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Abstract This paper presents an efficient method of comput-
ing machined part geometry in general multi-axis milling. The
method is based on the frame-sliced voxel representation of
the workpiece geometry and involves a three-step update pro-
cess. Virtual prototyping of the machined part geometry is
useful for tool path verification and demands fast computa-
tions for quick feedback. The frame-sliced voxel representa-
tion (FSV-rep) model retains the advantages of efficiency and
robustness of voxel modeling in model update along with the
accuracy and boundary representation quality comparable to
that of triangle meshing. The multi-level FSV-rep model al-
lows a three-step update process of the model, which enables
batch processing of the voxels and minimal intersection cal-
culations to achieve fast and accurate modeling results. In a
series of test cases, the FSV-rep-based computation has shown
up to 3.3 times faster performance compared to that of the
existing tri-dexel-based method with similar modeling accu-
racy. The better performance of the present method is attrib-
uted to the bulk workpiece volume to be removed and the
complex multi-axis motions of the cutting tool with tilted
orientations.

Keywords Part modeling .Milling . Geometry simulation .

Efficiency . Accuracy

1 Introduction

Milling is a versatile machining process used for the produc-
tion of many complex mechanical parts. Whether it is three-
axis milling with linear tool motions and fixed tool orienta-
tions or five-axis milling with curved tool motions and vary-
ing tool orientations, modeling and simulation of the ma-
chined part geometry are often used as a preparatory step to
verify and optimize the process prior to the actual machining
operation [1]. Nowadays, elaborate simulation considering the
cutting physics of the machining process has emerged and is
termed as virtual machining. In milling simulation, whether
cutting physics is considered or not, it is necessary to geomet-
rically represent the workpiece blank and cutting tools and
their paths. Such information is then used to compute the in-
process workpiece geometry, instantaneous cutter-workpiece
engagement geometry, and machined part geometry. The chal-
lenge is to perform these geometric computations for general
milling operations with complex tool paths and changing tool
orientations.

Computing the machined part geometry is one of the
most important tasks in milling simulation. The machined
part geometry is the shape of the resulting workpiece after
the workpiece geometry is updated with all the tool paths.
Modeling and prediction of the machined part geometry
are important for two main purposes in general milling
[2]. First, it can verify if the tool paths will reliably gen-
erate the desired part geometry within the specified toler-
ance [3]. Second, possible defects such as gouging and
undercuts can be correctly detected. In particular, gouging
is a serious issue for milling and requires advanced tech-
niques for effective elimination [4, 5].

In order to efficiently model the machined part geom-
etry, a method which is fast irrespective of the amount of
material removed is needed. This is, however, an idealistic
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target, and a method that is least affected by the volume
of material removed shall be favored. Apart from efficien-
cy, accuracy and robustness of the geometric modeling
method are also important. As it is presently not possible
to have a method that is accurate, robust, and efficient, a
practical method should aim to achieve good performance
in all the three aspects to the best extent possible. This is
because improvements in accuracy and efficiency actually
conflict with each other in the existing methods. Best
levels of accuracy and robustness are indeed very desir-
able. However, the involved computational time and
hence the efficiency are also critical.

Apart from computation of the machined part geome-
try, an efficient modeling method is also beneficial for
other applications of machining simulation and verifica-
tion such as machine/tool collision detection and avoid-
ance, mechanistic simulation, and online process control.
Collision detection and avoidance is a crucial part of ma-
chining simulation especially for multi-axis operations.
The tool and tool holder motions need to be verified in
order to avoid collisions. Interference checks using geo-
metric models of the machine structure and simulation of
the entire machine tool kinematic motion have been uti-
lized for this purpose [6–8]. Mechanistic simulation of the
machining process to predict cutting forces and the onset
of chatter have been used to verify and optimize the pro-
cess plan [9–11]. Geometric modeling is used to obtain
the essential inputs of in-process workpiece and cutter-
workpiece engagement required for the mechanistic sim-
ulation. The online process monitoring and control is an-
other machining technology that calls for effective geo-
metric modeling. Research studies towards assisting the
augmented reality to enhance observation of an ongoing
machining process have been reported [12, 13]. A CAD/
CAM system fully integrated into a machining center is
also an emerging reality. All of the machining technolo-
gies stated above will benefit from an efficient method to
simulate the machining operation, apart from process ver-
ification which is the primary focus of this work.

Geometric modeling methods currently used for mill-
ing simulation can be broadly classified into solid model-
ing, vector modeling, and space partitioning methods.
Solid modeling methods are best in accuracy, whereas
vector modeling and space partitioning methods are good
in efficiency. In this work, a recently developed modeling
method referred to as the frame-sliced voxel representa-
tion (FSV-rep) method [14] is employed to achieve the
best attainable levels of efficiency and robustness while
providing good accuracy for the machined part geometry
in multi-axis milling simulation.

The rest of the paper is structured as follows: Sect. 2 will
review the existing geometric modeling methods used for
milling simulation and discuss their suitability for machined

part geometry computation. Section 3 will describe the main
features of the FSV-rep method employed in this work.
Section 4 will give the efficient three-step update process of
an FSV-rep model for fast computation of the machined part
geometry. Section 5 will provide specific implementation de-
tails. Case studies and implementation results are to be
discussed in Sect. 6, followed by conclusions in the last
section.

2 Existing methods

Solid modeling methods aim to give an exact model of the
workpiece and are widely used since initially for milling geom-
etry simulation [15, 16]. The workpiece solid model has to
be updated with the Boolean subtraction operation from
the swept volume of the cutting tool along a tool path. As
a result, as the number of tool paths increases, the com-
putational load to maintain and process the tree of numer-
ous tool swept volumes in order to generate the final part
geometry grows significantly. This makes the exact solid
modeling methods less viable even though they are the
most accurate. Triangle mesh, a linearized boundary represen-
tation scheme of solid modeling, has also been applied to mill-
ing simulation [17, 18]. The involved workpiece update pro-
cess is much simpler than exact solid modeling since only
triangle-triangle intersections are to be carried out. Triangle
mesh models can provide acceptable modeling accuracy by
adjusting the triangle size according to the local surface curva-
ture. However, the need to constantly update the adjacency and
connectivity data in order to maintain a manifold triangle mesh
model affects the performance of simulating a repeatedly mod-
ified workpiece model. To facilitate the process and also to
identify the intersecting triangles faster, a localization technique
has been reported [19]. In practice, still a large number of tri-
angles are often needed for acceptable representations of
freeform surfaces present in machining simulation. This in-
creases the number of triangle-triangle intersections, and it is
still a concern.

Vector modeling methods using one or more sets of
parallel line segments called vectors are a class of discrete
modeling techniques used for machining simulation. The
Z-map model which is a 2D array of vectors with one end
on a fixed plane and the other end on the top surface of
the modeled workpiece is a typical example [20, 21].
Vector models are updated by a simple clipping operation
which cuts away portions of the vectors corresponding to
the removed workpiece material. Since the vectors can be
directly accessed from an indexed array, the update com-
putations can be localized much easier than those for the
solid modeling methods. Thus, the Z-map method is quite
useful for simulating the three-axis milling operations for
parts which do not have overhangs. One issue with the Z-
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map method is its lack of sensitivity for tool motion di-
rections almost parallel to the Z vector direction. More
importantly, the Z-map method is not applicable to
multi-axis milling due to the likely presence of overhangs
on the machined part. The dexel representation which is
an extension of the Z-map method and uses more than one
line segment at each Z vector location has been introduced
to handle this situation [22]. The tri-dexel method (or the
triple-ray representation), which is essentially three or-
thogonal dexel models combined together, is the most
advanced vector modeling method that resolves the issue
of poor sensitivity along the vector direction of any single
set of parallel vectors [23, 24].

Vector modeling is known to be able to perform efficient
update of workpiece models with simple localization for the
removed workpiece volume. However, for direct computa-
tions of the machined part geometry, it still lacks the ability
to minimize calculations as the workpiece model update pro-
cess always happens at the finest grid resolution. This is quite
an overhead especially for the tri-dexel model as the dexels
from all the three orthogonal sets will have to be incrementally
trimmed for every tool path segment. Further, intersection
calculations are needed for all the dexels crossing the
bounding box of a tool instance for identifying possible
intersections.

Space partitioning is the third class of geometric
modeling methods employed in milling simulation. The
basic operation involved in the workpiece model update
is the direct deactivation of volume elements that are in
the material removal path of the cutting tool. This opera-
tion is of very low computational cost compared against
the operations involved in the update of other class of
models. A basic uniform grid voxel model is the easiest
to implement [25, 26] but requires a high grid resolution
to achieve modeling accuracy comparable to that of
methods with acceptable accuracy such as triangle
meshing. With the use of multi-level octree-based voxel
grids [27], the number of voxels to be updated becomes
much lower. This means that implementations with prac-
tically affordable memory consumptions become possible
with the multi-level voxel grids even though memory us-
age is often deemed the highest for the space partitioning
methods in general. Recently, an octree-based space
partitioning method has been augmented with composite
adaptively sampled distance fields [28] in order to im-
prove the model accuracy without further increasing the
grid resolution. However, the method is adversely affected
by the computationally intensive steps to obtain the part
surface from the distance fields, thereby reducing the
overall computational efficiency.

In this work, the volumetric space partitioning ap-
proach is deemed the most promising approach that can
provide the best combination of accuracy, efficiency, and

robustness. In particular, a new machined part modeling
format referred to as the FSV-rep model has been intro-
duced by the authors to keep the model size down and
achieve the subvoxel resolution and accuracy [14]. To
ensure the computational efficiency, a three-step process
to update the FSV-rep model of the machined part geom-
etry has been developed in this work. It will be shown
that the method is much faster than the state-of-the-art tri-
dexel method for the same level of accuracy.

3 FSV-rep model

FSV-rep is developed with a focus on achieving the best
level of efficiency and accuracy for machining simulation
[14]. FSV-rep is fundamentally based on voxels. The en-
tire modeling space is first represented by a coarse voxel
grid that is affordable memory-wise. The resolution and
spacing of the coarse grid correspond to a voxel size
which can be efficiently updated by the cutting tools
employed in the machining operation. FSV-rep uses sur-
face voxels, which are the voxels through which the sur-
face of an object is passing, to represent the shape of the
object. The use of surface voxels alone provides a sparse
representation, thereby reducing the voxel model size in
representing the object. Further, once the coarse-level sur-
face voxels are identified from the coarse voxel grid,
subgrids of smaller spacing are defined within the
coarse-level surface voxels in order to get finer voxels
along the boundary surface of the workpiece volume
without the need to increase the resolution of the initial
coarse grid. Smaller fine-level surface voxels are identi-
fied from the finer subgrids, making FSV-rep a sparse
multi-level voxel representation.

This sparse multi-level FSV-rep model is memory-

efficient with the model size roughly in the order of Ο

N2
F

� �
where NF is the effective fine-level grid resolution

for the modeling space [14]. Sparse representation was
previously achieved for machining simulation using space
partitioning-based geometric modeling. It was mostly
done with the octree space subdivision approach [6, 19,
28]. Space partitioning with just three or four subdivision
levels and with varying subdivision factor between the
levels using dynamic B-trees have also been reported for
applications in the animation industry [29]. However, the
size of the leaf node octants still has to be extremely low
for acceptable accuracy in machining simulation. In other
areas of application such as computer graphics, octree
models augmented with additional information to enhance
accuracy have been attempted. The use of contour planes
within the surface octants is an example of such an im-
provement [30]. Even though this gives appreciable visual
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display improvements, the actual continuity of the surface
approximation is not available. Further, such a represen-
tation could be applied for a static model needed for dis-
play. It would be computationally expensive to update
such a model in machining simulation.

As stated earlier, the use of voxel models with a high
resolution is undesirable due to the resulting large model
size and computational load. Hence, the finest grid reso-
lution of an FSV-rep model is set according to a practical
limit considering the memory usage and computational
load. In order to further improve the accuracy of the mod-
el, the FSV-rep model uses frame-sliced (FS) voxels. FS
voxels are defined by the frame-crossing (FC) points,
which are the intersection points of the workpiece surface
with the edge frame of the fine-level surface voxels.
Because the FC points can be anywhere on the voxel edge
frame, they are able to approximate the workpiece surface
geometry at a subvoxel level. This is achieved by gener-
ating a triangle mesh-based boundary representation for
the machined part geometry from the FS voxels.
Subvoxel geometric details can thus be represented
through the use of memory-efficient FC points [14].

It should be noted that the FC points are solely associ-
ated with the surface voxels of the finest resolution in an
FSV-rep model. As a result, the involved workpiece sur-
face and voxel edge frame intersection calculations are
only needed in the last step of generating the final ma-
chined part surface. For the intermediate bulk material
removal from the workpiece throughout every tool path,
unlike other methods which continuously carry out inter-
section calculations, the FSV-rep model update shall only
involve the simple binary operation of marking/
unmarking for the affected coarse voxels.

4 Three-step FSV-rep model update process

Geometry of the final machined part can be accurately and
efficiently computed via a three-step update process for the
involved FSV-rep model (Fig. 1). The coarse-level voxels are
to be updated first to quickly remove the bulk of unwanted
material from the workpiece model for a given set of tool
paths. The fine-level surface voxels and their corresponding
FC points are then updated in sequence in order to attain the
desired model accuracy without much added computational
load.

4.1 Coarse update

The coarse voxels in an FSV-rep model are used for
quickly removing the bulk volume from the workpiece.
Such an update only needs to be approximate, and the
objective is to assure that all the coarse voxels are

classified (or marked) properly. Using sampled tool in-
stances from all the tool paths, the coarse-level voxels
can be classified as (I) definitely inside a tool instance,
(II) definitely outside all the tool instances, or (III) possi-
bly intersecting the envelope surface of a tool instance.
Tool path sampling which takes tool instances along a
tool path at a regular interval is one option to update the
in-process workpiece in milling simulation and has been
previously used to generate approximate cutter swept vol-
umes [18, 31]. Other approaches such as solid modeling
[32, 33], two-parameter family of spheres [21], and ana-
lytical definitions [28] have been used to obtain the cutter
swept volume and update the in-process workpiece.
Nonetheless, this work employs the method of sampled
tool instances as it is a generic method that is applicable
to all types of tools and tool paths and comparatively
simple to implement for the voxel model update.

The coarse update step will delete the category I voxels
from the FSV-rep model and mark the category III voxels
as the near-field (NF) voxels for each corresponding tool
instance. The category II voxels shall be untouched and
remain in their current state. In particular, the coarse up-
date will classify voxels inside the workpiece as category
I, II, or III and then perform the associated marking/
unmarking operations in order to reflect the removed vol-
ume from the workpiece. A relaxed proximity check of
the voxel center against the tool envelope surface is used
to identify the NF voxels. If the voxel side length is Lvc
and the distance of the voxel center from the tool enve-
lope surface is dte, a voxel is deemed to be an NF voxel
for the tool instance if

dte <

ffiffiffi
3

p
Lvc
2

ð1Þ

where
ffiffiffi
3

p
Lvc is the “thickness” of the near-field region for

the tool envelope which sits in the middle of the near-field
region, as shown in dashed boundaries in Fig. 2.

The overall coarse update step is outlined in the algorithm 1
below. The coarse update step is done in two parts. In part 1,
all the interior voxels of all the tool instances along all the tool
paths are deactivated as not part of the workpiece volume.
Then, in part 2, a list of near-field voxels {NFV} is created
for each tool instance TI according to Eq. (1). After the two
parts are done for all the tool paths, the coarse voxels along the
final machined part surface are present in the resulting {NFV}
sets. It should be noted that part 2 of the algorithm should be
done after part 1 for all the tool paths in order to avoid a coarse
voxel from entering into the {NFV} of a tool instance if some
subsequent tool instance will deactivate it. Such voxels do not
need to be considered as they will not contribute to the final
machined part surface geometry.

2368 Int J Adv Manuf Technol (2017) 92:2365–2378



An important output of the coarse update step is the map-
ping of a specific TI to its corresponding {NFV}, and it can
now be used for the fine update step. Recall that the coarse
update is a collective voxel removal at a lower resolution.
Since the model update is done at the lower resolution, the
involved computational time is not linked to the accuracy-
dependent finest voxel resolution. The coarse update time is
only dependent on the resolution for the coarse voxel level and
the tool path sampling. In this work, the maximum voxel size
for the coarse update is set via the cutting tool size as

Lvc <
D
ffiffiffi
3

p ð2Þ

where D is the diameter of selected cutting tool. More specif-
ically, if the ratio of the fine to coarse voxel size is 1:4, each
coarse voxel removal from the model corresponds to 64 fine
voxels. Thus, voxel removal at the coarse level is done almost
64 times faster than at the fine level. This will be the case for
all the voxels falling in category I of the coarse voxel update.

Thus, the majority of the coarse update is performed at an
execution time faster by a cubic power of the subdivision
factor from the coarse to fine levels when compared to the
update of a voxel model with a single fine-level voxel grid.
It is also important to have the multi-level voxel model
starting at a coarse resolution governed by Eq. (2) rather than
a complete octree subdivision of the entire modeling space.
This is because only those levels with voxel sizes smaller than
the cutting tool size will contribute to fast removal of the
model volume. In particular, only voxels completely inside
the cutting tool will be marked as removed, and this will not
happen for any higher levels with the voxel size larger than the
tool size.

4.2 Fine update

From the TI → {NFV} mapping obtained after the coarse
update, an inverse mapping of NFV → {TI} can be obtained
between each coarse NF voxel and the set of tool instances
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possibly crossing it. Then, in the fine update step for each
coarse NF voxel, the finer voxels within each coarse NF voxel
have to be classified with respect to each tool instance in {TI}
as (I) definitely inside, (II) definitely outside, or (III)
intersecting the tool instance envelope surface. Algorithm 2
outlines the overall fine update step.

Like in the coarse update step, category I of the fine voxels
is removed from the model (part 1 of algorithm 2 above) and
category II voxels are untouched. Category III voxels are the
new surface voxels for the updated model which are now
identified as those voxels with confirmed intersection with
the final machined part surface. These voxels are identified
by exactly classifying every corner point with respect to the
tool instance as inside or outside. For this purpose, a signed
distance value [34], di, for each corner point has been used. A

voxel is deemed as category III only if the condition of −8

< ∑
7

i¼0

di
dij j < 8 is satisfied. The FSV-rep model is updated (part

2 of algorithm 2 above) with the new surface voxels to get the
machined part geometry represented as a surface voxel model
at the finest resolution. It should be noted that the surface

voxel model obtained after the fine update step is 26-separat-
ing. A 26-separating voxel model is one that ensures that all
the voxels which an object surface passes through by crossing
the edge frames of the voxels are part of the model. This
facilitates the generation of a closed two-manifold triangle
mesh for the desired model accuracy [14].

4.3 Frame update

Once all of the surface voxels at the finest resolution are ob-
tained, frame update has to be done to these fine surface
voxels in order to create the FS voxels. The FS voxels are
created by computing the FC points for all the fine surface
voxels. For a fine surface voxel edge, all the tool instances
intersecting the edge can be retrieved from the NFV → {TI}
mapping. Line-surface intersection points are then calculated
between each voxel edge and the tool instances in {TI} as a set
of potential FC points. From the potential FC point set, those
intersection points not inside of any tool instance are the actual
FC points on the surface of the final machined part (Fig. 3).
For each FC point, its location on the voxel edge has to be
stored in a way to facilitate the subsequent reconstruction of
the closed two-manifold triangle mesh surface from the FS
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voxels. The FSV-rep model uses a pair of point locations on
each voxel edge to define the FS voxels [14]. An FC point is to
be stored as the first or second point in the pair according to
the surface normal of the generating tool instance. If the sur-
face normal component along the voxel edge is positive, the
FC point is stored at the second location in the pair and at the
first location if the surface normal component is negative. This
ensures proper orientation of the triangles in the reconstructed
triangle mesh surface.

5 Implementation details

The FSV-rep model with two levels of voxel grids (a coarse
grid and a fine grid) was employed in the implementation of
this work. The ratio of the fine grid voxel size to the coarse
grid voxel size was set as 1:4. A one-dimensional array of
binary variables (bit array) was used to represent the three-
dimensional grid of voxels making the voxel space. As stated
previously, the coarse grid is to span the entire modeling
space, and the fine-level voxel grids are needed only within
the coarse surface voxels that need refinement. In the FSV-rep

model, an integer ID is used to identify the bit in the bit array
corresponding to a specific voxel, thereby achieving access to
any voxel for activation or deactivation with a constant com-
puting time.

For the surface voxelization of the original input workpiece
shape, the bits corresponding to the surface voxels are set to 1
after setting all the bits to 0 initially. To facilitate the model
update process, a volume voxel model for the coarse voxels is
also needed which is generated by setting the bits correspond-
ing to the voxels inside the model volume to 1 as well. All the
tool paths specified in the milling operation are sampled indi-
vidually with the sampling distance sufficiently small to make
sure that all of the affected voxels are included in the model
update process. A tool path is to be defined by the trajectories
of two points on the tool axis with one point being the tool tip
and the other being the point along the tool axis at a particular
height from the tool tip [35]. The tool path is then sampled
according to the sampling interval length on the two trajecto-
ries between two sampled tool instances. The sampling inter-
val length on the tool path trajectories has to be set equal to or
less than the voxel edge length in order to capture all of the
affected voxels. The list of tool instances from each tool path

(c)(b)(a)

(f)(e)(d)

Fig. 1 Three-step update process for the machined part geometry. a Initial FSV-rep model with tool and tool path. b Created tool instances. c Coarse
update. d Fine update. e Frame update. f Final machined part geometry
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for the entire milling operation is thus generated and used to
update the FSV-rep model created for the original input
workpiece.

During the update process of an FSV-rep workpiece model
at the coarse and fine levels, the bits corresponding to the
coarse voxels inside the tool instances are set to 0 in the bit
array and the NF voxel lists are also created according to
algorithm 1. The bit array representation of the fine-level vox-
el grid within each coarse NF voxel is also updated similarly
according to algorithm 2: An active bit in the bit array for the
fine-level voxel grid is set to 0 if the fine voxel is inside the
tool instance, and if a fine-level voxel is found to be a surface
voxel, an FS voxel is then computed as stated in Sect. 4.3.

Computing the FC points for all the edges of a fine surface
voxel is not an efficient task as the computation will be repeat-
edly done for the same edge from all the four incident voxels.
To avoid the redundant computations, the FS voxel holding
the FC points only on the primary edges (as defined by Joy
and Feng [14]) is to be used. In essence, an edge is to be
deemed as the primary edge with respect to only one voxel.

As a result, every intersecting voxel edge will be the primary
edge for just one of the fine surface voxels. In order to calcu-
late the FC points for a primary edge, a wire body correspond-
ing to the portion of the primary edge inside the original
workpiece volume is defined first. Then, a Boolean subtrac-
tion operation is performed on that wire body using the solid
bodies of the tool instances crossing the primary edge as the
Boolean tools. The end points of the resultant wire bodies
(excluding those coinciding with the voxel corners) are the
FC points for the primary edge.

6 Case studies

A series of case studies have been carried out to demonstrate
the improvement in the computational time of the present
method based on the FSV-rep modeling to compute the mill-
ing part geometry as compared to that of the existing method
based on the tri-dexel modeling. The tri-dexel method is
employed as a comparison benchmark as it has been recog-
nized as providing the best combination ofmodeling accuracy,
robustness, and computational speed among the reported
methods in the literature. Similar to the way the FSV-rep
workpiece model was updated, the tri-dexel workpiece model
was updated using sampled tool instances along the milling
tool paths. However, as there had been no development of
multi-level representations of tri-dexels, the model update
had to be done in the finest resolution with incremental up-
dates of the affected dexels with each sampled tool instance.

Three basic case studies were devised to illustrate the in-
creasing complexity of the milling tool paths (Fig. 4). In all
these cases, the machining was done by flank milling with a
flat end mill. Only one flat end mill was used to make sure that
the computing results were not dependent on the tool type but
on the tool paths and tool orientations. In case I, the tool axis
was always vertical along the tool paths in the machining of

Fig. 3 Intersection points (blue
or orange) and actual FC points
(orange) for an FS voxel

Fig. 2 Near-field region for the tool envelope (within the dashed
boundaries)
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the reverse-T part. The bounding box for each tool instance
was the minimal in this case. Case II used a tilted tool with a
constant orientation along each tool path and the tool axis
being parallel to one of the axial planes of the workpiece
coordinate system. The tool bounding box became larger in
this case. Case III had the tool axis changing along each tool
path and thus attaining an arbitrary 3D orientation. Compared
with cases I and II, case III had the largest bounding boxes for
the involved tool instances.

Figure 5 shows the computational time of the FSV-rep and
tri-dexel methods for the three basic milling cases. It can be
seen that the FSV-rep method gives faster performance in all
the three cases, and the faster performance is more pro-
nounced from case I to case III. The improvements are pri-
marily from two factors as shown in Figs. 6 and 7. Figure 6
shows the execution time for simulating the machining of the

reverse-T part with the increasing value of the total axial depth
of cut hc. For very small values of hc, the tri-dexel method is
faster as the multi-level coarse and fine update of the FSV-rep
method does not have much advantage. However, after hc is
larger than the coarse voxel grid spacing, the FSV-rep method
becomes faster, and as hc further increases, the advantage of
the FSV-rep method becomes evident. The FSV-rep method
achieves this via the collective volume removal by batch pro-
cessing at the coarse voxel level first before moving to the fine
voxel update and FC point computation. This facilitates the
bulk material removal simulation at a much faster rate as com-
pared to the sole procedure of intensive intersection calcula-
tions of the tri-dexel method to reach the final machined sur-
face geometry.With the coarse update and identification of the
NF voxels of the FSV-rep method, only those coarse voxels in
the vicinity of the final machined surface are considered for

Fig. 4 Basic case studies: fixed
vertical tool orientation (I), fixed
tool orientation but tilted in one
axial plane (II), and arbitrary and
varying tool orientation (III)

Fig. 5 Execution time
comparison for computing the
machined part geometry
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the subsequent fine and frame update steps. As a result, fine
surface voxels and FC points are computed only within the
coarse voxels relevant to the final machined part surface.

A comparison of the respective execution time has been
made among the coarse, fine, and frame update steps in order
to have a better understanding on the proportional workload of
the three different steps. As seen in Fig. 8, most of the execu-
tion time is spent on the coarse update. Since the coarse update
step mostly involves a simple binary marking/unmarking op-
eration, the large proportional workload gives the reason to the
much faster performance of the FSV-rep method. The results
also confirm that to obtain the FS voxels via the frame update
to yield the higher model accuracy, the computational time
needed is relatively insignificant after the coarse and fine
updates.

Figure 7 illustrates the second factor contributing to the
observed performance improvement of the FSV-rep method.
It shows the execution time for simulating the machining of
the reverse-T part with the width of the side cuts being only

half of the tool diameter. The machining simulation was done
for different values of the forward tilt angle of the flat end mill
along the tool path. It should be noted that the side cuts were
completed using only one half-immersion tool pass with no
tool path overlap. Hence, there is no advantage present for the
FSV-rep method from the aspect of bulk volume removal. As
can be seen from Fig. 7, after a particular forward tilt angle of
the tool axis, the FSV-rep method becomes faster than the tri-
dexel method and the time difference gets bigger with further
increase in the tool tilt. This is due to the volume increase of
the tool bounding box as the end mill becomes more and more
tilted. With a larger bounding box, more elements (dexels or
voxels) need to be considered and processed. Nonetheless, in
the case of the FSV-rep method, rapid check at the coarse
voxel level is attainable, and hence, the effect of the increased
bounding box volume is much less. Furthermore, only point-
to-tool distance classifications are involved in the identifica-
tion of near-field and surface voxels, whereas for the tri-
dexels, actual intersection calculations on those dexels

Fig. 6 Execution time with the
increasing total axial depth of cut
for the reverse-T part

Fig. 7 Execution time with the
increasing forward tilt of the flat
end mill in the half-immersion
side cuts for the reverse-T part
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covered by the bounding box are needed to even confirm the
intersections.

Figure 9 depicts the matching of the FC points determined
in the FSV-rep method with the end points of the dexel line
segments from the tri-dexel method for cases I and III with
two representative zoom-in views. Close to perfect matching
was obtained with virtually all of the FC points coincident
with all of the tri-dexel end points except for some rare cases.
Specifically, all of the tri-dexel end points were attained by the
FSV-rep method in case I, and only 6 out of 103,270 tri-dexel
end points were not attainable via the FSV-rep update process
in case II and 4 out of 60,448 unattainable in case III. The
minute difference is caused by an implementation restriction
in the FSV-rep method which requires a maximum of two FC
points to be stored on a voxel edge. The restriction is put in
place for easier data management and subsequent identifica-
tion of the surface orientation in reconstructing the triangle
mesh from the FS voxels. The number of mismatch is seen
to be fairly insignificant in general as noted from the extensive
computational tests.

Generation of a triangle mesh surface for the machined
part geometry is quite straightforward from an FSV-rep

model [14]. The triangle mesh surfaces obtained for the
machined part geometry in the three test cases are shown
in Fig. 10. The meshes are all of good quality and thus
useful for the visual verification of the associated machining
operations. More importantly, the meshes will be useful
when performing a quantitative comparison against their ref-
erence design models for identifying potential machining
errors such as gouging and undercuts. It should be pointed
out, however, that the triangle mesh models obtained do not
have sharp machined edges between faces. The improved
accuracy of the FSV-rep model over the basic voxel model
is due to the triangle mesh surface generated from the FS
voxels and the associated FC points. The FS voxels are still
not sensitive enough to capture the sharp machined edges
and corners that are not coincident with the voxel edge
frame. This is in fact a well-known issue for the discrete
dexel or voxel representations. Since the deviation is only
along the sharp edges of the machined part, this is a local-
ized issue and only affects a relatively small area of the
model. It can thus be easily resolved by a variety of triangle
mesh-processing methods, for example, the method devel-
oped and demonstrated by Ren et al. [36].

Fig. 8 Time splits among the
coarse, fine, and frame update
steps in the FSV-rep method

Fig. 9 Matching of the FC points
(green) from the FSV-rep method
with the end points of dexels (blue
lines) from the tri-dexel method
for case I (left) and case III (right)
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The case studies presented above only involve workpiece
model updates with a flat end mill. Nonetheless, the overall
model update process is general, and all types of milling cut-
ters can be used. The use of sampled tool instances along a
tool path for the workpiece model update represents an ap-
proximation to the exact tool swept volume. It will result in a
series of “sampling scallops” left between sampled tool in-
stances. It is evident from Fig. 10 that with a conservative
value for the sampling interval length, the resulting sampling
scallop size will be relatively small and not visible.

In order to demonstrate the applicability of FSV-rep-based
simulation in a real industrial scenario, another case study was
done to compute the in-process workpiece (IPW) geometry of
an integrally bladed rotor (IBR). The case study was to obtain
the IPW geometry after the machining operations to create one
blade. Figure 11 shows the blank workpiece as the initial input
and the IPW geometry as a triangle mesh generated from the
updated FSV-rep model. The case study involved three mill-
ing operations using three ball end mills and 41,616 tool mo-
tion commands. The tool motions were mostly multi-axis. The

simulation execution time for both FSV-rep and tri-dexel-
based IPW generation is listed in Table 1. It can be seen that
the execution speed of FSV-rep is about 2.3 times faster than
that of tri-dexels for this case. The portions of execution time
spent for the three FSV-rep model update steps are also given
in Table 1. The time split across the three update steps is
consistent with the general trend observed for the basic case
studies in Fig. 8. Also, it is worth noting that the improvement
in execution speed for FSV-rep is mainly from the tilted tool
orientation as depicted in Fig. 7 for the basic case I. The other
factor due to bulk volume removal as depicted in Fig. 6 for the
basic case I has less effect here. This is because the machining
operations created more surface area per unit volume re-
moved, thereby effectively having less bulk volume removed.
Nevertheless, contributions from both factors give a combined
faster performance.

As for model accuracy in terms of the sample points on the
machined part surface, the FSV-rep-based IPW in the above
case is very much comparable to tri-dexels with only 830 out
of 196,794 dexel end points not matched with the FC points in
the FSV-rep model. The discrepancy is higher than that ob-
served in the basic cases. The reason is mainly due to the
relatively large scallop areas produced by the ball end mill.
The tip of the scallop may create a small hanging voxel frame
segment (shorter than the edge length of the fine-level voxel in
FSV-rep and not attached to any voxel corner point). These
hanging frame segments are ignored in FSV-rep if no other
portion of the edge frame of that particular FS voxel is active.
This is treated as a computational compromise in the imple-
mentation of the FSV-rep model update. It leads to the small
difference of only 0.42% in the complex industrial case.
Ignoring such small hanging segments does not create much

(a) 

(b) 

Fig. 11 Industrial case study. aBlank workpiece. b In-process workpiece
of an IBR with one blade machined

Fig. 10 Triangle mesh surfaces
generated from the FSV-rep
models

Table 1 Execution time comparison for the industrial case study

Modeling method Execution time (s)

Tri-dexels Total 28.198

FSV-rep Coarse update 4.731

Fine update 4.866

Frame update 2.516

Total 12.113
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impact on the model geometry. Any sharp features lost can be
easily restored via post-processing the generated triangle
mesh.

7 Conclusions

The three-step FSV-repmodel update process presented in this
paper gives an efficient way to compute the machined part
geometry with acceptable accuracy and memory usage. The
developed FSV-rep method has demonstrated to be faster than
the tri-dexel method due to two primary factors: (1) The bulk
volume removal can be made faster with the coarse update of
the FSV-rep model and (2) the tilted tool orientation has less
effect on updating the FSV-rep model again thanks to the
coarse update. Further, the FSV-rep method is able to carry
out the majority of the voxel model update steps involving
only simple point classifications and binary marking/
unmarking operations. The computationally demanding inter-
section calculations are just used for the frame update step,
thereby limiting the calculations to the final machined surface.
The triangle mesh model for the machined part surface is a
straightforward output from the FSV-rep model using the FS
voxels.

As discussed in Sect. 6, two issues exist in the simulated
machined part geometry based on the FSV-rep model. First,
the triangle mesh obtained from the FSV-rep model has miss-
ing sharp machined features. Some existing triangle mesh
post-processing algorithm will have to be implemented and
performed to restore the sharp features. Second, sampling
scallops are present on the triangle mesh surface due to the
use of sampled tool instances to approximate the exact tool
swept volume. To attain visually smooth surfaces, the tool
path sampling interval has to remain small, but this hurts the
overall computational efficiency. Further study is needed to
optimize the tool path sampling interval according to the fine
voxel grid spacing or even eliminate the need to sample the
linear tool paths in three-axis milling. Such a study will direct-
ly contribute to even shorter computational time to generate
the machined part geometry.
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