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Abstract Based on orthogonal polynomial approximation
scheme, this paper presents several stability prediction
methods using different kinds of orthogonal polynomials.
The milling dynamics with consideration of the regenerative
effect is described by time periodic delay-differential equa-
tions (DDEs). Firstly, this work employs the classical
Legendre and Chebyshev polynomials to approximate the
state term, delayed term, and periodic-coefficient matrix.
With the help of direct integration scheme (DIS), the state
transition matrixes which indicate the mapping relations of
the dynamic response between the current tooth pass and the
previous tooth pass are obtained. The stability lobe diagrams
for single degree of freedom (DOF) and two DOF milling
models are generated by using the Legendre and Chebyshev
polynomial approximation-based methods. The rate of con-
vergence of the Legendre and Chebyshev polynomial-based
methods is compared with that of the benchmark first-order
semi-discretization method (1stSDM). The comparison results
indicate that the rate of convergence and the numerical stabil-
ity of the Legendre and Chebyshev polynomial-based
methods are both need to be improved. In order to develop
new methods with high rate of convergence and numerical
stability base on DIS, the monic orthogonal polynomial se-
quences are constructed by using Gram-Schmidt orthogonal-
ization to approximate the state term, delayed term, and
periodic-coefficient matrix. The rate of convergence and the
computational efficiency of the monic orthogonal
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polynomial-based methods are evaluated by comparing with
those of the benchmark 1stSDM. The results turn out that the
monic orthogonal polynomial-based methods are advanta-
geous in terms of the rate of convergence and numerical sta-
bility. The stability lobe diagrams for single DOF and two
DOF milling models obtained by the monic orthogonal
polynomial-based methods are compared with those obtained
by the 1stSDM. Finally, the monic orthogonal polynomial-
based methods are proved to be the effective and efficient
methods to predict the milling stability.

Keywords Orthogonal polynomials - Stability prediction -
Regenerative effect - The rate of convergence - Numerical
stability

1 Introduction

In milling process, regenerative chatter is an undesirable self-
excited vibration between cutting tool and workpiece. It refers to
the unstable phenomenon that a wavy surface left behind by
previous tooth is removed by current tooth [1]. Chatter may
cause poor surface finish, accelerated tool wear, and even accel-
erated machine tool wear [2]. As many literatures mentioned,
regenerative chatter is one of the most common obstacles to
achieve high-performance milling operations. To gain desirable
surface finish, proper parameters should be selected for milling
operations. Stability lobe diagrams which indicate the relations
between the axial depth of cut and the spindle speed of the
machine tool are available for selecting proper parameters.

The mathematical models of milling dynamics with con-
sideration of the regenerative effect can be described as time
periodic delay-differential equations (DDEs). Based on the
DDEs, different methods for chatter stability prediction in
milling have been developed. Altintas et al. [3] proposed a
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zeroth-order approximation (ZOA) method which employs
Fourier series to approximate dynamic cutting force coeffi-
cients. In this method, the axial depth of cut and the spindle
speed are calculated by using real and image part of the char-
acteristic equation of the system in frequency domain. On the
basis of ZOA method, Merdol et al. [4] presented a multi-
frequency method which utilizes higher order harmonics of
the Fourier series expansion to approximate the dynamic cut-
ting force coefficients. Shorr et al. [5] established a compli-
ance feedback model which describes the dynamic behavior
of regenerative chatter for tool-workpiece interaction. Li et al.
[6] presented a time domain method for chatter stability anal-
ysis in milling. In this method, the ratio of the predicted max-
imum dynamic cutting force to the predicted maximum static
cutting force is used as a criterion for chatter stability analysis.
Tangjitsitcharoen et al. [7] developed an in-process detection
method for predicting chatter in milling processes. In this
method, the average variances of the dynamic cutting forces
of'three force components are employed to identify the chatter.
Bayly et al. [8] reported a temporal finite element analysis
method, which is based on the use of multiple finite elements
in the time domain. Butcher et al. [9] suggested the Chebyshev
collocation method. In this method, the derivatives of func-
tions are approximated by introducing the spectral differenti-
ation matrix. Xie et al. [10] developed an improved complete
dicretization method to predict milling stability. In this meth-
od, most of the differential terms are discretized with Euler’s
method. Insperger and Stépan proposed the zeroth-order semi-
discretization method (othSDM) [11] and first-order semi-
discretization method (1stSDM) [12] which respectively use
the zeroth-order and first-order piecewise constant function to
approximate the delayed term. These two semi-discretization
methods are widely used to predict the stability in milling.

With the aim of improving the computational efficiency for
obtaining the stability lobe diagram, Ding et al. [13] presented
a full-discretization method (FDM) based on the DIS. Then,
different methods based on the DIS are proposed. Ding et al.
developed the second-order FDM [14] and numerical integra-
tion method [15] to calculate the stability boundary of the
milling process. Liang et al. [16] reported an improved numer-
ical integration method and extended this method to low radial
immersion milling condition where varying time delay has to
be considered. Guo et al. [17] suggested a third-order FDM for
predicting the milling stability. Ozoegwu [18] reported a least-
squares approximation method to obtain the milling stability
lobe diagrams. Compared with the semi-discretization
methods, the DIS-based methods are not only able to improve
the computational efficiency, but also can promote the rate of
convergence which reflects the computational accuracy of
prediction method.

Additionally, the key point of milling stability prediction is to
solve the DDEs for achieving the mapping relations of the dy-
namic response between the current tooth pass and the previous
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tooth pass. Orthogonal polynomials can be effectively used to
solve differential equations. Villadsen et al. [19] employed or-
thogonal polynomials to solve computational problems in linear
and nonlinear ordinary differential equations. Funaro [20]
adopted the orthogonal polynomials to solve ordinary differen-
tial equations and time-dependent problems. In this paper, dif-
ferent orthogonal polynomials are used to solve the time period-
ic DDEs of milling process in the framework of DIS. The mo-
tivation of this study is to solve the DDEs using the classical
Legendre and Chebyshev polynomials to obtain stability lobe
diagrams, and analyze the rate of convergence of these two
classical methods. To improve the rate of convergence and nu-
merical stability of the Legendre and Chebyshev polynomial-
based methods, the monic orthogonal polynomials which are
constructed based on Gram-Schmidt orthogonalization are de-
veloped to analyze the milling stability.

The rest of this paper is organized as below. In section 2,
the mathematical model of milling process is introduced. In
section 3, milling stability analysis based on Legendre and
Chebyshev polynomials is presented, and the convergence
rate of the Legendre and Chebyshev polynomial-based
methods is compared with that of the benchmark 1stSDM. In
section 4, the monic orthogonal polynomial approximation-
based methods are developed to predict the milling stability
with the aim of improving the convergence rate. Conclusions
are drawn in section 5.

2 Mathematical model of milling process

In this section, the benchmark example for single DOF milling
model is studied, as shown in Fig. 1. The governing equation
of system motion of a single DOF milling model can be de-
scribed as [11]

ayh(t)

X(t) + 2¢w,x(t) + wix(t) = (x()—x(t=7)) (1)

where ( is the damping ratio, w,, is the angular natural frequen-
cy, a, is the axial depth of cut, m is the modal mass, x(¢) is the

Fig. 1 Dynamic model of the single DOF milling system
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displacement in the current tooth pass, x(¢—7) is the displace-
ment in the previous tooth pass, the time delay 7is equal to the
tooth passing period 7, and the specific cutting force coeffi-
cient /(?) is defined as

N

e g[ie,(0]sin(i0,(0)) [Kicos (,(0) + Kusin(i,0) | (2)

J=1

where K, and K, are the tangential and the normal cutting force
coefficients, respectively, and N is the number of tooth. The
angular position of the jth tooth ¢,(¥) is determined as

o)1) = (270 [60) 1+ (j-1)2r /N (3)

where {2 denotes the spindle speed in revolutions per minute.
The function g[¢«#)] is a unit step function which deter-
mines whether the tooth is in or out of cut. It is defined as

g{soj(t)} = {(1)

where ¢, and ¢, are the start and exit angles of the jth cutter
tooth, respectively. For up-milling, ¢,,=0 and ¢,,= arccos (1
—2a,/D); for down milling, o, = arccos (2a./D-1) and @, =,
D is the diameter of cutter, and a, is the radial depth of cut.

The tangential and the radial cutting force acting on the jth
tooth, i.e., F; and F;, can be given by

if Pst < (foj(t) < Pex (4)
otherwise

Fy = g|i)(0)] Kiaph; (0 (5)

F,= g[go j(z)}Kna,,h i(0) (6)

Letx(z) = [igg ] ; Eq. (1) can be rewritten in the follow-

ing state space form:
x(¢) = Ax(¢) + B(0)x(¢)-B(¢)x(¢—7) (7)

0 1
where A = [—wz 2w,

} is a constant matrix, B(¢) =
n

0 0

_aph(t) 0] is a periodic-coefficient matrix with
my

B(t)=B(t+7).

In order to solve Eq. (7) numerically based on DIS, the first
step is to divide the period 7into 7 equal small time intervals with
the length of A¢, that is, 7=n/At, where # is an integer. Equation
(7) is integrated on the ith small time interval [, #; , 1]; the result
is

X = e+ [, A Blo)x(s)-Bls)x(s-7)]ds  (8)

With the aim of obtaining the mapping relations of the dy-
namic response between the current tooth pass and the previous

tooth pass, different kinds of orthogonal polynomials are
employed to approximate the state term x(s), delayed term
x(s-7), and periodic-coefficient matrix B(s) in Eq. (8). Here,
Legendre polynomials and Chebyshev polynomials which are
two kinds of classical and commonly used orthogonal polyno-
mials are adopted for milling stability analysis.

3 Milling stability analysis based on Legendre
and Chebyshev polynomials

Legendre and Chebyshev polynomials are two kinds of clas-
sical orthogonal polynomials, which can be used to solve var-
ious problems in mathematics and engineering effectively.
This section presents the applications of Legendre and
Chebyshev polynomials in milling stability analysis based
on DIS.

3.1 Milling stability analysis based on Legendre
polynomials

Let L/(z) and z€[—1, 1] be the standard Legendre polynomial

of degree /. The shifted Legendre polynomials Lz (s) and
s €[a, b] are defined as

LTJ(S)ZL,{W}7 [=0,1,2,. (9)

In particular,

LTA()(S) = 1

In Eq. (8), the state term x(s) can be approximated by the
shifted Legendre polynomials as
!
x(s) =

ap-Lry(s), k<0, (10)

k=0

where the coefficient a; can be calculated as

. (x,Lrx) :ZW_/XJLT,k(Sj) (11)
g (LT,k7 LT,k) ZWJ‘LZTJ{ (Sj)

where X; is the nodal value of the node s;, w; is the weight
value, in this paper, and w;=1.
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3.1.1 First-order shifted Legendre polynomial approximation
method

In the first-order shifted Legendre polynomial approximation
method (1stSLPAM), Lz o(s) and Lz (s) are adopted to ap-
proximate the state term x(s). The nodes #; and ¢, | and their
nodal values x; and x;,; are utilized for calculation.
According to Eq. (9), L7, o(s) and L7 1(s) can be represented as

2s—(ti + tiy1)

L =1
T,O(S) ) At

LTJ (S) = (12)
With the substitutions #; = 0 and #;, | = Az, Eq. (12) can be
rewritten as

2s

Lr’l(S) =—-1 (13)

L =1
TA,O(S) ) At

On the basis of Eq. (10), the state term x(s) is obtained as
2s
x(s) = aoLro(s) +aiLr(s) = ap:1 + a;- Kt_l (14)

where coefficients a, and a; can be acquired according to
Eq. (11) as

i+1 i+1

> wix;Lro(s)) > wixLra(s))
= X+ Xy =
=7 - P 4l =50

> wilro(s)) > wilra(s))
J=i J=i

X+ X
2

The obtained coefficients ag and a,; are inserted to Eq. (14)
to become

S S
X(S) = (I—E) X; + E'X,url (]5)

Similarly the delayed term x(s-7) and periodic-coefficient
matrix B(s) can be represented as follows:

Ky A
x(5=7) = (1= 7 Xin 37 e 1o
S N
B(s) = (15, ) Bt 5, B )

Substituting Eqgs. (15), (16), and (17) into Eq. (8) yields

=P (Fo + G11Bi + G12Bi)X;—(G12Bi + Gi3Bit1 )Xy 1 (18)
g "1 =(G11Bi + G12Bit1)Xj

where

P; = [I-G;B;-G 3B ] (19)
— 1 2 —

Gi = (5 (A0 F124F2 + F3] (20)
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G, = (Alt)z [AI-F2—F3] (2])
1
G13 = (A—l‘)z’F:S (22)
Fy = A (23)
Fi = (F-DA™ (24)
F, = (Fi—(Ar)DA™ (25)
F; = ZFZ—(At)Z-I)A’l (26)
F, = (3 F3—(At)3-1)A*1 (27)

where I denotes the identity matrix.
If P; is a nonsingular matrix, the local discrete mapping can
be expressed as matrix form according to Eq. (18)

Xit1 M,l 1 0 o 0 Miln MiLnJrl X;
X; 0 ; Xit
Xip o= 0 1T = 0 0 0 Xi2 (28)
Xi+1-n 0 0 0 0 I 0 X,;,,
where
M), = Pi(Fo + G11Bi + G12Biy1) (29)
M, = —P;,(Gp;B; + G13Bi ;1) (30)
Mli,nﬂ = —P;(G11Bi + G12Bi11) (31)

The state transition matrix 1 for the dynamic system over
one period T is written as

11) - MnMnfl M] (32)
where
Ml] 1 0 o 0 Mlin Ml] n+1
I 0 = 0
M;=|0 1 = 0 0 0 |, G=12,,n (33)
0 0O 0 O 1 0

Then, the stability of the system can be determined accord-
ing to Floquet theory, the decision criterion is as follows:

<1 stable
max(|A(P)[) =1 critical stable (34)
> 1 unstable

3.1.2 Second-order shifted Legendre polynomial
approximation method

In the second-order shifted Legendre polynomial approxima-
tion method (2ndSLPAM), Lz o(s), L7, 1(s), and Lz »(s) are
adopted to approximate the state term x(s). Three nodes ¢;_ 1,
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t;, and t; , 1 and their nodal values x; _ 1, X;, and x; , ; are utilized
in the calculation process.

According to Eq. (9), and with the substitutions #;,_ | = —A¢,
t;=0,t,1=At Ly o), L7, 1(s), and Ly »(s) can be obtained
as follows:

Lro(s) =1 (35)
25—(ti-g + i) s

L e —

ra(s) T At (36)
3 [2s— (i 4+600)]° 1 32 1

L Y ol S L S LV — 37

rals) =3 { = > 2 2

The coefficients a,, a;, and a, for Ly o(s), Lz, (s), and
L7 5(s), respectively, are derived from Eq. (11) as

2 — X;-1 JrXSHrXiH a = X1 ;L Xit1 a
4 1
) (Xz’]_ixi + Xi+l) (38)

Combining Egs. (10), (35), (36), (37), and (38), the state
term x(s) can be expressed as

x(s) 1 s n 252 —_— 4 52 X
§) = [—— = _|xs ——— |
9 2Ar 3A07] 9 3(Ar?
1 s 2s?
— — | x; 39
+ 9+2.At 3(At)2‘| Xit1 ( )

The delayed term x(s-7) and periodic-coefficient ma-
trix B(s) are still approximated by the first-order shifted
orthogonal polynomials with Eqs. (16) and (17),
respectively.

Equations (16), (17), and (39) are inserted into (8) to be-
come

(G21B; + GBi11)xi + (Fo + G23B; + Go4Biy )X (40)

X1 =P
i "1 -(GiBi + G12Biy1)Xin~(G12Bi + G13Bis1)Xi 10

where

Gy = é-Fl— 1;1At'F2 + 6(;‘)2 -F3—3(it)3 -F4  (41)
Gy = ﬁ-m— Z(Alt)z -F3 + 3(203 -F4 (42)
Gy = g-Flf%-sz 3(Alt)2 -F3 + 3(Alt)3 -F4 (43)
Gy = %-Fz—ﬁ-m (44)
Gys = é F1- 187At -F2 + 6(Alt)2 -F3— 3(;03 -F4 (45)

4317
Gos = ——F2 + F3 4> .F4 (46)
27 9Ar 2(Ar)? 3(Ar)
P; = [I-G5sB;~GyBiy 1] (47)

If P; is a nonsingular matrix, the local discrete mapping can
be expressed as matrix form according to Eq. (40)

Xit1 M M, 0 M, M., ](x
Xi I 0 = 0 0 0 Xic1
Yoo o= 0 L 000 0 xiz o (48)
vaa) Lo o0 0 1 o ) ls
where
M), = Pi(Fy + G23B; + G4B:1) (49)
M, = Pi(G2iB; + G2;Bi) (50)
M;, = —Pi(G2B; + G13Bi11) (51)
M), ., = —Pi(GiB; + Gi2Bi11) (52)

The state transition matrix 1 for the system over one period
T is written as

P =M,M, "'Ml (53)
where
M‘il MilZ 0 M’in Mil s+l
1 o - 0 0 0
M[: 0 I 0 0 0 ) (i:1)27“.7n) (54)
0 0 0 0 1 0

Then, the stability of milling system can be determined
according to Floquet theory, the decision criterion is the same
as Eq. (34).

3.1.3 Hyper-second-order shifted Legendre polynomial
approximation method

The hyper-second (gth, g > 2)-order shifted Legendre polyno-
mial approximation methods (gthSLPAM) can also be used to
analyze the milling stability on the basis of DIS. In the
qthSLPAM (q > 2), L7 o(s), L7, 1(s), ~*-, and Ly ,(s) are
employed to approximate the state term x(s). The nodes
ti—g+1s ti—g» "5 1, and ;1 and their nodal values X; 1,
X;—¢» " X;, and X; . ; are utilized in the calculation process.
The delayed term x(s-7) and periodic-coefficient matrix B(s)
are still approximated by the first-order shifted Legendre poly-
nomials with Egs. (16) and (17), respectively.

The higher-order shifted Legendre polynomial approxima-
tion methods take more computational time to obtain the sta-
bility lobe diagrams, because the number of the ‘G’ matrices
increase with the increase of the order of approximation
methods. Combining with the gthSLPAM (¢ > 2) and
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Floquet theory, the stability lobe diagrams of milling opera-
tions can be obtained. In order to avoid spending duplicate
efforts on the similar calculation process, the detailed deriva-
tion process of gthSLPAM will not be given here. We can refer
to the derivation process of the 1stSLPAM and 2ndSLPAM to
get an in-depth understanding of gthSLPAM.

3.2 Milling stability analysis based on Chebyshev
polynomials

Chebyshev polynomials are a set of orthogonal polynomials
sequence defined on the interval [—1, 1]. Like the Legendre
polynomial approximation methods for milling stability anal-
ysis, the Chebyshev polynomials are also applicable for
predicting the stability in milling. This section presents the
Chebyshev polynomial-based methods for milling stability
analysis.

Let 7)(z) and z€[—1, 1] be the standard Chebyshev polyno-
mial of degree /. The shifted Chebyshev polynomials 77 (s),
s€|a,b] are defined as

25— b
TTJ(S):TI[M], 1=0,1,2,. (55)
’ b—a
In particular,
Tro(s) =1
2s—(a+b
Tra(s) = %
2s—(a+b 2
TT72 (S) = 2 [%} —1

In Eq. (8), the state term x(s) can be expressed by using the
shifted Chebyshev polynomials as

X(s) = 3 beTrs(s), Kkel0,] (56)
k=0

where the coefficient b, can be calculated as

(X Tre) _ XwixTrals))
(Trp, Tr) ZWjTZT,k (s)

b = (57)

where x; is the nodal value of the node s;, and the weight value

3.2.1 First-order shified Chebyshev polynomial
approximation method

In the first-order Chebyshev polynomial approximation meth-
od (1stSCPAM), Tr o(s) and T7, ((s) are adopted to
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approximate the state term x(s). Two nodes ¢; and ¢, ; and
their nodal values x; and x;, ; are employed for calculation.

Since T o(s) and T7_1(s) have the same expressions with
those of Ly o(s) and Lz ,(s), respectively, the state term x(s),
delayed term x(s-7) and periodic-coefficient matrix B(s) ob-
tained by 1stSCPAM are the same with that obtained by
IstSLPAM. Consequently, the detailed calculation process
and milling stability lobe diagram calculated by the
1stSCPAM are consistent with those of the 1stSLPAM.
Therefore, the derivation process of the milling stability anal-
ysis based on 1stSCPAM will not be detailed here. We can
refer to the calculation process of 1stSLPAM.

3.2.2 Second-order shifted Chebyshev polynomial
approximation method

In the second-order shifted Chebyshev polynomial approxi-
mation method, 77 o(s), 77, 1(s), and T7 »(s) are adopted to
approximate the state term x(s). Three nodes #;_, t;, and #; , |
and their nodal values x;_1, X;, and x;, ; are utilized for
calculation.

According to Egs. (55)—(57), and with the substitu-
tions t;_; = —At, t;, = 0, t;,1 = At, the state term x(s)
approximated by the 77 o(s), Tr, 1(s), and T7 »(s) can be
obtained as follows:

x(s) s 252 _ 2 252 X
s)= |— — | X— —— X;
20t 307 T3 3(An?
K 252
+ =t 58

The delayed term x(s-7) and periodic-coefficient matrix
B(s) are approximated by the first-order shifted Chebyshev
polynomials with Egs. (16) and (17).

Equations (16), (17), and (58) are inserted into (8) to be-
come

(H21B; + H;Biy1)xi + (Fo + Ha3Bi + HyyBiy)x; (59)

Xir1 = Ri —(GuiB; + G12Bi1)Xi,—(G12Bi + G3Bi 1 1)Xi 1.

where

1 7 2

Hyy =—F2+ -F3— -F4 60

T 2A 6(A2 T 3(Ar) (60)
Hy, =— ! F3 + 2 F4 (61)

2TO2A0 T T3y

2 2 2

Hzg—g'Flfm 7W'F3+W'F4 (62)
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2 2

Hay = S -F3- < -F4 (63)

3(Ar) 3(Ar)

1 1 2

Hys =—F2 + -F3— -F4 64
22N 6(A2 T 3(A1) (64

1 2
Hys = -F3 + -F4 65
REINIE 3(Ar)? (65)
R; = [I-H,sB,—HyB,, ] ' (66)

IfR; is a nonsingular matrix, the local discrete mapping can
be expressed as matrix form according to Eq. (59)

Xit1 M, M, - 0 M, M, X;
X; | o - 0 0 0 Xi-1
Xpp p=10 1 0 0 0 x2 ¢ (67)
Xi+.1—n 0 0 0 O I 0 xl-.,n
where
M}, = R(Fo + HyB; + HyB; ) (68)
M, = R;(H2iB; + HxBi11) (69)
M, = —R;(G;B; + Gi3B;;1) (70)
M; a1 = Ri(GuB; + Gi2Biyy) (71)

The state transition matrix 1 for the system over one period
T is written as

P =MM, M, (72)
where
Mill Milz 0 Mlin Mli,nﬂ
| 0 0 0 0
M; = 0 1 0 0 0 (73)
0 0 0 0 I 0

Then, the stability of milling system can be determined
according to Floquet theory; the decision criterion is the same
as Eq. (34).

3.2.3 Hyper-second-order shifted Chebyshev polynomial
approximation method

The hyper-second (gth, ¢ >2)-order shifted Chebyshev
polynomial approximation methods (qthSCPAM) can al-
so be used to analyze the milling stability on the basis
of DIS. In the gthSCPAM (g > 2), T7 o(s), Tr.1(s), "=,
and T7 ,(s) are employed to approximate the state term

x(s). The nodes ;- 41, ti—g» ", ; and #;,; and their
nodal values x; ,., X;—, ", X;, and X, are utilized
for calculation. The delayed term x(s-7) and periodic-
coefficient matrix B(s) are still approximated by the
first-order shifted Chebyshev polynomials with
Egs. (16) and (17), respectively.

Combining the gthSCPAM (¢ > 2) and Floquet the-
ory, the stability lobe diagram of milling operations can
be obtained. The detailed derivation process for
qthSCPAM will not be given here. We can refer to
the calculation process of 1stSCPAM and 2ndSCPAM
to gain a better understanding of the gthSCPAM.

3.3 Stability lobe diagrams

To demonstrate the applicability of the Legendre and
Chebyshev polynomial approximation-based methods in
milling, the single DOF and two DOF milling models
are taken as the examples for analysis. The IstSDM is
an experimentally validated and widely used method for
milling stability prediction. Therefore, this paper takes
the 1stSDM as benchmark for the comparison of pre-
diction results. The stability lobe diagrams obtained by
1stSLPAM, 2ndSLPAM, 3rdSLPAM, I1stSCPAM,
2ndSCPAM, and 3rdSCPAM are compared with that
obtained by benchmark 1stSDM.

3.3.1 Single DOF milling model

The stability lobe diagrams are generated over 100 x 100
sized grid of parameters of spindle speed {2 and axial
depth of cut a,. The radial depth of cut ratio a./D is
chosen as 0.1, 0.5, and 1. The machining parameters are
chosen as the same as literature [13] to generate stability
lobe diagrams. The parameters are as follows: the number
of tooth N = 2, the natural frequency f, = 922 Hz, the
relative damping is ¢ = 0.011, the modal mass is
m = 0.03993 kg, the cutting force coefficients are
K, =6 x 10° N/m?, and K,, = 2 x 10® N/m?, down milling.
The program is conducted using Matlab 2010a software
on a computer with Intel (R) Core (TM) i3-2120 and
2 GB memory. The stability lobe diagrams calculated by
1stSDM with » = 100 are taken as the ideal results.
Stability lobe diagrams for single DOF milling model ob-
tained by 1stSDM, IstSLPAM, 2ndSLPAM, 3rdSLPAM,
1stSCPAM, 2ndSCPAM, and 3rdSCPAM are shown in
Table 1.

In Table 1, the red line curves represent the ideal
stability lobe diagrams; the blue line curves represent
the actual stability lobe diagrams. The prediction results
of the 1stSLPAM and 1stSCPAM are the same, so the
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Table 1
and 3rdSCPAM

Stability lobe diagrams for single DOF milling model obtained by 1stSDM, 1stSLPAM, 2ndSLPAM, 3rdSLPAM, 1stSCPAM, 2ndSCPAM,

Methods
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stability lobe diagrams of these two methods are listed in
one line. As shown in Table 1, for different radial depth

@ Springer

of cut ratios a./D, the stability lobe diagrams obtained by
I1stSLPAM, 2ndSLPAM, 3rdSLPAM, IstSCPAM,
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2ndSCPAM, and 3rdSCPAM are consistent with the ideal
stability lobe diagrams, which indicates that the
Legendre and Chebyshev polynomial approximation-
based methods are reliable and applicable for milling
stability prediction. In order to make the predicted results
more applicable to actual situation, the two DOF milling
model considering the flexibility of the milling tool in
both X and Y direction is also analyzed.

3.3.2 Two DOF milling model

The governing equation of system motion of a two DOF mill-
ing model can be expressed in the following state space form:

u(f) = Au(?) + B(H)u(t)-B(H)u(t—7) (74)
where
0 0 00
0 0 1 0 0 0
i h)or T )hx’
A= _gi g _zgwn (1) ,B(l) — a[’m (t) a[ m} (t)
0 —wﬁ 0 —2¢w, 7aph,w((t) 7aph,vy(t) 0 0
m m
x(1)
a) = | (1)
xX()y(1)
In matrix B

(#), four projections of the specific cutting force coefficient,
i.e., My By, hyy, by, are expressed as

h(t) = Zg[%‘(l)] Sin(%‘(l)) [Ktcos <%‘(’)> + Kysin (Wj(t)ﬂ (75)
o) = Y, 0] s 0) [Kees () + Kesin(i,0)]  (76)
hye(t) = lzv:g{(pj(t)] sin (goj(t)) [—K,Sin (4@(1‘)) + K, cos (gp,(t))] (77)

hyy (1) = ig{p,(r)]cos(up,(l)) {—K,sin(go,(t)) +K"cos(ga,(t))] (78)

Jj=

On the basis of DIS, the stability lobe diagrams for two
DOF milling model can also be obtained by using Legendre
and Chebyshev polynomial approximation-based methods.
The parameters used for two DOF milling model are the same
with those used in single DOF milling model and assumed to
be equal in X and Y directions. The stability lobe diagrams are
calculated over 100 x 100 sized grid of spindle speed {2 and
the axial depth of cut a,. The stability lobe diagrams for two
DOF milling model calculated by 1stSDM with n = 100 are
taken as the ideal results. The stability lobe diagrams for two
DOF milling model obtained by 1stSDM, 1stSLPAM,
2ndSLPAM, 3rdSLPAM, 1stSCPAM, 2ndSCPAM, and
3rdSCPAM are shown in Table 2.

As shown in Table 2, the stability lobe diagrams for two
DOF milling model obtained by 1stSLPAM, 2ndSLPAM,
3rdSLPAM, 1stSCPAM, 2ndSCPAM, and 3rdSCPAM are
consistent with the ideal stability lobe diagrams. The compar-
ison results of the stability lobe diagrams indicate that the
Legendre and Chebyshev polynomial approximation-based
methods are also applicable to the two DOF milling model.
Additionally, as the parameter n increase, the stability lobe
diagrams are closer to the ideal ones.

3.4 The rate of convergence analysis

The rate of convergence respects the local errors between the
absolute value of the maximal critical eigenvalues of the state
transition matrix |u(n)| and the exact eigenvalue 1y, where
|(n)| is a function of computational parameter n. The exact
eigenvalue pg is determined by the 1stSDM with n = 200. To
study the rate of convergence of the Legendre and Chebyshev
polynomial approximation-based methods, the radial depth of
cut ratio a./D is set as 1 to avoid intermittent milling, the
spindle speed is {2 = 5000 rpm, and the axial depth of cut is
chosen as a, = 0.2 and 0.5 mm, respectively. The rate of
convergence of the 1stSLPAM, 2ndSLPAM, 3rdSLPAM,
1stSCPAM, 2ndSCPAM, and 3rdSCPAM is analyzed by
comparing with that of the 1stSDM.

The program is conducted using Matlab 2010a software on
a computer with Intel (R) Core (TM) i3-2120 and 2 GB mem-
ory. The parameters used for the rate of convergence analysis
are the same with those used in section 3.3. Figure 2 illustrates
the convergences of the eigenvalues with different computa-
tional parameters » for different methods.

As shown in Fig.2a, b, the IstSLPAM and 1stSCPAM have
the same rate of convergence because the state transition ma-
trixes 1 obtained by these two methods are the same. The
local errors calculated by 1stSLPAM and 1stSCPAM are both
greater than that calculated by 1stSDM, which means the rate
of convergence of the 1stSDM is higher than that of the
IstSLPAM and 1stSCPAM.

As shown in Fig.2a, b, with regard to the second-order
approximation methods, the local errors of 2ndSLPAM
cannot reach numerical stability, because when the param-
eter n approaches to 100 gradually, the local errors calcu-
lated by 2ndSLPAM still have an increasing trend, that is,
the local errors of 2ndSLPAM do not reach a stable state
eventually. The 2ndSCPAM has the numerical stability
because the local errors obtained by 2ndSCPAM decrease
with the increase of parameter #, and eventually the local
approximation errors reach steady state. It is also seen
from Fig. 2a, b that the 1stSDM is of higher computation
accuracy than that of 2ndSCPAM. According to Fig. 2a,
when the parameter n is greater than 41, the computation
accuracy of 2ndSLPAM is higher than that of 1stSDM.
When the parameter 7 is equal to 69, the minimum local
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Table 2
3rdSCPAM

Stability lobe diagrams for two DOF milling model obtained by 1stSDM, 1stSLPAM, 2ndSLPAM, 3rdSLPAM, 1stSCPAM, 2ndSCPAM, and

Methods
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error is obtained, and then the local approximation errors
increase with the increase of parameter n.
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As for the third-order approximation methods, the rates
of convergence of the 3rdSLPAM and 3rdSCPAM are
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Fig. 2 The rates of convergence of the 1stSDM, 1stSLPAM,
2ndSLPAM, 3rdSLPAM, 1stSCPAM, 2ndSCPAM, and 3rdSLPAM. a
ap = 0.2 mm, |p0] = 0.81923867 (stable). b ap = 0.5 mm,
|0] = 1.07260456 (unstable)

sensitive to the parameter n. As shown in Fig. 2a, b, the
variation trends of the rate of convergence for 3rdSLPAM
and 3rdSCPAM vary with the parameter #; they do not
exhibit the monotonic increasing or decreasing features
with respect to n. In Fig. 2a, when the parameter 7 is less
than 34, the computation accuracy of 3rdSCPAM is supe-
rior to other methods; when the parameter 7 is less than 31,
the local errors decrease with the decrease of parameter 7,
and the minimum local error is obtained when 7 is equal to
31. Unlike the 3rdSCPAM of which the local approxima-
tion errors do not reach a stable state, the local errors cal-
culated by 3rdSLPAM remain stable state at last. As the
parameter 7 is close to 100 gradually, the local errors cal-
culated by 3rdASCPAM are much greater than those of
3rdSLPAM. The comparison results of Fig. 2b have the
similar trend with Fig. 2a although these two figures reflect
two different milling operations (stable and unstable).

In mathematical theory, higher-order approximation methods
may lead to more accurate results. However, in this section, the
higher-order Legendre and Chebyshev approximation-based
methods do not result in more accurate results. In order to predict
the milling stability precisely, the methods which have both
numerical stability and high rate of convergence are required.
With the aim of developing new orthogonal polynomial
approximation-based methods to predict milling stability based
on DIS, a kind of monic orthogonal polynomial sequence which
can be deduced by Gram-Schmidt orthogonalization [21] is
employed to approximated the state term x(s), delayed term
x(s-7), and periodic-coefficient matrix B(s).

4 Monic orthogonal polynomials for milling stability
prediction

In this section, the monic orthogonal polynomials are con-
structed using Gram-Schmidt orthogonalization. The con-
structed monic orthogonal polynomials can be used to obtain
the state transition matrix 1\p. Unlike the Legendre and
Chebyshev approximation-based methods in which the inter-
val conversion should be performed first, the monic orthogo-
nal polynomial approximation-based methods can be used
without interval conversion.

Without loss of generality, on the basis of Gram-Schmidt
orthogonalization, the monic orthogonal polynomials can be
generated by the following recurrence:

Po(S) =1
Pi(s) = s~y (79)
P[(S) = (S—Ozl)Plfl_ﬁIP]fz(S) (ZEI)

where

T
_ loswPi_, (s)ds _ Yw;siPy (s5)
Ig wP?, (s)ds SwiPL(s))

561

T
_lowPi (s)ds _ YwiPL (s))
fg wP2,(s)ds ~ 2wiP 12(55)

(80)

where w;=1, s; represents the selected node.
In Eq. (8), the state term x(s) can be approximated by the
monic orthogonal polynomials as

x(s) = 3 ePyls), kel0,] (81)
k=0

where the coefficient ¢; can be calculated as

o = (PO TwixiPi(s))
CTPLP) T YwP(s)

where X; is the nodal value of the node s;.
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4.1 First-order monic orthogonal polynomial
approximation method

In the first-order monic orthogonal polynomial approximation

method (1stMOPAM), Py(s) and P(s) are employed to ap-

proximate the state term x(s). Two nodes #; and ¢;, | and their

nodal values x; and x;, | are used in the calculation process.
On the basis of Eq. (80), oy can be obtained as

il 2 ()
2 wisiPy(s;
= o ti+tiy
ar =74 )

> wiPg(s;)
Jj=i

With the substitutions #; = 0 and ¢, , = At, a; can be
rewritten as o = S

According to Eq. (79), Py(s) and P;(s) can be represented
as

A
Po(s) =1, Pi(s)= s—Tt (83)
The state term x(s) can be expressed as
At
X(S) = C()P()(S) + ¢ Py (S) =cp'l +¢;- S_7 (84)

where coefficients ¢y and ¢; can be obtained according to
Eq. (82) as

i+l itl
Z.WijPO(Sj) X; +X; ;~ijjpl(sj) Xi17X;
0 — =i _X i+1 e = Jj=i _ i+1 i (85)

i+1
> wiP(s;)

=

2 i+1 At

> wiPi(s))
J=i
Submitting Eq. (85) into Eq. (84) leads to

N N
X(S) = (1_5) °X; =+ E'Xi+1 (86)

Similarly, the delayed term x(s-7) and periodic-coefficient
matrix B(s) can be represented as

Ky S
x(s—7) = (1_7At> Xi— + E'Xi—m—l (87)
Ky S
B(s) = (1-5;) B+ 5, B )

It is obviously found that the state term x(s), delayed term
x(s-7), and periodic-coefficient matrix B(s) obtained by
IstMOPAM are the same with those obtained by
1stSLPAM. Consequently, the state transition matrix 1\ and
the stability lobe diagram obtained by 1stMOPAM are also the
same with those obtained by 1stSLPAM. Therefore, the sub-
sequent derivation process of the milling stability analysis
using 1stMOPAM will not be detailed here. We can refer to
the calculation process of 1stSLPAM.
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4.2 Second-order monic orthogonal polynomial
approximation method

In the second-order monic orthogonal polynomial approxima-
tion method (2ndMOPAM), Py(s), P;(s), and P,(s) are
adopted to approximate the state term x(s). Three nodes #; 1,
t;, and ¢, 1 as well as their nodal values x; _ i, X;, 1, and x; are
utilized for calculation.

Poy(s), Pi(s), and P,(s) satisfy the following three-term re-
currence relation:

P()(S) =1
Pi(s) = s~y (89)
Py(s) = (s—)P1(s)=52P1(s)

According to Egs. (80) and (89), and with the substitutions
ti1=—At1,=0, t;, 1 = At, the coefficients o, v, and (3, can
be obtained as

i+1 5 i+1 5
;i_l w;s;Pg(s)) ~—Zi—1 w;s;Pi(s;)
T -
X wiPg(sy) X wiPi(s))
J=i—1 J=i—1
i+1
‘:ZH w;P (s7) )
:07 /6)2:jl~+1 :g(AI)
2
j:Zi_l w;Pg (s7)

Then, Py(s), P;(s), and P,(s) can be rewritten as
2
Po(s) =1, Pi(s) =5, Pafs) =s*=5 (M)’ (90)

The coefficients ¢y, ¢;, and ¢, for Py(s), Pi(s), and P,(s),
respectively, are derived from Eq. (82) as

o = it + X 4 Xi X T X c
0 — 3 ) 1= AL , L2
_ X172 A Xiyy (o1)
2(Ar)?

Combining Egs. (90) and (91), the state term x(s) can be
expressed as

s? s s?
x(s) = (2(At)2_2At> Xi-1 + (1_(At)2> X;

T (I (92)
207 248 )7

The delayed term x(s-7) and periodic-coefficient ma-
trix B(s) are still approximated by the first-order monic
orthogonal polynomials with Eqgs. (87) and (88),
respectively.
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Substituting Eqgs. (87), (88), and (92) into Eq. (8) results in = v, = Fl—i F2— 1 ~-F3 + 1 +-F4 (96)
At (Af) (Af)
Xy = U (VaiBi + VaBiy1)xi-1 + (Fo + V3B + VaaBiy1)x; (93) 1 1
" " =(GuB; + G12Biy1)Xin—(G12B; + G13Biy 1 )Xit1-m Vo = —-F2— — F4 (97)
At (Af)
where Vas— gy (98)
5 =— F2—«—.
1 | 1 2807 2(A
Voy=——F2+ -F3— -F4 (94) 1
2A¢ (Ar)? 2(Ar)’ %6=—75F3+— F4 (99)
2(A¢) 2(Ar)
1 1
Vo =— 2~F3 + 3 -F4 (95) 1
2(A1) 2(A1) U; = [I-V25B~ VB (100)
Table 3  Stability lobe diagrams for single DOF milling model obtained by 1stSDM, 1stMOPAM, 2ndMOPAM, and 3rdMOPAM
Methods n=30, a./D=0.1 n=40, a./D=0.5 n=50, a./D=1
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If U; is a nonsingular matrix, the local discrete map can be
expressed as matrix form according to Eq. (93)

Xit1 M‘l 1 MllZ o 0 M’lm Mll m+1 X;
Xi | 0 o0 0 Xj-1
Xip =0 1 0 0 0 x> o (101)
XH'I*m 0 0 O 0 l O X,-;m
and
M, = U;(Fo + V23B; + V24Bi1) (102)
Mllz = U;(VuB; + V22Biy 1) (103)
=-Ui(Gi2B; + G13B;11) (104)
Mli,mﬂ = —Ui(G11B; + G12B;11) (105)

The transition matrix 1 for the system over one period 7'is
written as

P =M,M, M, (106)
and
Mlil MilZ 0 Mllm le m+1
I 0 0 0 0
M;=1| 0 I = 0 0 0 (107)
0 0 0 0 I 0

Then, the stability of milling system can be determined
according to Floquet theory.

4.3 Hyper-second-order monic orthogonal polynomial
approximation method

The hyper-second (gth, ¢ > 2)-order monic orthogonal poly-
nomial approximation methods (gthMOPAM) can also be
used to analyze the milling stability on the basis of DIS. In
the gthMOPAM (g > 2), Py(s), Pi(s), =*-, and P,(s) are
employed to approximate the state term x(s). The nodes
ti,qﬂ, ti—g» ", ti and ;| and their nodal values x; 1,
X;— ¢ "> X; and X, 1 are utilized for calculation. The delayed
term x(s-7) and periodic-coefficient matrix B(s) are still ap-
proximated by the first-order monic orthogonal polynomials
with Egs. (87) and (88), respectively.

The higher order monic orthogonal polynomial approxima-
tion methods take more computation time to generate the sta-
bility lobe diagram, because the number of the ‘V’ matrices
increases with the increase of the order of approximation
methods. Combining the gthMOPAM (g > 2) and Floquet
theory, the stability lobe diagram of milling operations can
be obtained. The detailed derivation process of gthMOPAM
is not given here. We can refer to the derivation process of
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1stMOPAM and 2ndMOPAM to gain an in-depth understand-
ing of gthMOPAM.

4.4 Stability lobe diagrams
4.4.1 Single DOF milling model

In order to illustrate the applicability and computational
accuracy of the monic orthogonal polynomial
approximation-based methods, the stability lobe diagrams
calculated by 1stMOPAM, 2ndMOPAM, and 3rdMOPAM
are compared with that calculated by benchmark 1stSDM.
The parameters used for the monic orthogonal polynomial
approximation-based methods are the same with those
used in Legendre and Chebyshev approximation-based
methods. The stability charts are calculated over
100 x 100 sized grid with the axial depth of cut ranging
from 0 to 0.01 m, and the spindle speed ranging from
5 x 107 to 25 x 10 rpm. The stability lobe diagrams cal-
culated by 1stSDM with n = 100 are taken as the ideal
results. The stability lobe diagrams for single DOF milling
model obtained by 1stSDM, 1stMOPAM, 2ndMOPAM,
and 3rdMOPAM are shown in Table 3.

It is seen form Table 3 that the stability lobe diagrams
obtained by 2ndMOPAM and 3rdMOPAM are closer to
the ideal curves than that obtained by 1stSDM. As shown
in Table 3, the stability lobe diagrams of 3rdMOPAM
with n = 50 is highly identical to that of 1stSDM with
n = 100. Therefore, compared with benchmark 1stSDM,
the 3rdMOPAM can generate accurate stability lobe dia-
grams with a small value of the parameter n. It is also
indicated form Table 3 that the monic orthogonal polyno-
mial approximation-based methods take less time than the

500 T T T T

—a&— Computational time of 3rdMOPAM

—e— Computational time of 1stSDM

400 - —a— Difference of computational time 7

(%)
[
(=)

[\
(=3
(=)

Computational time (s)

O 1 1 1 1
20 30 40 50 60 70

Parameter n

Fig. 3 Comparison of the time-consuming convergence for single DOF
milling model of the 1stSDM and the 3rdMOPAM
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Table 4  Stability lobe diagrams obtained by 1stSDM, 1stMOPAM, 2ndMOPAM, and 3rdMOPAM for two DOF milling model
Methods n=30, a./D=0.1 n=40, a./D=0.5 n=50, a./D=1
001 25X 10° 1 10°
Eoo0 E 2 E o
3 3 3
5 0.006 3 15 3 06
= = =
Z0.004 g 5 o4
1stSDM = = =
Z0.002 Z 05 Z 02
0.5 1 15 2 25 0.5 25 0.5 1 15 2 2.5
Spindle speed(rpm) x10* Spmdk \pccd(rpm) x10* Spindle speed(rpm) x10*
185s 358s 665s
0.01 5510 jx10”
Eo00 E 2 E o
3 3 3
5 0.006 3 15 3 06
= = =
50.004 g 5 o4
IstMOPAM = = =
%0002 Z 05 Z 02
0.5 1 15 2 25 0.5 25 0.5 1 15 2 2.5
Spindle speed(rpm) x10* Spmdk spccd(rpm) x10* Spindle speed(rpm) x10*
Time=76s Time=203s Time=478s
0.01 552107 jx10”
Eooo E 2 E o
3 3 3
5 0.006 3 15 3 06
= = =
Z0.004 g 5 o4
2ndMOPAM = = =
Z0.002 Z 05 Z 02
0.5 1 15 2 25 0.5 1 15 2 25 0.5 1 15 2 2.5
Spindle speed(rpm) x10* Spindle speed(rpm) x10" Spindle speed(rpm) x10"
Time=83s Time=212s Time=490s
001 sx10” x10°
1
E0.008 E E
E z o8
E 0.006] 2 2 06
20004 g 5 04
3rdMOPAM  :z = 5
%000 2 2 09
0.5 1 15 2 25 25 0.5 1 15 2 25
Spindle speed(rpm) x10* Spmdk \pccd(rpm) x10* Spindle speed(rpm) x10*
89s 225s 520s

1stSDM to generate stability lobe diagrams with the same
parameter 7.

In order to make a further study on the computational effi-
ciency of the monic orthogonal polynomial approximation-
based methods, a time-consuming convergence study is con-
ducted. As for the first three monic orthogonal polynomial
approximation-based methods, the stability lobe diagram ob-
tained by 3rdMOPAM is the closest to the ideal one, but the
computational efficiency of the 3rdMOPAM is slightly lower
than that of the 1stMOPAM and 2ndMOPAM. Therefore, the
3rdMOPAM is chosen for time-consuming convergence study
by comparing with the benchmark 1stSDM. The radial depth
of cut ratio a./D is set as 1, and the parameters are the same

with those used in section 3.3, down milling. The comparison
of the time-consuming convergence for single DOF milling
model of the 1stSDM and the 3rdMOPAM is shown in Fig. 3.

It is seen form Fig. 3 that the 1stSDM takes more
time than 3rdMOPAM to generate stability lobe dia-
grams. Accordingly, the 1stSDM will take much more
time than 1stMOPAM and 2ndMOPAM to generate sta-
bility lobe diagrams. As shown in Fig. 3, the difference
of computational time between the 1stSDM and
3rdMOPAM is growing as the increase of parameter 7.
Therefore, compared with the 1stSDM, the 3rdMOPAM
will save more time than the benchmark 1stSDM as the
increase of parameter n.
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4.4.2 Two DOF milling model

On the basis of DIS, the stability lobe diagrams for two DOF
milling model can also be obtained by using the monic or-
thogonal polynomial approximation-based methods. The pa-
rameters used for two DOF milling model are the same with
those used in single DOF milling model and assumed to be
equal in X and Y directions. The stability lobe diagrams for
two DOF milling model calculated by 1stSDM with #» = 100
are taken as the ideal results. Stability lobe diagrams for two
DOF milling model obtained by 1stSDM, 1stMOPAM,
2ndMOPAM, and 3rdMOPAM are shown in Table 4.

The computational time of 1stSDM, 1stMOPAM,
2ndMOPAM, and 3rdMOPAM for two DOF milling model
to obtain stability lobe diagrams is listed in Table 4. It is
observed from Table 4 that the 2ndMOPAM and
3rdMOPAM take less time than 1stSDM to generate the sta-
bility lobe diagram which is identical to the ideal curve.

We also conduct a time-consuming convergence study for
two DOF milling model by comparing computational efficien-
cy of the 3rdMOPAM with that of the 1stSDM. The compar-
ison of the time-consuming convergence for two DOF milling
model of the 1stSDM and the 3rdMOPAM is shown in Fig. 4.
It is seen form Fig. 4 that the difference of computational time
of the 1stSDM and 3rdMOPAM is also growing as the in-
crease of parameter n. Therefore, the computational efficiency
for the two DOF milling model of the 3rdMOPAM is also
higher than that of the 1stSDM.

4.5 Convergence rate analysis

To study the convergence rate of the monic orthogonal poly-
nomial approximation-based methods, the radial depth of cut
ratio is set as a./D = 1, the spindle speed is {2 = 5000 rpm, and
the axial depth of cuts are chosen as a, = 0.2 and 0.5 mm,

2500 T T T T
—a— Computational time of 3rdMOPAM
—=o— Computational time of 1stSDM
—_ 2000 - —4A— Difference of computational time
by
g
= 1500 - B
<
=
g
£ 1000 - .
2.
g
3
500 B
0 1 1 1 1
20 30 40 50 60 70

Parameter n

Fig. 4 Comparison of the time-consuming convergence for two DOF
milling model of the 1stSDM and the 3rdMOPAM
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respectively. The system parameters are the same with that
used in section 3.3. The exact eigenvalue || is also deter-
mined by the 1stSDM with n = 200. The convergence rates of
the 1stMOPAM, 2ndMOPAM, and 3rdMOPAM are analyzed
by comparing with the benchmark 1stSDM. Figure 5 illus-
trates the convergences of the eigenvalues with different com-
putational parameters n for 1stMOPAM, 2ndMOPAM,
3rdMOPAM, and 1stSDM.

As shown in Fig. 5, it is obviously found that the
1stMOPAM, 2ndMOPAM, and 3rdMOPAM all have numer-
ical stability. The local errors of these three monic orthogonal
polynomial approximation-based methods converge to a con-
stant eventually. The convergence rate of 1stMOPAM is the
same with that of 1stSLPAM and 1stSCPAM, because the
state transition matrix 1\ for the dynamic system over one
period T of the IstMOPAM, 1stSLPAM, and 1stSCPAM are
same. The 2ndMOPAM has higher rate of convergence than

0.11 T T T

0.10 |- ]
= 1StMOPAM
0.09 - o 2ndMOPAM |
0.08 |- v 3rdMOPAM ]
* 1stSDM
0.07 |- g
Z 006 -
=
= 005} ]
- tm
0.04
0.03
0.02
0.01
0.00 —
20 40 60 80 100
n
(a) @,=0.2 mm, |po|=0.81923867 (stable)
0.30 . : .
= 1stMOPAM
0.25 o 2ndMOPAM |
4 3rdMOPAM
* 1stSDM
0.20 |- 4
B
= oISt g
=

20 40 60 80 100

(b) a,=0.5 mm, |po|= 1.07260456 (unstable)

Fig. 5 Convergence rate comparisons of 1stMOPAM, 2ndMOPAM,
3rdMOPAM, and 1stSDM. a ap = 0.2 mm, |u0| = 0.81923867 (stable).
b ap = 0.5 mm, |¢:0| = 1.07260456 (unstable)
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that of the benchmark 1stSDM, because the local approxima-
tion errors calculated by 2ndMOPAM are less than those of
the 1stSDM; otherwise, the 2ndMOPAM converges faster
than 1stSDM to a constant. As for 3rdMOPAM, it converges
faster than 2ndMOPAM to a stable state, which indicates that
the convergence rate of 3rdMOPAM is higher than that of the
2ndMOPAM.

Here, the convergence rate of 3rdMOPAM is higher than
that of the 2ndMOPAM, and the convergence rate of
2ndMOPAM is higher than that of the 1stMOPAM. The
hyper-third-order monic orthogonal polynomial approxima-
tion methods may result in higher convergence rate, but these
methods also lead to more computational cost. Besides, much
higher order methods may cause Runge phenomenon. As a
consequence, the 3rdMOPAM can meet the requirement for
high-performance milling process.

Compared with the Legendre and Chebyshev
approximation-based methods, the monic orthogonal polyno-
mial approximation-based methods have numerical stability
as well as the high rate of convergence. Recently, Guo et al.
[22] modified the third order FDM to predict the stability
lobes for non-uniform helix tools. Similarly, the proposed
monic orthogonal polynomial approximation-based methods
can also be developed to analyze the stability lobes with mul-
tiple delays on the basis of DIS.

5 Conclusions

This paper focuses on the prediction of milling stability with
orthogonal polynomials. The mathematical models of single
DOF and two DOF milling process take regenerative effect
into account. Different kinds of orthogonal polynomials are
employed to analyze the milling stability. The following con-
clusions can be drawn.

(1) The dynamic models of single DOF and two DOF mill-
ing preocess are established. The dynamic equation of
milling process is represented as DDEs in state space
form.

(2) The classical Legendre and Chebyshev polynomials are
utilized to approximate the state term x(s), delayed term
x(s-7) and periodic-coefficient matrix B(s). Then, the
state transition matrix 1 is obtained by solving the
DDE:s based on DIS. Combining the eigenvalue of ma-
trix 1 and the Floquet theory, the stability lobe diagrams
for single DOF and two DOF milling models are gener-
ated. With the aim of evaluating the numerical stability
and the convergence rate of the Legendre and Chebyshev
polynomial-based methods, the 1stSDM is taken as the
benchmark for comparing with these methods. The com-
parison results show that the numerical stabilities of the
Legendre and Chebyshev polynomial-based methods

need to be improved. In addition, the convergence rates
of these methods are sensitive to the parameter 7.

(3) Inorder to develop the methods that have both numerical
stability and high convergence rate. The monic orthogo-
nal polynomials are constructed to approximate the state
term x(s), delayed term x(s-7), and periodic-coefficient
matrix B(s). To demonstrate the computational accuracy
of the monic orthogonal polynomial-based methods, the
comparison between these methods and 1stSDM is con-
ducted. The comparison results illustrate that the conver-
gence rates of 2ndMOPAM and 3rdMOPAM are higher
than that of the benchmark 1stSDM. In addition, the
numerical stabilities of the monic orthogonal polynomial
approximation-based methods are admirable.

(4) The stability lobe diagrams of 1stMOPAM,
2ndMOPAM, 3rdMOPAM, and 1stSDM are obtained
based on Floquet theory. The comparison results show
that the stability charts calculated by 2ndMOPAM and
3rdMOPAM are much closer to the ideal stability lobe
diagrams. Furthermore, the monic orthogonal polyno-
mial approximation-based methods are advantageous in
terms of computational efficiency. The difference of
computational time between 1stSDM and 3rdMOPAM
is growing as the increase of parameter n, and the
3rdMOPAM will save more time than the benchmark
1stSDM as the increase of parameter 7.
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