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Abstract The paper proposes a unified analytical cutting
force model based on a predictive machining theory for
variable helix end mill considering cutter runout. The
variable helix end mill is divided into a set of differen-
tial oblique elements along the axial direction. The cut-
ting process of oblique element is based on the non-
equidistant shear zone model and the equivalent plane
method. The cutting forces of oblique element are
modeled by shearing force components due to shearing
at the shear zone and edge force components due to
rubbing in the tertiary zone. In the primary shear zone,
a modified Johnson-Cook model is introduced to ac-
count for the material size effect affected by varying
instantaneous uncut chip thickness (IUCT) during mill-
ing process. In the tertiary zone, edge radius and the
partial effective rake angle are included in the analytical
model in order to take into account the rubbing effect
precisely. The total instantaneous cutting forces are ob-
tained by summing up the cutting forces acting oblique
elements on all flutes. The unified analytical cutting
force model is verified by experimental data using four
different types of end mills, and a good agreement of
the predicted and measured cutting forces shows that
the proposed model is valid for variable helix end mills.

Keywords Variable helix . Endmill . Cutting force . Oblique
cutting . Cutter runout

Nomenclature
ϕi , j(t) Angular position of the jth

axial oblique element of the ith flute
ϕpi Pitch angle between the flute

number i and the flute number
i − 1 at the tip of end mill

N The number of flutes of the end mill
ϕ0(t) Angle position of the reference cutting

edge i = 1 with axial elevation z = 0
at time t

ϕ0 Initial angular position of the
reference cutting edge

n Spindle speed
ψi , j Radial lag angle of the jth axial

oblique element of the ith flute
βi The ith helix angle of end mill
R The radius of end mill
fz The normal feed per tooth
ϕpi , j Pitch angle of jth oblique element

between ith flute and (j − 1)th flute
Ktc, Krc, Kac Tangential, radial, and axial shearing force

coefficients
Kte, Kre, Kae Tangential, radial, and axial edge force

coefficients
hi , j(t) The instantaneous uncut

cut thickness
mi Index number denoting that the current

tooth i is to remove the materials
left by its mith previous tooth

Ri , j The actual effective radius
of the cutting edge

ρ,λ Runout amplitude and runout angle
Vi , j The peripheral cutting

velocity of end mill
ϕen,ϕex Entry angle and exit angle
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αn,αr The normal rake angle and radial
rake angle

λs Edge inclination angle
ηe Equivalent plane angle
ηsh The shear flow angle
ηc The chip flow angle
ar, ap Radial depth of cut and

axial depth of cut
k The unequal portion in the

primary shear zone
χ Taylor-Quinney coefficient
ρm,Cp, kp Material density, heat capacity

and heat conductivity coefficient
φn The normal shear angle
βn The normal friction angle

in rake face
C1,C2 Empirical machining constants
γ, γ⋅, γ⋅m, γ

⋅
0 Shear strain, strain rate,

maximum strain rate in shear
face, and the reference
shear strain rate

A, B,C,m, n Coefficients of
the Johnson-Cook model

T, Tr, Tm Material temperature,
room temperature, and
material melting temperature

τs Shear flow stress
αc,u Empirical constant and

exponential factor
G The shear modulus of workpiece
bg The magnitude of the

Burgess vector
η The strain gradient
L The length of the

primary shear zone
h Uncut chip thickness
hlim The limiting value of

instantaneous uncut cut thickness
re The edge radius
αref The partial effective rake angle

1 Introduction

Milling process is one of the most widely used machin-
ing processes for aeronautical, aerospace, die/mold, and
automobile components. Many undesired issues such as
cutter wear, cutter breakage, chatter regeneration, and
surface quality are greatly dependent on the cutting
forces, whose prediction is affected by the geometry of
tool and workpiece, especially when the tool has a com-
plex geometry in realistic industrial machining process-
es. For this reason, the precise prediction of cutting

forces of variable helix end mills is very necessary for
the analysis and optimization of milling machining
performance.

Literature review [1] reveals that the prediction meth-
od of cutting forces can be roughly classified as mech-
anistic and analytical approaches. The prediction of cut-
ting forces in mechanistic model depends heavily on the
cutting force coefficients, usually as average cutting
force coefficients or instantaneous cutting force coeffi-
cients, which are calibrated via a large number of cut-
ting experiments. Tlusty and MacNeil [2] calculated the
discrete cutting forces in milling process with the aver-
age milling force coefficients. Kline and DeVor [3] de-
veloped a model including cutter runout for predicting
cutting forces with the average cutting force coefficients
in end milling. Gradišek et al. [4] predicted the cutting
forces for a general end mill with the average cutting
force coefficients, which are identified by a series of
slot-milling experiments and the average cutting force
model. For predicting the cutting forces more accurately,
Wan et al. [5] developed a new cutting force prediction
approach for general end mills using the instantaneous
cutting force coefficients expressed as exponential func-
tions of the varied instantaneous uncut cut thickness.
Besides, there are some other methods for identification
of cutting force coefficients. Gonzalo et al. [6] and
Adetoro and Wen [7] have used the finite element meth-
od to evaluate both the average and instantaneous cut-
ting force coefficients. Adem et al. [8] proposed an
optimization technique method for identifying the cut-
ting force coefficients in the linear and non-linear force
models.

Despite the simple structure of the mechanistic
models, their predictive capability is only valid for a
known cutter profile and tool/workpiece material combi-
nation. The cutting force coefficients need to be identi-
fied once again when the cutter profile or the material
combination changes. Moreover, the determination of
cutting force coefficients depends heavily on amounts
of experimental database. Actually, the analytical cutting
force model is an alternative method to predict cutting
forces. It describes a mathematical relationship between
the cutting forces and the mechanical parameters, based
on the theory of orthogonal or oblique cutting mechan-
ics [9], which can be used for calculation of cutting
force coefficients. Hence, this approach is independent
of the repeated experimental calibration and can be ap-
plied to the complex milling process. Oxley and Young
[10] devoted great effort into the investigation of an
analytical approach to assess machinability and devel-
oped a predictive machining theory. Li et al. [11] pro-
posed a cutting force model in helical end milling pro-
cess based on Oxley’s predictive machining theory, in
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which the machining characteristic factors are obtained
from input data of cutting conditions, tool geometry,
and workpiece material properties. Later, Lalwani et al.
[12] have presented extension of Oxley’s predictive ma-
chining theory with the Johnson and Cook flow stress
model, which considers the effects of strain hardening,
strain rate sensitivity, and thermal softening on the chip
formation. With the Johnson and Cook flow stress mod-
el, the analytical model is also able to predict the tem-
peratures and stresses at primary deformation zone and
chip-tool contact zone. Recently, Moufki et al. [13] ap-
plied the thermomechanical model of oblique cutting to
calculate the milling forces by means of the material
thermomechanical characteristics and tool-chip interface
friction coefficient as input parameters. Fu et al. [14]
also presented an analytical force model with cutter
runout for ball-end milling based on a predictive ma-
chining theory.

In all the work mentioned earlier, it is noticed that
the structure of milling cutters is equal helix angle.
Actually, the variable helix cutter can be used to reduce
the forced vibration, obtain the better surface machining
quality, enhance the durability of tool, and improve the
production efficiency [15, 16]. Compared with the
mechanistic force model, the analytical force model
has several advantages: firstly, avoidance of laborious
experimental calibration; secondly, it can be used to
investigate the effects of cutter geometry or machining
parameters on the cutting forces, especially for the var-
iable helix cutter. In order to achieve high accuracy and
high efficiency in cutting, it is necessary to establish the
analytical cutting force model for designing variable he-
lix end mill. In the present work, a unified analytical
cutting force model for variable helix end mill is pro-
posed. The instantaneous uncut chip thickness (IUCT)
varies distinctly for variable helix end mill, especially
due to the existence of cutter runout. Therefore, cutter
runout is considered in the modeling of variable helix
end tool milling process. During the milling modeling
process, the shear flow stress in the primary shear zone
is estimated by introducing a modified Johnson-Cook
material constitutive law, which takes into account the
work hardening, temperature softening, and material
strengthening. To calculate the rubbing effect precisely,
edge radius and the partial effective rake angle involved
in the edge force prediction are included in the analyt-
ical model. Then, the milling tests are carried out with
different types of end mills to verify the validity of the
proposed model. Finally, the effects of tool geometries
and milling parameters on cutting forces are revealed
through numerical simulations.

The organization of this paper is as follows: the ge-
ometry of the variable end mill, the IUCT with cutter

runout, and the related parameters in end milling pro-
cess are introduced in Sect. 2. The modeling of non-
equal shear zone oblique cutting and the estimation of
shear stress in primary deformation zone are included in
Sect. 3. Subsequently, Sect. 4 investigated the shearing
force coefficients in primary shear zone and edge force
coefficients in tertiary zone. In Sect. 5, four types of
end mills are implemented to evaluate the effectiveness
of the unified analytical model. Effects of tool geome-
tries and milling parameters on cutting forces are
discussed in Sect. 6. Finally, some important conclu-
sions are given in Sect. 7.

2 Theoretical model of the milling process

2.1 Geometric model of the variable helix end mill

In this section, the end milling operation is analyzed
with respect to the global Cartesian coordinate system
(O-XYZ). The detailed geometry of a three-fluted vari-
able helix end mill is shown in Fig. 1. The geometric
center of end mill is set on the origin O. X-axis is along
the negative feed direction, Y-axis is perpendicular to
the machined surface, and Z-axis is aligned with the
tool axis direction. For the sake of convenience, the
variable helix end mill is divided into a finite number
of differential oblique elements along the axial direction.
For an oblique element of thickness dz at axial eleva-
tion z, the modeling process is as follows.

The angular position ϕi , j(t) of the jth axial oblique
element of the ith flute (element P in Fig. 1), which is
measured clockwise from the positive Y-axis, is charac-
terized as the function of the rotation angle ϕ0(t), the
pitch angle ϕpi, and the radial lag angle ψi , j, and it can
be expressed as

ϕi; j tð Þ ¼
ϕ0 tð Þ−ψi; j i ¼ 1ð Þ
ϕ0 tð Þ þ ∑

i¼2

Ni

ϕpi−ψi; j 1 < i ¼ Ni≤Nð Þ

8<
: ð1Þ

where N is the number of flutes of the end mill. ϕpi denotes
the pitch angle between the flute number i and the flute num-
ber i − 1 at the bottom surface of end mill. The previous
formulation allows the pitch angle to vary among different
flutes for variable pitch angle end mill. ϕ0(t) indicates the
cutter angular position of the reference cutting edge i = 1 with
axial elevation z = 0 at time t.

ϕ0 tð Þ ¼ 2πnt=60þ ϕ0 ð2Þ

where n is the spindle speed (r/min) and ϕ0 is the cutter
initial angular position of the reference cutting edge.
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It is evident that the angular position at axial eleva-
tion z lags behind the angular position at the tip of end
mill due to the local helix angle βi , j and the periphery
radius R. Then, the radial lag angle ψi , j can be
expressed as

βi; j ¼ βi

ψi; j ¼ j⋅dz
tanβi; j

R

8<
: ð3Þ

The feed per tooth of every oblique element for a
variable pitch and variable helix end mill is no longer
a constant but varies from tooth to tooth as function of
the number of teeth N, the normal feed per tooth fz, and
the variable pitch angle ϕpi , j. The feed per tooth of the
jth axial element of the ith flute is described by

f i; j ¼ Nf z⋅
ϕpi; j

2π
ð4Þ

where ϕpi , j means the pitch angle of the jth oblique
element between the flute number i and the flute num-
ber i − 1 along axial direction, which is defined as

ϕpi; j ¼
2πþ ϕ1; j tð Þ−ϕN ; j tð Þ ¼ ϕp1− j⋅dz

tanβ1; j−tanβN ; j

R
i ¼ 1ð Þ

ϕi; j tð Þ−ϕi−1; j tð Þ ¼ ϕpi− j⋅dz
tanβi; j−tanβi−1; j

R
1 < i≤Nð Þ

8><
>:

ð5Þ

2.2 End-milling cutting force modeling

During the chip formation, both the shearing action of the
primary shear zone and the rubbing effect of the tertiary de-
formation zone exist. The cutting force components are

usually expressed as a superposition of shearing force and
rubbing force.

dFi; j;t ¼ Ktchi; j tð Þ þ Kte
� �

⋅dz
dFi; j;r ¼ Krchi; j tð Þ þ Kre

� �
⋅dz

dFi; j;a ¼ Kachi; j tð Þ þ Kae
� �

⋅dz

8<
: ð6Þ

where hi , j(t) represents the IUCT with cutter runout (Sect.
2.3). Ktc, Krc, and Kac are the shearing force coefficients in
tangential, radial, and axial direction, respectively (Sect. 4.1);
Kte, Kre, and Kae are the edge force coefficients in tangential,
radial, and axial direction, respectively (Sect. 4.2).

Once the three cutting force components of the jth
oblique element of the ith flute are obtained, they can
be mapped along the X, Y, and Z directions using the
following matrix transition in Eq. (7).

dFi; j;x

dFi; j;y

dFi; j;z

2
4

3
5 ¼ g ϕi; j tð Þ

� � −cosϕi; j −sinϕi; j 0
sinϕi; j −cosϕi; j 0
0 0 1

2
4

3
5⋅ dFi; j;t

dFi; j;r

dFi; j;a

2
4

3
5

ð7Þ

where g(ϕi , j(t)) is the window function. It equals one if
the cutting edge is engaged with the workpiece or
equals zero.

Then, the cutting forces acting on a flute at a particular
instant Fi , q(t) are obtained by numerically integrating the
cut t ing forces act ing on each obl ique element .
Subsequently, the total cutting forces Fq(t) exerted on
the tool at a given time are determined by summing the
forces acting on all of the flutes.

Fi;q tð Þ ¼ ∑
j
dFi; j;q ϕi; j tð Þ

� �
Fq tð Þ ¼ ∑

N

i¼1
Fi;q tð Þ; q ¼ X ; Y ;Z

�

ð8Þ
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Fig. 1 Geometric model of the
variable helix end mill
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2.3 IUCTwith cutter runout

The precise calculation of the IUCT is essential for the accurate
prediction of cutting forces in the machining process. IUCT is
defined as the radial distance between the current cutting circular
path and the previous cutting circular path. Actually, the axis of
the spindle does not coincide with the axis of the end mill as the
tool machine manufacture and setup errors exist. Thus, the cutter
runout is commonly encountered in multi-fluted milling progress
with rotary cutting tools. The cutter runout contains the axis tilt
and the radial cutter runout two parts. They can be characterized
by four parameters: offset distance ρ, offset location angle λ,
cutter tilt angle τ, and cutter tilt location angle ϕ. Compared with
three different types of cutter runout models, Wan et al. [17]
found that the radial runout model has relatively simple runout
parameters and good prediction accuracy. Therefore, only the
radial runout model is considered in this work.

The detailed procedure of tooth path trajectories with cutter
runout in machine process is illustrated in Fig. 2. O and O′
represent the spindle rotational center and actual cutter geo-
metrical center, respectively. The runout amplitude ρ is de-

fined as the distance OO
0
. The runout angle λ measured in

clockwise denotes the angle between the direction OO
0
and

the nearest cutting edge. The presence of cutter runout will
shift the cutting circular path from theoretical position.
Therefore, the IUCT of each point of the cutting edge will
be redistributed. Due to the effect of the cutter runout, candi-
dates of the IUCT hci; j tð Þwill be calculated as

hci; j tð Þ ¼ ∑
1

mi

f i; j⋅sinϕi; j tð Þ þ Ri; j−Ri−mi; j ð9Þ

where mi is an index number denoting that the current tooth i
is removing the material left by the previous mi tooth.

From the geometrical relation in Fig. 2, the effective
radius of the cutting edge depending on cutter runout
parameters can be obtained by

Ri; j ¼
Rþ ρcos λ−ψi; j

� �
i ¼ 1ð Þ

Rþ ρcos λ−ψi; j− ∑
i¼2

Ni

ϕpi

 !
1 < i ¼ Ni≤Nð Þ

8><
>:

ð10Þ

where Ri , j and R represent the actual and ideal periph-
ery radii of the ith cutting edge, respectively. Then, the
peripheral cutting velocity depending on the effective
radius of the cutting edge is calculated as

Vi; j ¼ 2πn⋅Ri; j ð11Þ

As seen from the right part of Fig. 2, each tooth is probably
the cutting material left by any one of the previous N tooth.
Therefore, there are N candidates of the IUCT for an N-flute
end mill. The actual IUCT is the minimum value among N
candidates. In addition, the final IUCT should not be a nega-
tive value.

hi; j tð Þ ¼ max min hc1; j tð Þ; hc2; j tð Þ;…; hcN ; j tð Þ
� �

; 0
� �

ð12Þ

The radial entry angle and exit angle are key parameters for
the accurate prediction of cutting forces. If ϕen is the angle at
which the cutter enters the cutting zone, ϕex is the angle at
which the cutter exits the cutting zone. Then, the radial entry
angle and exit angle are determined by the following equation:

ϕen ¼ 0 and ϕex ¼ cos−1 1−ar=Rð Þ for up‐milling
ϕen ¼ π−cos−1 1−ar=Rð Þ and ϕex ¼ π for down‐milling

�
ð13Þ

Workpiece
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Y
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Fig. 2 Cutter runout and tooth
path trajectories
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3 Modeling of oblique cutting

3.1 Non-equal shear zone oblique cutting

The mechanics of oblique cutting is analyzed based on the
normal cutting plane method or the equivalent plane method.
The mechanics of oblique cutting is regarded as a two-
dimensional cutting process in the equivalent plane method.
Therefore, the equivalent plane method is briefly introduced.
For the convenience of study, six planes (the reference plane
Pr, the equivalent plane Pe, the cutting plane Ps, the normal
plane Pn, the shear plane Psh, and the rake plane Ar) are intro-
duced in oblique cutting process, as shown in Fig. 3.
According to the geometric relationship in oblique cutting,
some essential parameters for the analysis in the machining
process are summarized as follows [18].

The normal rake angle αnmeasured in the normal plane Pn

is obtained from the radial rake angle αr and edge inclination
angle λs all along the cutting edge. The edge inclination angle
is equal to the local helix angle βi , j during modeling of
oblique cutting.

αn ¼ tan−1 tanαrcosβi; j

� � ð14Þ

Equivalent plane angle ηe is used to determine the direction
of the equivalent plan and connect the shear plane and the
equivalent plane, expressed as

ηe ¼ tan−1
tanηccosηsh þ sin φn−αnð Þsinηsh

cos φn−αnð Þ
	 


ð15Þ

The shear flow angle ηsh, which characterizes the shear
direction in primary shear zone, is given by Moufki and
Dudzinski et al. [19].

ηsh ¼ tan−1
tanλscos φn−αnð Þ−tanηcsinφn

cosαn

	 

ð16Þ

It is assumed that the orientation of chip velocity is collin-
ear with the friction direction. The chip flow angle ηc can be
calculated from the following implicit equation by the balance
analysis of chip [19]:

tanλstanβncos φn−αnð Þsin φn−αnð Þcos2ηc−tanλscos
2 φn−αnð Þ

þtanηcsinφncos φn−αnð Þ þ cosαn−sinφnsin φn−αnð Þð Þsinηctanβn ¼ 0

�

ð17Þ

The shear zone is modeled as a parallel and equidistant
formation in Oxley’s model. However, many researchers
proved that this zone is composed of wide region and
narrow region. For instance, the main shear plane is not
located in the middle of the shear band by a quick-stop
micrograph from cutting steel [20]. The main shear plane
AB is divided by the primary shear zone into two unequal
parts, which are characterized by the portion k(0 < k < 1),
as shown in Fig. 3b. To describe the distribution of shear
strain rate on non-equidistant shear model more realisti-
cally, Li et al. [21] assumed a piecewise power law dis-
tribution (for the detailed derivation of some important
parameters and the governing equations for the shear
strain rate γ⋅, the shear strain γ, and the temperature T,
readers can refer to the literature [21]).

γ
⋅ ¼

γ
⋅
m

kwð Þqy
q ze∈ 0; kw½ �

γ
⋅
m

1−kð Þqwq w−yð Þq ze∈ kw;w½ �

8>>><
>>>:

ð18Þ

γ ¼
γ
⋅
mcosηe

qþ 1ð ÞVcosλssinφn kwð Þq ze
qþ1 ze∈ 0; kw½ �

−
γ
⋅
mcosηe

qþ 1ð ÞVcosλssinφn 1−kð Þqwq w−zeð Þqþ1 þ cosαncosηe
sinφncosηscos φn−αnð Þ ze∈ kw;w½ �

8>>><
>>>:

ð19Þ

∂T
∂ze

¼ cosηe
ρmCpVcosλssinφn

χτ γ
⋅ ð20Þ

The main shear plane is defined as the plane in
which the tangential velocity is equal to zero. The max-
imum shear strain rate γ⋅m and the unequal coefficient k
are calculated according to the boundary condition of
the tangential velocity of shear plane.

γ
⋅
m ¼ qþ 1ð ÞVs

w
¼ qþ 1ð ÞVcosλscosαn

wcosηshcos φn−αnð Þ ð21Þ

k ¼ cosηshcos φn−αnð Þ cosφncosηsh þ tanλssinηshð Þ
cosαn

ð22Þ

Vc ¼ Vcosλssinφn

cosηccos φn−αnð Þ ;Vs ¼ Vcosλscosαn

cosηscos φn−αnð Þ ð23Þ

where V is the cutting velocity, Vc the chip velocity, and Vs the
shear velocity.

Tool-chip interface friction is a critical factor in determin-
ing the quality of machining operations. Rake face will expe-
rience a high normal pressure, which yields sticking and slid-
ing friction conditions when the material leaves the shear
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zone. Different from the dual-zone model of the tool-chip
interface based on the analytical thermomechanical model
[22], the normal friction angle βn is obtained from the follow-
ing relationship:

μ f ¼ tanβn ¼
τ1
p0

1þ ξ 1−
τ1
p0μs

	 
1=ξ
 !" #

τ1
p0

¼ ξ þ 2

4 ξ þ 1ð Þ
sin 2 φn þ βn−αnð Þ½ �

cos2βn

8>>><
>>>:

ð24Þ

where τ1 is the shear yield strength of the workpiece material
along the sticking region. p0 is the normal pressure at the tool
tip. ξ is the distribution exponent constant whose value is
taken as 3, and μs is the sliding friction coefficient for tool-
workpiece combination, which is considered as 0.8. μf is the
apparent friction coefficient which is defined by the ratio be-
tween the total friction and normal forces acting on the rake
face [22, 23]. By rearranging Eq. (27), one equation contain-
ing single unknown variable normal fraction angle βn can be
solved by the Newton-Raphson algorithm.

The normal shear angle φn is essential for estimating
the apparent friction coefficient. It is assumed that the
orthogonal shear angle is equal to the normal shear

angle in oblique cutting. A modified Merchant equation
is given as

φn ¼ C1−C2 βn−αnð Þ ð25Þ
where C1 and C2 are the empirical machining constants
depending on the tool-workpiece material, which are
taken as 0.69 and 0.5, respectively.

3.2 Estimation of the shear stress

The value of shear flow stress τJC has a significant effect on
cutting forces. The Johnson-Cook model representing the ma-
terial behavior has the advantage of simplicity and applicabil-
ity, which is given as

τ JC ¼ 1ffiffiffi
3

p Aþ B
γffiffiffi
3

p
	 
n	 


⋅ 1þ Cln
γ⋅

γ⋅0

	 
	 

⋅ 1−

T−Tr

Tm−Tr

	 
m	 

ð26Þ

where γ, γ⋅, and T represent the shear strain, the shear strain
rate, and the working temperature, respectively. γ⋅0 ¼ 1s−1

devotes the reference shear strain rate, Tr is the room temper-
ature, and Tm is the melting temperature of the workpiece. A is
the yield strength of the material, B is the strength coefficient,
and C is the strain rate sensitivity coefficient. Strain hardening
exponent and thermal softening coefficient are characterized
by exponent constant n and m, respectively.

Material size effect caused by the variable IUCT in
the primary shear zone is an important characteristic in
the machining progress. It is worth noting that the
IUCT varies distinctly for variable helix end mill, espe-
cially due to the existence of the cutter runout. To ac-
count for the size effect, a modified Johnson-Cook mod-
el developed by Joshi and Suhas et al. [24] is used,
which is derived by including the strain gradient plas-
ticity based on the Taylor’s dislocation principle.

τ s ¼ τ JC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

cG
2bgη

τ2JC

	 
u
s

ð27Þ

where αc is the empirical constant, G is the shear mod-
ulus of workpiece, bg is the magnitude of the Burgess
vector, and u is the exponential factor. The strain gra-
dient η is determined by

η ¼ 1

L

L ¼ h
sinφn

8><
>: ð28Þ

where L is the length of the primary shear zone and h
is the IUCT. By substituting Eq. (28) into Eq. (27), it
can be seen that the modified shear stress is inversely
proportional to the IUCT for a constant shear angle.

Fig. 3 Oblique cutting model and non-equidistant shear model [14]
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4 Estimation of cutting force coefficients

4.1 Shearing force coefficients in primary shear zone

In the primary deform zone, the shearing force in the shearing
plane is decomposed into two force components. The shear
force dFs is proportional to the shear stress τs in the primarily
shear zone. The normal force dNs is perpendicular to the shear
plane, in Fig. 3b.

dFs ¼ τ s
dz⋅h

cosλssinφn

dNs ¼ dFs
cosηsh sin φn−αnð Þ þ tanβncosηccos φn−αnð Þ½ �

cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ

8>><
>>:

ð29Þ

According to the geometrical transformation relations
in Fig. 3, the tangential, radial, and axial cutting force
components applied to the oblique element P can be
calculated from the following matrix form:

dFi; j;t

dFi; j;r

dFi; j;a

2
4

3
5 ¼

cosλscosφncosηsh þ sinλssinηsh cosλssinφn
−sinφncosηsh cosφn

sinλscosφncosηsh−cosλssinηsh sinλssinφn

2
4

3
5⋅ dFs

dNs

� 

ð30Þ

Substituting Eq. (29) into Eq. (30), the three cutting force
components can be rewritten as

dFi; j;t ¼ dz⋅h⋅τ s
cosλssinφn

⋅
cosηsh cosαncosλs þ tanβn sinηcsinλs þ cosηcsinαncosλsð Þ½ �

cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ ¼ Ktcdz⋅h

dFi; j;r ¼ dz⋅h⋅τ s
cosλssinφn

⋅
cosηsh −sinαn þ tanβncosηccosαnð Þ
cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ ¼ Krcdz⋅h

dFi; j;a ¼ dz⋅h⋅τ s
cosλssinφn

⋅
cosηsh cosαnsinλs þ tanβn −sinηcsinλs þ cosηcsinαnsinλsð Þ½ �

cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ ¼ Kacdz⋅h

8>>>>>><
>>>>>>:

ð31Þ

By dividing the cutting forces dFi , j , t, dFi , j , r, and dFi , j , a
by the chip load dz ⋅ h, the shearing force coefficients Ktc, Krc,

and Kac are estimated through the expressions given in the
following [13]:

Ktc ¼ τ s⋅cosηsh cosαncosλs þ tanβn sinηcsinλs þ cosηcsinαncosλsð Þ½ �
cosλssinφn cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ½ �

Krc ¼ τ s⋅cosηsh −sinαn þ tanβncosηccosαnð Þ
cosλssinφn cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ½ �

Kac ¼ τ s⋅cosηsh cosαnsinλs þ tanβn −sinηcsinλs þ cosηcsinαnsinλsð Þ½ �
cosλssinφn cos φn−αnð Þ−tanβncosηcsin φn−αnð Þ½ �

8>>>>>><
>>>>>>:

ð32Þ

4.2 Edge force coefficients in tertiary zone

Owing to the limitations of tool manufacturing technology, it is
inevitable that the cutting edges have certain radius rather than

perfectly sharp. As the chip thickness reduces to dimensions
comparable with that of the tool edge radius, the edge effect is
more dominant than cutting shear effect. Therefore, the edge
radius needs to be considered in the calculation of edge forces.

Table 1 Properties of workpiece
material Al6061-T6 Johnson-Cook parameter

A (MPa) B (MPa) C n m
γ⋅0 (1/s)

Tm (°C) Tr (°C)

324 114 0.02 0.42 1.34 1 582 25

Material properties

ρm (kg/m3) Cp (J/kg K) kp (W/mK) χ G (GPa) αc bg (nm) u

2700 896 167 0.85 26 0.5 0.286 1

Source: [25]
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The normal rake angle at the cutting edge radius is more
negative when the depth of cut is less than the edge radius of
the cutter re. Depending on the relation between IUCT and
edge radius, the normal rake angle αn is replaced by the partial
effective rake angle αref [26].

αref ¼ αn h > hlimð Þ
sin−1 h=re−1ð Þ h≤hlimð Þ

�
ð33Þ

where hlim is the limiting value of IUCT and it is defined by

hlim ¼ re⋅ 1þ sinαnð Þ ð34Þ

The edge force coefficients Kte, Kre, and Kae can be
estimated from the analytical model proposed by
Abdelmoneim and Scrutton [27]. The slip-line field
model developed by Waldorf et al. [28] is one of the
most popular models. In the slip-line field model, the
radial edge force coefficient Kae is usually taken as zero
and the alternative value of Kae can also be estimated
by the approach proposed by Armarego and Deshpande
[29]. The equations are given as

Kte ¼
τ s 1þ 2α0 þ 2γ0 þ sin 2η0ð Þsin φn−αref þ η0

� �þ cos 2η0ð Þcos φn−αref þ η0
� �� �� �

R
sinη0

Kre ¼
τ s 1þ 2α0 þ 2γ0 þ sin 2η0ð Þcos φn−αref þ η0

� �
−cos 2η0ð Þsin φn−αref þ η0

� �� �� �
R

sinη0
Kae ¼ Ktesin ið Þ or 0

8>>>><
>>>>:

ð35Þ

5 Simulation and experimental validation

A series of milling tests without coolant are conducted
in the CNC machining center. The workpiece material
selected for the experiments is Al6061-T6. The three-
fluted flat end mills made of cemented carbide are used,
which have the same 8-mm diameter, 5° normal rake
angle, and 0.02-mm edge radius. Four different types
of end mills are shown in Fig. 6; each has different
helix angles and pitch angles. The cutting parameters
in the test are shown in Table 2. The corresponding

computer programs in Matlab R2014a are developed to
implement on the analysis of the cutting force model.
The flowchart of the cutting force calculation is shown
in Fig. 4. The properties of workpiece material Al6061-
T6 are listed in Table 1.

The experimental setup is shown in Fig. 5. The
workpiece is fixed on a Kistler 9257b dynamometer.
The lower part of the dynamometer is fixed on the
workbench. The experimental cutting force components
in the three X, Y, and Z directions are measured using a
Kistler 9257b dynamometer. The sampling frequency of

Table 2 Cutting parameters for
milling tests Test

No.
Milling
type

Rotation speed n
(r/min)

Axial depth of cut
ap (mm)

Radial depth of cut
ar (mm)

Feed per tooth fz
(mm/z)

1 Down 1000 2 2 0.10

2 Up 1000 2 2 0.10

3 Down 1000 1.8 3 0.10

4 Up 1000 1.8 3 0.10

5 Down 1000 1.5 4 0.10

6 Up 1000 1.5 4 0.10

7 Down 1000 1.2 5 0.10

8 Up 1000 1.2 5 0.10

9 Down 1000 1 6 0.10

10 Up 1000 1 6 0.10

11 Down 1000 0.5 7 0.10

12 Up 1000 0.5 7 0.10
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Input parameters

Johnson-Cook model parameters 

(A, B, C, n, m, Tr , Tm)

Physical properties of workpiece  

(ρm , Cp, kp, χ, G, αc, bg, u)

Tool geometric parameters 

(βi, φpi, αn, re, N, D) 

Cutting conditions 

(ar, ap, n, fz, ρ, λ, up or down) 

Integration angle and height

(dz, dφ ) 

Intergration step: J = ap/dz, K = 2π/dφ
Calculate the equivalent plane angle ηe by Eq. (15), 

shear flow angle ηsh by Eq. (16) and chip flow angle 

ηc by Eq. (17) 

Calculate the temperature distribution in the primary 

shear zone by  Eq. (18) Eq. (23) according to the 

non-equal shear-zone oblique cutting model  

Calculate the shear flow stress τJC by Eq. (26)-Eq.(28) 

according to the modified  Johnson-Cook model

Calculate shearing force coefficients by Eq. (32) 

Calculate edge force coefficients by Eq. (35)

Substitute Eq. (32) and Eq. (35) into Eq. (6), obtain 

the predicted cutting forces (tangential, radial and 

axial)

Output the cutting force in the direction of X, Y, Z with 

tool rotation angle

k  K

End

Sum the cutting force on all of the edge and disk elements 

i  N

Calculate the peripheral cutting velocity Vi,j by Eq. (11), 

the instantaneous uncut chip thickness with cutter runout 

hi,j by Eq. (12),  and the normal rake angle αn by Eq. (14)

φ φen  mod(2π, φ i,j(t)) ex ?

Update the immersion angle for the j-th axial 

disk of the i-th edge from Eq.(1)

Angle position of the reference cutting edge at 

bottom surface of end mill from Eq.(2)

Calculate the immersion angle for teeth i at 
elevation z = 0  and memeorize this angle

Calculate the radial lag angle ψ i,j  by Eq. (3) for 

the variable helix angle β i

The calculation of radial entry angle  and exit 

angle by Eq. (13)

j  J

Loop k = 1 : K
Do for each increment of tool angle rotation

  

Loop j = 1 : J
Do for each  discretized disk elements at the 

axial depth of cut 

Loop i = 1 : N
Do for each cutting tooth for N-fluted end mill 

Start

Yes

No 

Yes

No 

Yes

No 

Yes

No 

Fig. 4 The flowchart of the cutting force calculation
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the dynamometer is 20 KHz. The predicted cutting force
components are calculated according to the flowchart as
shown in Fig. 4.

5.1 Cutter runout

Cutter runout is a common phenomenon due to the tool
dimensional errors, insert settings, and thermal deforma-
tion. The presence of cutter runout will redistribute the
IUCT and the cutting forces in multi-fluted milling pro-
cess. It can be seen from Figs. 7, 8, 9, and 10 that the
cutter runout exists in those milling tests. In order to
calculate the cutting forces more precisely, the radial
cutter runout is considered in the analytical force model.
The unknown runout parameters are obtained by laser
sensor measurement. The detailed method can refer to
the literature [30]. The cutter runout parameters for four
different types of end mills are given in Table 3.

5.2 Comparison with regular end mill

In order to illustrate the effectiveness of the proposed
analytical model, the predicted instantaneous cutting
forces for one revolution are used to compare with the
measured cutting forces. The measured cutting forces
are taken as the average values of the cutting forces
measured in the neighboring ten periods. The compari-
sons for uniform end mill A are shown in Fig. 7. It is
seen that the predicted cutting forces in X, Y, and Z
directions are essentially consistent with the measured

cutting forces, in despite of different cutting conditions
and milling type. Although the peak cutting forces of
one tooth for uniform end mill have slightly different
due to the presence of cutter runout, the waveform of
the cutting forces has the same trend.

5.3 Comparison with variable helix end mill

The variable helix angle end mill B and variable pitch
angle end mill C in Fig. 6 are used to investigate the
effects of helix angle and pitch angle on the cutting
forces, respectively. The comparisons between the pre-
dicted cutting forces and measured cutting forces are
listed in Figs. 8 and 9, respectively. The results show
that the experimental values of cutting forces are in
good agreement with the predicted cutting forces.
Besides, some experiments are conducted with the end
mill D, which is the combination of various pitch angle
and helix angle. As shown in Fig. 10, the experimental
results agree well with the simulated results.

As quantitative analysis is very efficient to character-
ize the accuracy of theoretical model, two levels of
quantitative analysis comparisons are carried out. The
detailed method and some defined terms are referred
in [31]. In the first level of comparison, the amplitudes
of the cutting force of each tooth are calculated. Then,
the varying amplitudes of each tooth are averaged to a
single value for reducing the effect of cutter runout and
obtaining a better comparison. The average amplitudes
of the cutting forces from experiment measurement
Exp(amp) and predicted model Pre(amp) are listed in
Table 4. The computed results of error percentage
Error (%) for feed force Fx, transverse force Fy, and
axial force Fz are also given in Table 4. In the present
work, the average of absolute errors is taken as a mea-
sure of performance of the proposed model. It is seen
that most of the average error is within 15% for four
types of cutter in all direction.

In the second level of comparison, the force varia-
tions with cutter rotation are analyzed to include both

Spindle 

Cutter

Workpiece 

Dynamometer 

Laser sensor 

X

Z

Y

Workpiece

Dynamometer Kistler 9257b

Bolt

Cutter

Machine table Computer

Signal 

amplifier

data 

acquisition 

system

Fig. 5 Force measurement system

Table 3 Cutter runout parameters in the proposed analytical model

Cutter type Runout amplitude ρ (μm) Runout angle λ (deg)

End mill A 5.6 45.1

End mill B 3.5 30.8

End mill C 4.3 20.6

End mill D 2.3 32.3
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35° 40° 30°

40°30° 35°

35°35° 35°

120° 100° 140°

120° 100° 140°

120° 120° 120°

120°120°120°

B C DA

A 35° 35° 35°

B

C

D

(a) End mill A with 35° /35° /35° helix angle and 120° /120° /120° pitch angle, 

(b) End mill B with 30° /35° /40° helix angle and 120° /120° /120° pitch angle, 

(c) End mill C with 35° /35° /35° helix angle and 120° /100° /140° pitch angle, 

(d) End mill D with 35° /40° /30° helix angle and 120° /100° /140° pitch angle. 

Fig. 6 Uniform end mill and
variable pitch and variable helix
end mills. a End mill Awith 35°/
35°/35° helix angle and 120°/
120°/120° pitch angle. b End mill
B with 30°/35°/40° helix angle
and 120°/120°/120° pitch angle. c
End millCwith 35°/35°/35° helix
angle and 120°/100°/140° pitch
angle. d End mill D with 35°/40°/
30° helix angle and 120°/100°/
140° pitch angle

Table 4 Comparison analysis of experimental cutting forces and predicted cutting forces

Cutter
type

No. Feed force Fx Transverse force Fy Axial force Fz

Exp(amp)
(N)

Pre(amp)
(N)

Error
(%)

Abs. dev
(%)

Exp(amp)
(N)

Pre(amp)
(N)

Error
(%)

Abs. dev
(%)

Exp(amp)
(N)

Pre(amp)
(N)

Error
(%)

Abs. dev
(%)

Cutter A 1 102.19 102.64 −0.44 4.57 240.95 245.54 −1.87 1.27 40.21 43.25 −7.03 −4.95
2 244.80 232.28 5.39 4.86 104.81 133.46 −21.47 −1.70 42.70 43.46 −1.75 −2.87
7 161.65 155.66 3.85 3.50 180.26 158.71 13.58 −3.66 32.19 29.80 8.02 −9.89
8 145.61 128.84 13.02 −3.67 195.79 178.58 9.64 0.86 32.91 29.80 10.44 −13.76
11 82.96 84.74 −2.10 −4.43 36.63 42.50 −13.81 4.37 10.69 9.26 15.44 −78.17
12 68.52 60.20 13.82 1.54 83.57 77.84 7.36 0.75 15.69 8.94 75.50 −100.65
Average error (abs) 6.44 3.76 Average error (abs) 12.07 2.37 Average error (abs) 8.54 21.93

Cutter B 1 104.28 98.54 5.83 2.85 251.25 234.10 7.33 0.97 41.64 43.73 −4.78 −6.16
3 122.30 113.94 7.34 3.71 257.98 241.00 7.05 0.71 41.90 45.68 −8.27 −4.37
7 162.57 150.45 8.06 2.59 171.15 149.53 14.46 −4.34 30.84 30.06 2.59 −12.85
8 153.33 123.70 23.95 −4.54 177.00 169.65 4.33 3.95 34.16 30.06 13.64 −14.10
9 155.04 152.89 1.41 2.02 130.27 108.65 19.90 0.26 26.90 17.75 51.55 −4.46
10 119.59 109.89 8.83 −3.39 164.77 154.60 6.58 1.41 22.56 18.16 24.23 −15.06
Average error (abs) 9.32 3.14 Average error (abs) 10.86 2.10 Average error (abs) 14.90 10.64

Cutter C 1 102.95 99.76 3.20 3.95 233.23 232.09 0.49 0.22 42.17 40.31 4.61 −1.76
3 114.79 109.18 5.14 4.04 257.07 239.08 7.52 −0.99 45.67 41.84 9.15 −3.30
5 136.03 144.07 −5.58 2.53 217.09 202.56 7.17 −0.41 41.88 37.17 12.67 −5.22
6 191.31 165.67 15.48 −0.38 206.96 202.36 2.27 1.11 45.08 37.31 20.83 −8.23
11 81.53 77.77 4.83 −4.50 53.23 55.64 −4.33 5.26 12.17 12.69 −4.10 −57.09
12 74.52 64.50 15.53 0.96 82.44 73.34 12.41 5.38 12.36 11.05 11.86 −69.93
Average error (abs) 7.26 3.09 Average error (abs) 5.44 1.68 Average error (abs) 11.04 14.37

Cutter D 3 116.90 107.29 8.96 4.17 254.06 238.65 6.46 0.13 43.46 41.90 3.72 −1.95
5 148.88 141.94 4.89 3.04 221.21 203.20 8.86 0.27 40.69 37.41 8.77 −5.98
6 193.07 166.67 15.84 0.22 202.94 201.30 0.81 1.59 46.40 37.60 23.40 −5.47
8 158.18 122.55 29.07 −4.59 184.17 166.82 10.40 4.20 30.44 28.25 7.75 −1.36
11 80.25 78.15 2.69 −6.81 54.84 57.49 −4.61 6.52 14.55 14.00 3.93 −33.1
12 70.48 66.29 4.99 80.33 75.09 6.98 3.57 14.62 12.68 15.30 −57.83
Average error (abs) 11.45 3.65 Average error (abs) 6.10 2.40 Average error (abs) 9.77 10.37
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amplitude variation and dc component in the compari-
son. The absolute deviation Abs.dev (%) between exper-
imental forces and predicted forces is also listed in
Table 4. The most of average absolute deviation for
four types of cutter in the all direction are within
10%. Those results of quantitative analysis verify the
effectiveness and consistency of the proposed model. It
is also seen that the value of most absolute deviations
for Fx and Fy are less than axial force Fz. This is
resulted from the fact that the additional axial cutting
force caused by end-cutting edge is not considered in
the proposed model, and the real experimental process
exists in the end-cutting edge and back-cutting
phenomenon.

The qualitative analysis in Figs. 7, 8, 9, and 10 and
quantitative analysis in Table 4 all show that the predicted

cutting forces from the analytical model are in good agree-
ment with the measured cutting forces for four types of
cutter in all cutting direction. However, there are still small
amounts of deviations in some local areas. The main rea-
sons for this deviation may be contributed to the following
factors: (1) the accurate calculations of shear angle, friction
angle, shear flow angle, and flow stress, etc. parameters in
the proposed analytical model; (2) the inhomogeneous dis-
tribution of workpiece’s properties, such as the hardness
and the chemical composition; (3) the flank wear of cutter
in machining process and the stiffness of cutter under dif-
ferent axial depth of cut; (4) the precision of data collected
by a dynamometer, such as the effects of the inevitable
noise and the bandwidth of dynamometer; and (5) although
the classical static radial cutter out is considered in the
model, the cutter runout is dynamic due to cutting force
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Fig. 7 Comparison of measured
and predicted cutting forces for
end mill A
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variation, spindle and tool imbalance, and non-uniform
progression of tool wear [32].

6 Effect of tool geometries and milling parameters
on cutting forces

Tool geometries and milling parameters are incorporated in
the unified analytical cutting force model. It is meaningful to
analyze the influence of the different parameters on cutting
forces. The default conditions for all simulated cases are
down-milling, three-fluted, diameter 8 mm, spindle speed
1000 r/min, radial depth of cut 4 mm, depth of cut 2 mm, feed
per tooth 0.1 mm/fz, rake angle 5°, helix angle 35°/40°/30°,
and pitch angle 120°/100°/140°. The simulated cases in the
following only change the research variable while the other
parameters maintain default.

6.1 Effect of tool geometries on cutting forces

6.1.1 Effect of helix angle β

The effect of helix angle on cutting forces in actual
milling tests is compared in Fig. 7 (test Nos. 1, 7, 8)
with Fig. 8 (test Nos. 1, 7, 8). The simulation show that
the helix angle has an effect on the duration time of
cutting forces for each tooth from cut-in stage to cutout
stage, as shown in Fig. 11. As shown in Eq. (3), the
radial lag angle increases with the increase of the helix
angle. Then, the duration time will be longer in cut-out
stage with the larger helix angle. Cutting forces for each
tooth decrease with the increase of the helix angle. It
can be explained by that the number of discrete oblique
elements at certain axial depth of cut is the same with-
out the effect of the helix angle. The increase of the
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Fig. 8 Comparison of measured
and predicted cutting forces for
end mill B
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helix angle will lead to less oblique elements involved
in cutting when the tool rotates to same angular
position.

6.1.2 Effect of pitch angle ϕp

One can compare Fig. 7 (test Nos. 1, 11, 12) with
Fig. 9 (test Nos. 1, 11, 12) in terms of the effect of
pitch angle on cutting forces in actual milling tests.
Similarly, it can be seen from Fig. 12 that the pitch
angles have a direct effect on the peak cutting force
components. The peak cutting force of each tooth is
the same for uniform end mill. However, the peak cut-
ting force of each tooth is different for variable pitch
end mill due to the variable cutting load between

adjacent cutting teeth. The peak cutting forces increase
with the increase of pitch angle. The excessive peak
cutting force will be a great damage to the cutting edge.
Therefore, the selection of pitch angle should consider
the effects of cutting edge strength and cutting stability.

6.1.3 Effect of rake angle αn

As shown in Fig. 13, the duration time of cutting forces from
cut-in stage to peak cutting forces does not change. However,
both cutting force components are observed to have a decreas-
ing trend as the rake angle increased from negative to positive
values. The effect of rake angle on the cutting force in the
direction of Fx and Fz is more obvious than that on the cutting
force in the direction of Fy. The decreasing trend can be

0 45 90 135 180 225 270 315 360
-50

0

50

100

150

200

250

300

Cutter Rotation Angle (deg)
C

ut
tin

g 
F

or
ce

s 
(N

)

Mearsured Force Predicted Force

Fy

Fx

Fz

Test No. 1

0 45 90 135 180 225 270 315 360
-50

0

50

100

150

200

250

300

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy

Fz

Test No. 3

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

150

200

250

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fy

Fx

Fz

Test No. 5

0 45 90 135 180 225 270 315 360
-250

-150

-50

50

150

250

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy

Fz

Test No. 6

Test No. 11 Test No. 12

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fy

Fx
Fz

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy Fz

Fig. 9 Comparison of measured
and predicted cutting forces for
end mill C
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explained by the increase of shear angle and the reduction of
tool-chip contact length. By decreasing the rake angle in

negative, the shear angle increases and the contact length de-
creases, which will lead to the decrease of cutting forces. By

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

150

200

250

300

Cutter Rotation Angle (deg)
C

ut
tin

g 
F

or
ce

s 
(N

)

Mearsured Force Predicted Force

Fy

Fx

Fz

Test No. 3

0 45 90 135 180 225 270 315 360
-200

-150

-100

-50

0

50

100

150

200

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy

Fz

Test No. 8

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

150

200

250

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy

Fz

Test No. 5

0 45 90 135 180 225 270 315 360
-250

-150

-50

50

150

250

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy

Fz

Test No. 6

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fy

Fx
Fz

Test No. 11

0 45 90 135 180 225 270 315 360
-100

-50

0

50

100

Cutter Rotation Angle (deg)

C
ut

tin
g 

F
or

ce
s 

(N
)

Mearsured Force Predicted Force

Fx

Fy
Fz

Test No. 12 

Fig. 10 Comparison of measured
and predicted cutting forces for
end mill D
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increasing the rake angle in positive, the tool-chip contact
length decreases and the shear angle decreases, which will
result in the decrease of friction force.

6.2 Effect of milling parameters on cutting forces

6.2.1 Effect of axial depth of cut ap

It is observed from Fig. 14 that both cutting force components
increase with the increase of axial depth of cut. The increase of
axial depth of cut causes the increase of contact zones between
tool and workpiece, and more material is removed from the
workpiece at the same time. Although the axial depth of cut
has no effect on the slope of cutting forces in cut-in stage, the
distribution of cutting forces in cut-out stage is changed due to
the presence of cutter’s helix angle. Therefore, the duration
time of cutting forces from cut-in stage to peak cutting forces
increases with the increase of axial depth of cut.

6.2.2 Effect of radial depth of cut ar

As shown in Fig. 15, it is obvious that the duration
time of cutting forces for each tooth increases with the
increase of radial depth of cut through changing the
radial entry angle and exit angle. The radial depth of
cut also has an important effect on the distribution of
cutting forces. By increasing the radial depth of cut

from 2 to 4 mm, the peak cutting force of Fy is in-
creasing by means of increasing the maximal uncut chip
thickness. When the radial depth of cut is over the tool
radius, the value of peak cutting force does not change.
Moreover, the position of peak cutting force shifts to-
ward to the right due to that more than one teeth are
always cutting material in cutting process. However, the
cutting force Fx will appear some negative cutting force
when the radial depth of cut is increasing from 4 to
6 mm. The value and position of peak cutting force
for Fx in positive is similar to Fy. The value of peak
cutting force for Fx in negative increases with the in-
crease of radial depth of cut.

6.2.3 Effect of feed rate per tooth fz

As shown in Fig. 16, it is observed that all the cutting
force components increase as the feed rate increases.
The reason for this increase of cutting forces with the
increase of the feed rate per tooth is due to an increase
of chip load per tooth as the feed rate increases. The
feed rate per tooth has no influence on the duration
time of cutting forces for each tooth. The value of peak
cutting forces increases with the increase of feed rate
per tooth. It is should be noted that the value of peak
cutting forces for each tooth differs greatly in the con-
dition of small feed rate and large cutter runout.
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7 Conclusions

A unified analytical cutting force model for variable helix end
mill is developed in this paper. A series of milling tests with
four types of end mills are implemented in the CNC machin-
ing center for demonstrating the validity and consistency of
the proposed model. With respect to the previous mechanistic
model, the contributions of the proposed model are drawn as
follows:

1. The unified analytical cutting force model associates var-
iable tool geometries, milling parameters, and cutting
forces during milling process. Several simulated cases
are carried out for revealing the effects of tool geometries
and milling parameters on cutting forces, which are ben-
efit for the design and optimization of variable helix end
mills.

2. A modified Johnson-Cook model accounting for the ma-
terial size effect is introduced to estimate the shear flow
stress in primary shear zone. In the tertiary zone, edge
radius and the partial effective rake angle involved in the
calculation of edge force are included in the analytical
model in order to take into account the rubbing effect
precisely.

3. The proposed analytical approach calculates the cutting
force components only from the input parameters, the
workpiece material properties, tool geometry, and cutting
condition. Therefore, the analytical model is an alternative
method which avoids laborious experimental calibration
compared with the classical mechanistic approach.

It is worth noticing that the cutter experienced deflection
and flank wear caused by the weak stiffness and high temper-
ature during practical cutting process. Consequently, these
effects need to be investigated in future work for more accu-
rate prediction of cutting forces.
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