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Abstract The parts, in automotive, aerospace, die/mold in-
dustry, which have extremely high demands on the quality
and integrity of the surface, are usually milled by CNC ma-
chine tools. In order to obtain the desirable surface quality, it is
an effective way to choose the appropriate cutting parameters
before machining by simulating the surface topography
formed in the milling process. To do so, this paper develops
a model based on the swept surface of the cutting edge and N-
buffer model for predicting the surface topography and studies
the effect of various cutting parameters. In this developed
model, the mathematical equation of the cutting edge is first
given, and then based on the relative motion between the
cutter and the workpiece, the swept surface of the cutting edge
along the tool path is accurately analyzed and modeled from
the perspective of kinematics, which is used to describe real-
istically the cutting interaction between the cutter and the
workpiece. Subsequently, the milling process is simulated by
an improved N-buffer model by means of the proposed accu-
rate interpolation method for calculating the cusp height. This
procedure presents the advantage of not requiring any numer-
ical iteration or approximation to gain the cusp height of any
point on workpiece. On basis of the model, the effect of the
cutting parameters such as spindle speed, feedrate, inclination
angle, path interval, and cutter runout is investigated. Finally,
the real machining experiments are performed and compared
with the predicted results. The simulated surface topography

shows a good agreement with the experimental one. This
demonstrates that the developed model can predict accurately
the surface topography and also provide the great potential for
the surface quality control and the cutting parameter selection
in actual production.
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machining . Swept surface .N-buffer model

1 Introduction

Ball-end milling is one of the most widely applied metal re-
moval processes in automotive, aerospace, and die/mold in-
dustry and the machined surface are largely used to mate with
other parts to obtain certain functions such as kinetic design
and machinery behavior [1]; thus, the surface quality, which is
determined by the micro surface topography, has great influ-
ence on mechanical properties of the parts, such as wear, ten-
sile, fatigue, corrosion, and lubrication. As the surface topog-
raphy is mainly dependent on the cutting parameters, tool
geometry, etc., to obtain such a fairly qualified surface, the
appropriate cutting parameters have to be carefully selected
[2]. So far, in the most of workshops, the machine operators
select the cutting parameters either by conducting “trial and
error” experiments or according to the previous work experi-
ences or any machining data hand books [3]. Such traditional
selection of cutting parameters is non-technical, and time and
cost are unnecessarily wasted. For this purpose, it is necessary
to develop an accurate model to predict the machined surface
topography before machining in order to achieve the desirable
surface finish with the proper cutting parameters. In the fol-
lowing, some background and past works on the prediction of
the surface topography will be first reviewed.
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1.1 Related works

In practice, there are two types of commonly used ball-end
mills, i.e., ball-end mills with helix and straight flutes, as
shown in Fig. 1a, b. Initially, for the convenience of calculat-
ing the path interval cusp between two adjacent tool paths, the
ball-end mill is modeled by a spherical-tool approximation
model, i.e. a solid of revolution, while only the translation of
the mill along the tool path is considered and the cutting action
of the individual flute is ignored [4, 5]. Based on the simpli-
fication, most CAD/CAM systems, such as Unigraphic/NX,
CATIA, and MasterCAM, have already provided good simu-
lating procedures to view path interval cusp geometry over the
whole surface, which is a series of hemispherical grooves
across the machined surface. But this method is aiming to
estimate the path interval cusp and unable to generate the real
surface topography on the part because of ignoring the influ-
ence of the individual mill flute on the material removal pro-
cess. As improvement, Kim and Chu [6] considered the rota-
tion motion of the cutting edge and simplified its complicated
trochoid path to circular path along the tool path, so that the
topography of the machined surface is estimated by the super-
position of the semispherical or ellipsoidal textures which are
separated by the feed per tooth, and the analytical formulas for
the feed-cusp height are also given. Based on the model, the
effects of the mill mark and runout are studied on the surface
topography. Later, Ryu et al. [7] extended this texture super-
position approach to face milling of the flat-end mill, consid-
ering the back cutting. With the consideration of the of the
actual trochoid path of cutting edge, Jung et al. [8, 9] devel-
oped a so-called ridge method to simulate the surface topog-
raphy, in which the analytical equation of three types of ridges
is derived based on the disk-tool approximation model in
which the helix angles of the flutes are negligible when cutting
using the ball-end mill with helix flute in Fig. 1a. This method

is very efficient in the term of calculation; however, as pointed
out by them, it is only carried out for the plane cutting mode
and is limited to be extended to the sculptured surface
machining.

In order to be applied to the complex surface machining,
numerical simulation based on Z-map or N-buffer model is
usually adopted, instead of analytical calculation, for
predicting the surface topography. But, in most of methods,
the cutting edge has been still approximated simply by a semi-
circular arc [10–12] and elliptical curve [13], or discretized
into micro-elements slice by slice along the cutter axis and
every micro-element is represented by one point or line seg-
ment in order to take into account conveniently tool wear,
deflection, vibration [14–17]. When simulating the cutting
process, Liu et al. [10] proposed the concept of the cutting
motion discretization. At every discretized motion position,
the interaction of the cutting edge and Z-map model of the
workpiece is used to represent the surface topography. In
[11], the workpiece surface is sampled on XY plane and at
each sample point a reference spike with a specified initial
height is set, then the surface topography is represented by
the altitudes of the spikes that are determined by the heights
of the remainders after being cut using the cutting edge.
Similar work can be also found in [12]. It is noted, in these
above methods, that the cutting edge motion is discretized
according to the time, but the workpiece surface to the u-v
parameters. Often, this difference leads to that the cutting
edges may not intersect really the reference lines of Z-map
so that some points, which should be swept by the cutting
edges, might be missed at certain calculation positions. So, a
tolerance has to be adopted to solve the limitation in the sim-
ulation. Buj-Corral et al. [13] discretized the workpiece into a
series of horizontal plane along Z direction and each plane is
discretized again according to a square matrix whose points
are separated by a specified distance. Then, the surface topog-
raphy is simulated by intersecting this discretizing model of
the workpiece with the elliptical curve that approximates the
cutting edge. But, as mentioned by them, unless the workpiece
discretization is proper, the error produced by this method
cannot be neglected. In [14–16], the motion equation of the
discrete point of the cutting edge is first accurately modeled,
and then the intersections of the paths of all these discrete
points with the parallel reference planes are connected into
the surface topography. The intersection is usually determined
by the numerical iterations such as Newton-Raphson method.
Recently, in the work of Arizmendi et al. [17], the trajectories
of the discrete points of the cutting edge are cut by the planes
perpendicular to the feed direction obtaining a set of transcen-
dental equations that are solved by transforming them to poly-
nomial equations through Chebyshev expansions, avoiding
the requirement of any starting point to achieve the solution.

Actually, the mechanism behind the formation of the to-
pography of the surface is very dynamic and complicated, and

(a) (b)

Fig. 1 Two commonly used ball-end mills. a Ball-end mill with helix
flutes. b Ball-end mill with straight flutes
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process dependent. To predict the surface topography more
realistically, the model and motion of the cutting edge must
be described accurately, and the simulation of the cutting ac-
tion of the cutter must be also as close to the real material
removal process as possible [18]. Zhang et al. [19] described
the motion of the cutting edge with a helix angle and proposed
a general numerical method to determine the parameters of
cutting edge at any point of workpiece, thereby obtaining
the cusp height of the point. Mathematically, it is similar to
solving the intersection point of the cutting edge and the ref-
erence line at the point. In the latest works [20–22], Quinsat
et al. also modeled the real motion of the cutting edge, but in
the cutting simulation, they discretized the motion of the cut-
ting edge on the time t. At each t, the intersection of the cutting
edge and the reference plane is calculated. For the same
discretized position of the surface, the lowest altitude is used
to represent the final remainder of cutting. Actually, In simu-
lating of the cutting processes, the intersection of the cutting
edge with the reference lines or the reference planes is very
complicated, because at the same position, the intersections
may be up to three [23]. If considering the cutting in the
adjacent tool path, up to six intersections occur possibly. It
may lead to great confusion of selecting the initial point to
achieve the proper solution.

1.2 Motivation of this paper

From the view of kinematics, when the ball-end milling
proceeds along a tool path, the material will be continuous-
ly removed by the swept surfaces of the cutting edges [18,
24]. Due to the trochoid path of the cutting edge in the
cutting processes, the same position on the workpiece
may be swept three times, and at a latter time, the remained
material after cutting by this cutting edge will be swept
again by the next cutting edge. Further, the material left
on the workpiece after milling along the current tool path
will be cut again by the swept surfaces of the cutting edges
along the adjacent tool path. So, the cutting edge and its
swept surface along the tool path have to be modeled ac-
curately for the topography prediction of the surface. In
this way, other factors such as tool runout, wear, deflection,
and vibration can be combined conveniently into this mod-
el of the swept surface, and study deeply the effect of these
parameters. In addition, the simulation of the material re-
moval process of the swept surface cannot only avoid the
tolerance resulted from the difference between the
discretizing parameters of the cutting motion and the work-
piece, but also overcome the confusion on calculation of
the remained material height in the numerical methods. For
the purposes, this paper develops a swept surface based
method for simulating the surface topography and the de-
tails will be discussed next.

2 Model of cutting edge

In the section, different from existing methods, the univariate
(z) equation of the cutting edge is derived which is very critical
for the following swept surface modeling and cutting simula-
tion. Figure 2 shows the geometry of the rotary cutter which is
modeled mathematically by:

Σ : rcutter z;φð Þ ¼ r zð Þcosφ; r zð Þsinφ; z½ �T ð1Þ
whereφ is the rotation angle, r(z) is the turning radius of arbitrary
point on the rotary surface and z is the axial distance from OT

which is the center of the ball-end cutter, and z ∈ [0, −R], φ ∈ [0,
2π]. To obtain the model of the cutting edge, it has to reduce the
number of free variables in Eq. (1). If z is selected as the variable
of the equation of the cutting edge, φ can be represented by

φ j zð Þ ¼ 2 j−1ð Þπ
N

þ γ zð Þ ð2Þ

where j denotes the jth cutting edge, N is the number of the
cutting edge, γ(z)is the location angle between OTPt and OTP0,
which is the key parameter of the cutting edge. As shown in
Fig. 3, Pt is the projection on plane XT− YT of point P on the
cutting edge, and P0 is the intersection of the cutting edge and
plane XT−YT, which can be seen as the starting point of the
cutting edge in this paper.

It is well known that there are two kinds of helix cutting
edges, i.e., the equal-lead and helix angle. Here, the used in
this paper is equal-helix angle mill which is a common cutter
used widely in the milling process. It must satisfy the follow-
ing equation (Eq. (3)) on the rotary profile

tanθ ¼ r zð Þdγ zð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr zð Þ2 þ dzð Þ2

q ð3Þ

where parameter θ is the helix angle for the cutting edge.
When using the ball-end cutter, according to the geometric

Fig. 2 General geometry of the rotary cutter
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relationship shown in Fig. 3, r(z), at the hemispherical part of
the cutter which is also the focus of interest can be computed

by the equation,r zð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
R2−z2

p
. Then, putting r(z) into

Eq. (3) can obtain the parameter γ(z):

γ zð Þ ¼ 1

2
tanθln

Rþ z
R−z

� �
; z < R ð4Þ

Then, putting r(z) and γ(z) into Eq. (1) and (2), the expres-
sion S(z), which stands for the cutting edge, is gained.

3 Swept surface of cutting edge

3.1 Coordinate systems in five-axis ball-end milling

To accurately model the swept surface of the cutting edge, the
coordinate systems involved in five-axis ball-end milling is
established first as follows.

(1) Cutter coordinate system (CCS), {OT;XT, YT, ZT}. A lo-
cal coordinate system attached to the cutter where ZT is
along the cutter axis direction. Initially, XT and YT are
consistent respectively with Xw and Yw of the workpiece
coordinate system;

(2) Spindle coordinate system (SCS), {OS;XS, YS, ZS}. A
local coordinate system fixed on the spindle of the ma-
chine tools. ZS is along the spindle direction and parallel
to the cutter axis, and in SCS the cutter revolves around
the spindle with angle speed ω, as shown in Fig. 4;

(3) Cutter contact coordinate system (GCS), {OG ;XG , YG,
ZG}. As shown in Fig. 5. The origin of GCS is cutter
contact (CC) point on the tool path, XG axis points to the
path interval direction, YG axis is along the feed direction
and ZG axis is the normal direction of workpiece surface
at CC point;

(4) Workpiece coordinate system (WCS), {Ow ; Xw , Yw,
Zw}. A global coordinate system, in which the work-

piece surface, the tool path and the topography of the
machined surface are described and modeled.

3.2 Rotary profile of cutting edge considering runout

Theoretically, in addition to the tool geometry and cutting
condition, other factors, such as cutter runout, wear, and de-
flection, can be also combined in modeling of the swept sur-
face as long as their equations with respective to z or t is
established. In this way, the effect of these parameters can be
studied. In the milling experiments, if a very stable machining
center, new cuter and small depth of cut are used and the
flooding coolant is supplied, the influence on the surface to-
pography of the vibration, deflection, and wear of the cutter
and even the change of temperature can be suppressed effec-
tively. But, the cutter runout in the milling process is almost
inevitable due to the existence of manufacturing and installa-
tion errors of the cutter. Thus, in the paper, the cutter runout
will be taken into consideration in modeling of the swept
surfaces, and for the convenience of the discussion, only the
parallel-axis runout is studied. In Fig. 4, OSOT denotes the
parallel-axis runout, which is represented by the initial angle
ε and the distance e between OS and OT. Under this situation,
the transformation matrix MC→ S from CCS to SCS can be
formulated as

MC→S ¼
cos ωtð Þ −sin ωtð Þ 0 0
sin ωtð Þ cos ωtð Þ 0 0

0 0 1 0
0 0 0 1

2
664

3
775

1 0 0 ecosε
0 1 0 esinε
0 0 1 0
0 0 0 1

2
664

3
775 ð5Þ

where t is the machining time along the tool path. In SCS, the
rotary profile of the cutting edge considering the cutter runout
about the spindle is represented by

S scsð Þ zð Þ ¼ MC→SS zð Þ ð6Þ

Fig. 3 Geometry of the ball-end
cutter with equal-helix angle
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On basis of Eq. (6), the rotary profile in GCS at each CC
point can be obtained by means of the transformation from
SCS to GCS, MS→G, which is the product of two rotation
matrix. One is the rotation of the spindle about XG axis, the
other is one of the spindle around ZG axis. MS→G is repre-
sented mathematically by

MS→G ¼
cosβ −sinβ 0 0
sinβ cosβ 0 0
0 0 1 0
0 0 0 1

2
664

3
775

1 0 0 0
0 cosα −sinα 0
0 sinα cosα 0
0 0 0 1

2
664

3
775

ð7Þ
where α, β are the tilt angle and the yaw angle of the tool

orientation in LCS, respectively, as shown in Fig. 6.
According to Eq. (7), the rotary profile of the cutting edge in
the local GCS can be modeled by

S gcsð Þ zð Þ ¼ MS→GMC→SS zð Þ ð8Þ

3.3 Swept surface of cutting edge in WCS

Typically, in the milling process, the feed direction is always
constantly changing; thus, the directions of three axes of GCS

are not usually consistent with that of WCS unless in the case
of linearly feeding onXw − Yw plane. Thus, to obtain the swept
surface of the cutting edge along the tool path in WCS, the
transformation from GCS to WCS has to be applied to
S(gcs)(z), which can be written as

MG→W ¼ XG YG ZG 0
0 0 0 1

� �T
E3�3 a tð Þ
0 0 0 1

� �
ð9Þ

where a(t) is the vector from the origin of WCS to that of
GCS at time t, as shown in Fig. 5, and E3 × 3 is a 3 × 3 identity
matrix. By means of Eq. (8) and (9), the swept surface,Ψ(z, t),
which is formed by the cutting edge proceeding along tool
path with feedrate f and simultaneously rotating with angle
speed ω in the milling process, can be modeled by the follow-
ing equation,

Ψ z; tð Þ ¼ MG→WMS→GMC→SS zð Þ ð10Þ

Figure 7 gives an example of the swept surfaces formed by
one cutting edge along two adjacent tool paths. It is seen that
the intersections of the swept surface itself and between neigh-
boring swept surfaces are very complex. This also verifies that,
as mentioned early, the same position on the workpiece may be
cut repeatedly by the swept surfaces. It is very disadvantageous
for those numerical iteration methods, which are used to calcu-
late the intersection points of the reference line or plane with the
cutting edge, due their dependency on the good starting point.

4 Simulation of surface topography

The simulation of the material removal process relies on the
well-known N-buffer model, in which the workpiece surface
is discretized by the lines directed along the normal to the
surface and the cutter is represented by the produced swept
surface. This discretized surface model is then truncated by
the swept surfaces along the tool path, and the remained part

(a) (b)

Fig. 4 a Geometry of the ball-
end mill with parallel-axis runout.
b Top view of parallel-axis runout

Fig. 5 Transformation between GCS and WCS
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defines the surface topography. The emphasis of this section
focuses on calculation of the intersection of the reference line
with the swept surfaces.

4.1 N-buffer model of workpiece surface

Assume that the workpiece surface is a parametric surface
described by s(u, v), the surface is first meshed into a grid.
The meshing point (sa , b, ha , b) is determined by

sa;b ¼ s aΔu; bΔvð Þ; a ¼ 0; 1;⋯; n; b ¼ 0; 1;⋯;m ð11Þ
where Δu and Δv are mesh sizes in the u and v directions on the
parameter plane, which are chosen according to the require-
ment for the accuracy and computation time. Generally, the
distance between two adjacent mesh points should be not
more than 2 μm. ha , b records the height of remainder after
each cutting, and initially it is equal to the depth of cut spec-
ified by the users. At each meshing point, the reference line is
defined as follows:

Line : La;b ¼ sa;b þ ha;bna;b ð12Þ

In Eq. (16), na , bis the unit normal vector of the workpiece
surface at the meshing point sa , b. Figure 8 shows a discretized
workpiece surface model.

4.2 Discretization of the swept surface

Due to the nonlinearity of the equation of swept surface and its
multi-intersections with the reference line, it is not an easy task
to gain the remaining height of the reference lines using the
numerical iteration methods depending on good starting point.
In order to calculate the intersection of the swept surface with
the reference line, an interpolation method is proposed. For
the implementation of the method, the swept surface needs to
be meshed into a rectangle grid and the meshing point is
determined by

Ψ i; j ¼ Ψ iΔz; jΔtð Þ; i ¼ 0; 1;⋯; nz; j ¼ 0; 1;⋯;mt ð13Þ
where Δz and Δt are mesh sizes in the z and t directions.
Generally, the gird of the swept surface does not need to be
very dense for saving the computation time because the cusp

(a) (b)

Fig. 6 a Tool orientation and b
transformation

Tool paths 

Swept surface 

Fig. 7 Swept surfaces of one
cutting edge along two adjacent
tool paths
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point on the swept surface is not the grid point, but the one
interpolated from four grid points. According to our experi-
ment, Δz is in the range of 0.05 − 0.1mm and Δt in (0.005 −
0.001)/n can generally produce a desired result, where n is the
spindle speed. In meshing the swept surface, the topological
relations among the meshing point, edge, and facet need also
to be created at the same time, so that, for a known meshing
point, its neighboring edges and rectangle facets can be found
quickly. It is very important to implement efficiently the pro-
posed interpolation method for calculating the cusp point.

4.3 Determination of cutting region

For N-buffer model, the main challenger is its computation
efficiency. A naive implement of calculating the cusp height
is to attempt to intersect all the reference lines with the swept
surface, but it will become very costly. Here, to avoid a great
number of attempted intersections, the cutting region that con-
tributes to the final surface topography is first roughly deter-
mined. Actually, the surface topography consists of the path-
interval and feed-interval scallops which are separated by the
path interval, wp, and the feed per tooth, fz, respectively, as
shown in Fig. 9. According to this information, the cutting

region, proceeding every distance of fz along the tool path, is
simplified to a circular region which radius is Rcr,

Rcr ¼ max f z;wp

� � ð14Þ

For the implementation of the proposed method, only the
reference lines in the cutting region are attempted to intersect
with the swept surface. Compared with the number of all
reference lines, the number of the reference lines in the cutting
region is small so that the efficiency of the simulating algo-
rithm can be improved.

4.4 Intersection of reference line with swept surface

As shown in Fig. 10, meshing point, sa , b, of the workpiece
surface is taken as example to discuss the calculation of
cusp height at this point. First, it is needed to find the
closest point of sa , b from all meshing point {Ψi , j} along
the reference line. This can be easily implemented by the
graphics algorithms [25]. Once the closest point of sa , b is
found, as shown in Fig. 10b, assume that the closest point
is Ψi , j, the neighbor rectangle facets of Ψi , jis searched to
find the intersection of the reference line La , b and the

facet. Assume that the intersection is P
0
L that should meet

the following condition of

∑Area tri Ψ i; j
	 
 ¼ Area rect Ψ i; j

	 
 ð15Þ

where the left stands for area sum of four triangles which

are formed by the intersection P
0
L and the four corner

points of the rectangle, as shown in Fig. 10b, and the right
is the area of the rectangle. In meshing the swept surface,
the parameters of the meshing points have been also stored,

so that the parameters of P
0
L can be calculated by weighted

sum of the parameters of four corners of the rectangle with

weights proportional to the distances of P
0
L and four cor-

ners. The parameter (zL, tL) of P
0
L is calculated by

zL; tLð Þ ¼ ∑
e ¼ i; i−1
f ¼ j; jþ 1

we; f ze; f ; te; f
	 


we; f ¼ dist P
0
L;Ψ e; f

� �.
∑

e ¼ i; i−1
f ¼ j; jþ 1

dist P
0
L;Ψ e; f

� �

8>>>>>>><
>>>>>>>:

ð16Þ

where dist(∙) stands for the distance of two points. Once the
parameters (zL, tL) is obtained using Eq. (16), which is then
put into Eq. (10) to calculate the accurate intersection of
the reference line and the swept surface. The height of
cutting cusp can be determined by.

ha;b ¼ dist sa;b;Ψ zL; tLð Þ	 
 ð17Þ

Cutter 

Reference lines 

Workpiece 

Fig. 8 N-buffer model of workpiece surface

hw hf

Feed

wp fz
(a) (b)

Fig. 9 a The path-interval scallop and b the feed-interval scallop of the
ball-end cutter
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The remaining parts of the reference lines are used to define
the surface topography.

5 Simulation and experiment verifications

5.1 Experiment set-up

The algorithms involved in this paper are coded in C++ lan-
guage and implemented on a PC with an Intel 3.4 GHZ and
8.0G physical memory. On basis of this, a series of simulating
and milling experiments are carried out to verify the proposed
predicting model for the surface topography. A Deckel Maho
DMU50 5-axis CNCmachine center with a maximum spindle
speed of 18,000 rmp is used for the real milling experiments,
as shown in Fig. 11. The workpiece material is AL-2024. A 2-
flute carbide ball-end cutter with a helix angle of 45° and a
diameter of 10 mm is used. The surface topography, profile,
and roughness of the machined surface are measured by an
interferometer, Zygo New View 5000, shown in Fig. 12. The
arithmetic mean roughness Ra is adopted to describe the sur-
face roughness due to its wide application in engineering, and

a sampling length of 2.5 mm is applied in surface inspection.
To reduce the measurement error as much as possible, Ra is
averaged over three separated measurements whose measur-
ing points are uniformly distributed on the milled surface.

Though there are many cutting parameters which affect the
surface topography, the selected cutting parameters for this
study are feed per tooth, tool orientation, path interval, and
cutter runout, since these parameters have the greatest effect
on the success of the milling operations [1, 3]. More impor-
tantly, these parameters can be easily changed in the milling
process, except cutter runout, without the need of additional
device and time. Thus, in this study, only these parameters are
considered. In addition, to reduce the effect of other factors as
much as possible, the new cutter, small depth of cut, and
flooding coolant are applied in the actual cutting experiment.
The selected cutting parameters for the study are listed in
Table 1. According to our experiments, when the cutter runout
is set 10μm, the simulating surface topography and roughness
have a good agreement with the experimental ones, so when
studying the effect of feed per tooth, tool orientation and path
interval, e is set 10 μm, and other values of the runout in the
table are used to study the effect of the cutter runout by sim-
ulation in Section 5.5.

Spindle axis 

Revolving 

direction   

Cutting edge 

Reference 

Line, La,b

Swept  

surface

Meshing point, sa,bXw 

Yw 

Zw 

Ow 

Intersection PL

Ψi,j

LP′

Ψi,j+1

Ψi-1,j+1

Ψi-1,j

(zi,tj) (zi,tj+1)

(zi-1,tj+1)(zi-1,tj)

(zL,tL)

(a) (b) (c)

Closest point 

Meshing point, sa,b

Fig. 10 Calculation of the intersection of the reference line and the swept surface. aReference line and swept surface. b Intersection of the reference line
and the rectangular plane. c The parameter point of the intersection on the z-t parameter plane

Fig. 11 DMU 50 five-axis CNC machine tool Fig. 12 Zygo NV5000 surface topography interferometer
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5.2 Surface topography with different feed per tooth

Since the feed per tooth considers comprehensively the effect
of the spindle speed and feedrate, only the topography and
roughness of the machined surface with respective to feed
per tooth is studied. The change of surface roughness with
different feed per tooth is illustrated in Fig. 13a. It is seen that
the roughness becomes large sharply as the feed per tooth
increases. It shows the feed per tooth plays an important role
for the surface quality. Especially, when the feed per tooth
reaches within the visible range, for example, the feed per
tooth is set 0.3 mm, the cutting action of the individual cutting
edge may leave the obvious cutting cusp along the real tro-
choid path. The differences between the simulated and mea-
sured results may be a consequence of the material tearing
from the workpiece since AL2024 is relatively soft and has
large plastic deformation in the machining process. Besides,
the built-up edge on the cutting edge is observed after cutting.
This is also a reason why the difference occurs. In spite of this,
the change trend of the simulated roughness is basically con-
sistent with that of the experiment. Figure 13b, c shows,

respectively, the simulated surface topography and the mea-
sured topography by the interferometer when the feed per
tooth is 0.3 mm at the position enclosed by the red circle in
Fig. 13a. By comparing Fig. 13b, c, it is seen that the proposed
method can simulate effectively the topography of the ma-
chined surface. The computation time of the surface topogra-
phy shown in Fig. 13b is 19.56 s, as shown in Table 2, which
is accepted for the practical applications.

5.3 Surface topography with different tool orientation

To avoid the zero cutting speed when the tip of the ball-end
cutter contacts the surface, the cutter usually declines an angle
in the feed direction relative to the normal of the surface, i.e.,
the tilt angle, α, is kept a positive value, but the yaw angle, β,
is usually set to be zero unless the global collision occurs.
With the different tilt angles, the surface topography and
roughness are simulated by the proposed method and mea-
sured using Zygo interferometer. Figure 14a gives the com-
parison of the simulated and measured roughness with differ-
ent tilt angles. It is clearly seen that the change trend of the
simulated and measured results is almost identical although
there are some small deviations. With the increase of the tilt
angle, the roughness reduces quickly, but after the tilt angle
reaches a certain value, about 6° according to our experiment,
the roughness is almost unchanged, but kept a stable value.
Figure 14b, c gives the surface topography simulated by our
method and measured by Zygo tester, respectively, when the
tilt angle of cutter is 2° at the position enclosed by the red

Table 1 Selected cutting parameters for the study

Level n/rmp fz/mm wp/mm α/° e/μm

1 3000 0.1 0.1 0 0

2 – 0.2 0.2 2 10

3 – 0.3 0.3 4 20

4 – 0.4 0.4 6 30

5 – 0.5 0.5 8 40

6 – 0.6 0.6 10 50

7 – – – 12 –

8 – – – 14 –

9 – – – 16 –

10 – – – 18 –

11 – – – 20 –

(a) (b) (c)

+13.124 

-5.345 

µm

+14.982

-6.219

µm

Fig. 13 Simulating and real milling with different feed per tooth when the path interval is 0.3 mm, the speed is 3000 rpm and tilt angle is 0°. aChange of
surface roughness with feed per tooth. b Simulated surface topography. c Measured surface topography when feed per tooth is 0.3 mm

Table 2 Computation time of the simulation process

Examples Number of the reference lines Time (s)

Fig. 13b 243 × 363 19.56

Fig. 14b 243 × 363 20.39

Fig. 15b 483 × 363 41.78
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circle in Fig. 14a. It is seen that the peak and valley of the
simulated cusp reflects basically the changes of the real cut-
ting cusp and shows good agreement with the measured re-
sults. The computation time of this example is 20.39 s, as
shown in Table 2.

5.4 Surface topography with different path interval

Path interval is also a main factor which affects the surface
topography and roughness. From Fig. 15a, it can be seen that
either the simulated surface roughness or the measured one are
both increased with the increase of the path interval and they
show consistent change trend. Comparison of the simulated
surface topography shown in Fig.15b and the measured one
shown in Fig. 15c, when the feed per tooth is 0.3 mm/tooth,
also shows that the cusp height change of the simulation re-
sults is corresponding basically to that of the actual experi-
mental results either at the peak in red or the valley in blue of
the cusp. This confirms that the proposedmethod can simulate
well the milled surface. In addition, by comparing Fig. 13c
and Fig. 15c, it is observed that, when the path interval is
obviously larger than the feed per tooth, for example the path
interval in Fig. 15 (c) is 0.6 mm and the feed per tooth is

0.3 mm/tooth, the cutting cusp in the path interval direction
dominates in the surface topography and is almost continuous
along the tool path. But, when the feed per tooth closes to the
path interval, for example in Fig. 13c, the feed per tooth is
0.3 mm/tooth and the path interval is also 0.3 mm, the cutting
cusp in the feed direction has larger influence on the surface
quality. The computation time of this example is 41.78 s, as
shown in Table 2.

5.5 Effect of cutter runout on topography and roughness

The effect of cutter runout is only studied by simulation, lim-
ited by our experiment conditions. From Fig. 16a, it is seen
that the effect of cutter runout in five-axis machining on the
surface roughness depends on the tilt angle of cutter. When the
tilt angle is 0°, the surface roughness decreases slowly with
the increase of the runout. But when the cutter inclines a tilt
angle in the feed direction, the surface roughness become
large sharply as the runout increases. After the runout reaches
a certain value, about 30 μm in our experiments, the rough-
ness is almost unchanged. In addition, Fig. 16b shows the
simulated surface topography by the proposed method when
using the same cutting parameters and cutter runout as given

(a) (b) (c)

+11.739 

-13.275 

µm

+12.774

-11.830

µm

Fig. 14 Simulating and real milling with different tilt angles when the speed is 3000 rmp, the feed per tooth is 0.3 mm and the path interval is 0.3 mm. a
Change of surface roughness with tilt angles. b Simulated surface topography. c Measured surface topography when tilt angle is 2°

(a) (b) (c)

+15.274 

-11.837 

µm

+16.306 

-13.312 

µm

Fig. 15 Simulating and real milling with different path intervals when the feed per tooth is 0.3 mm, the speed is 3000 rpm, and the tilt angle is 0°. a
Change of surface roughness with the path intervals. b Simulated surface topography. cMeasured surface topography when the path interval is 0.6 mm
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by Arizmendi et al. in [17], and Fig. 16c is the simulated result
by Arizmendi et al. By comparing Fig. 16b, c, it is seen that
the simulated result by the proposed method shows good
agreement with Arizmendi et al.’s. This demonstrates further
the validity of our method. Analyzing and characterizing ac-
curately the effect of the cutter runout on the topography of the
surface by the actual cutting experiment will be our future
work to be done.

6 Conclusions

This paper develops a swept surface approach to modeling the
topography of the machined surface in the ball-end milling. In
the study, the ball-end milling proceeds along a tool path is
considered, from the view of kinematics, to be a process that
the material is continuously removed by the swept surfaces of
the cutting edges. Thus, the helix cutting edge of ball-end
cutter used widely in CNC milling is first described accurate-
ly, and then its swept surface in WCS is modeled via a series
of coordinate transformations, so that the cutting interaction of
the cutter-workpiece can be more realistically described than
before. On basis of this, a method based on interpolation is
given to calculate accurately the cusp height of any point on
the workpiece. It not only avoids the traditional numerical
iteration of requiring good initial point to achieve the solution,
but also eliminates the tolerance resulted from the discretizing
parameter difference of cutting edge and workpiece in most
methods. Although there are differences between the simulat-
ed and measured surface topography, the simulated results
reflect well the variant characteristics of the surface topogra-
phy, and the change trends of the simulated and measured
surface roughness with various cutting parameters also show
good agreement. This demonstrates the validity of the pro-
posed method for simulating the surface topography in ball-
end milling.
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