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Abstract Controlling product geometric quality is an impor-
tant issue, because real parts deviate from their nominal value
(e.g., in form, orientation, and position error of features, size of
part, etc.). To analyze the influence of these deviations on final
product, one solution is to consider the nonnominal SkinModel
Shape to simulate assembly, manufacturing, or metrology. The
modeling of nonnominal parts is still in its initial phases. First,
methods of generating a single feature with deviations are
reviewed and classified. With the combination of the single
nonideal features to obtain the complete nonideal model of
the part, geometrical issues appear, such as gaps and self-inter-
sections. These can be influenced by acute and obtuse angles
and the ratio between mesh size and deviation value. From an
analysis of these issues, two deviation combination methods
are proposed to preserve the manufacturing deviation of fea-
tures and consistency of the model. These methods are quali-
fied as local and global methods. The local method is based on
the iterative calculation of mesh regularization. The global
method is based on finite element analysis, with manufacturing
deviations added to the nominal model by the penalty function
approach. The effectiveness and efficiency of both kinds of
method are compared on a trial geometry. The global method
is preferred as it needs no iterative calculation, no stop criteria
and gives better results. Finally, the proposed method is vali-
dated on a more complex mechanical part: a cutter body.

Keywords Computer-Aided Tolerancing .Manufacturing
deviation . Skin model shape . Random field . Finite element
analysis

1 Introduction

The geometrical quality of a product, one of the qualities that
is of concern from the design stage through to manufacturing,
influences the final product function and reliability and draws
a lot of research attention. To predict the potential problems
caused by geometrical uncertainties during the manufacturing
process and to increase the robustness of product design,
based on Computer-Aided Design (CAD) systems, several
models have been proposed to express tolerances and conduct
tolerance analysis [1, 2].

To model tolerances, offset zones [3] are introduced to
represent the tolerance zones by offsetting the boundary of
the nominal model. A vectorial approach [4] is proposed to
conduct tolerance analysis [5]. In the work of Desrochers et al.
[6], the Technologically and Topologically Related Surfaces
(TTRS) method is developed, which allows for the integration
of tolerance information into a CAD system. Meanwhile, sim-
ulation based on Small Displacement Torsor (SDT) [7],
Proportioned Assembly Clearance Volume (PACV) [8],
polytopes [9], and Tolerance Map (T-Map) [10] have all been
developed. Some of these models have been integrated into
the CAD system or implemented in Computer-Aided
Tolerancing (CAT) software.

While form error (detailed shape defect) influences various
stages of manufacturing and assembly, the current models
used for tolerance simulation are usually based on simplified
variations (orientation and location) of the nominal model [11,
12], which cannot represent the real product. Meanwhile, the
expression of tolerance specifications based on the nominal
model leads to ambiguities [13] and may cause dysfunctions.

Given the limitations of nominal model-based methods,
many other models have been developed which could repre-
sent detailed geometric deviations. In the work of Hu et al.
[14], random rough surfaces are simulated by Fourier analysis,
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and the contact area of the rough surface is simulated by
Yastrebov et al. [15]. A manufacturing signature which con-
tains shape error is considered in contact simulation byWilma
et al. [16]. In the work of Cao et al. [17], a surface with multi-
scale deviation is simulated and evaluated with tolerance spec-
ification. Surfaces with form deviations are also simulated for
compliant sheet metal assembly [18, 19] to optimize the as-
sembly sequence or locating methods. Besides the models
mentioned above, in order to express shape defects and spec-
ifications, Ballu andMathieu propose the SkinModel [20]. As
the basic concept of the Geometrical Product Specification
(GPS) standard [21], the Skin Model is a nonideal model
representing the actual shape of real parts, which can be very
different from the nominal model. With this model, various
kinds of geometrical deviation can be expressed. However, as
the Skin Model is an infinite description of a real part, it is
impossible to integrate it into computer software to conduct
geometric defect simulation, assembly simulation, etc. The
skin model shape is proposed by Anwer et al. [22, 23] to
indicate a specific Skin Model which could be described with
finite parameters in the software.

In the different stages of the product lifecycle, there could
be different purposes and methods for generating skin model
shapes. In the design stage, when only a nominal model is
available, skin model shapes could be generated by simulation
methods [24], while in the later stages, they could be generat-
ed from the simulation results of the manufacturing process, or
even from measuring actual parts [25].

To be more realistic, the simulation is applied independent-
ly to each feature of the part or to each group of features; this
enables location errors to be introduced according to the
manufacturing process and part setup. By doing this, geomet-
ric inconsistencies appear at the edges when the whole part
surface is reconstructed from the individual ones. The objec-
tive of this paper is to present the geometric issues involved
when combining the individual features and to propose a
method to obtain fully consistent skin model shapes for any
kind of surface.

In the first part, different approaches for form error simula-
tion are reviewed. Next, the geometrical issues of combining
these surfaces are described. From the issues, different methods
are proposed, and particularly a method based on finite element
analysis (FEA). Finally, the method is applied to a trial part and
to a representative part from the mechanical industry.

2 Simulation methods for skin model shape

Unlike the nominal CAD model, the Skin Model is
defined as a nonideal model which could represent the
imperfect shape of a real part. The simulation and visu-
alization of a Skin Model could help engineers better
understand any potential manufacturing defects and

assist them in making the appropriate decisions. Due
to the imperfect shape of the Skin Model, its application
could be extended to many other areas, such as toler-
ance analysis and virtual metrology.

With the increasing demands on manufacturing preci-
sion, the simulation and application of the Skin Model
have drawn a lot of research interest in recent years.
Due to its inherent nonideal character, a discrete repre-
sentation is more suitable for Skin Model simulation
[24]. Meanwhile, most Computer-Aided Engineering
(CAE) or Computer-Aided Manufacturing (CAM) tools,
like FEA, and measurement data are based on the dis-
crete assumption. In this context, the discrete represen-
tation of the Skin Model will be of benefit to the reuse
of data from manufacturing process simulation or mea-
surement, which leads in turn to a more realistic simu-
lation result. Thus, in earlier studies, to implement the
Skin Model concept into computer software, the skin
model shape is introduced as a specific discrete instance
of Skin Model [23, 26].

The simulation of manufacturing defects is conducted be-
fore applying the skin model shape to various applications.
Due to the different mechanisms in the various manufacturing
processes, the parts tend to have distinct geometric defect
patterns after different machining processes. As CAE and
CAMmethods have developed, many studies have been done
to simulate the manufacturing processes and results. In the
work ofWang et al. [27], FEA is used to simulate the stamping
process and provide data to optimize the forming process.
Simulation of the welding process considering nonideal com-
pliant parts and locating deviation is studied by Hu et al. [28],
who estimate the dimensional deviation of final assembly.
Virtual machining, looking at the relation between workpiece,
machining tool, and machining process, has drawn a great
deal of research attention during recent decades [29–34].
Altintas et al. [35] provide a detailed review of virtual machin-
ing simulation methods and classify them into five categories,
depending on the simulation principles: solid model-based;
wire frame-based; voxel-, dexel-, and z-buffer-based; point-
based; and analytical methods.

The simulation methods mentioned above are
process-oriented and deal mainly with specific
manufacturing processes, in order to predict and opti-
mize the parameters, such as cutting force, torque, and
tool path. The more detailed structures and factors that
are considered during the simulation, the more calcula-
tion resources, and time will be required.

To simulate the skin model shape, only the final part
with manufacturing defect is used. General and
geometry-oriented simulation methods, which aim at
producing a part with manufacturing defects rather than
an analysis of the manufacturing process, are also stud-
ied. Based on the principles of these methods, they are
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classified into three categories, which are random noise,
mesh morphing, and modal-based methods. In the work
of Zhang et al. [36], both 1D and 3D random noise are
used to generate random local deviations. Mesh
morphing-based methods are introduced to simulate ran-
dom and systematic manufacturing defects [18, 24, 37].
Modal-based methods simulate surface defects by linear
combination of form error modes. Modes used in simu-
lation can be sine or cosine terms, polynomials, or
values from Eigen decompositions [16, 17, 19, 23,
38–40]. In addition, using several training sets (data sets
used to generate mode bases), a principal component
analysis (PCA)-based statistical shape analysis method
could be used to generate skin model shapes [24].
Table 1 shows the classification of different methods.

Either process-oriented or geometry-oriented simula-
tion methods could be used for the simulation of the
skin model shape. Process-oriented methods could pro-
vide a more realistic simulation result, although they
require more information about the product and the de-
tailed manufacturing process. For the early design stage,
when only limited product or manufacturing information
is available, the geometry-oriented general simulation
method is a good choice. Moreover, with appropriate

control parameters, it is possible to simulate a realistic
skin model shape by geometry-oriented methods. In the
next section, the geometry-oriented general simulation
methods are applied.

Concerning the general geometry-oriented simulation
methods, all the form error simulation approaches may be ap-
plied to simple canonic surfaces (plane, cylinder, sphere, and
torus). Some of themmay be applied to a set of canonic surfaces
or to the whole surface of a complex part: 3D random noise and
morphing. However, on an actual workpiece, particularly on a
machined workpiece, there are independencies between isolat-
ed features or groups of fixtures due to specific machining
conditions and clamping positions; different clamping positions
introduce orientation and position errors. To simulate such er-
rors, local independent simulations on features are required.
After the independent simulations, the generated surfaces must
be combined to create the skin model shape.

In [26], Schleich et al. proposed a skin model shape
simulation process. At first, the tessellated model is gen-
erated from the nominal model, and then partition opera-
tion is conducted to acquire independent features. For
each feature, different kinds of deviations are simulated,
and they are added to the discrete nominal model directly
to generate the skin model shapes.

In our study, we use a different method and treat each
feature independently, emphasizing feature segmentation and
combination processes [41]. Simulation of the skin model
shape is divided into three steps, as described below:

& Segmentation. To be able to treat each feature independent-
ly and simulate deviations with different precision require-
ments, segmentation of the feature is conducted in advance.

& Manufacturing deviation simulation. Geometric
manufacturing defects on the skin model shape are simu-
lated. They are saved as deviation data for each vertex.

& Deviation combination. When the geometric deviations
are simulated, they are combined and added to the original
nominal model.

Table 1 Geometry-oriented manufacturing defect simulation methods

Category Methods

Random noise 1D/3D random noise [36]

Mesh morphing Random shapes [18, 37]

Second-order shapes [24]

Modal-based
methods

Without training sets Zernike polynomials [40]

Random field [23]

Discrete cosine transform [16, 19]

Natural vibration mode [17, 39]

With training sets Principal component analysis [25]

(a) (b) (c) (d)

Fig. 1 Process for the generation
of the skin model shapes. a
Nominal model of the part. b
Discretization and segmentation
of the nominal model. c Simulate
manufacturing deviations on each
feature. d Combine all deviation
data and nominal model into a
complete skin model shape
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Figure 1 shows the simulation result at each step. As the
deviations are simulated independently for each feature, and
as the corresponding features have connections at their bound-
aries, combining the independent deviation data is a problem.
In the following, geometric issues that appear during deviation
combination are studied and requirements for deviation com-
bination are summarized. Next, local and global solutions are
proposed to handle these geometric issues.

3 Geometric issues

This section highlights the difficulties encountered in combin-
ing deviation data from each feature and adding them to the
nominal model. The following sections are illustrated with 2D
examples, as in Fig. 2b (assume the vertices lie in the same
section plane), but they are representative of the main prob-
lems in 3D space.

The vertex normal is estimated by mean weighted equally
algorithm [42]. Figure 3 shows the difference when we con-
sider each feature independently or not. To simulate
manufacturing deviation, which has independence between
features, the situation in Fig. 3b is closer to reality. Thus, in
what follows in this paper, the vertex normal is estimated for
single features after segmentation, as shown in Fig. 3b.

3.1 Nonconnection

Unlike the features in the nominal model, which are connected
at the edges, independent features with form deviations are no
longer connected when we put them together. Figure 4 shows
2D sections and a 3D model of two intersecting planes. The
nominal model is shown in Fig. 4a, where dashed lines repre-
sent a section view of two connected planes without form

error, circles or squares in the dashed lines represent vertices
on the faces, and the two faces are connected at the corner
vertex. Assuming that the deviation of vertices outside the
model is positive (+) and inside the model is negative (−),
there are four types of configuration for the corner vertex,
which can be seen in Fig. 4b. Solid lines, circles, and squares
represent the section view of features with form error. One can
imagine intersections between neighboring surfaces, but
Fig. 4b illustrates cases without intersection.

As can be seen from the figures, depending on the
configuration type and deviation value, sometimes, the
two features are not connected while sometimes they in-
tersect. The 3D case is much more complex. Figure 5
illustrates on a 3D view the fact that the surfaces may
have zones of connection and nonconnection on one and
the same edge. To guarantee the topological coherence of
skin model shape, this issue has to be resolved.

3.2 Face connection

It is possible to calculate the intersection between features and
delete the intersect parts, or calculate the split and fill in more
vertices. In [43–45], mesh repairing methods are developed.
This is not easy to carry out and the topology of the mesh needs
to be changed. Meanwhile, it leads to more problems, such as
the deviation simulation of new added vertices, the choice of
new edge or corner, etc. Thus, a simpler method is preferred.

The simplest way to connect the faces is to add the simulated
deviation to the vertices of the nominal model (discrete but not
segmented into separate features) directly. The deviations are
added along the vertex normals. This makes a vertex on an edge,
which belongs to two faces, has two deviations along the normal
direction of the two faces at the vertex, and the final vertex is the

(a) (b)

Fig. 2 Examples of connected
features. a Two connected mesh
planes and the section plane in
3D. b 2D section view

(a) (b)

Fig. 3 Estimation of vertex
normal. a Before feature
segmentation. b after feature
segmentation
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result of the addition of the two deviation vectors. Figure 6
shows an example of deviation addition on an edge vertex.

By applying this combination method, Fig. 7 shows the
combination results of Fig. 4b and the results look appropriate
for these configurations.

3.3 Obtuse and acute dihedral angles

However, when the connected features are at an obtuse or
acute dihedral angle, there are new issues. The precision of
each feature is influenced during the combination process by
vector addition. Figure 8a shows the situation when two con-
nected features are at an obtuse dihedral angle. By the princi-
pal of vector addition, the position of the edge vertex after
combination can be easily calculated. However, this point
does not correspond to the desired point. It is clear that by
the addition of vectors, shape error for both single features is
increased. For the acute dihedral angle in Fig. 8b, the devia-
tion of the edge vertex decreases in a similar way.

The desired point is the intersection of two offset lines
parallel to the two nominal lines; the two values of the
offsets are equal to the two deviations of the edge vertex
according to the two lines. Thus, the intersection point
keeps the deviation of the edge vertex along the normal
direction the same as before the deviation combination. In

the proposed method, the objective will be to obtain this
intersection point.

3.4 Ratio mesh size/deviation magnitude

The visualization of the form error shape is also important, as
it could help engineers to understand potential defects of parts,
make optimal decisions, and improve the manufacturing pro-
cess [46]. Besides using the contour map of deviation, an
amplified form error shape can show the deviation directly.
Thus, we amplify the form errors on the skin model shape.
However, this amplification also causes problems when a
combination is conducted.

This is seen in Fig. 9. The amplified deviation may
become larger than the mesh size, as shown in Fig. 9a.
When the combination method is used by direct deviation
addition to a nominal model, mesh triangles connected to
the edge vertex will be overstretched or intersect with
each other. Figure 9b shows the combination result with
amplified deviation. These overstretching and intersection
problems could also happen in precision simulation, when
the mesh size is smaller than or close to deviation value.

(a) Nominal features

(b) Features with form errors 

Fig. 4 Two connected features
with and without form error

Fig. 5 3D view of the intersection and gap between features with form
error Fig. 6 Principle of deviation addition on nominal model directly
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4 Deviation combination methods

Several methods have been studied to combine the geo-
metric deviations in a single mesh without intersection or
stretching, while guaranteeing the precision of the feature.
Based on their principles, they are classified as a local
method or a global method.

4.1 Local method

In local methods, the deviations are first added to the nominal
model, and then the mesh regularization process can be con-
ducted to eliminate any intersection or split on the mesh [23].
The general process used for local methods is explained below:

& Computation of deviations for each feature independently.
& Addition of the deviations to the nominal model. For ver-

tices inside the faces, the deviations are added along the
normal direction directly. For vertices on the edges or cor-
ners, the positions of the vertices are calculated as the in-
tersection of local tangent planes, as explained in Sect. 3.3.

& Regularization of the mesh to handle mesh problems
with the skin model shape. Two methods are used, one
based on Laplacian mesh regularization and the other
on spring analogy. In local methods, regularization
consists in moving each vertex only according to the
neighboring ones.

Next, the principles of the two regularization
methods are explained.

4.1.1 Laplacian mesh regularization

The Laplacian mesh regularization method [47], which is sim-
ple and fast, has been used to regularize the mesh in many
different applications [48, 49].

Laplacian regularization is based on the umbrella operator
[50] to adjust the position of the vertices of themesh repeatedly.
As explained in Fig. 10, the umbrella operatorU(P) of a vertex
P is a vector, which is defined by the following expression:

U Pð Þ ¼ 1

∑
i
wi

∑
i
wiQi−P ð1Þ

Offset line

Intersection 
of offset lines

Nominal line

Result of 
vector addition

Deviation 
vector

(a)

Offset line

Intersection 
of offset lines

Nominal line

Result of 
vector addition

Deviation 
vector

(b)

Fig. 8 Influence on precision of
features of a obtuse dihedral angle
and b acute dihedral angle

Fig. 7 Combination result by
deviation addition on vertices of
nominal model directly
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where P is the vertex to be adjusted andQi are the neighbors of
P. The wi are positive weights which can be adjusted, but one
simple way is to setwi=1. The position of vertex P is adjusted
by adding a scaled umbrella operator (P):

Pnew ¼ Pold þ λ U Poldð Þ ð2Þ

Pole and Pnew are the coordinates of vertex P before and
after adjustment, λ>0 is a small positive number. Every ver-
tex coordinate is adjusted by iteration with Eq. 2, and param-
eter λ decides the adjustment speed in each iteration. The
operator U(P) can be decomposed according to the normal
vector n and tangent vector t at vertex P, then:

Pnew ¼ Pold þ λ1 Un Poldð Þ þ λ2 Ut Poldð Þ ð3Þ



where Un(P) and Ut(P) are the normal and tangential com-
ponents of U(P). By optimizing the calculation method of
U(P) and regularization speed λ, the method is improved
by Ohtake et al. [47].

The Laplacian mesh regularization method is efficient
and easy to apply. As shown in Eq. 3, it is possible to
adjust the position of the vertices along a specific direc-
tion. Thus, to conserve the geometric precision of fea-
tures, we adjust the vertices inside a surface only by the
tangential component of the umbrella operator. This is
illustrated in Fig. 11a, where vectors t and n correspond
to the tangential and normal vectors, respectively. After
mesh regularization, the manufacturing defects, which are
expressed by the deviations along vertex normal direc-
tions, are not influenced.

For vertices on the edge, the umbrella operator is
projected to a direction which is perpendicular to the
two normals of the local tangent planes of vertex P. As
explained in Fig. 11b, n1 and n2 are the normals of local
tangent planes when vertex P is on the edge of two con-
nected faces S1 and S2. Direction n3 is perpendicular to
both n1 and n2, thus adjustment along n3 will not influ-
ence deviation along these two normal directions.

For vertices on the corner, they already have deviations
along three nonparallel directions, thus their position will be
fixed during the mesh regularization process.

4.1.2 Spring analogy

The spring analogy is commonly used in Computational Fluid
Dynamics (CFD) for moving boundary problems and mesh
regularization [51–53]. Due to its simple and basic assump-
tion, modification of the mesh can be done efficiently.

Spring analogy applies Hook’s law to adjust the mesh; the
principle is explained in Fig. 12. Based on the definition of
equilibrium length, the method can be classified into vertex
springs and segment springs [52], and their equations are gen-
eralized. Let point P be the vertex to be adjusted, and Qi its
neighbor vertices, the force applied to vertex P is

FP ¼ ∑iki Qi−P−dið Þ ð4Þ

ki is the stiffness of the spring, and di is the equilibrium vector.
For vertex springs, the equilibrium vector is zero, while for
segment springs, di is defined as:

di ¼ Qi;old−Pold ð5Þ

where the subscript “old” indicates the initial position of
the vertices. The displacement vector of vertex P is

δP ¼ FP

∑iki
ð6Þ

By solving the equations iteratively, the position of the
vertices can be calculated:

Pnew ¼ Pnew þ δP ð7Þ

For vertex springs, if we set the stiffness ki= 1, it is
the same as the simplest umbrella-operator U(P), which
has been explained above. Both the vertex spring and
segment spring methods can be improved by modifying
the stiffness ki.

As with the 2D spring analogy in its application to our
problem, 3D springs are considered to calculate vertex
displacement. Next, to conserve the geometric deviation

Intersection

(a) (b)

Fig. 9 Overstretch and
intersection of mesh when
deviation is larger than the mesh
size

Q1

Q2
Q3

P

Qi

U(P)
Fig. 10 Principle of the umbrella operator
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of the features, displacement δP is projected in a specific
direction which is the same as in the Laplacian mesh
regularization method.

4.1.3 2D example by local method

The example in Fig. 13 shows mesh regularization by spring
analogy. Dashed lines indicate the nominal model, while solid
lines indicate the model with deviations. Figure 13a shows the
model before regularization, and Fig. 13b shows the model
after regularization. As seen from Fig. 13b, vertices are ad-
justed only along their local tangent direction. The local mesh
regularization method works in the same way for other situa-
tions, such as obtuse or acute dihedral angles.

4.2 Global method

In the local methods proposed above, the mesh is adjusted
with certain direction constraints. Based on this principle,
we propose another method to add direction constraints and
solve the regularization problem globally.

In our combination and adjustment problem, where every
vertex has at least one adjustment constraint, the method for
adding constraints and solving equations efficiently is impor-
tant. Finite element analysis (FEA) which has a standard solv-
ing process and can deal with complicated boundary problems
is a promising way to solve the issue.

FEA is an efficient tool in structural design and analysis. It
decomposes complex structures into small basic elements and
provides a standard solving process. This benefits its imple-
mentation in computer programs, and complex structural
problems are solved as simpler ones with the same process.
In calculating CFD problems, where mesh is moving during
simulation, FEA is also used for mesh regularization [54, 55].

With FEA, the 3D bar element is used to calculate the
adjustment of vertex, which is similar to the spring in the
spring analogy method. The penalty function approach is used
to add adjustment direction constraints. The regularization
problem defined by FEA is a linear problem, and the

calculation only needs to be conducted once. The process of
combination with FEA is shown below:

& Simulation of deviations on each feature independently.
The deviation is not added to the vertex of the feature
immediately, but stored as a displacement boundary con-
straint along the normal direction of the vertex.

& Generation of matrix for FEA based on the existing mesh
model. Every edge of the mesh triangles is taken as a 3D
bar element.

& Definition of the boundary displacement constraints cor-
responding to the deviations.

& Solving the FEA problem using the penalty function ap-
proach [56] to generate the regularized skin model shape.

In the following, the basic concept of FEA and the penalty
function approach are introduced.

4.2.1 Finite element analysis

Typically, for a static FEA, the stiffness equation is applied to
the considered elements:

Ke⋅qe ¼ Pe ð8Þ

Q1

Q2

Q3

Q4

P

Q5

Q6

Fig. 12 Principle of Spring Analogy

P
t

n
U(P)

n2
P

n3
n1

(a) (b)

Fig. 11 Projection of umbrella
operator during mesh
regularization process
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where Ke is the stiffness matrix, Pe is the nodal force vector,
and qe is the nodal displacement vector which needs to be
solved for each element. They are defined in a local coordinate
system associatedwith the corresponding element. To conduct
the analysis and to solve the displacements of all the nodes in
the structure, they should be transformed into a global coor-
dinate system and assembled together. With the transforma-
tion matrix Te, we obtain

�Ke ¼ TeTKeTe

�Pe ¼ TeTPe

qe ¼ Te �qe

8
<

:
ð9Þ

Ke; qe, and Pe are the stiffness matrix, displacement vec-
tor, and force vector for elements in a global coordinate sys-
tem, respectively. Once the displacement vector is calculated,
other parameters (like strain, stress) can be solved based on
their relation. For more detailed information about FEA, such
as how to establish the stiffness equation and solve it, we refer
readers to [56, 57].

4.2.2 Penalty function approach

To solve the stiffness equation with specified boundary con-
ditions, there are several methods, such as direct solving, the
Lagrange multiplier method, and the penalty function

approach. As the penalty function approach keeps the struc-
ture of the original equations (matrix size, ranking, and sym-
metry), it reduces the complexity of large-scale computing
dramatically and has been widely used in engineering appli-
cations. We apply this method to our mesh adjustment. The
principle of the penalty function approach is shown below.

For a finite element model, its potential energy functionΠ is

Π ¼ 1

2
qTKq−FTq ð10Þ

where q is the displacement vector of the system, K is the
stiffness matrix, and F is the external force vector added to
the nodes. To introduce the displacement boundary conditions,
the displacement relation between coordinates can be written as

Cq ¼ d ð11Þ

C is the matrix containing the displacement relations be-
tween the coordinates of the vertices, and d is the vector of
displacement boundary conditions (corresponding to the sim-
ulated form deviations along normal directions in our case). A
very large number S is introduced, modifying the potential
energy function as:

Π* ¼ 1

2
qTKq−FTqþ 1

2
S Cq−dð Þ2 ð12Þ

(a) (b)

Fig. 13 2D mesh regularization
example a before regularization
and b after regularization

Adjustment direction

Fully constrained

in 2D

Displacement boundary 

constraint

Fig. 14 Example of FEA-based
mesh regularization method in 2D
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Since S is a very large number, Π∗ can take its minimum
value only when (Cq−d)≈0 so that the displacement bound-
ary condition is satisfied. For the minimum value, ∂Π∗ ∂q=0,
the resulting equation can be written as

K*q ¼ F* ð13Þ

where K∗=K+SCTC, F∗=F+SCTd.
For identical finite element model and boundary con-

ditions, the result of the calculation is influenced by the
parameter S in the penalty function. If S is large enough,
the boundary conditions play a critical role and the adjust-
ment will be only along the tangential direction of the
vertices. Thus, depending on the size and precision of
the model, a relatively large S is taken to guarantee the
effectiveness of adjustment.

4.2.3 2D example by FEA-based method

Figure 14 illustrates the FEA-based mesh regularization meth-
od in a simplified 2D situation. The displacement boundary
constraint is added to every vertex. The value of the displace-
ment boundary constraint is manufacturing deviation, which
has been simulated for every vertex, and the directions are
vertex normals.

For a vertex with just one displacement boundary con-
straint, it can be adjusted along its local tangent direction.
For a vertex on the edge, which is shown in the dashed circle
region, this has two nonparallel displacement boundary con-
straints, and its position is fully constrained in 2D. When
dealing with the generation of skin model shapes, a similar
method is extended to a 3D situation.

5 Simulation and comparison

5.1 Model used for comparison

As the vertices and triangles on the boundary cause problems
in combining features with form error, here, we use the model
with four typical edges in mechanical parts to evaluate the
simulation result. This model is shown in Fig. 15.

The model is initially discretized and segmented into seven
features, with different colors given to distinguish the faces.
The four edges, e1, e2, e3, and e4, represent the edges between
acute angle, obtuse angle, right angle, and edge with two tan-
gent faces, respectively.

Fig. 15 Model used for simulation and comparison

(a)

(b) (c) (d)

Fig. 16 a Direct deviation addition with color, b direct deviation addition, c Laplacian mesh regularization, d FEA-based regularization
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5.2 Simulation results and comparison

To assess the effectiveness of different methods, we compare
the simulation result by (1) the direct deviation addition meth-
od, (2) Laplacianmesh regularization, and (3) FEA-basedmesh
regularization. The form error for each feature is first simulated
by the random field method, which has been introduced in
earlier sections. To visualize the shape error of the model, the
deviation is amplified. It should be noted that all three methods
use the same result from the random field simulation, but differ
in how the deviations are combined and adjusted.

As in the comparison method, deviations are assigned di-
rectly to the discrete skin model shape as shown in Fig. 16a, b.
In Fig. 16a, the color denotes the simulation result from the
random field method, while in Fig. 16b, the problems on the
edges of the mesh are emphasized. It can be clearly seen that
in Fig. 16b, the edges of the mesh have different degrees of
stretch, compression, and intersection.

Figure 16c shows the result for the Laplacian mesh regu-
larization. This is a local method and 200 iterations are con-
ducted to smooth the mesh. With the proposed regularization
strategy, the problems on the edges are eliminated, and the
simulated manufacturing deviations are conserved. For this
method, criteria are required (e.g., not contain mesh intersec-
tions, threshold value of smallest adjustment, etc.) to decide
whether or not to continue the iterations.

The result for the FEA-based regularization method is giv-
en in Fig. 16d. As can be seen from the zoomed in areas, a

more regular and smoother edge is generated compared to
Fig. 16b, c, and only one linear problem needs to be solved.
Considering its complexity and effectiveness, the FEA-based
mesh regularization could be the best choice for our problem.

Based on the discussion above, by applying the adjustment
with the FEA method, a reliable combination process could be
conducted and the skin model shape is generated. However,
one thing that should be considered is the connection of the
tangent area, as shown in e4 of Fig. 15. When we separate the
tangent connected features and assign manufacturing defects to
them independently, dramatic changes may happen at the edge
area, as in e4 in Fig. 17a. This is possible if the two tangent-
connected features are machined in separate processes. If we
machine them at the same time, a more continuous simulation
result is preferred and we should regard the two connected
features as one feature before simulation with the random field
method. Figure 17b shows the result when the tangent features
are considered together in simulation. Deviations of the tangent
features are changing continuously. The decision to separate
the two tangent features or not depends on the manufacturing
process. Thus, to guarantee that the skin model shape repre-
sents realistic parts, it is better to keep the simulation process in
accordance with the manufacturing process.

5.3 Application with mechanical part

Themodel we use for method comparison is a simple one, but it
does contain several different types of edge situation. To verify

e4 e4
(a) (b)

Fig. 17 Changes at tangent area
e4. a Separated features, not
continuous deviation. b Single
feature, continuous deviation

(a) (b)

Fig. 18 Body of milling tool. a
Nominal model. b Model after
segmentation
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the effectiveness of the proposed simulation procedure and de-
viation combination method, a representative mechanical part
with complex shapes is used to generate its skin model shape.

The model we used here is a cutter body for milling. The
nominal shape of the model is seen from Fig. 18a. Its surfaces
are segmented into single features, which are distinguished by
different colors in Fig. 18b. The modal-based simulation
method is used to simulate manufacturing deviations. For each
feature, four modes are chosen randomly and the maximum
sum of the deviation could be 0.4.

The simulated deviations are amplified 15 times. In Fig. 19a–
c, the simulated manufacturing deviations are added to the

nominal model directly. Figure 19a aims at showing the global
deviation shape in color, while Fig. 19b, c emphasizes local mesh
problems. As shown in Fig. 19b, triangle meshes close to the
corner and edge are heavily compressed. In the upper box of
Fig. 19c, as the deviation values on vertices are larger than the
mesh size of their neighboring triangles, self-intersection happens
and shapes like sawtooth are generated on the edge. In the lower
box of Fig. 19c, some triangles are compressed while others are
stretched. Besides these four problems that have been pointed
out, there are further problems if we check the model in detail.

Figure 19d, e shows the result by adding manufacturing
deviations with the FEA-based global adjustment method.

(a)

(b) (c)

(d) (e)

Fig. 19 Skin model shapes with
simulated deviations. a–c Adding
deviations to nominal model
directly. d, e Adding deviations to
nominal model by FEA-based
method
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The same places are zoomed in to show the effectiveness of
the method. It can be clearly seen that after adjustment,
meshes close to the edge are more equally distributed, while
the shapes of the geometry (original edges and the simulated
manufacturing deviations) are conserved.

6 Conclusion

The objective of this article is to present different approaches
to generating consistent skin model shapes, so they can be
used in tolerancing, manufacturing, and metrology.
Geometrical problems during skin model shape simulation
(self-intersection, increase of the deviation, etc.) are given
and analyzed. Two solutions are proposed to solve these prob-
lems, the local method and the global method.

Local methods, like Laplacian mesh smoothing or spring
analogy-based mesh adjustment, are used to regularize meshes
at the edges. Due to local properties, iterative calculation, and
the need for stop criteria, they are not the best choice for us.

A global method based on FEA is then introduced to gen-
erate skin model shapes while avoiding the drawbacks of local
methods. In the FEA-based method, the manufacturing devia-
tions of each feature are considered as displacement boundary
conditions. With the penalty function approach, the combina-
tion of manufacturing deviations and the adjustment of mesh
(to solve geometrical problems) could be done within a single
global calculation without iterations. Comparisons between lo-
cal and global methods are conducted, and the FEA-based
global method generates better results than local methods.

Based on the simulation procedure and methods we have
proposed, consistent skin model shapes could be generated.
However, the generation of skin model shapes is only the first
step, and more research efforts are needed for further promis-
ing applications, such as tolerance analysis, virtual metrology,
and deviation visualization.
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