequency
ω. Figure 6 shows the relationship between the grinding

chatter’s reliability and the wheel rotation speed. It can be seen
that the system’s reliability are not the same all the time. With
the increase of the spindle’s speed, the change of reliability
decreases.

The chatter frequency ω depends onMg, Kg, Cg, and Ng of
the system. Therefore, X turns into a matrix with relevant
variables. In order to obtain the distribution ofX, the distribu-
tion of ω should be studied. In addition, due to the machining
errors, multiple random selection is carried out onMg, Kg, Cg,
andNg. Therefore, the value ofω is confirmed. Figure 7 shows
the relationship between chatter frequency and wheel rotation
speed under different machining errors.

After the chatter frequency is obtained, measures should be
taken to calculate the system’s reliability. Orthogonal transfor-
mation method is applied to transform the relevant variables
into independent random variables. As a result, the correlation
matrix which is composed ofMg, Kg, Cg, and ω can be written
as:

ρ ¼
1 0 0 ρM gω
0 1 0 ρCgω
0 0 1 ρKgω

ρMgω ρCgω ρKgω 1

0
BB@

1
CCA ð22Þ

Where ρMgω, ρCgω, and ρKgω are the correlation coefficient

of Mg, Kg, and Cg with ω respectively. Therefore, the covari-
ance matrix can be written as:

C ¼

σ2
M g

0 0 ρM gωσMgσω

0 σ2
Cg

0 ρCgωσCgσω

0 0 σ2
Kg

ρKgωσKgσω

ρMgωσM gσω ρCgωσCgσω ρKgωσKgσω σ2
ω

0
BBBB@

1
CCCCA
ð23Þ

Where σ2
Mg

, σ2
Cg
, σ2

Kg
, and σ2

ω are the variance of theMg,Kg,

Cg, and ω respectively. Due to the property of fourth-order
symmetric positive matrix, there must be four characteristics
and four linearly independent characteristic vectors. Y is the
new matrix after the orthogonal transformation, and A is the
matrix made up of four regularization characteristic vectors.
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Y ¼ ATX ð24Þ
μY ¼ ATμX ð25Þ
σY ¼ ATCΑ ð26Þ

For the reason that Y is an independent matrix, Monte
Carlo method is applied to calculate the system’s reliability.
In order to verify the accuracy of the results with FOSM
method, U(X) can be written as:

W ¼ U Xð Þ ¼ U AYð Þ ¼ UY Yð Þ ð27Þ

The derivative of Y can be obtained with the check-point
method, and Eq. (27) can be transformed into:

∂UY Yð Þ
∂Y i

¼ AT ∂U Xð Þ
∂X i

ð28Þ

According to the linear combination of independent ran-
dom variables, the mean and the standard deviation of the UY

can be written as:

μUY ¼ g Yð Þ þ ∑
4

i¼1

∂g Yð Þ
∂Y i

μYi
−Y i

� � ð29Þ

σUY ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
4

i¼1

∂g Yð Þ
∂Y i

� �2

σ2
Yi

s
ð30Þ

As a result, the reliability index can be obtained:

β ¼ μUY

σUY
ð31Þ

The sensitivity coefficient of Y can be written as:

cosθY i ¼ −

∂g Yð Þ
∂Y i

σY iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
4

i¼1

∂g Yð Þ
∂Y i

� �2
σY i

s ð32Þ

Therefore, the new Y can be written as

Y ¼ μY i
þ βσY i

cosθY i ð33Þ

Then X is updated by X =AY. Multiple iterations does not
come to an end until the error is less than 10−3. Finally, the
results about the reliability of grinding system and the given
contact stiffness Kn0 with two methods are shown in Fig. 8.

As is shown in Fig. 8, the red line represents the reliability
results which are calculated with MC method, and the black
line represents the reliability results which are calculated with
FOSM method. For the reason that the results show consis-
tency, the accuracy of the methods is verified. It can be seen
that the reliability of the grinding system decreases when the
given contact stiffness becomes higher due to the increase of

the chatter’s amplitude (shown in Fig. 4). As a result, serious
vibration of the grinding system is caused. As more and more
Kn exceed Kn0 in the multiple sampling calculations, the reli-
ability of the grinding system decreases when the contact
stiffness increases.

Figure 9 shows the change of the reliability when the given
contact stiffness Kn0 and the wheel’s wheel rotation speed Ng

are taken into consideration. It can be seen that under different
wheel rotation speeds, the reliability of the system reduce with
the increase of the contact stiffness. However, the attenuation
rates are different. With the decrease of the wheel rotation
speed, the attenuation rates become higher. The accuracy of
the workpiece cannot be guaranteed if the reality of the grinding
system becomes too low. Therefore, the workpiece benefits
from the appropriate increase of the wheel rotation speed.

4 Modeling of the wheel surface topography

The machining efficiency and the workpiece surface topogra-
phy depend on the distribution of the wheel’s grains to a big
extent. However, it is rather time-consuming to obtain the data
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of the wheel’s surface topography. Therefore, it really be-
comes a necessary step to establish the grains distribution on
the wheel’s surface for the whole simulation procedure. For
the reason that the peak of the rough surface is easier to be
removed than the valley in the machining process, the wheel’s
surface shows negative skewness. Therefore, the digit gener-
ation technology which is based on the linear filtering tech-
nology and the Johnson Transformation are proposed to sim-
ulate the wheel’s surface topography.

The wheel’s surface can be regarded as a two-dimension spa-
tial random surface, and the grains’ sizes on the surface can be
discretized by changing the height of z(i, j). z(i, j) is described by
the autocorrelation function and the first four center moments
(expectation u, variance σ2, skewness sk, kurtosis ku). It can be
seen that z(i, j) belongs to the non-Gaussian distribution and can
be calculated by the Johnson transformation. The Johnson trans-
formation is classified into four kinds of systems:

a. Unbounded system

z
0 ¼ γ þ δsinh−1

z−ξ
λ

� �
ð34Þ

b. Bounded system

z
0 ¼ γ þ δlog

z−ξ
ξ þ λ−z0
� �

ð35Þ

c. Logarithmic system

z
0 ¼ γ þ δlog

z−ξ
λ

� �
ð36Þ

d. Normal system

z
0 ¼ γ þ δz ð37Þ

Where z′ is the Gaussian distribution, while z is the non-
Gaussian distribution γ, δ, ξ, and λ are calculated with the Hill
method [26]. The parameters are according to the results of the
input skewness and kurtosis.

skη ¼
∑
M

r¼1
∑
N

s¼1
h r; sð Þ2

� �3=2

∑
M

r¼1
∑
N

s¼1
h r; sð Þ3

skz ð38Þ

kη ¼
∑
M

r¼1
∑
N

s¼1
h r; sð Þ2

� �2

∑
M

r¼1
∑
N

s¼1
h r; sð Þ4

kz−3ð Þ þ 3 ð39Þ

Where skη and kη are the input skewness and kurtosis re-
spectively. skz and kz are the output skewness and kurtosis
respectively.

As the wheel’s surface has the particular autocorrelation
characteristic, it becomes necessary to carry out a two-
dimension linear filtering on the non-Gaussian distribution.
Therefore, z can be written as:

z i; jð Þ ¼ ∑
M

r¼1
∑
N

s¼1
h r; sð Þz iþ r; jþ sð Þ ð40Þ

Where h is the filter function of the wheel surface. z is the
non-Gaussian distribution which is obtained via Johnson
transformation. Fourier transformation is applied to Eq. (38):

Z k; lð Þ ¼ H k; lð ÞZ k; lð Þ ð41Þ

Where Z, H, and Z are the Fourier transformation of z, h,
and z. Therefore, H(k, l) can be written as:

H k; lð Þ ¼ ∑
M

r¼1
∑
N

s¼1
h r; sð Þe− jkrþjlsð Þ ð42Þ

Since the power spectral density can be expressed into the
square modulus of the Fourier transformation, Eq. (41) can be
written as:

Sz k; lð Þ ¼ H k; lð Þj j2S
z
k; lð Þ ð43Þ

Where Sz(k, l) and Sz k; lð Þ are the power spectral density
functions of the output and input sequence respectively. The
power spectral density function can also be obtained from the
Fourier Transformation of autocorrelation function.
Therefore, Sz(k, l) can also be written as:

Sz k; lð Þ ¼ 1

MN
∑
M

r¼1
∑
N

s¼1
R k; lð Þexp −

2πkr
M

−
2πls
N

� �
ð44Þ

Where R(k, l) can be written as

R k; lð Þ ¼ σ2exp −2:3
k
βx

� �2

þ l
βy

 !2
2
4

3
5

1=2

8><
>:

9>=
>; ð45Þ
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Where βx and βy are the autocorrelation lengths in the
direction of x and y respectively. The autocorrelation lengths
are defined as the lengths in x and y directions where the
exponential drops to 10% from its original value. Based on
the distribution of the abrasive grains, the simulation model is
chosen as isotropic and βx is equivalent with βy. As a result,
the exponential autocorrelation function can be only consid-
ered in one direction instead of both two directions. The au-
tocorrelation of the simulation surface is calculated and com-
pared with Rx. Figure 10 shows the result of R in x direction.
The black line is obtained from the theoretical calculation,
while the red one is calculated from the non-Gaussian simu-
lation in x direction (Fig. 11).

5 Modeling of the workpiece’s topography
with grinding chatter

5.1 Modeling of workpiece’s surface

The workpiece’s surface topography is decided by the chatter
of the grinding system and the interference between the grains
and the workpiece. The former factor has been analyzed in the
paragraph above. The latter factor has been analyzed through
establishing the grains dynamic model. Then the chatter factor
is coupled with the dynamic model. For the reason that grind-
ing is a complex material removal process, several hypotheses
are adopted as follows before the grains dynamic model is
established:

1. Sliding, plowing, and built-up edges are not taken into
consideration in the process of grinding.

2. Thermal deformation is not associated with the grains
dynamic model.

Figure 12 shows the trajectory of the adjacent grains as the
grinding is processing. The origin of coordinate of the systems
is set on the workpiece’s surface, on which the lowest grain of
the wheel contacts with the workpiece. The grinding way is

up-grinding. The dynamic equations of grainG can be written
as:

x ¼ vwt þ rssinθ
y ¼ rs 1−cosθð Þ

	
ð46Þ

Where x and y are the instantaneous coordinates in x and y
direction respectively. θ is the rotation angle of the wheel. rs is
the generalized radius of the wheel. t is the time needed to
rotate the grain at the angle of θ. When t is eliminated, Eq. (46)
can be written as:

y ¼ x2

2rs 1þ vw
vs

� �2 ð47Þ

When the grain size is taken into consideration, the trajec-
tory of each grain in the local coordinate system can be written
as:

y
0
j ¼

x
0
j
2

2rj 1þ vw
vs

� �2 ð48Þ

Where x
0
j and y

0
j are the local coordinates of the jth grain in

the local coordinate system. rj is the actual radius which can be
written as rj = hj + rs. Where hj is the non-Gaussian distribu-
tion of the wheel. In order to obtain hj, the original input
expectation and standard deviation of the grain can be written
as:

dg ¼ 68M−1:4 ð49Þ
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σg ¼ 15:2M−1−68M−1:4� �.
3 ð50Þ

Where M is the abrasive granularity of the wheel.
For the adjacent grains, the interval between the translation

and the rotation are equal. In order to know the trajectory of each
grain, the local coordinate system is transformed into the global
coordinate system.Meantime, the dynamic solution of the grind-
ing system is coupled with the grain dynamic equation by
obtaining the permeation of the workpiece and the wheel.
Therefore, the equation about each grain including the grinding
chatter in the global coordinate system can be written as:

y j ¼
x−ΔO j

� �2
2r j 1þ vw

vs

� �2 − r j−r1
� �þ εg tð Þ þ εw tð Þ ð51Þ

WhereΔOj is the wheel’s translation distance when the jth
grain is passed to the origin of the corresponding local coor-
dinate system, which can be written as:

ΔO j ¼ vw
vs

n−1ð ÞΔxs ð52Þ

Where vs is the linear velocity of the wheel. n is the grain
number in the circumferential direction.Δxs is the circumfer-
ential distance between the adjacent grains, which can be writ-
ten as:

Δxs ¼ dg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

12 32−Sð Þ
3

r
ð53Þ

n ¼ 2πrs
Δxs

ð54Þ

Where S is the wheel’s structure number. In order to com-
bine the feasibility of the experimental parameters, wheel ro-
tation speed is set as Ng = 2828 rpm, and the abrasive granu-
larity of the wheel is set asM = 46, and the radius of the wheel
is set as rs = 0.125 m, and the velocity of the workpiece is set
as vw = 0.03 m/s, and the grinding depth is set as ap = 100 μm.

Figure 13 shows the simulated 3D workpiece’s topography
under four different conditions, in which panel a has the given
parameters, while panel b excludes the chatter factor, and pan-
el c has Ng = 4000 rpm as the wheel rotation speed, and panel
d has vw = 0.08 m/s as the workpiece’s feeding rate. It can be
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Fig. 13 The 3D workpiece’s topography under four different conditions
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seen that the chatter factors have a great influence on the
workpiece’s topography, while the workpiece’s topography
has a close relationship with the wheel rotation speed and
the feeding rate, and the specific relationship is shown in
Fig. 14.

5.2 Analysis on workpiece’s grinding parameters

Two different conditions are considered in Fig. 14. One is
with the chatter factor, while the other is without the chat-
ter factor. Figure 14a shows the relationship between the
surface’s height and the wheel rotation speed under dif-
ferent abrasive granularities. Figure 14b shows the rela-
tionship between the surface height and the feeding rate
under different abrasive granularities. From Fig. 14, the
following conclusions can be obtained:

1. The surface height decreases when the wheel rotation
speed increases. Even though the contact stiffness of the
grinding system fluctuates with the increase of the wheel ro-
tation speed, the grinding depth of a single grain decreases. As
the grinding depth becomes shallow, the elastic deformation is
easier to recover.When the feeding rate increases, the grinding
depth of a single grain increases. The increasing depth results
in more serious interference, which leads to a poor surface
topography.

2. The surface height decreases with the increase of the
abrasive granularity. The reason is that the increasing abrasive
granularity means the smaller size of the grain. The smaller
size contributes to the smaller interference of each grain and
results in a superior surface topography. Therefore, the rela-
tionship between the surface height and the abrasive granular-
ity is shown in Fig. 14.

3. Through comparing the two conditions (with chatter
factor and without chatter factor), it can be seen that chatter
can lead to poor surface topography. The reason is that chatter
can make the grinding system unstable, and make the work-
piece’s surface vibrate. As a result, the amplitude of the sur-
face height becomes higher compared with the condition with-
out the chatter factor.

5.3 Analysis on workpiece’s dynamic parameters

After analyzing chatter’s influence on the workpiece’s topog-
raphy, the relationship between the dynamic parameters and
the workpiece’s surface topography should be studied.
Figure 15 shows the relationship between the surface height
and the increasing wheel rotation speed under three different
dynamic parameters (Mg, Kg, Cg).

It can be seen that the surface height increases with the
increase of the Cg and Kg under some conditions, but it de-
creases with the increase of Mg, which coincides with the
results of stability analysis. The contact stiffness between the
wheel and the workpiece increases with the increase of the Cg

and Kg, and the grinding force which is needed to generate
unit displacement becomes bigger. The increasing grinding
force leads to bigger plastic deformation on the workpiece’s
surface, which can result in poor surface topography due to the
serious chatter. However, the contact stiffness reduces with the
increase ofMg. Therefore, the grinding force becomes smaller
and the crack caused by the grain becomes shallow. As a
result, the surface height becomes superior compared with
the first two conditions.

It is the machining errors that lead to the uncertainty of the
grinding system, and the uncertainty is measured by the struc-
ture reliability. The contact stiffness is the key parameter to
evaluate the reliability and the chatter strength of the grinding
system. The reliability of the grinding system decreases with
the increase of the contact stiffness, and the increasing contact
stiffness also leads to more serious chatter. As a consequence,
the dynamic impacts caused by the serious chatter acts on the
workpiece directly. In this way, poor surface topography is
generated with the increase of the contact stiffness, which is
shown in Fig. 16.

According to the relationship between the surface height
and the contact stiffness, it can be concluded that the low
reliability which is caused by the increasing contact stiffness
can result in more serious chatter and worse surface
topography.
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6 Experimental investigation

6.1 Condition and process of the experiment

In order to study the workpiece’s surface height with the
grinding chatter taken into consideration, the experiment is
conducted specially. Through comparing the chatter’s simula-
tion results with experimental results, the accuracy of the the-
oretical model is verified to be reasonable.

In the experiment, the type of the surface grinder is
M7120A. The wheel rotation speed is 2828 rpm, the di-
ameter of which is 250 mm. The vitrified bond white
alumina wheel is chosen with the abrasive granularity
F46. The material of the workpiece is steel 45 with the
size of (50 × 10 × 20) mm. They are summarized in
Table 1. The workpiece is fixed on the clamp at the feed-
ing rate of 0.033 m/s. The grinding depth of the work-
piece is 100 μm. The grinding process and experiment
devices are shown in Fig. 17.

By using diamond stylus at the curvature radius of 2.5–
10 mm, the workpiece surface height is obtained with contact
interference method. The TR300 surface measuring instru-
ment is used in this experiment. The working principle and
the measuring devices are shown in Fig. 18.

Experiments are carried out at different workpiece’s feed-
ing rates, 0.013, 0.022, and 0.033 m/s respectively, while the
other parameters stay the same. Afterwards, comparison of the
surface heights is done among the experimental results, the
simulation results (with the chatter factor), and the simulation
results (without chatter factor).

Since the chatter strength varies with the different po-
sitions on the workpiece, the workpiece’s surface is
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Fig. 15 Relationship between surface height and the increasing wheel
rotation speed under different dynamic parameters
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Table 1 Experimental conditions and parameters

Experimental conditions Parameters

Experiment equipment M7120A

Wheel rotation speed 2828 rpm

Grinding wheel White corundum

Granularity of the wheel F46

Diameter of the wheel 250 mm

Size of the workpiece 50 × 10 × 20 mm

Grinding
wheel

Workpiece
and fixure
Workbench

Fig. 17 The grinding process and the experiment devices
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divided into three sections for analysis, the grinding be-
ginning area, the grinding center area, and the grinding
ending area, which is shown in Fig. 19. The surface
heights of these three sections are recorded respectively.
Afterwards, the comparison is carried out between the
simulation results and the experimental results of the three
sections.

6.2 Analysis on the experiment results

The mean-values of the surface heights from multiple mea-
surements are summarized in Table 2. The relationship be-
tween the surface height and the workpiece’s feeding rate is
shown in Fig. 20. Through the comparison of the surface
height between the experiment results and the simulation re-
sults, it can be seen that the experiment results match the
simulation result with chatter factor well. Both of their surface
heights increase with the increase of the workpiece’s feeding
rate. However, when the chatter factor is not considered, the
preciseness of the simulation results cannot be guaranteed. For
the reason that the chatter makes the grinding system unstable,
it should be considered in the analysis of workpiece’s
topography.

When the workpiece’s feeding rate stays at 0.033 m/s, the
relationship between the surface heights and the different sec-
tions on the workpiece is shown in Fig. 21. In spite of the
serious chatter of grinding system at the beginning of the
grinding, the grinding depth is relatively small, and this small
depth plays the dominant role compared with the grinding
chatter. Due to the increasing grinding depth and the grinding
chatter, the surface height increases with the increase of the
feeding distance. When the grinding process is nearly to the

Magnify Inrouduction
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Workpiece

Filtrate
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(b)

Fig. 18 The working principle and the measuring devices

Grinding beginning (10 mm)

Grinding center (30 mm)

Grinding ending (10 mm)

Fig. 19 The grinding sections on the workpiece

Table 2 Experimental
surface height at
different feeding rates
and different sections on
the workpiece

vw (m/s) A (μm) B (μm) C (μm)

0.013 1.085 1.504 1.505

1.316 1.541 1.463

1.415 1.439 1.677

0.022 1.341 1.572 1.651

1.182 1.420 1.616

1.303 1.681 1.430

0.033 1.103 1.473 1.882

1.340 1.523 1.545

1.227 1.521 1.758
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end, the edge effect and the grinding chatter play the dominant
role in deciding the workpiece’s surface topography.

7 Conclusions

In this paper, a new model combined the grains of non-
Gaussian distribution with the grinding chatter is established
to study the relationship between the dynamic characteristic
and the workpiece’s surface topography.

The results of the above dynamic analysis show that the
chatter strength is influenced by the contact stiffness between
the wheel and the workpiece. The low reliability caused by the
contact stiffness can lead to poor surface topography. The
surface height and the contact stiffness decrease with the in-
crease ofMg. However, a reverse tendency is shown when Kg

and Cg increase.
The grinding parameters composed of wheel rotation

speed, the feeding rate, and the abrasive granularity directly
influence the surface height. The surface height reduces with
the increase of the wheel rotation speed and the abrasive gran-
ularity. However, it increases with the increase of the feeding
rate.

The simulation is further validated by the experiment at
different feeding rates and sections on the workpiece. It shows
that the grinding chatter can raise the workpiece’s surface
height by affecting the grinding system. Grinding chatter is a
key factor to influence the workpiece surface topography and
it cannot be neglected in the practical surface grinding com-
pared with the cylindrical grinding.
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