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Abstract Accuracy design constitutes an important role in
machine tool designing. It is used to determine the permissible
level of each error parameter of a machine tool, so that any
criterion can be optimized. Geometric, thermal-induced, and
cutting force-induced errors are responsible for a large number
of comprehensive errors of a machine tool. These errors not
only influence the machining accuracy but are also of great
importance for accuracy design to be performed. The aim of
this paper is the proposal of a general approach that simulta-
neously considered geometric, thermal-induced, and cutting
force-induced errors, in order for machine tool errors to be
allocated. By homogeneous transformation matrix (HTM) ap-
plication, a comprehensive error model was developed for the
machining accuracy of a machine tool to be acquired. In ad-
dition, a generalized radial basis function (RBF) neural net-
work modeling method was used in order for a thermal and
cutting force-induced error model to be established. Based on
the comprehensive error model, the importance sampling
method was applied for the reliability and sensitivity analysis
of the machine tool to be conducted, and two mathematical
models were presented. The first model predicted the reliabil-
ity of the machine tool, whereas the second was used to iden-
tify and optimize the error parameters with larger effect on the
reliability. The permissible level of each geometric error pa-
rameter can therefore be determined, whereas the reliability

met the design requirement and the cost of this machining was
optimized. An experiment was conducted on a five-axis ma-
chine tool, and the results confirmed the proposed approach
being able to display the accuracy design of the machine tool.

Keywords Comprehensive errormodel . Thermal and cutting
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Nomenclature
Δxx Positioning error of the X-axis
Δyx Y direction of straightness error of the X-axis
Δzx Z direction of straightness error of the X-axis
Δαx Roll error of the X-axis
Δβx Pitch error of the X-axis
Δγx Yaw error of the X-axis
Δxy X direction of straightness error of the Y-axis
Δyy Positioning error of the Y-axis
Δzy Z direction of straightness error of the Y-axis
Δαy Pitch error of the Y-axis
Δβy Roll error of the Y-axis
Δγy Yaw error of the Y-axis
Δxz X direction of straightness error of the Z-axis
Δyz Y direction of straightness error of the Z-axis
Δzz Positioning error of the Z-axis
Δαz Pitch error of the Z-axis
Δβz Yaw error of the Z-axis
Δγz Roll error of the Z-axis
ΔxB X direction run-out error of the B-axis
ΔyB Y direction run-out error of the B-axis
ΔzB Z direction run-out error of the B-axis
ΔαB Around the X-axis turning error of the B-axis
ΔβB Turning error of the B-axis
ΔγB Around the Z-axis turning error of the B-axis
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ΔxA X direction run-out error of the A-axis
ΔyA Y direction run-out error of the A-axis
ΔzA Z direction run-out error of the A-axis
ΔαA Turning error of the A-axis
ΔβA Around the Y-axis turning error of the A-axis
ΔγA Around the Z-axis turning error of the A-axis
Δxφ X direction run-out error of the spindle
Δyφ Y direction run-out error of the spindle
Δzφ Z direction run-out error of the spindle
Δαφ Around the X-axis turning error of the spindle
Δβφ Around the Y-axis turning error of the spindle
Δγφ Turning error of the spindle
Δγxy X- and Y-axis perpendicularity error
Δβxz X and Z-axis perpendicularity error
Δαyz Y and Z-axis perpendicularity error
ΔγxB B-axis parallelism error in the YZ plane
ΔαzB B-axis parallelism error in the XY plane
ΔγyA A-axis parallelism error in the XZ plane
ΔβzA A-axis parallelism error in the XY plane
ΔyAB Offset errors between A- and B-axes along the Y-axis
ΔzAB Offset errors between A- and B-axes along the Z-axis

1 Introduction

Due to high efficiency and capabilities of complex free
form surface machining, the five-axis machining method
is being used by machine tool users [28], increasingly.
The design of a machine tool with satisfactory performance
by cost-effective geometric accuracy configuration consti-
tutes an intractable problem that machine tool manufac-
turers face. Machining accuracy is a key factor for the ca-
pability of five-axis machine tool evaluation, and it is taken
into important consideration in an accurate design of ma-
chine tools [22]. Machining accuracy reliability reflects the
capability of the required machining accuracy being
reached for machine tools [1], and it is affected by factors
having influence on machining accuracy, such as geomet-
ric, thermal-induced, cutting force-induced, and tool de-
flection errors [7]. Among these errors, both the geometric
and the thermal errors are responsible for machine tool in-
accuracy [21]. The cutting force-induced errors constitute
another important error source, therefore proving to be a
very critical problem in wide applications of both high-
efficiency cutting and difficult-to-process materials [27].
As a conclusion, these three kinds of errors should be taken
into consideration in accuracy design of machine tools. The
manufacturing costs of machine tools depend on geometric
errors of the main composing parts [9]; therefore, it has
become necessary for optimum geometric errors of assem-
bly component provision, for manufacturing cost minimi-
zation of the machine tool.

Two steps are included in machine tool accuracy design:
accuracy prediction and accuracy allocation [17]. Accuracy
prediction is the foundation of accuracy design, aiming in ma-
chine tool comprehensive error forecasting, explaining how
machining accuracy is affected by various errors [5].
Nowadays, many modeling methods of machine tool compre-
hensive errors exist, such as the matrix translation method [16],
the error matrix method [11], the rigid body kinematic method
[26], the D-H method [19], the POE [5, 12, 13], and the multi-
body system theory [23, 29, 30, 32, 38]. In the comprehensive
error model, the geometric errors can be measured directly,
whereas the thermal and cutting force-induced errors are ob-
tained indirectly. Researches on thermal error focus mainly on
two aspects. One aspect is the selection of temperature points
such as the principal factor mutually uncorrelated and maxi-
mum sensitivity [35]. The second aspect is the thermal error
modelingmethods such as the fuzzy Cmeans (FCM) clustering
method [31], the ant-colony algorithm-based back-propagation
neural network (ACOBPN), the synthetic grey correlation the-
ory, the grey neural network [15, 37], and the RBF [6]. In recent
years, the study of cutting force errors is mainly concentrated on
modeling methods of cutting force errors, such as the particle
swarm optimization (PSO)-SVM [14], the fuzzy neural net-
work theory [4, 33], and the PSO-BP neural network [37].
However, the forehand mentioned references above display on-
ly a few kinds of error during machine tool error modeling.
Therefore, one objective for execution of this research was the
development of comprehensive error modeling of a machine
tool with simultaneous consideration of geometric, thermal,
and cutting force-induced errors.

Compared to accuracy prediction, accuracy allocation
constitutes an optimization issue for the geometric errors
in order for the machining accuracy reliability to be satis-
fied and the minimum cost of machine tools to be mini-
mized [2]. Until recently, various cost-tolerance models
were proposed for a proper functional relationship building
between the manufacturing cost and geometric errors [9] to
be estimated. Nowadays, both the reliability-based design
optimization (RBDO) and the robust design optimization
(RDO) are often combined as a tool to optimize the objec-
tive parameters, concerning the minimization of an objec-
tive function under probabilistic constraints evaluated by
reliability and sensitivity analysis [8]. There are many im-
portant methods of reliability and sensitivity analysis such
as differential analysis, response surface methodology,
Monte Carlo analysis, and variance decomposition proce-
dures [3], as methods having been widely used in the ma-
chine tool domain of interest. Besides, Dorndorf et al. pro-
posed an error allocation approach for manufacturing and
assembly tolerance allocation and determination of optimal
levels for these errors [10]. Yu et al. proposed an accuracy
allocation approach based on a geometric error propagation
model and the response surface method, whereas following
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improved the functions of a machine tool according to the
reliability sensitivity analysis [36]. A scatter search method
was used by Krishna et al. for allocation of geometric errors
with a minimum total manufacturing cost preservation [18].
Jin et al. presented an accuracy design approach for auto-
motive parts during an early design stage [20]. Cai et al.
proposed an accuracy distribution method for machine
tools by advanced first-order and second-moment
(AFOSM) theory application [1] and formulated an accura-
cy retainability optimization approach based on the
HOMST [2]. However, in the above studies, the influence
of thermal and cutting force-induced errors to accuracy al-
location of machine tools have not been considered. As a
result, a continuous research effort of a reliability model for
the development of a general accuracy allocation approach
that simultaneously considers geometric, thermal, and cut-
ting force-induced errors is sought.

This paper is divided into five sections: In Sect. 2, a com-
prehensive error model of a numerical control (NC) machine
tool is established. In Sect. 3, two mathematical models, ma-
chine tool reliability prediction and error parameter optimiza-
tion, are used, in order for a general accuracy allocation ap-
proach to be developed. In Sect. 4, a machining example in a
five-axis machine tool was performed in order for the pro-
posed approach to be verified. Following conclusions and
suggestions for future studies are presented.

2 Comprehensive error modeling

In this paper, homogeneous transformation matrices
(HTMs) are used for the establishment of a direct kinematic
model that considers geometric, thermal, and cutting force-
induced errors. A five-axis machine tool (XKH800), com-
prising three translational axes (X, Y, and Z) and two rota-
tional axes (A and B), is presented in Fig.1a. The system
structure coordination diagram of the machine, essentially
being a serial-link mechanism, is shown in Fig. 1b.

2.1 Analysis of thermal and cutting force-induced errors

In the comprehensive error model, geometric, thermal, and
cutting force-induced errors should be included. All these er-
rors are necessary to be acquired in order for the comprehen-
sive error model to be obtained. Geometric errors can be ob-
tained by a direct measurement method from measurement
tools such as the various laser interferometers. However, ther-
mal and cutting force-induced errors cannot be obtained by the
direct measurement method. As a result, a systemic method
for thermal and cutting force-induced error modeling was ap-
plied, based on a generalized RBF [25].

Because each drive motor and bed body of this machine
tool has been designed separately, a perfect structure for

heat dissipation is being offered. The high-speed motorized
spindle constitutes the most important part and the main
source of heat. Consequently, the spindle has a larger im-
pact than any other part during machining. Both thermal
and cutting force-induced errors contribute to spindle errors
in all axial X, Y, and Z directions, and both kinds of error
can be considered [34]. Additionally, this machine tool has
excellent rigidity; therefore, cutting force-induced errors are
induced by the applied cutting force, so the analysis of the
cutting force can be used for the cutting force-induced error
prediction [34]. During thermal and cutting force-induced
error modeling of the spindle, the temperature measurement
point selection is clearly an important factor to the accuracy
of the thermal and cutting force-induced error model [34,
35]. Besides, according to Metal Cutting Theory, factors
such as workpiece materials, cutting tool materials, and
cutting parameters (cutting velocity v, cutting depth ap,
and cutting feed f), which affect the cutting force, affect
the cutting force-induced errors also [34]. However, too
many input parameters will increase the model complexity,
leading to training process difficulties. Following, the prin-
cipal factor is used for the selection of temperature point
optimization, revealing the relationship between each tem-
perature point and thermal and force-induced errors [35].
Besides, both the cutting depth ap and the cutting feed f,
having a certain relevance to cutting force errors, were
chosen for thermal and cutting force-induced error model-
ing [34].

2.2 Modeling of thermal and cutting force-induced errors

The functional structure of the proposed comprehensive
error model, based on a generalized RBF as presented
in Fig. 2, contains the n thermal and the force parame-
ter inputsX= [x1,x2, ...,xn]

T, the s hidden nodes, and the
m outputs Y = [y1, y2, ... , ym]

T. Inside the hidden layer,
the Uj= [μ1j,μ2j, ... ,μsj]

T is the weighing matrix of yj,
μijis the synaptic weight of the ith hidden node of yj,
and ξi(i= 1, 2, ... , s) refers to the radial basis function of

the ith hidden node that is defined as: ξi X−Gik kð Þ ¼
exp − X−Gik k2

2λ2
i

� �
i ¼ 1; 2; :::; sð Þ where X are the thermal

and force parameter inputs, Gi refers to the data center,
and λi denotes the expansion constant. Each radial basis
function corresponds to one data center and one expan-
sion constant.

The thermal and cutting force-induced error modeling
and validation based on the generalized RBF can be divided
into four steps:

1. The thermal and induced force error experiment should
be conducted on a machine tool with adequate
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temperature sensors and a laser interferometer that can
be used for experimental data collection of both tem-
perature and induced errors. The data are then divided
into two groups. Both groups include r samples. The
first group is used for sample training and the second
for prediction ability verification of the model.

2. The number of data centers should be identified accord-
ing to experimental results.

3. A K-means clustering algorithm is applied for the data
centers and the expansion constants to be obtained. In
order for the ideal data center to be determined, the Δxz
samples are randomly selected as the initial data centers
G1(0) ,G2(0) , . . .Gi(0) , . . .Gs(0) (i=1,2, ... , s), from all
samples of both thermal and force parameter input vectors
Xq (q=1,2, ... , r). Then, all samples are grouped in theΔxB
clustering domains W1(k) ,W2(k) , . . .Wi(k) , . . .Ws(k)
(i=1,2, ... , s) by the European space distance of each sample
left to the data centers Cqi = ‖Xq −Gi‖ (q = 1, 2, ... ,

r; i=1,2, ... , s), whenMinp Cqp ¼ Cqi p ¼ 1; 2; :::; sð Þ. Xq
belongs toGi. Supposedly, k is the number of iterations,
Wi(k) is the ith clustering domain with the Ni sample
number, and Gdef is a precision object in this model pre-
v i o u s l y s e t a n d t h e n Gi k þ 1ð Þ ¼ 1

Ni
∑

X∈Wi kð Þ
X .

When∑
s

i¼1
Gi k þ 1ð Þ−Gi kð Þk k < Gdef , the ideal data cen-

ters G1(k+1) ,G2(k+1) , . . . ,Gi(k+1) , . . . ,Gs(k+1) are
acquired. Following the ideal data center determination,
each expansion constant corresponding to each radial basis
function can be obtained by the λi=α×dp equation, where
α=0.2 and dp= min ‖Gi−Gp‖, substituted by the mini-
mum European space distance of each data center.

4. Moreover, in calculation execution,μij is obtained by the
pseudo-inverse method. Considering that each output of
this model can be expressed as a linear combination of

the base function y j ¼ ∑
s

i¼1
μijξi X−Gik k j ¼ 1; 2; :::; nð Þ

1x

nx

1

2

i

s
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2x

1U
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Fig. 2 The proposed
comprehensive error model based
on a generalized RBF
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Fig. 1 Three-dimensional model of XKH800 and its system structure coordination diagram
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and the training samples(Xq, yqj) (q = 1, 2, ... , r) of the
jth output are inserted into the equation above, a system
of linear equations regarding the unknown μij can be
obtained:

y1 j ¼
Xs

i¼1

μijξi X 1−Gik k

y2 j ¼
Xs

i¼1

μijξi X 2−Gik k j ¼ 1; 2; :::; nð Þ
⋮

yrj ¼
Xs

i¼1

μijξi X r−Gik k

8>>>>>>>>>>><
>>>>>>>>>>>:

ð1Þ

Accepting as an assumption that ξqi = ξi‖Xq −Gi‖.
(q = 1, 2 , . . , r ; i = 1, 2 , . . . , s ) , y j = [y1 j , y2 j , . . . , yr j ]

T,
Uj= [μ1j,μ2j, ... ,μsj]

T, and Ψ∧ ¼ ξ11 ξ12 ⋯ξ1s½ ξ21 ξ22 ⋯
ξ2s ⋮ ξr1 ξr2 ⋯ξrs�, and Eq. (12) can be rewritten
as Ψ∧ U j ¼ y j. Thus, the weight matrix of the jth output can

be acquired by the U j ¼ Ψ∧þy j equation, where Ψ∧þ ¼

Ψ∧T Ψ∧
� �−1

Ψ∧T denotes the pseudo-inverse matrix ofΨ∧T .

So far, the ideal parameters of this model are obtained and
can be consequently used for thermal and cutting force-
induced error modeling. The rest of the group data can be used
for verification of the developed model.

2.3 Comprehensive error modeling based on HTMs

Through forehand executed calculations, the geometric,
thermal, and cutting force-induced errors were obtained.
Therefore, a comprehensive error model of the machine tool
foreseeing these errors was developed based on HTMs.

Regarding the spindle, the body kinematic error homo-
geneous transformation matrix can be written as

ΔΝ34S ¼
1 −Δγφ Δβφ Δxφ

Δγφ 1 −Δαφ Δyφ
−Δβφ Δαφ 1 Δzφ
0 0 0 1

0
BB@

1
CCA ð2Þ

Equation (2) contains three parts: geometric, thermal, and
cutting force-induced errors. Therefore, it can be rewritten as

ΔΝ34S ¼

1 − Δγgφ þΔγtφ þΔγ f
φ

� �
Δβg

φ þΔβt
φ þΔβ f

φ Δxgφ þΔxtφ þΔx fφ

Δγgφ þΔγtφ þΔγ f
φ 1 − Δαg

φ þΔαt
φ þΔα f

φ

� �
Δygφ þΔytφ þΔy fφ

− Δβg
φ þΔβt

φ þΔβ f
φ

� �
Δαg

φ þΔαt
φ þΔα f

φ 1 Δzgφ þΔztφ þΔz fφ
0 0 0 1

0
BBBBB@

1
CCCCCA ð3Þ

where g, t, and f refer to the geometric, thermal, and cutting
force-induced errors, respectively.

Hypothetically, the coordinates of tool forming pointing
the tool coordinate system are

Pt ¼ Ptx Pty Ptz 1
� �T ð4Þ

The coordinates of the workpiece forming point in the
workpiece coordinate system are

Pw ¼ Pwx Pwy Pwz 1½ �T ð5Þ

When the machine tool is operating in an ideal model,
subsequently the machine tool has no errors and both the
tool forming point and the workpiece forming point will
overlap. Therefore, the following equation can be obtained:

ΝToolPt ¼ ΝWorkpiecePwideal ð6Þ

where ΝTool is the homogenous transformation matrix of
the tool branch and ΝWorkpiece is the homogenous

transformation matrix of the workpiece branch. Then,
the result will be

NP
0;1N

S
0;1N

P
1;2N

S
1;2N

P
2;3N

S
2;3N

P
3;4N

S
3;4N

P
4;5N

S
4;5Pt

¼ NP
0;6N

S
0;6N

P
6;7N

S
6;7N

P
7;8N

S
7;8Pwideal ð7Þ

In Eq. (7), P and S are static and motion transforma-
tions, respectively, where NP

J ‐1; J refers to the ideal static

homogenous transformation matrix of the adjacent body
and NS

J ‐1; J refers to the ideal motion homogenous trans-

formation matrix of the adjacent body, as presented in
Table 1. From Eq. (7) it can be derived that the coordi-
nates of the ideal tool forming point in the workpiece
coordinate system can be obtained as follows:

Pwideal ¼ NP
0;6N

S
0;6N

P
6;7N

S
6;7N

P
7;8N

S
7;8

� �‐1
NP

0;1N
S
0;1N

P
1;2N

S
1;2N

P
2;3N

S
2;3N

P
3;4N

S
3;4N

P
4;5N

S
4;5Pt

ð8Þ

Int J Adv Manuf Technol (2017) 91:1547–1566 1551



Table 1 The ideal and the error
homogenous transformation
matrices of the machine tool

Sdjacent
body

Body ideal static, motion HTMs
(NP

J ‐1; J , N
S
J ‐1; J )

Body static, motion error HTMs

(eNP
J ‐1; J ,

eNS
J ‐1; J )

0–1

X-axis
NP

0;1¼I4�4

NS
0;1 ¼

1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

eNP
0;1¼I4�4

eNS
0;1 ¼

1 −Δγx Δβx Δxx
Δγx 1 −Δαx Δyx
−Δβx Δαx 1 Δzx
0 0 0 1

0
BB@

1
CCA

1–2

Z-axis
NP

1;2¼I4�4

NS
1;2 ¼

1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 1

0
BB@

1
CCA

eNP
1;2 ¼

1 0 Δβxz 0
0 1 −Δαyz 0

−Δβxz Δαyz 1 0
0 0 0 1

0
BB@

1
CCA

eNS
1;2 ¼

1 −Δγz Δβz Δxz
Δγz 1 −Δαz Δyz
−Δβz Δαz 1 Δzz
0 0 0 1

0
BB@

1
CCA

2–3

B-axis
NP

2;3¼I4�4

NS
2;3 ¼

cosB 0 sinB 0
0 1 0 0

−sinB 0 cosB 0
0 0 0 1

0
BB@

1
CCA

eNp
2;3 ¼

1 −ΔγxB 0 0
ΔγxB 1 −ΔαzB 0
0 ΔαzB 1 ΔzAB
0 0 0 1

0
BB@

1
CCA

eNS
2;3 ¼

1 −ΔγB ΔβB ΔxB
ΔγB 1 −ΔαB ΔyB
−ΔβB ΔαB 1 ΔzB
0 0 0 1

0
BB@

1
CCA

3–4

Spindle
NP

3;4 ¼ I4�4

NS
3;4¼

cosφ sinφ 0 0
−sinφ cosφ 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

eNP
3;4 ¼ I4�4

eNS
3;4¼

1 −Δγφ Δβφ Δxφ
Δγφ 1 −Δαφ Δyφ
−Δβφ Δαφ 1 Δzφ
0 0 0 1

0
BB@

1
CCA

4–5

Tool
NP

4;5 ¼
1 0 0 xtd
0 1 0 Lþ ytd
0 0 1 ztd
0 0 0 1

0
BB@

1
CCA

NS
4;5¼I4�4

eNP
4;5 ¼

1 −Δγtd Δβtd Δxtd
Δγtd 1 −Δαtd Δytd
−Δβtd Δαtd 1 Δztd

0 0 0 1

0
BB@

1
CCA

eNS
4;5¼I4�4

0–6

Y-axis
NP

0;6¼I4�4

NS
0;6 ¼

1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

0
BB@

1
CCA

eNP
0;6 ¼

1 −Δγxy 0 0
Δγxy 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

eNS
0;6 ¼

1 −Δγy Δβy Δxy
Δγy 1 −Δαy Δyy
−Δβy Δαy 1 Δzy
0 0 0 1

0
BB@

1
CCA

6–7

A-axis
NP

6;7¼I4�4

NS
6;7 ¼

1 0 0 0
0 cosA −sinA 0
0 sinA cosA 0
0 0 0 1

2
664

3
775

eNp
6;7 ¼

1 −ΔγyA ΔβzA 0
ΔγyA 1 0 ΔyAB
−ΔβzA 0 1 0
0 0 0 1

0
BB@

1
CCA
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However, when errors enter the system, both static
and motion transformations become perturbed. As a re-
sult, the coordinates of the actual tool forming point in
the coordinate system of the workpiece can be expressed
as

Pwactual ¼ ENWorkpiece

� �−1
ENToolPt ð9Þ

In Eq. (9), the error homogenous transformation ma-
trix of the workpiece branch ENWorkpiece and the error

homogenous transformation matrix of the tool branch
ENTool can be described as

ENWorkpiece¼NP
0;6⋅

eNP
0;6⋅N

S
0;6⋅

eNS
0;6⋅N

P
6;7⋅

eNP
6;7⋅N

S
6;7⋅

eNS
6;7

⋅Np
7;8⋅

eNp
7;8⋅N

S
7;8⋅

eNS
7;8

ENTool ¼Np
0;1⋅

eNp
0;1⋅N

s
0;1⋅

eN s
0;1⋅N

p
1;2⋅

eNp
1;2⋅N

s
1;2⋅

eN s
1;2⋅

Np
2;3⋅

eNp
2;3⋅N

s
2;3⋅

eN s
2;3⋅

Np
3;4⋅

eNp
3;4⋅N

s
3;4⋅

eN s
3;4⋅N

p
4;5⋅

eNp
4;5⋅N

s
4;5⋅

eN s
4;5

ð10Þ

In Eq. (10), eNP
J ‐1; J and eNS

J ‐1; J refer to the static error

homogenous transformation matrix and the motion error

Table 1 (continued)
Sdjacent
body

Body ideal static, motion HTMs
(NP

J ‐1; J , N
S
J ‐1; J )

Body static, motion error HTMs

(eNP
J ‐1; J ,

eNS
J ‐1; J )

eNS
6;7 ¼

1 −Δγa Δβa Δxa
Δγa 1 −Δαa Δya
−Δβa Δαa 1 Δza
0 0 0 1

2
664

3
775

7–8

Workpiece
NP

7;8 ¼
1 0 0 xwd
0 1 0 ywd
0 0 1 zwd
0 0 0 1

0
BB@

1
CCA

NS
7;8¼I4�4

eNP
7;8 ¼

1 −Δγwd Δβwd Δxwd
Δγwd 1 −Δαwd Δywd
−Δβwd Δαwd 1 Δzwd

0 0 0 1

0
BB@

1
CCA

eNS
7;8¼I4�4

Table 2 Initial values of geometric parameter errors of the five-axis NC machine tool

Number i 1 2 3 4 5 6 7 8

Parameter Δxx Δyx Δzx Δax Δβx Δγx Δxy Δyy
Value 0.0062

mm
0.0062
mm

0.0062
mm

0:0035
1000

� �∘ 0:0035
1000

� �∘ 0:0035
1000

� �∘ 0.0064
mm

0.0064
mm

Number i 9 10 11 12 13 14 15 16

Parameter Δzy Δay Δβy Δγy Δxy Δyz Δzz Δaz
Value 0.0064

mm
0:0025
1000

� �∘ 0:0025
1000

� �∘ 0:0025
1000

� �∘ 0.0064
mm

0.0064
mm

0.0064
mm

0:0026
1000

� �∘
Number i 17 18 19 20 21 22 23 24

Parameter ΔxA Δγz Δxφ Δyφ Δzφ Δαφ Δβφ Δγφ
Value

0:0026
1000

� �∘ 0:0026
1000

� �∘ 0.0053
mm

0.0053
mm

0.0053
mm

0:0058
1000

� �∘ 0:0058
1000

� �∘ 0:0058
1000

� �∘
Number i 25 26 27 28 29 30 31 32

Parameter ΔxA ΔyA ΔzA ΔaA ΔβA ΔγA ΔxB ΔyB
Value 0.0055

mm
0.0055
mm

0.0055
mm

Δyφ Δzφ Δαφ 0.0064
mm

0.0064
mm

Number i 33 34 35 36 37 38 39 40

Parameter ΔzB ΔaB ΔβB ΔγB Δγxy Δβxz Δayz ΔγyA
Value 0.0064

mm
0:0047
1000

� �∘ 0:0047
1000

� �∘ 0:0047
1000

� �∘ 0:0034
500

� �∘ 0:0034
500

� �∘ 0:0034
500

� �∘ 0:009
300

� �∘
Number i 41 42 43 44 45

Parameter ΔβzA ΔγxB ΔαzB ΔyAB ΔzAB
Value

0:009
300

� �∘ 0:009
300

� �∘ 0:009
300

� �∘ 0.0064
mm

0.0064
mm
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homogenous transformation matrix of the adjacent body, re-
spectively, as presented in Table 1. The definitions of all the
errors in Table 1 are presented in a nomenclature, which have
been justified in usage according to [21]. Both thermal and
cutting force-induced errors have been justified in usage ac-
cording to [34].

The comprehensive error model of the five-axis machine
tool caused by the value difference between actual and ideal
forming points can be obtained by

E¼ENWorkpiecePwideal−ENToolPt ð11Þ

where the E represents the comprehensive error of this ma-
chine tool, containing in turn the Ex, Ey, andEz parts.
Following, Eq. (11) can be expressed as

E ¼ Ex;Ey;Ez; 0
� �T ð12Þ

3 Reliability and sensitivity analysis based
on importance sampling method

3.1 Reliability and sensitivity analysis during single failure
mode

The reliability of the structure reflects the ability of its speci-
fied functions under the stated conditions to be performed, for
a specific period. It is often expressed through failure possi-
bility. In order for this ability of machine tools to be reflected,
the possibility of the specified machining accuracy having
been met was taken as the basis of evaluating machining ac-
curacy performance [7].

According to the logical relationship of the failure
modes, a machine tool has multiple failure modes as a
serial system. Therefore, the importance sampling meth-
od, used for the reliability and sensitivity analysis with

Laser interferometer (XD6)

Laser interferometer (XL80)

Proline V3 (T330)

Proline V3 (R525)

(a)

(b)

(c)

Fig. 3 Measurement methods of
geometric errors: a Prismatic joint
error measurement. b Rotary joint
error measurement. c Squareness
and offset error measurement

Intelligent circuit testing
alarming device

Laser interferometer

Mirror

Work piece

Receiver

Temperature sensors

Fig. 4 The thermal and force-
induced error experiment
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multiple failure modes, was introduced. The solution pro-
cedure follows the approach developed roughly ([24]), but
differs in the used formulation.

The failure possibility of the single failure mode, based on
the importance sampling method, is

P ¼ ∫⋅⋅⋅
Z

Rn
I F xð Þ f X xð Þdx

¼
Z

::
R

Rn I F xð Þ f X xð Þ
hX xð Þ hX xð Þdx ¼ E I F xð Þ f X xð Þ

hX xð Þ
� 	 ð13Þ

where Rn, fX(x), and hX(x) refer to a variable space with n
dimensions, the joint possibility density function, and the im-
portance sampling density function, respectively.

According to hX(x), a sample space of size N and the
sample points xi(i= 1, 2, ... ,N) are selected. Eq. (13) can
be rewritten as

P
∧ ¼ 1

N

XN
i¼1

I F xið Þ f X xið Þ
hX xið Þ ð14Þ

The mathematical expectation and variance of P∧ can
now be specified as follows:

E P
∧


 �
¼ E

1

N
∑
N

i¼1
I F xið Þ f X xið Þ

hX xið Þ

" #
¼ E I F xið Þ f X xið Þ

hX xið Þ
� 	

¼ P ð15Þ

Var P
∧


 �
¼ Var

1

N
∑
N

i¼1
I F xið Þ f X xið Þ

hX xið Þ

" #
¼ 1

N2

XN
i¼1

Var
h
I F xið Þ f X xið Þ

hX xið Þ
i

¼ 1

N
Var I F xið Þ f X xið Þ

hX xið Þ
� 	

¼ 1

N
Var I F xð Þ f X xð Þ

hX xð Þ
� 	

≈
1

N−1
1

N

XN
i¼1

h
I F xið Þ f X xið Þ

hX xið Þ
i
2−

1

N

XN
i¼1

I F xið Þ f X xið Þ
hX xið Þ

" #28<
:

9=
;

≈
1

N−1
1

N

XN
i¼1

I F xið Þ f
2
X xið Þ

h2X xið Þ−P
2

" #

ð16Þ

Compared to machining accuracy reliability as a
specification measurement for the ability of the machine
tool to overcome a certain function, the machining ac-
curacy sensitivity reflects the influence of the basic geo-
metric error to the possibility of failure that can be used
for improving and optimizing the geometric errors of
the machine tool [7]. From the following equations,
the reliability sensitivity ∂P

∂θ kð Þ
xi

and the corresponding es-

timated value ∂P
∂θ kð Þ

xi

can be expressed as

∂P
∂θ kð Þ

xi

¼
Z

::

Z
Rn
I F xð Þ ∂ f X xð Þ

∂θ kð Þ
xi

dx

¼
Z

::

Z
Rn

∂ f X xð Þ
∂θ kð Þ

xi

I F xð Þ
hX xð Þ hX xð Þdx ¼ E

I F xð Þ
hX xð Þ

∂ f X xð Þ
∂θ kð Þ

xi

" # ð17Þ

∂P
∂θ kð Þ

xi

∧

¼ 1

N

XN
j¼1

I F x j
� �

hX x j
� � ∂ f X xð Þ

∂θ kð Þ
xi

���x¼x j ð18Þ

where x = (x1, x2, ... , xn)
Tare uncorrelated parameters

drawn from the random distributionxi∼N μxi ;σ
2
xi

� �
; the es-

timated value ∂P
∂θ kð Þ

xi

∧
can be simplified into the following

two equations:
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Point 5 Point 6
Point 7 Point 8
Cutting feed Cutting depth

Fig. 5 Data of eight temperature
points and two cutting force-
induced error collected
parameters

Table 3 The machining parameters of the thermal and cutting force-
induced error prediction test

Speed of the
spindle (r/min)

Cutting depth
(mm)

Cutting feed
(mm/min)

2000 0.3, 0.4, 0.5, 0.7, 0.8, 0.9,
1, 2, 3, 5, 5.5, 6

20, 30, 40, 50
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∂P
∂μxi

∧

¼ 1

N

XN
j¼1

I F x j
� �

f X x j
� �

xji−μxi

� �
hX x j
� �

σ2
xi

ð19Þ

∂P
∂σxi

∧

¼ 1

N

XN
j¼1

I F x j
� �

f X x j
� �

σxihX x j
� � xji−μxi

� �2
σ2
xi

−1

" #
ð20Þ

3.2 Reliability and sensitivity analysis withmultiple failure
modes

Hypothetically, “m” failure modes exist and each perfor-
mance function of these modes is described as g(k)(x) = 0(-
k = 1, 2, ... ,m) with the use of the reliability index βk.
Considering that different failure modes have different
contributions to the systemic failure possibility, a compre-
hensive importance sampling density function is

necessary to be constructed through the weight of each
failure mode, according to individual contributions to
the failure possibility. The expression for the failure pos-
sibility of each failure mode is the approximate Φ(−βk),
whereas the weight of each failure mode can therefore be
expressed as

αk ¼ Φ −βkð ÞXm
j¼1

Φ −βkð Þ
; k ¼ 1; 2; :::;m ð21Þ

A comprehensive importance sampling density func-
tion by use of the weight of each failure mode can be
obtained:

hX xð Þ ¼
Xm
k¼1

αkh
kð Þ
X xð Þ ¼

Xm
k¼1

Φ −βkð ÞXm
j¼1

Φ −βkð Þ
h kð Þ
X xð Þ ð22Þ

where h kð Þ
X xð Þ is the importance sampling density function

of each failure. It is often constructed by a corresponding
center placement on the design point (the most probable
failure point), a center that cannot be obtained accurately.
In order for the efficiency and accuracy of systemic fail-
ure possibility ensuring to be improved, the kernel impor-
tance sampling density function is introduced and conse-
quently used for reliability and sensitivity analysis.
Regarding the lack of space, a description of the complete
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Fig. 6 Results of the thermal and force-induced errors experiment

Table 4 Performance comparison of two network models (unit: μm)

Network type Maximum absolute
deviation

Mean square
error

X-axis Residual errors (BP) 5.2 1.415264

Residual errors (G-RBF) 2.6 0.767672

Y-axis Residual errors (BP) 4.5 2.129253

Residual errors (G-RBF) 2.9 0.856721

Z-axis Residual errors (BP) 5.9 3.359283

Residual errors (G-RBF) 3.1 1.287411
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theoretical analysis is avoided and only some important
results are given, as follows:

h kð Þ
X xð Þ ¼ 1

M kð Þ
XM kð Þ

i¼1

1

ω kð Þ
1ffiffiffiffiffiffi
2π

p exp
1

2

x kð Þ−y kð Þ
i

ω kð Þ

 !2
2
4

3
5 ð23Þ

whereM(k) refers to the kernel sample size, ω(k) is the bandwidth
that can be obtained from the integral square-error method, and

y kð Þ
i denotes the sample value of the Monte Carlo method.
As a result, the systemic failure possibility Pt and the de-

riving estimated value can be obtained:

P ¼
Z

::

Z
Rn
I F xð Þ f X xð Þ

hX xð Þ
Xm
k¼1

αkh
kð Þ
X xð Þdx ¼

Xm
k¼1

E I F xð Þ f X xð Þ
hX xð Þ αk

� 	
h kð Þ
X xð Þ

ð24Þ

P
∧ ¼

Xm
k¼1

1

Nk

X
j¼1

Nk

I F x kð Þ
j

� � f X x kð Þ
j

� �
hX x kð Þ

j

� � αk ð25Þ

Subsequently, the sensitivity and derived estimated values
according to Eq. (24) are given:

∂P
∂θ kð Þ

xi

¼
Z

::

Z
Rn

∂ f X xð Þ
∂θ kð Þ

xi

I F xð Þ
hX xð Þ

Xm
k¼1

αkh
kð Þ
X xð Þdx

¼
Xm
k¼1

E
I F xð Þ
hX xð Þ

∂ f X xð Þ
∂θ kð Þ

xi

αk

" #
h kð Þ
X xð Þ

ð26Þ

∂P
∂μxi

∧

¼
Xm
k¼1

1

Nk

X
j¼1

Nk I F x kð Þ
j

� �
f X x kð Þ

j

� �
x kð Þ
ji −μ kð Þ

xi

� �
hX x kð Þ

j

� �
σ kð Þ2
xi

αk ð27Þ

∂P
∂σxi

∧

¼
Xm
k¼1

1

Nk

X
j¼1

Nk I F x kð Þ
j

� �
f X x kð Þ

j

� �
σ kð Þ
xi hX x kð Þ

j

� � x kð Þ
ji −μ kð Þ

xi

� �2
σ kð Þ2
xi

−1

2
64

3
75αk

ð28Þ

where x kð Þ
ji is the ith component belonging to the jth sample of

the kth failure mode.
As a result, the reliability and sensitivity analyses from

multiple failure modes based on the importance sampling
method have both been mentioned. They can both be used
for reliability and sensitivity of the machine tool calculation,
in order for the error allocation to be presented.

4 Case studies

In order for the proposed error allocation approach
based on HTMs and the importance sampling method
to be verified, a test was executed on a five-axis ma-
chine tool (XKH800). The example consisted of three
steps: (1) Laser interferometers were used for the geo-
metric error measurement, and the thermal and cutting
force-induced errors were acquired based on G-RBF, in
order for the predicted comprehensive errors to be ob-
tained. Following, the programmable machine controller
(PMC) of the machine tool gathered the actual compre-
hensive errors, in order for the comprehensive error
model to be verified; (2) a compensation system and
the PMC were combined for the thermal and cutting
force-induced errors to be compensated, in order for
the optimization of the geometric errors based on the
reliability and sensitivity analysis to be presented; and
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Fig. 7 Comprehensive errors: a the errors in the X-axis direction; b the
errors in the Y-axis direction; c the errors in the Z-axis direction
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(3) an experiment on the machine tool was used for the
optimization result verification.

4.1 The comprehensive error modeling

1. Measurement of the geometric errors
Regarding a comprehensive error model establishment ne-

cessity, the geometric errors were measured firstly and various
geometric parameter errors had different methods in the mea-
surement process, as follows: (1) The prismatic joint errors
(error nos. 1–18 in Table 2) are measured by a laser interfer-
ometer (XD6 Standard Laser Measuring System) as shown in
Fig. 3a; (2) the rotary joint errors (error nos. 19–30 in Table 2)
were measured by a different laser interferometer (Renishaw
XL-80) and a mirror as presented in Fig. 3b; and (3) a laser
measurement system (Proline V3) was utilized to quantify the
squareness errors of prismatic joints (error nos. 37–39), the
parallelism errors of rotary joints (error nos.40–43), and the
offset errors (error nos. 44–45), as presented in Fig. 3c.
Following, the measurement results of the geometric errors
are presented in Table 2.

2. Prediction of thermal and cutting force-induced errors
A test for the thermal and cutting force-induced error pre-

diction was conducted on the five-axis NC machine tool, as
presented in Fig. 4. Eight temperature measurement points
(point 1 to point 8), having larger correlation with the thermal
errors produced by preliminary analysis of the structure and
working conditions of the machine tool, were selected. During

testing, this machine tool machined a leaf for 188 min at typ-
ical machining speed in various cutting depths and cutting
feeds, as presented in Table 3. An intelligent circuit testing
alarming device (KYLC03) was used for the temperature
measurement of these eight points simultaneously. A laser
interferometer measured the thermal and cutting force-
induced errors every 4 min, whereas 48 measurements were
conducted in total. Subsequently, the first group of measure-
ment data was collected for the thermal and cutting force-
induced error model to be developed. Following this machine
tool cooling down to room temperature, the second group of
measurement data was collected, in order for the developed
model of the thermal and cutting force-induced errors to be
verified.

The first group of measurement data, including eight tem-
perature measurement points and two cutting force error pa-
rameters, is presented in Fig. 5. The measurement of thermal
and cutting force-induced errors of the X-axis, Y-axis, and Z-
axis are presented in Fig. 6. The principal factor [35] was used
for the temperature measurement point optimization in the
paper. Therefore, four temperature measurement points (point
1, point 2, point 3, and point 8) that had the larger correlation
with the thermal and force errors were selected.

Regarding the thermal and cutting force-induced error
model development, four temperature points, cutting depth
ap, and cutting feed f were used as the input parameters, and
the thermal and cutting force-induced errors were used as the
output parameters. The fuzzy set of every input parameter

Establish the limit state equations of machining accuracy of
machine tool based on the comprehensive error model

Choose 25 points in the machine coordinate system

Calculate the probability of failure P(i) with multiple failure modes
according to equation (25) aim to this point i

Calucatin and
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Fig. 8 Flowchart illustrating accuracy allocation
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contained two fuzzy subsets; therefore, there were 26 fuzzy
rules in total. The thermal and cutting force-induced error
model based on a generalized RBF was developed by
Matlab software, and the corresponding predictive ability
was validated by the second group of measurement data.
Besides, the BP neural network was used for comparison.
With the use of the BP network, the number of hidden layer
units is generally defined by the s ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mþ n
p þ a formula,

wherem and n refer to the number of input and output units,
respectively, and a∈ [1, 10] [37], therefore m=6, n=3, and
a=5. The predicted and actual values of the thermal and cut-
ting force-induced errors are presented in Fig. 6. It is clear that
residual errors between the predicted and the actual values are
significantly small, validating the developed model. Table 4
was acquired according to Fig. 6. It is presented that residual
errors of the generalized RBF are clearly smaller than the BP
neural network, suggesting that the model based on the gen-
eralized RBF has the better predictive ability.

3. The prediction of comprehensive errors.
At present, the comprehensive error model including

geometric, thermal, and cutting force-induced errors was
developed. Twenty-five points were selected by orthogo-
nal sampling in the working space of the machine tool.
Aimed at each point, the predicted values based on the
comprehensive error model and the actual machining er-
rors in the X-direction, Y-direction, and Z-direction are
presented in Fig. 7, demonstrating that the residual errors
between the predicted errors and the actual errors in the
X-axis, Y-axis, and Z-axis respectively are small. As a
result, the proposed comprehensive error model was
verified.

4.2 Optimization of geometric errors

In this paper, an approach for error parameter allocation of a
multi-axis NCmachine tool based on the importance sampling

Table 6 The initial failure possibility of this machine tool

Vector of
point i

Monte Carlo AFOSM The approach in this paper

Possibility
of failure

Error% Possibility
of failure

Error%

(40, 40) 0.1158 0.1184 2.245250432 0.1168 0.863557858

(40, 20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(40, 0) 0.0843 0.0852 1.067615658 0.0845 0.237247924

(40,−20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(40, −40) 0.1158 0.1184 2.245250432 0.1168 0.863557858

(80, 40) 0.1197 0.1207 0.835421888 0.1189 0.66833751

(80, 20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(80, 0) 0.0807 0.0809 0.247831475 0.0845 4.708798017

(80, −20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(80, −40) 0.1197 0.1207 0.835421888 0.1189 0.66833751

(120, 40) 0.1197 0.1207 0.835421888 0.1189 0.66833751

(120, 20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(120, 0) 0.0861 0.0921 6.968641115 0.0903 4.87804878

(120,−20) 0.0932 0.0976 4.721030043 0.0924 0.858369099

(120, −40) 0.1197 0.1207 0.835421888 0.1189 0.66833751

(160, 40) 0.1204 0.1267 5.23255814 0.123 2.159468439

(160, 20) 0.113 0.1162 2.831858407 0.1107 2.03539823

(160, 0) 0.1041 0.1092 4.899135447 0.1054 1.248799232

(160, −20) 0.113 0.1162 2.831858407 0.1107 2.03539823

(160, −40) 0.1204 0.1267 5.23255814 0.123 2.159468439

(200, 40) 0.1204 0.1267 5.23255814 0.123 2.159468439

(200, 20) 0.113 0.1162 2.831858407 0.1107 2.03539823

(200, 0) 0.1139 0.1158 1.668129939 0.1121 1.580333626

(200, −20) 0.113 0.1162 2.831858407 0.1107 2.03539823

(200, −40) 0.1204 0.1267 5.23255814 0.123 2.159468439

Mean value 0.106892 0.1104 3.33069554 0.107008 1.559334984
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method was proposed. This was accomplished by the mini-
mum possibility of failure and cost of machine tools as crite-
rion utilization and the machining accuracy and machine tool
reliability selected as constraints. A flowchart of the approach
is shown in Fig. 8. Therefore, the effectiveness demonstration
of this approach was conducted on a five-axis NC machine
tool with a sample.

Based on the comprehensive error model, the expressions
with functional specifications of the machine tool, limiting
errors in each basic direction, can be formulated as the limit
state equations of the machine tool for the reliability and sen-
sitivity of the machine tool to be calculated:

EXj j≤def EXð Þ
EYj j≤def EYð Þ
EZj j≤def EZð Þ

8<
: ð29Þ

As forehand mentioned in [2], the five-axis machine tool
has 6 single failure modes, 12 double failure modes, and 8

triple failure modes. The design requirements for such a ma-
chine tool are the following: The maximum failure probability
of the position error being lesser than 0.03 mm should be no
more than 5%, and the mean failure probability should not be
more than 3%. The values of the geometric parameter errors of
the five-axis NC machine tool should not exceed the values
shown in Table 5.

During the optimization process, five points (40, 80, 120,
160, 200) on the X-axis and five points (−40, −20, 0, 20, 40)
on the Y-axis were chosen by orthogonal sampling for the
reliability of this machine tool to be obtained. It is well recog-
nized that the total cost of the machine tool and the corre-
sponding machining accuracy are balanced evenly; therefore,
the aim of the optimization process for the multi-axis NC
machine tool is the maximum geometric errors σxi to be ob-
tained, promising that reliability satisfies the design require-
ment while optimal total cost is preserved. In the paper, expo-
nential curves have been selected for relationship between the
main composing part geometric errors and the manufacturing

Table 7 The failure possibility of
this machine tool after thermal
and force error compensation

Vector of point
i

Monte
Carlo

AFOSM The approach in this paper

Possibility of
failure

Error% Possibility of
failure

Error%

(40, 40) 0.0875 0.0843 3.657142857 0.0892 1.942857143

(40, 20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(40, 0) 0.0521 0.0495 4.990403071 0.0538 3.262955854

(40, −20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(40, −40) 0.0875 0.0843 3.657142857 0.0892 1.942857143

(80, 40) 0.0836 0.0828 0.956937799 0.0843 0.837320574

(80, 20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(80, 0) 0.0621 0.0654 5.314009662 0.063 1.449275362

(80, −20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(80, −40) 0.0836 0.0828 0.956937799 0.0843 0.837320574

(120, 40) 0.0836 0.0828 0.956937799 0.0843 0.837320574

(120, 20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(120, 0) 0.0524 0.0533 1.717557252 0.0528 0.763358779

(120, −20) 0.0682 0.0665 2.492668622 0.0675 1.026392962

(120, −40) 0.0836 0.0828 0.956937799 0.0843 0.837320574

(160, 40) 0.0752 0.0703 6.515957447 0.0772 2.659574468

(160, 20) 0.0638 0.0654 2.507836991 0.0644 0.940438871

(160, 0) 0.0522 0.0537 2.873563218 0.0547 4.789272031

(160, −20) 0.0638 0.0654 2.507836991 0.0644 0.940438871

(160, −40) 0.0752 0.0703 6.515957447 0.0772 2.659574468

(200, 40) 0.0752 0.0703 6.515957447 0.0772 2.659574468

(200, 20) 0.0623 0.0652 4.654895666 0.0633 1.605136437

(200, 0) 0.0575 0.0603 4.869565217 0.0582 1.217391304

(200, −20) 0.0623 0.0652 4.654895666 0.0652 4.654895666

(200, −40) 0.0752 0.0703 6.515957447 0.0772 2.659574468

Mean value 0.069916 0.068936 3.450097686 0.070768 1.746192616
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cost presentation. The typical form for a single geometric error
[8] is

c σxið Þ ¼ i⋅e−ℏi ⋅σxi ð30Þ

where i and ℏi are the constant coefficients and σxi is the i
th

geometric error of a machine tool. For a five-axis machine tool
with 45 geometric errors, the total manufacturing cost is re-
sulted to be the sum of the manufacturing cost of each geo-
metric error. This can be expressed as follows:

C σxð Þ ¼
X45
i¼1

c σxið Þ ð31Þ

The machining accuracy reliability model for accuracy al-
location of the machine tool is given by Eq. (32). The calcu-
lation was performed by MatLab software.

M : minP
∧

ið Þ;minC σxð Þ
S:t: : 0 < σxi ≤def σxið Þ

1

25

X25
i¼1

P
∧

ið Þ≤3%

maxP
∧

ið Þ≤5%

ð32Þ

Firstly, the maxP∧ ið Þ including the geometric, thermal,
and cutting force-induced errors were obtained. According
to constraint conditions, if maxP∧ ið Þ > 5% or

1
25 ∑

25

i¼1
P
∧

ið Þ > 3%, a compensation system, being indepen-

dent from the machine tool, was used to compensate the ther-
mal and cutting force-induced errors. It was developed based
on the proposed thermal and cutting force-induced error mod-
el and the compensation process as follows: (1) The tempera-
tures were acquired from four temperature sensors, the ma-
chining parameters were defined beforehand, and the actual
positions were obtained by the programmable machine con-
troller (PMC) of the machine tool, respectively. Following, the
parameters were inserted into the thermal and cutting force-
induced error model of the compensation system for real-time
error compensated values to be predicted. (2) The compensa-
tion system sends the messages to the PMC after one PMC
scanning period, which includes adding the compensation
trigger signal, the axis to be compensated, and the compensa-
tion values of the specified address. (3) The PMC of the ma-
chine tool conducted the error real-time compensation, and the
next cycle of the error compensation begins. Accepting that
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the residual errors based on the generalized RBF are quite
small, an assumption can be made that the predicted values
for the thermal and cutting force-induced errors are equal to
the actual values. As a result, the maxP∧ ið Þ including only the
geometric errors was obtained. If maxP∧ ið Þ > 5% or

1
25 ∑

25

i¼1
P
∧

ið Þ > 3%, then maxP∧ ið Þ was chosen for ∂max∂P∧ ið Þ
∂σxi

to be calculated leading to geometric error determination im-
provement. Following each improvement, the thermal and
force-induced errors should be recalculated by thermal error
modeling method usage, based on a generalized RBF. This
process would be over until maxP∧ ið Þ≤5% and

1
25 ∑

25

i¼1
P
∧

ið Þ > 3%. Therefore, minC(σx) is obtained. During

optimization, the cost of each improvement is corresponding
to the values of all geometric parameter errors σxi of each
improvement. In this expression, σxi should not exceed the
initial values presented in Table 5. The common calculation
methods, such as Monte Carlo and the advanced first-order
and second-moment (AFOSM), were used for verification and
comparison. The values of failure possibility of machining
accuracy, before and after compensation of the thermal and
force errors without any improvement in geometric errors,
were acquired according to different reliability analysis

methods, presented in Tables 6 and 7. Figure 9 is acquired
from Tables 6 and 7 and demonstrates that the approach errors
in this paper were no more than the errors of the AFOSM,
when Monte Carlo was considered as a reference. Therefore,
the proposed approach has higher precision.

Tables 6 and 7 present the maximum (11.89 and 8.92%)
and the mean (10.7 and 7.08%) values of the failure possibility
before any improvement exceeded the required values (5 and
3%), suggesting that current levels of the geometric errors fail
to meet the design requirement. Therefore, it is necessary for a
reliability sensitivity analysis to be conducted in order for the
geometric errors of machine tools to be optimized. The results
of the sensitivity analysis are presented in Fig. 10, configuring
all 45 geometric errors with the number in Table 4 as the X-
axis and the sensitivity of each geometric error as the Y-axis.
From Fig. 10, it can be discovered that the geometric errors
Δyy, ΔyA, ΔβA, Δγxy, Δβxz, and Δαyz have the larger effect
on the failure possibility, consequently being the improved
objects. The failure possibility and cost of the machine tool,
corresponding to the geometric errors of each improvement,
are presented in Table 8.

From Fig. 11, it can be noticed that as geometric errors
were improved, the tendency of the failure possibility of the
machine tool decreases and the cost of the machine tool

8.92%

6.89%

5.15%

4.33%
3.92% 3.74%

7.08%

5.26%

3.97%

2.74%

2.23% 1.98%
116.54

157.62

226.13

312.75

492.3

784.18

0

200

400

600

800

0.00%

2.00%

4.00%

6.00%

8.00%

10.00%

0 1 2 3 4 5

C
os

t

Po
ss

ib
ili

ty
 o

f f
ai

lu
re

Before improvement and mprovement No.i  

Maximum Mean Cost
Fig. 11 The tendency of the
failure possibility and the cost of
each improvement

Table 8 Reliability of each improvement after thermal and force error compensation

Δyy Δyφ Δβφ Δγxy Δβxz Δαyz Possibility of failure Cost

Max Mean

Before improvement 0.0064 0.0053 0.0058/1000 0.0034/500 0.0034/500 0.0034/500 8.92% 7.08% 116.54

Improvement no. 1 0.0061 0.005 0.0055/1000 0.0031/500 0.0031/500 0.0031/500 6.89% 5.26% 157.62

Improvement no. 2 0.0058 0.0047 0.0052/1000 0.0028/500 0.0028/500 0.0028/500 5.15% 3.97% 226.13

Improvement no. 3 0.0055 0.0044 0.0049/1000 0.0025/500 0.0025/500 0.0025/500 4.33% 2.74% 312.75

Improvement no. 4 0.0052 0.0041 0.0046/1000 0.0022/500 0.0022/500 0.0022/500 3.32% 1.93% 492.30

Improvement no. 5 0.0049 0.0038 0.0043/1000 0.0019/500 0.0019/500 0.0019/500 2.82% 1.41% 784.18
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projected a rise tendency. When the improved levels of these
six geometric errors are not too high (before the forth im-
provement), the maximum and mean failure possibility de-
creases straightly and the cost increases moderately.
However, as the improved levels of these six geometric errors
rise (the fifth improvement), the maximum and mean possi-
bility of failure decreases a little and the cost rises straightly.
Regarding machine tool builders, specifications and cost of
machine tools are two antagonistic aspects that should be con-
sidered simultaneously. Therefore, there is no need for a ma-
chine tool with the highest specifications to be designed,
whereas for the cost of the machine tool, a straight rise must
occur while the reliability of the machine tool does not show a
similar rise if geometric errors are allocated within the rather
higher levels. As a result, the optimal improvement is the third
improvement that ensures reliability, meeting the design re-
quirements with an optimum cost.

4.3 Verification of the optimization results

Concerning the effectiveness of the optimization result
verification, an actual experiment was performed on the

remanufactured five-axis machining center (XKH800)
able to process different materials and shapes. It has
processed the blades made by 45#, continuously for
40 weeks including two periods: 1–20th weeks (before
optimization) and 21–40th weeks (after optimization).
During the experiment as shown in Fig. 12a, the machin-
ing count was four every day, and as a result, the test
number of each vector for each period was 560. As pre-
sented in Fig. 12b, ten points of each workpiece were
used for the measurement and the failure number of each
point recorded to calculate the failure possibility, and the
results of the experiment are presented in Table 9. From
Table 9, it can be observed that before optimization, the
maximum failure possibility was 8.75% and the mean
failure possibility was 6.91% and an excess of 5 and
3% occurred, failing to meet the design requirements of
the machine tool. However, following optimization of the
geometric parameter errors, the maximum failure possi-
bility was 4.11% and the mean failure possibility was
2.79%, both being below 5 and 3%, suggesting that re-
liability improved and design requirement was met. As a
result, the accuracy design approach was proposed in the

Table 9 Results of failure
possibility before and after
optimization

Point i Test number Before optimization After optimization

Failure number Failure possibility Failure number Failure possibility

1 560 49 8.75% 23 4.11%

2 36 6.43% 16 2.86%

3 46 8.21% 22 3.93%

4 36 6.43% 10 1.79%

5 33 5.89% 9 1.61%

6 45 8.04% 22 3.93%

7 37 6.61% 15 2.68%

8 42 7.50% 20 3.57%

9 34 6.07% 9 1.61%

10 29 5.18% 10 1.79%

Mean value 560 38.7 6.91% 15.6 2.79%

1

2

3

4 5 6

7

8

910(b)(a)Fig 12 The machining process
and the workpieces of the
machine tool
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paper and the optimal results were verified by the
experiment.

5 Conclusions

Geometric, thermal, and cutting force-induced errors contrib-
ute to the machining accuracy of an NC machine tool, signif-
icantly. Therefore, the forehand mentioned induced errors
constitute an important role for the permissible level of each
error parameter determination of a machine tool. In this paper,
a general approach that simultaneously considered all three
kinds of errors, aiming to the accuracy design performance
of machine tools, was proposed. It consists of the following
steps:

1. A thermal and cutting force-induced error model of an NC
machine tool was developed, based on a generalized
(RBF) neural network. Following, a comprehensive error
model explaining how various errors affected the machin-
ing accuracy was obtained, through HTM usage.

2. Based on this comprehensive error model and the impor-
tance sampling method, a reliability model for reliability
prediction of this machine tool and a reliability sensitivity
model for identification and optimization of error param-
eters that affected reliability significantly were presented.

3. The proposed approach was applied to a five-axis ma-
chine tool and verified by an experiment, meaning that it
is possible for the error allocation of a machine tool to be
presented, while the total cost is retained optimized.

Despite the forehand mentioned progress, two issues can
be investigated further for future improvements:

1. The proposed thermal and force-induced error models
consider only the spindle; however, the thermal and
force-induced errors of other parts and components such
as the guide and the ball screw also affected the machin-
ing accuracy.

2. During machining, all errors were characteristic of time
variation, causing the reliability of a machine tool to
change as time passes.

Therefore, the development of an accuracy design ap-
proach for NCmachine tools based on reliability theory, while
the forehand mentioned two points are considered, will be of
focus for future research.
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