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Abstract The chatter stability in milling severely affects pro-
ductivity and quality of machining. Tool wear causes both the
cutting coefficient and the process damping coefficient, but also
other parameters to change with cutting time. This variation
greatly reduces the accuracy of chatter prediction using conven-
tional methods. To solve this problem, we consider the cutting
coefficients of the milling system to be both random and time-
varying variables and we use the gamma process to predict cut-
ting coefficients for different cutting times. In this paper, a time-
varying reliability analysis is introduced to predict chatter stabil-
ity and chatter reliability in milling. The relationship between
stability and reliability is investigated for given depths and spin-
dle speeds in the milling process. We also study the time-varying
chatter stability and time-varying chatter reliability methods the-
oretically and with experiments. The results of this study show
that the proposedmethod can be used to predict chatter with high
accuracy for different cutting times.

Keywords Tool wear . Cutting force coefficients .

Random and time-varying variables . Gamma process .

Time-varying chatter stability . Time-varying chatter
reliability

1 Introduction

Regenerative chatter is a kind of self-excited vibration involv-
ing both the tool and the workpiece. It accelerates tool wear,
reduces the quality of the workpiece surface, and decreases the
overall machining accuracy of the milling process. It is one of
the major factors that limits the metal removal rates of a ma-
chine. In recent years, many research have studied regenera-
tive chatter prediction in milling.

Tobias and Fishwick [1] studied the orthogonal cutting
model for regenerative chatter and established a chatter model.
They used a stability lobe diagram (SLD) to predict chatter
stability for the first time. Consistent with the definition, the
area below the lobe is stable and the area above the lobe is
unstable. The SLD provided an important basis for the predic-
tion of chatter. Subsequently, the SLD became a common
method to study regenerative chatter in the cutting process.
Many researchers conducted in-depth investigations of the
different processing forms. Altintas [2] used the Fourier ap-
proximation method to determine the dynamic cutting force
and the SLD according to the stability criterion. This method
provides a new way to investigate the accurate determination
of variable cutting forces, and it became the most influential
method for chatter stability prediction in the last 20 years.
Later, some more accurate methods were proposed to describe
the cutting force in milling at any time. Insperger [3, 4] and
Elbeyli [5] described the semi-discretization method, while
Ding [6] proposed the full-discretization method. Both
methods divided the cutting process into a number of smaller
processes. The SLD was obtained by solving time-delayed
differential equations of the milling process. Wan [7] studied
the stability of the thread milling process by transforming the
dynamic cutting process into semi-discrete time domain. Fei
[8] used semi-discretization method to predict chatter stability
for milling of flexible pocket-structure. To improve the
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efficiency and validity of chatter prediction Wan and Zhang [9]
took multiple modes into account instead of considering only the
most flexible mode in milling process chatter stability prediction.
Zhang [10] used the numerical differentiation method to predict
the chatter stability in high-speed milling. To simplify the com-
plexity of the discretization iteration formula, Li [11] used
Runge-Kutta-based completely discretization method to predict
chatter stability formilling process. Aiming at themultifunctional
tool chatter stability prediction, Wan and Zhang [12, 13] pro-
posed static cutting force and chatter stability prediction models.
Ahmadi [14] presented a model for machining chatter simulation
in the time domain of flank milling. In addition, Feng [15] try to
identify chatter in milling based on cutting force signals and
surface topography

Considering the square and cubic polynomial terms related
to the cutting forces, structural stiffness, and power-law func-
tions for cutting forces, delayed nonlinear models of the pro-
cess have been governed [16–18]. Hanna [19] developed a
mathematical theory of nonlinear chatter. Moon [20] proposed
a newmodel using hysteresis for complex dynamics in cutting
materials. Martınz [21] proposed a weakly nonlinear model
with square and cubic terms in both structural stiffness and
regenerative terms, using the method of multiple scales to
better representation of the nonlinear behavior in machining.
Ahmadi and Ismail [22] investigated nonlinear behavior in
turning experimentally. Later, they [23] developed the stability
lobes analytically with taking into account the effect of non-
linear process. Bayly [24] reported a time finite element meth-
od, which divided the displacement by the tool vibration into
smaller units in the time domain. He obtained the SLD based
on the stability criterion. However, some scholars found that
the cutting force coefficients and natural frequency are uncer-
tain during in the cutting process [25, 26]. Several factors
contribute to this phenomenon including tool wear, uneven
distribution of materials, measurement errors, noise interfer-
ences, changes in the processing environment, nonlinear be-
havior, and the use (or lack of use) of cooling fluid.

These uncertain parameters can be classified as random and
time-varying parameters depending on whether they are af-
fected by the cutting time or not. Because the SLD is partic-
ularly sensitive to changes of the structure parameters, they
greatly affect the chatter stability prediction. Nevertheless, in
the above studies, both structure parameters and cutting pa-
rameters were regarded as constants.

However, some researchers described chatter stability predic-
tionmethods treating structure parameters and cutting parameters
as randomparameters. Duncan [25] first suspected that parameter
uncertainty affects the SLD. He suggested that the structural
modal parameters and the cutting force coefficients are random
parameters in the cutting process. Park [27] introduced the robust
stability method, which considers the natural frequencies and the
cutting force coefficient to be uncertain parameters with regard to
chatter prediction. They obtained the SLD based on the robust

stability theory of a dynamic system. Sims [28] introduced a
fuzzy algorithm into chatter prediction and obtained a fuzzy sta-
ble lobe. He used the transformation method with nine member-
ship levels to represent the range of parameter variation. Totis
[29] introduced the probability algorithm into the cutting process
and established the dynamic milling model to include uncertain-
ty. Liu [30] introduced the dynamic reliability analysis of the
structure as part of the chatter prediction for a turning system.
He obtained a series of different reliable chatter stability lobes
and defined the chatter reliability to represent the probability of
stability (no chatter occurs) of the turning process. Huang [31]
studied the probability characteristic of the regenerative chatter
stability in turning using the Monte Carlo simulation (MCS)
method and advanced first order second moment (FOSM) meth-
od. Although the above chatter prediction methods consider ran-
dom parameters, none of them take into account the influence of
the time-varying characteristic of the cutting force coefficients on
the chatter prediction due to tool wear.

The cutting force coefficient changes with cutting time due to
tool wear. Therefore, chatter stability varies with the cutting time.
The rapid tool wear in the process has been recognized as a
difficult problem for a long time [32]. However, research on tool
wear mainly focuses on tool wear monitoring [33–37] and the
processing environments [38]. Studies about the impact of tool
wear on chatter stability prediction do not exist in the literature.

To address this problem, we combine the ideas of time-
varying reliability of a dynamic system with the structural anal-
ysis of the milling process. We use the gamma process to de-
scribe the time-variation of the cutting force coefficient resulting
from tool wear. Time-varying chatter reliability is defined to
represent the probability of stability (no chatter occurs) in the
milling process using time-varying cutting coefficients. The rela-
tionships between the cutting time and both chatter stability and
reliability are identified. We define the relationship as time-
varying chatter stability and time-varying chatter reliability, re-
spectively. They are described using time-varying stability lobe
diagrams as well as time-varying reliability curves.

The dynamical model of milling and the time-varying cutting
force coefficient model are established in section 1. The time-
varying chatter reliability model is introduced to predict milling
chatter vibration, in which cutting coefficients are time-varying
parameters—see section 2. In section 3, a case study is provided
to verify stability changes that occurwith toolwear. The discussion
is presented in section 4, followed by a conclusion in section 5.

2 Dynamic modeling of milling chatter

2.1 Dynamic cutting model of the milling process

We define mx, my, kx, ky, cx, cy as mass, stiffness, and damping
coefficients in the X and Y directions, respectively, for a two
degrees of freedom (2DOF) model of milling—see Fig. 1.
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The dynamic chip thickness is represented by h,where h is
the difference between x(t) and x(t-T). Moreover, x(t) is the
current amplitude of the vibration at the tool tip and x(t-T) is
the previous tooth period amplitude of the vibration at the tool
tip. The general equations to describe the motion of the 2DOF
milling system are the following:

mx€xþ cxx ̇þ kxx ¼
XN
i¼1

−F t;icosϕi−F r;isinϕi

� � ð1Þ

my€yþ cyy ̇þ kyy ¼
XN
i¼1

F t;isinϕi−F r;icosϕi

� � ð2Þ

where N is the number of the teeth of the milling tool, Ft,i, Fr,i
are the ith teeth cutting force in the tangential and radial di-
rections, respectively.

2.2 Modeling of the cutting force coefficient
with characteristics of time-variation and uncertainty

Li [39] and Orak [40] found that tool wear is a typical stochas-
tic process with continuous time and a continuous state.
Because the tool cannot repair itself, the process has indepen-
dent non-negative increments. The gamma process is a sto-
chastic process with independent non-negative increments
having a gamma distribution with identical scale parameters.
In this paper, we use the Gamma process to describe the rela-
tionship between cutting force coefficients and cutting time.
We define that Kt(t), where the unit of t is minute, is the

increment cutting force coefficient during the cutting time
from zero to t. The gamma process probability density func-
tion is the following:

f Kt tð Þ xð Þ ¼ Ga x v tð Þ;μjð Þ ¼ μv tð Þxv tð Þ‐1exp −μxð Þ
Γ v tð Þ½ � I 0;∞ð Þ ð3Þ

where Ga(•) is the gamma distribution function, Γ(•) is the
gamma function, and μ, v(t) are scale parameters and shape
parameters, respectively,

where I xð Þ ¼ 1 if x∈ 0;∞ð Þ
0 if x∉ 0;∞ð Þ

�
.

The mean and variance of Kt (t) are the following:

E x tð Þ½ � ¼ v tð Þ
μ

ð4Þ

E
hn

x tð Þ−E x tð Þ
o
2

h ii
¼ v tð Þ

μ2
ð5Þ

Moriwaki [41] found that the deterioration of the expected
value is proportional to the energy law. Hence, Eq. (4) can be
expressed as follows:

E x tð Þ½ � ¼ ctb

μ
ð6Þ

where μ, b, and c are positive real numbers. Now, the shape
parameters for the gamma process can be written as follows:

v tð Þ ¼ ctb ð7Þ

The time-varying cutting force coefficient and its average
for a given cutting time are the following:

Kt tð Þ ¼ μctbxct
b‐1exp −μxð Þ
Γ ctb½ � I 0;∞ð Þ þ K t0 ð8Þ

E Kt tð Þ½ � ¼ ctb

μ
þ K t0 ð9Þ

where Kt0 is the cutting force coefficient with a new tool.

3 Modeling of chatter reliability with time-varying
and random parameters

3.1 Chatter stability modeling with time-varying
parameter based on ZOA

The time-varying chatter stability is the chatter stability that
takes into account time effects. From Schmitz’s [41] study, the
critical depth using the ZOA method for milling process can
be formulated as the following:

kx

cx

ky cy

F
t

h
x

y

F r

Fig. 1 Dynamic modeling of the milling process
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blim ¼ 2π⋅Re λð Þ
N tK t Re λð Þ2 þ Im λð Þ2

� � 1þ Im λð Þ2
Re λð Þ2

 ! !
ð10Þ

where blim is the critical depth, Nt is the number of teeth, Re
(λ) and Im (λ) are real and imaginary parts of eigenvalues, and
Kt is the tangential cutting force coefficient.

Ω ¼ ωn

N t

1

cþ 2π⋅Nð Þ ð11Þ

whereωn is the chatter frequency andN is the number of lobes.
We can formulate c as the following:

c ¼ π−2⋅tan−1
Im λð Þ
Re λð Þ
� �

ð12Þ

The critical depth blim can be rewritten by substituting
Eq. (8) in Eq. (10) to yield:

blim tð Þ ¼ 1

μv tð Þxv tð Þ‐1exp −μxð Þ
Γ v tð Þ½ � þ K t0

2π⋅Re λð Þ
N t Re λð Þ2 þ Im λð Þ2
� �

� 1þ Im λð Þ2
Re λð Þ2

 ! ! ð13Þ

In order to obtain the SLD for a given time t, we use the
mean of the cutting force coefficients instead of the one at the
cutting time t. The expression for the critical depth at the time t
can now be rewritten as follows:

blim tð Þ ¼ 1

ctb

μ
þ K t0

2π⋅Re λð Þ
N t Re λð Þ2 þ Im λð Þ2
� � 1þ Im λð Þ2

Re λð Þ2
 ! !

ð14Þ

The tangential cutting force coefficient increases with cut-
ting time, while the critical depth shows an opposite trend
when both the axial depth of the cut and the spindle speed
are given.

3.2 Chatter reliability modeling using time-varying
parameters

The chatter reliability of the milling process is defined as the
probability of no chatter occurring in a dynamic system with
time-varying parameters Kt0. The performance function of the
milling process system in a critical stable state can be
expressed as the following:

g Xð Þ ¼ blim−b0 ð15Þ

where b0 is the axial depth of the cut in the milling process and
X is a time-varying parameter. The time-varying reliability is
the following:

Pr Xð Þ ¼ P g Xð Þ > 0ð Þ ¼
Z
X R

f x xð Þd x ð16Þ

where XR is the stable region g(X) > 0 within the XR

region.

3.3 Chatter reliability calculation with a time-varying
parameter

The performance function and time-varying chatter reliability
that contains time-varying parameters can be obtained by
substituting Eq.(13) into Eqs. (15)–(16):

g Xð Þ ¼ 1

μv tð Þxv tð Þ‐1exp −μxð Þ
Γ v tð Þ½ � þ K t0

2π⋅Re λð Þ
N tI 0;∞ð Þ Re λð Þ2 þ Im λð Þ2

� � 1þ Im λð Þ2
Re λð Þ2

 ! !
−b0 ð17Þ

pr Xð Þ ¼ P
1

μv tð Þxv tð Þ‐1exp −μxð Þ
Γ v tð Þ½ � þ K t0

2π⋅Re λð Þ
N t Re λð Þ2 þ Im λð Þ2
� � 1þ Im λð Þ2

Re λð Þ2
 ! !

−b0≥0

8>>><
>>>:

9>>>=
>>>;

ð18Þ

Using the ZOA method, we find that the cutting force co-
efficient is the only factor that affects the size of the critical

cutting depth when the machining parameters and spindle
speed are known. Therefore, the probability distribution of
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the cutting force coefficient is the only factor that determines
directly the chatter reliability in a milling system, which can
be simplified to:

pr Xð Þ ¼¼
Z
0

K tb

μv tð Þxv tð Þ‐1exp −μxð Þ
Γ v tð Þ½ �

	 

dx ð19Þ

where 0-Ktb is the integral area XR and Ktb is the tangential
cutting force coefficient at a given critical depth and spindle
speed. We can now obtain the performance function in 0-Ktb

by integration:

pr Xð Þ ¼ −
xν tð Þ −μð Þν tð Þ � γ ν tð Þ;−μxð Þ
� �

Γ ν tð Þð Þ μxð Þν tð Þ

2
4

3
5

0

Ktb

¼ −
xct

b −μð Þctb � γ ctb;−μx
� �� �

Γ ctbð Þ; μxð Þctb

2
4

3
5

0

K tb

ð20Þ

where γ is the incomplete Gamma function as formulated in
Eq.(21) and the specific expression for Ktb is given by
Eq. (22):

γ η; zð Þ ¼
Z∞
z

ta‐1exp −tð Þdt ð21Þ

where a, z, and η are known values.

K tb ¼ 1

b0

2π⋅Re λð Þ
N t Re λð Þ2 þ Im λð Þ2
� � 1þ Im λð Þ2

Re λð Þ2
 ! !

−K t0

ð22Þ

3.4 Drawing the time-varying chatter reliability curve

The time-varying chatter reliability is used to describe the
possibility of a process without chatter at a given condition.
The calculation process is shown in Fig. 2.

The algorithm requires knowing the cutting dynamics
at the tool tip, the initial tangential cutting force coeffi-
cient, the spindle speed, and the axial depth of the cut. We
then obtain the curve fitting parameters of the gamma
process and the time-varying tangential cutting force co-
efficient. Now, we can use the real part Re (λ) and the
imaginary part Im (λ) of the eigenvalues and Eq. (22) to
calculate Ktb. After identifying the cutting time t, we sub-
stitute Ktb into Eq.(20) and the time-varying chatter reli-
ability is obtained.

4 A case study

4.1 Curve fitting cutting force coefficients with the gamma
process

The cutting force coefficients are very important factors in
chatter prediction. However, they tend to change continuously
during the cutting time due to regular tool wear in the machin-
ing process. Because the tangential and radial edge coefficients
do not contribute to chatter, we only consider the tool wear for
the tangential and radial cutting coefficient for the chatter pre-
diction. We use both the Gamma process description and the
tangential cutting coefficient to solve the time-varying chatter
stability and chatter time-varying reliability of the milling sys-
tem. Furthermore, we consider the ratio of radial cutting force
and tangential cutting force coefficient to be constant.

In order to verify the accuracy of the model, we compared it
with the model of the ratio of radial cutting force and tangential
cutting force coefficient is time-varying with respect to chatter
stability prediction. The results of this study show that the max-
imum volatility of the critical depth obtained by the twomethods
at identical spindle speeds, and cutting times is 4.57%. To reflect
this important variation accurately, this paper introduces the gam-
ma process model and uses the experimental data of J.
Karandikar [42] to curve fit the parameters of the gamma

Start

Curve fitting parameters of gamma process

b,c,

End

b0 spidl

and FRF

Calculate Re(λ)and Im(λ)

Calculate Ktb with Re(λ)and Im(λ) in Eq(22)

Calculate Pr(x) with Ktb in Eq(20)

t>T?

Y

N

Calculate Kt (t) with b,c, in Eq(9)

Fig. 2 Flow chart of the time-varying chatter reliability
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process. In the experiment, the feed length per tooth while using
the tool was kept constant at 0.06 mm/tooth. The radial and axial
depths of the cut were 9.5 mm (50% radial immersion) and
2 mm. An example result for a spindle speed, Ω, is 2500 rpm.
The cutting tool is 19-mm diameter inserted endmill (one square
uncoated Kennametal 107,888,126 C9 JC carbide insert; zero
rake and helix angles, 15 deg. relief angle, 9.53 mm
square × 3.18 mm), which was used to machine 1018 steel.

In this paper, we use the curve fitting toolbox of Matlab
(2014a) to fit the data of the increment of the mean of the
cutting force coefficients for different cutting moments and
set the user-defined fitting function as Eq. (6). For better
fitting, the magnitude of the cutting force coefficient was re-
moved during the fitting process. Then, we changed the start
point of μ, b, and c to 0 and we set the value of lower as 0.01.

In this paper, according to the standard deviation formula
for gamma process as Eq. (23)

std ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cxb

μ2

� �s
ð23Þ

Through small-scale adjustment, the starting point of μ
needs to be fitted until one obtains a proper standard deviation
for the cutting force coefficients. If the standard deviation
obtained from fitting is larger than the experimental value,
then we increase the starting point value of μ and fit again.
The curve fitting results are shown in Fig. 3.

Figure 3 shows that the mean value of the forecast lies in
the fluctuation range of the experimental data. It shows that
both theoretical predictions and the experimental result of the
tangential cutting force coefficient are increased with the cut-
ting time. The deviation between the theoretical value and the
experimental data may be due to measurement errors. The
values for the curve fitting parameters are listed in Table 1:

Hence, the shape parameter of the gamma process can be
expressed as the following:

v tð Þ ¼ 0:1895t0:659 ð24Þ

4.2 Prediction of time-varying chatter stability in milling

Figure 4 shows the differences between SLDs for different
cutting times and different colors. It is known that the critical
depth decreases gradually with increasing cutting time.

The axial depth of the cut is 2 mm, the feed rate is 0.06 mm/
flute, and the changes of the critical depths with cutting time are
depicted in Fig.5 at spindle speeds 3000, 4500, and 6000 rpm.

Figure 5 shows that the critical depths decrease significant-
ly with cutting time. Therefore, the accuracy of the chatter
prediction decreases after looking at the SLDs of milling using
conventional methods. Hence, it is necessary to take the pa-
rameters’ time-varying characteristic into consideration to im-
prove the accuracy of chatter prediction.

4.3 Calculating the time-varying chatter reliability
at a given spindle speed and axial cut depth

In the milling process, when the axial depth of cut b0, spindle
speed Ω, and feed rate υ are known, the time-varying chatter
reliability can be obtained with Fig.2.

The time-varying chatter reliability as a function of cutting
time is shown in Fig. 6.

It shows that the chatter reliability Pr is almost equal to 1 at
the beginning of the milling process when the spindle speed is
6000 rpm. This means chatter does not occur. Then, it starts to
decrease with cutting time. Notably, chatter reliability drops to
0.5 when the cutting time approaches 35 min. In other words,
there is a 50% probability for chatter.

Figure 7 shows that both the critical depth and chatter reli-
ability decrease when the cutting time increases for a spindle
speed of 4500 rpm. The critical depth is greater than the axial

20 30251510501

Cutting times /min

1.5

2

3

3.5

4

4.5

5
x10

3

K
t/M

P
a

2.5

Experiment

Prediction standard deviation

Experimental interval

Fiting

Fig. 3 Comparison of the
tangential cutting force
coefficient between experiment
and calculation

Table 1 Fitting
parameters for the
tangential cutting force
coefficient

b c μ

0.659 0.1895 0.9133
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depth of the cut b0 at the beginning, but smaller in the end. It is
noteworthy that, although the critical depth is larger than the
axial depth of the cut b0 in the first 9 min, it is not completely
stable. In other words, chatter does not occur with certainty
but with a small possibility, when the critical depth becomes
larger than the axial depth of the cut.

4.4 Comparative analysis of ZOA and time-varying
chatter stability prediction

Our results of the comparison between ZOA and time-varying
chatter stability prediction are shown in Fig.8 for our experi-
ment. We chose the spindle speeds 3000, 4500, and 6000 rpm
and selected the axial depth of the cut to be 0.5, 1.0, 1.5, 2.0,
and 2.5 mm.

In Fig. 8, the black curve is the prediction using the ZOA
method. The red curve below it is the prediction using time-
varying chatter stability prediction. The blue triangles represent
the simulation points at different axial depths of the cut. In the

ZOAmethod, stability lobes provide the critical depths of cut for
the rotational speeds of the spindle: the area below the lobe is
stable, but the area above the lobe is unstable. While in the time-
varying chatter stability prediction method, the probability of
chatter is represented by the degree of reliability. The higher
the probability is, the less chatter is likely to occur. The smaller
the probability is, the more chatter the system will experience.
Figure 8 shows that the critical depth using time-varying chatter
stability prediction is almost half of the depth obtained using the
ZOA method for a cutting time of 23.2 min. When the axial
depth of the cut is 2.5 mm, the spindle speed is 5000 rpm, the
prediction result is “chatter” using the ZOA method, and also
“chatter” using the time-varying chatter stability prediction.
When the axial depth of cut is reduced to 2 mm, the result with
the ZOAmethod is “critical,” but it is clearly “chatter” using the
time-varying chatter stability prediction. When the axial depth of
the cut is 1 mm, the result of the ZOA method is “stable.”
However, there is a 70% possibility for chatter to occur using
the time-varying chatter stability prediction method. The detailed
data for the chatter reliability values predicted by the chatter time-

Fig. 4 Time-varying chatter stability lobe diagram

Fig. 5 The relationship between the critical depth and cutting time for
three different spindle speeds

Fig. 6 Time-varying chatter reliability

Fig. 7 Critical depth and time-varying chatter reliability for full
immersion and a spindle speed of 4500 rpm
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varying reliability method at different spindle speeds and axial
cutting depths are listed in Table 2.

The time-varying chatter stability prediction is significantly
different from the ZOA method. It uses different reliability
values to describe the probability for chatter, rather than sim-
ply dividing the machining state into “chatter” or “no chatter.”
Hence, time-varying chatter stability prediction is more accu-
rate than ZOA prediction. In addition, it considers the changes
of the processing parameters caused by tool wear. The prob-
lem that chatter prediction accuracy decreases gradually dur-
ing the cutting process could be avoided.

4.5 Comparison between experiment and time-varying
chatter stability prediction

We compared the prediction result between the experiment and
the time-varying chatter stability prediction at different cutting
times in Fig.9.

In Fig. 9, the curve is the prediction using the ZOA method.
The symbol is the prediction using time-varying chatter stability
prediction. In this figure, the letter “t” represents the cutting times
and the letters “T-V” represent the time-varying chatter stability
prediction method. For the experiment, the chatter prediction for
ZOA and the cutting force coefficients for different cutting times
were obtained from the experiment in T.L. Schmitz’s paper.

Figure 3 shows that the chatter prediction result with experiment
date for ZOA and time-varying chatter stability prediction meth-
od are very similar to different cutting times.

5 Discussion

Regenerative chatter severely affects both efficiency and produc-
tivity of the machining process. It also leads to a poor quality of
the surface finish. Therefore, being able to predict accurately, the
chatter stability inmilling is very important. In practice, tool wear
causes the cutting force coefficients to increase gradually. This
makes the traditional chatter prediction method inaccurate. To
improve the accuracy of the prediction, we introduce and inves-
tigate the time-varying chatter stability prediction method. Both
the critical depth and the chatter reliability of chatter prediction
are constant for the conventional chatter stability prediction,
while they are changing with cutting time for a given machining
condition using our proposed method.

The time-varying chatter stability prediction method can be
applied to the milling process with relatively simple machin-
ing conditions. For example, the axial cutting depth and spin-
dle speed are constant. By predicting the time-varying chatter
stability of the system for given machining conditions, we can
change the axial cutting depth gradually to ensure high ma-
chining quality and improve the utilization of the tool.

6 Conclusion

(1) To address the problem that cutting force coefficients are
variables with characteristics described as uncertain and
random, we use the gamma process to predict the tan-
gential cutting coefficients for different cutting times.
The theoretical values are consistent with the obtained
experimental data.

Fig. 8 ZOA prediction and time-varying chatter stability prediction

Table 2 Chatter reliability for different spindle speeds and axial depths
of the cut

Axial depth
of cut/mm

Stability
ωspindle = 4500

Stability
ωspindle = 5000

Stability
ωspindle = 6000

0.5 0.9992 0.9034 0.9999

1.0 0.9167 0.3015 0.9727

1.5 0.6505 0 0.8204

2.0 0.3403 0 0.5829

2.5 0.1006 0 0.3356

Fig. 9 Comparison between experiment and time-varying chatter
stability prediction for different cutting times
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(2) Considering the effect of the time-varying character
of the cutting force coefficients on chatter predic-
tion, we introduced a time-varying reliability anal-
ysis method and the time-varying chatter stability
curve. The curve accurately describes the relation-
ship between critical depth and cutting time for a
given condition.

(3) A chatter reliability model is developed in which we
use the time-varying chatter reliability curve to de-
scribe the effect of the coefficient on the chatter re-
liability prediction. The time-varying chatter reliabil-
ity model appears more consistent with practical
manufacturing than conventional chatter prediction
methods.

Acknowledgement This work is supported by the National Natural
Science Foundation of China (51105067, 51135003) and the
Fundamental Research Funds for the Central Universities (N120403011).

References

1. Tobias SA, Fishwick W (1958) The chatter of lathe tools under
orthogonal cutting conditions. Trans ASME 80(1):1079–1088

2. Budak E, Altintas Y (1995) Analytical prediction of stability lobes
in milling. CIRPAnn-Manuf Techn 44(2):357–362

3. Insperger T, Stépán G (2004) Updated semi-discretization method
for periodic delay-differential Eqss with discrete delay. Int J Numer
Meth Eng 61(1):117–141

4. Insperger T, Stépán G (2002) Semi-discretization method for de-
layed systems. Int J Numer Meth Eng 55(5):503–518

5. Elbeyli O, Sun JQ (2004) On the semi-discretization method for
feedback control design of linear systems with time delay. Int J
Sound Vib 273(1–2):429–440

6. Ding Y, Zhu LM, ZhangXJ, Ding H (2010) A full-discretizationmeth-
od for prediction of milling stability. Int J Mach ToolsManuf 50(5):
502–509

7. WanM, Altintas Y (2014) Mechanics and dynamics of thread mill-
ing process. Int J Mach Tools Manuf 87:16–26

8. Fei J, Lin B, Yan S, Zhang X F, Lan J, Dai S G(2016) Chatter
prediction for milling of flexible pocket-structure. Int J Adv
Manuf Technol :1–10.

9. Wan M, Ma YC, Zhang WH, Yang Y (2015) Study on the con-
struction mechanism of stability lobes in milling process with mul-
tiple modes[J]. Int J Adv Manuf Technol 79(1–4):589–603

10. Zhang X J, Xiong C H, Ding Y, Ding H (2016) Prediction of chatter
stability in high speed milling using the numerical differentiation
method. Int J Adv Manuf Technol pp: 1–10.

11. Li Z, Yang Z, Peng Y, Zhu F, Ming X Z (2015) Prediction of chatter
stability for milling process using Runge-Kutta-based complete
discretization method. Int J Adv Manuf Technol pp: 1–10.

12. Wan M, Ma YC, Feng J, Zhang WH (2016) Study of static and
dynamic ploughing mechanisms by establishing generalized model
with static milling forces. Int J Mech Sci 114:120–131

13. Wan M, Kilic ZM, Altintas Y (2015) Mechanics and dynamics of
multifunctional tools. J Manuf Sci E 137(1):011019

14. Ahmadi K, Ismail F (2010)Machining chatter in flank milling. Int J
Mach Tools Manuf 50(1):75–85

15. Feng J, Sun Z, Jiang Z, Yang L (2016) Identification of chatter in
milling of Ti-6Al-4 V titanium alloy thin-walled workpieces based

on cutting force signals and surface topography. Int J Adv Manuf
Technol 82(9–12):1909–1920

16. Zhao MX, Balachandran B (2001) Dynamics and stability of mill-
ing process. Int J S S 38:2233–2248

17. Davies MA, Balachandran B (2000) Impact dynamics in milling of
thin walled structures. J Nonlinear Dynam 22:375–392

18. Mann BP, Garg NK, Young KA, Helvey AM (2005) Milling bifur-
cations from structural asymmetry and nonlinear regeneration. J
Nonlinear Dynam 42:319–337

19. Hanna NH, Tobias SA (1974) A theory of nonlinear regenerative
chatter. J Eng Ind 96(1):247–255

20. Moon FC, Kalmár-Nagy T (2001) Nonlinear models for complex
dynamics in cutting materials. Phi Trans Roy Soc London A:Math,
Phys Eng Sci 359(1781):695–711

21. Vela-Martínez L, Jáuregui-Correa JC, González-Brambila OM
(2009) Instability conditions due to structural nonlinearities in re-
generative chatter. Nonlinear Dynam 56(4):415–427

22. Ahmadi K, Ismail F (2010) Experimental investigation of process
damping nonlinearity in machining chatter. Int J Mach ToolsManuf
50(11):1006–1014

23. Ahmadi K, Ismail F (2011) Analytical stability lobes including
nonlinear process damping effect on machining chatter. Int J
Mach Tools Manuf 51(4):296–308

24. Bayly P, Halley J, Mann B, Davies MA (2003) Stability of
interrupted cutting by temporal finite element analysis. J Manuf
Sci E 125(2):220–225

25. Scott GD, Mohammad HK, Schmitz TL (2006) Uncertainty prop-
agation for selected analytical milling stability limit analyses. Trans
NAMRI/SME 34:17–24

26. Zhang X, Zhu L, Zhang D, Ding H, Xiong Y (2012) Numerical
robust optimization of spindle speed for milling process with un-
certainties. Int J Mach Tools Manuf 61:9–19

27. Park SS, Rahnama R (2010) Robust chatter stability in micro-
milling operations. CIRPAnn-Manuf Techn 59(1):391–394

28. Sims ND,Manson G (2010) Fuzzy stability analysis of regenerative
chatter in milling. J Sound Vib 329(8):1025–1041

29. Totis G (2009) RCPM—a new method for robust chatter prediction
in milling. Int J Mach Tools Manuf 49(3–4):273–284

30. Liu Y, Li TX, Zhang Y, Liu K (2016) Chatter reliability prediction of
turning process system with uncertainties. Mech Syst Signal Pr 66–67:
232–247

31. Huang X, Hu M, Zhang Y, Lv C (2016) Probabilistic analysis of
chatter stability in turning. Int J Adv Manuf Technol:1–8

32. LEE LC, LEE KS (1989) On the correlation between dynamic
cutting force and tool wear. Int J Mach Tools Manuf 29(3):
295–303

33. Moriwaki T, Tobito M (1988) A new approach to automatic detec-
tion of life of coated tool based on acoustic emission measurement.
ASME Winter Ann Meeting, Sens Controls Manuf 33:75–82

34. Choi Y, Narayanaswami R, Chandra A (2004) Tool wear monitor-
ing in ramp cuts in end milling using the wavelet transform. Int J
Adv Manuf Technol 23:419–428

35. Ng EG, Lee DW, Sharman RC, Dewes DK, Aspinwall JV (2000)
High speed ball nose end milling of Inconel 718. CIRPAnn-Manuf
Techn 49:41–46

36. Ghosh N, Ravi YB, Patra A, Mukhopadhyay S, Paul S, Mohanty
AR, Chattopadhyay AB (2007) Estimation of tool wear during
CNC milling using neural network-based sensor fusion. Mech
Syst Signal Pr 21:466–479

37. Tarkan E, Zekai Ş (2009) Prediction of tool wear using regression
and ANN models in end-milling operation a critical review. Int J
Adv Manuf Technol 43:765–766

38. Dimla E, Dimla S (2000) Sensor signals for tool-wear monitoring in
metal cutting operations—a review of methods. Int J Mach Tools
Manuf 40:1073–1098

Int J Adv Manuf Technol (2017) 89:2627–2636 2635



39. Li CY, Zhang YM,Wang YW (2012) Gradual reliability and its sensi-
tivity analysis approach of cutting tool in invariant machining condition
and periodical compensation. Chin J Mech Eng-En 48:162–168

40. Erol T, Sezan O, Suleyman N, Suleyman Y (2012) Decomposition of
process damping ratios and verification of process damping model for
chatter vibration measurement. J Int Meas Conf 45:1380–1386

41. Moriwaki T, Tobito M (1990) A new approach to automatic detec-
tion of life of coated tool based on acoustic emission measurement.
J Eng Ind 112(3):212–218

42. Karandikar J M, Zapata R E, Schmitz T L (2010) Combining tool
wear and stability in high-speed machining performance prediction.
University of Florida pp. 7–10.

2636 Int J Adv Manuf Technol (2017) 89:2627–2636


	Chatter stability prediction in milling using time-varying uncertainties
	Abstract
	Introduction
	Dynamic modeling of milling chatter
	Dynamic cutting model of the milling process
	Modeling of the cutting force coefficient with characteristics of time-variation and uncertainty

	Modeling of chatter reliability with time-varying and random parameters
	Chatter stability modeling with time-varying parameter based on ZOA
	Chatter reliability modeling using time-varying parameters
	Chatter reliability calculation with a time-varying parameter
	Drawing the time-varying chatter reliability curve

	A case study
	Curve fitting cutting force coefficients with the gamma process
	Prediction of time-varying chatter stability in milling
	Calculating the time-varying chatter reliability at a given spindle speed and axial cut depth
	Comparative analysis of ZOA and time-varying chatter stability prediction
	Comparison between experiment and time-varying chatter stability prediction

	Discussion
	Conclusion
	References


