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Abstract Brittle materials are prone to brittle fracture which
is a primary mechanism of material removal in grinding pro-
cess. Subsurface damage (SSD) strongly affects the quality of
grinding surface which is necessary to be evaluated in brittle
material grinding. In this paper, the theoretical analysis of
SSD is presented in detail considering the effect of abrasive
particle rotation along with the wheel. With the increasing
rotation angle of abrasive particle, both the median and lateral
cracks incline gradually. Moreover, SSD could disappear be-
low the final grinding surface when the rotation angle of abra-
sive particle reaches a certain critical value. In addition, the
grinding depth, the wheel diameter, and the ratio of wheel
speed to workpiece speed influence the rotation angle of an
abrasive particle; the effects of these parameters on SSD depth
are also studied in detail by theoretical analysis and numerical
simulation. The larger wheel diameter and the larger ratio of
wheel speed to workpiece speed can obtain a smaller SSD
depth, but the effect of grinding depth is unapparent due to
the kinematic characteristics of the grinding process. The re-
sults are meaningful and helpful in predicting SSD depth and
selecting the reasonable grinding parameters to obtain a good
surface quality in brittle material grinding.

Keywords Subsurface damage . Normal grinding force .

Material removal rate . Abrasive particle rotation . Brittle
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1 Introduction

Brittle materials have an increasingly wide utilization in the
fields of semiconductor industry, medical, and micro-
electromechanical based on their superior mechanical and
structural properties such as high strength, high-temperature
resistance, anticorrosive wearability, and light quality [1].
However, brittle materials tend to crack easily under small
stress during machining due to their low fracture toughness.
The major technological challenge is to achieve material re-
moval through plastic deformation instead of the characteristic
brittle fracture in machining of brittle materials [2]. The brittle
fracture leads to subsurface damage (SSD) below the machin-
ing surface, which would strongly affect the mechanical prop-
erties and the service life of products [3].

In order to obtain a good workpiece surface quality, exten-
sive studies have been undertaken to investigate the critical
conditions for achieving ductile-mode grinding of brittle ma-
terials. Giovanola and Finnie [4] firstly proposed the viable
scheme that material removal can be achieved by the ductile
mode in the machining process of certain glasses similar to
that in metals if cut depth is sufficiently small. Bifano et al. [5]
presented that critical grinding depth for ductile-regime grind-
ing of brittle materials is a function of intrinsic properties of
the workpiece material. Inmachining brittle material in ductile
mode, the undeformed chip thickness must be smaller than the
cutting edge radius under a certain limit, which was studied by
Cai et al. [6] and Liu et al. [7]. Cao et al. [8] investigated the
material removal mechanism of SiC ceramics in ultrasonic-
assisted grinding in detail using smooth particle
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hydrodynamic (SPH) method and experimental test. Ductile
chip formation is a result of large compressive stress in the
cutting zone which suppresses the crack propagation and fa-
cilitates plastic deformation. Arif et al. [9] presented a model
to predict critical undeformed chip thickness for ductile-brittle
transition based on specific cutting energy, which indicated
that the energy needed to propagate pre-existing flaws in the
micro-structure of brittle materials is more than that needed to
mobilize the micro-structural dislocations at such small scale
of material removal, and hence plastic deformation is the pri-
mary mode during material removal process. Li et al. [10]
investigated the mechanism of high-speed grinding to obtain
the criterion of brittle-ductile removal transition of ceramics
and achieve better surface quality and machining efficiency.

However, it is inevitable to propagate a crack under the ma-
chining surface when the machining condition is more than the
critical condition of fracture free in machining brittle materials.
As mentioned above, the workpiece surface of brittle material is
often subjected to SSDwhen removingmaterial in brittle fracture
mode. Therefore, it is meaningful to investigate SSD depth as
well as the influences of machining parameters on it during
machining process in brittle fracture mode. Many studies were
conducted based on indentation fracture mechanics to under-
stand the grinding characteristics of BK7 [11, 12]. Lawn and
Swain [13] depicted a general crack system of brittle materials
in indentation process and reported that the crack system
contained three crack styles: median, lateral, and radial cracks.
Wang et al. [14] analyzed the influences ofwheel speed, grinding
depth, and apex angle of abrasive particle on SSD based on the
kinematical characteristics in high-speed grinding process of brit-
tle materials. Based on the grinding kinematics analysis and
indentation fracture mechanism of brittle materials, Chen et al.
[15] developed a newmodel to analyze the relationship between
SR and SSD depth by considering the wheel spindle vibration,
and their results indicated that the relationship is more or less
affected by both grinding and vibration parameters.

Moreover, the normal force plays a significant role in ma-
terial removal mode which affects SSD depth in the machin-
ing process of brittle materials. Lawn et al. [16, 17] developed
a theory to establish the relationship between the load force
with the evolution of median/lateral crack system based on a
model in which the complex elastic-plastic field beneath the
indenter is broken into elastic and residual components. The
cutting force serves as a characteristic to describe the stone
machining process because it significantly influences tool
wear, the cutting temperature, the residual stress, and the sur-
face integrity [18]. Agarwal and Rao [19, 20] reported that the
grinding force is a significant quantitative indicator to describe
the material removal mode because it strongly affects specific
grinding energy and surface damage. The grinding force and
the surface generation in micro-grinding of ceramic material
were studied using the finite element method (FEM) and the
experiment test by Feng et al. [21]. Gu et al. [22, 23]

discovered that there is a linear relationship between the nor-
mal load and the square of scratch depth and studied the effect
of the normal load on the characteristics of chipping behaviors
and material removal mechanism in the brittle fracture mode
during scratch process of BK7 glasses. Wang et al. [24] inves-
tigated thematerial removal rate of single abrasive particle and
the grinding force in brittle material grinding utilizing theoret-
ical analysis and numerical simulation. Huang et al. [25] and
Chen et al. [26] studied the relationship between the grinding
force and grinding parameters through experimental method.
In recent years, the cutting force was directly studied under the
assumption that brittle fracture is the dominant mechanism of
material removal in rotary ultrasonic face milling of brittle
materials, and the effects of machining parameters on that also
were analyzed both theoretically and experimentally [27–29].

In those studied above, there are a few papers and no detailed
investigations on SSD depth in brittle fracture mode considering
the effect of abrasive particle rotation along with the wheel dur-
ing brittle material grinding. Unlike the single abrasive particle
scratch process, the rotation angle of abrasive particle during the
grinding process will influence SSD depth which determines the
critical conditions for brittle-ductile transition. Therefore, the ob-
jective of this study is to theoretically analyze SSD depth by
considering the effects of both abrasive particle rotation along
with the wheel and some significant grinding parameters and
which will be validated by numerical simulation.

2 Theoretical analysis of SSD depth in brittle
material grinding

In general, there are two material removal modes in grinding
process of hard and brittle materials, the brittle fracture and
ductile modes. Liu et al. [27] believed that the brittle fracture is
the primary mechanism of material removal in machining of
brittle materials. The abrasive particle cutting the workpiece
surface causes the initiation and propagation of the lateral and
median cracks in brittle material grinding, which leads to ma-
terial removal in brittle fracture mode and chip formation [28].
The typical crack systems in brittle material scratching by
abrasive particle are shown in Fig. 1. The lateral crack length
Cl and median crack length Cm are the two main forms to
evaluate SSD in brittle material grinding [30]. SSD strongly
influences the mechanical strength and subsurface quality of
the brittle components during the grinding process [14].
Therefore, the relationship between SSD depth and grinding
parameters should be analyzed to obtain the crack-free work-
piece surface.

2.1 Analysis of the length and depth of lateral cracks

Lateral cracks were observed to initiate near the base of the
plastic deformation zone below the contact surface and to
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spread out laterally on a plane closely parallel to the specimen
surface by Lawn and Wilshaw [31]. The length of lateral
cracks Cl and the depth of lateral cracks Ch had been depicted
by Marshall et al. [17].

Cl ¼ k⋅ cotαð Þ 5
12⋅

E
3
4

H sKc 1−ν2ð Þ12

 !1
2

⋅Fn
5
8 ð1Þ

Ch ¼ k⋅ cotαð Þ13 ⋅ E
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2

H s
⋅Fn

1
2 ð2Þ

where Cl is the lateral crack length; Ch is the lateral crack
depth; Kc the fracture toughness of the workpiece mate-
rials; Hs the hardness of the workpiece materials; E the
elastic modulus of the workpiece materials; ν the
Poisson’s ratio of the workpiece materials; Fn the normal
load of single abrasive particle during the grinding pro-
cess; α the half apex angle of abrasive particle; and k the
dimensionless constant which is dependent on the
material/indenter system, k = 0.226 [17].

In the grinding process of brittle materials, the lateral
crack depth and length significantly influence the actual
material removal volume of single abrasive at the work-
piece grinding surface, which leads to the complexity in
depicting and calculating the volume of single abrasive
particle in removing material. Therefore, for the conve-
nience of evaluating material removal volume by single
abrasive particle, it is necessary to establish some reason-
able assumptions and simplifications in the grinding pro-
cess of brittle materials, and the major assumptions and
simplifications are carried out as follows:

1. Ignore the vibration of wheel and workpiece in the grind-
ing process of brittle materials, and grinding process of
single abrasive particle is carried out continuously.

2. All abrasive particles involved in brittle material grinding
are assumed to be rigid with the shape of a circular cone in
grinding process.

3. Thematerial removal volume of single abrasive particle in
the whole grinding process in brittle fracture mode can be
regarded as a rectangular pyramid as shown in Fig. 2, and
the bottom surface area of the rectangular pyramid is de-
termined by the length and the depth of lateral cracks.

According to the assumptions and the simplifications
above as well as the shape of an undeformed chip by single
abrasive particle in brittle fracture mode in Fig. 2, the material
removal volume by single abrasive particle in grinding pro-
cess can be given as follows:

V ¼ 1

3
⋅2Cl⋅Ch⋅Ls ð3Þ

where Ls is the contact trajectory length between the wheel
and workpiece and given by Marinescu et al. [32]

Ls ¼ apde
� �1

2 ð4Þ

with ap being the grinding depth and de the equivalent diam-
eter of the wheel and given by

de ¼ dw 1� vw
vs

� �2

ð5Þ

Fig. 1 Typical crack systems in
brittle materials scratching by
abrasive particle
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where plus and minus signs are used for up-grinding and
down-grinding, respectively; dw is the diameter of the wheel;
vs is the constant peripheral speed of the wheel against a mov-
ing workpiece; and vw is the relative constant workpice speed.

In the grinding process of brittle materials, the product of
removal material volume Vof single abrasive particle with all
the numbers N of the abrasive particle in per unit width of the
wheel’s contact arc equals to the total material removal vol-
ume (MRV) of the wheel’s per unit width in brittle fracture
mode during the effective grinding time Δt. Hence, MRV can
be obtained by the following equation considering the conti-
nuity analysis by Malkin [33].

MRV ¼ N ⋅V ð6Þ

All numbers of active abrasive particle N in contact arc per
unit width can be expressed by the equation:

N ¼ C⋅vs⋅Δt ð7Þ

where C is the number of active abrasive particle per unit area
and C = 3.2 grit/mm2 for the 50/60 grit wheel is estimated
from micrographs of the wheel surface by using an optical
microscope [26].

In addition, MRV in the actual grinding process can be
expressed by the product of grinding depth and workpiece
speed in the effective time Δt.

MRV ¼ ap⋅vw⋅Δt ð8Þ

Therefore, by substituting Eqs. (6) and (7) into Eq. (8), we
can get the equation:

N ⋅V ¼ ap⋅vw⋅Δt ð9Þ

That is as follows:
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From Eq. (10), the normal grinding force of single abrasive
particle in brittle fracture mode can be expressed by the fol-
lowing equation:

Fn ¼ 3 tanαð Þ34
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Therefore, the values of Cl and Ch can be obtained by
substituting Eq. (11) to Eqs. (1) and (2), respectively.

2.2 Analysis of the depth of median cracks

In the grinding process of brittle materials, with increasing the
abrasive particle depth hi penetrating into the workpiece sur-
face of brittle materials, a plastic deformation zone emerges
beneath the abrasive particle tip and a high residual stress is
under the plastic deformation zone to conserve the volume [2].
Generally speaking, previous studies indicated that brittle ma-
terial removal is by the formation of a lateral crack in the
brittle fracture mode, and lateral cracks were observed to ini-
tiate near the base of the plastic deformation zone below the
contact surface and followed by the subsequent propagation
on the plane closely parallel to the workpiece surface [31, 34],
which would lead to a complete material removal under the
contact surface in brittle material grinding. In addition, when
the penetration depth of abrasive particle hi is larger than the
critical undeformed chip thickness hc, which is hi > hc, the
median crack would emerge perpendicularly to the grinding
surface, and it is considered the main type of surface cracks
according to Nakamura et al. [35].

The critical undeformed chip thickness hc was proposed by
Bifano et al. [5]

hc ¼ 0:15
E
H s

Kc

H s

� �2

ð12Þ

Based on the indentation of sharp indenter according to the
micro-indentation mechanics as well as the relationship

Fig. 2 Schematic of scratching
brittle materials by abrasive
particle (left) and three-
dimensional shape of removal
volume in two grinding mode: a
ductile mode and b brittle fracture
mode
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between indentation and scratch process, the relationship be-
tween median crack length and scratch depth was established
by Gu et al. [36]:

Cm ¼ 0:206
EH sð Þ13
Kcβð Þ23

cotαð Þ49 tanαð Þ43 ⋅hi 43 ð13Þ

where β is a material parameter determined by elastic recov-
ery, and β = 0.329 [37].

The penetration depth hi can be expressed based on the
kinetic relationship between the wheel and the workpiece by
Marinescu et al. [32]:

hi ¼ hm
2

de
ap

� �1
2

θi ð14Þ

where θi is the rotation angle of abrasive particle along with
the wheel shown in Fig. 3, and the range of the rotation angle
θi from 0 to the maximum value θm; hm is the maximum
penetration depth of abrasive particle or the maximum unde-
formed chip thickness.

The maximum rotation angle θm can be expressed by
Marinescu et al. [32]:

θm ¼ arcsin 2
ap
de

� �1
2

" #
ð15Þ

In addition, the maximum penetration depth hm depends on
the relationship between the wheel and the grinding parame-
ter, which can be expressed by Shaw [38]:

hm ¼ 4

Cr
vw
vs

ap
de

� �1
2

" #1
2

ð16Þ

where r is the ratio of the cross-sectional width and thickness
of the chip, and the value is given by r = 10 [39].

2.3 The effect of abrasive particle rotation on SSD depth

In the grinding process of brittle materials, the cracks are dis-
tributed in the contact zone between the abrasive particle and
the workpiece materials. When the abrasive particle rotates
along with the wheel, the cracks gradually incline which could
change the crack depth penetrating into the final grinding sur-
face, even the cracks could disappear below the final grinding
surface when the crack inclination angle reaches a certain
value. Therefore, the effect of abrasive particle rotation on
SSD depth should be considered in detail in brittle material
grinding, because this could enlarge the critical undeformed
chip thickness in brittle-ductile transition to some extent. A
simplified schematic diagram of this grinding process is
shown in Fig. 3.

In addition, some factors affecting the rotation angle are
also required to be considered. The grinding wheel diameter
plays an important role in the grinding process in order to
obtain high machining accuracy and good surface quality of
the workpiece [40–42]. In the grinding process, the maximum
rotation angle of abrasive particle is closely related with the
wheel diameter. Under a certain grinding depth, the smaller
the wheel diameter leads to the larger the rotation angle of
abrasive particle, which can be clearly shown in Fig. 4.
Moreover, the grinding depth ap and the vs/vw ratio can also
influence the rotation angle of abrasive particle in the grinding
process.

When the penetration depth of abrasive particle gradually
increases and reaches the critical depth of the occurrence of
brittle-ductile transition, which is hi > hc, the cracks could

Fig. 3 Brittle crack inclines with
abrasive particle rotation in
grinding process of brittle
materials
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penetrate into the final grinding surface. Since the direction of
median cracks and lateral cracks is determined by the rotation
angle, and according to Eqs. (12) and (14), the critical brittle
fracture angle θc could be obtained.

θc ¼ 2hc
hm

ap
de

� �1
2

ð17Þ

When the rotation angle θi is more than the critical brittle
fracture angle θc during the grinding process of brittle mate-
rials, the crack could emerge in the contact surface.

2.4 Evaluating SSD depth induced by median or lateral
cracks

As shown in Fig. 3, yi represents the distance of the tip of
abrasive particle to the final grinding surface, which can be
calculated as follows:

yi ¼
de
2

1−cosθið Þ ð18Þ

Median and lateral cracks could lead to SSD in brittle ma-
terial grinding, and SSD depth is determined by the median
crack length and the lateral crack length as well as the rotation
angle of the abrasive particle from Fig. 3. In the model of this
paper, SSDm represents SSD depth caused by median cracks
and SSDl represents SSD depth caused by lateral cracks. The

final SSD depth is determined by the bigger one of them in
brittle material grinding. Based on the geometrical relation-
ship in Fig. 3, SSDm and SSDl can be expressed as follows:

SSDm ¼ Cm−hið Þcosθi−yi ð19Þ
SSDl ¼ Ch−hið Þcosθi þ Clsinθi−yi ð20Þ

3 Results and discussion

In this paper, the optical glass of BK7 is considered to analyze
SSD and evaluate its depth. The material properties of BK7
are shown in Table 1 according to the works of Gu et al. [23].

3.1 The effects of grinding parameters on the normal
grinding force

When the material removal process is in brittle fracture mode,
the normal grinding force of a single abrasive particle is re-
quired to significantly consider obtaining the length and depth
of lateral cracks. The normal grinding force is closely relative
to the grinding parameters from Eq. (11), such as grinding
depth, wheel diameter, the vs/vw ratio, and the half apex angle
of abrasive particle α. The normal grinding force increases
with the increasing grinding depth as shown in Fig. 5a, which
is because when grinding depth is increased, the material re-
moval rate also increases, and hence the larger normal

Fig. 4 The maximum rotation
angle of abrasive particle θm
versus different wheel diameters
dw
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grinding force is required in the material removal process.
Figure 5b depicts that the normal grinding force decreases as
the wheel diameter increases. The reason could be that the
larger grinding wheel diameter leads to the reduction in mate-
rial removal rate of a single abrasive particle according to the
works of Jackson et al. [43], which can be explained well in
the works of Hecker and Liang [44], indicating that a chip
thickness of each abrasive particle reduction exists in the
grinding process due to the higher number of abrasive parti-
cles in the contact area between the larger wheel and the
workpiece. Hence, the corresponding material removal vol-
ume of single abrasive particle reduces, which leads to the
reduction in the normal grinding force of the single abrasive
particle with the increasing wheel diameter for a given mate-
rial properties according to Eqs. (1) to (3) in the present paper.
Figure 5c presents that the normal grinding force decreases
with the increasing vs/vw ratio. That is to say that the grinding
force decreases with the increasing wheel speed for a given

workpiece speed and increases with the increasing workpiece
speed for a given wheel speed. The reason is that elevating the
vs/vw ratio is equivalent to a decrease in the penetration depth
of each abrasive particle engaged in material removal process,
leading to the reduction inmaterial removal volume of a single
abrasive particle. In addition, the apex angle of abrasive par-
ticle is investigated in the present study to better understand
the effect of abrasive particle size on the grinding process of
brittle materials. Figure 5d indicates that the normal grinding
force increases with the increment of the half apex angles of
abrasive particle α, which means that the normal grinding
force increases with the increase of the abrasive particle size.
The reason may be that the penetration depth of abrasive par-
ticle increases with the increasing apex angle of abrasive par-
ticle according to the works of Li and Liao [45], which leads to
an increase in material removal volume of abrasive particle.

As mentioned above, the normal grinding force increases
with the increment of grinding depth and workpiece speed,
whereas decreases with the increasing wheel speed, which are
consistent with existing studies using theoretical and experi-
mental methods by Huang et al. [25], Liu et al. [27], and
Zhang et al. [28]. Park and Liang [46] proposed that the wheel
diameter affects the physical mechanisms of material removal
process, and their results indicated that the grinding force de-
creases with the increasing wheel diameter, which proves the
correctness of the present analysis results regarding the effect
of grinding wheel diameter on normal grinding force.

Table 1 Material properties of BK7

Parameters Values

Young’s modulus E (GPa) 82

Poisson’s ratio ν 0.203

Vickers hardness Hs (GPa) 7.7

Fracture toughness Kc (MPam1/2) 0.82
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Fig. 5 The normal grinding force
of abrasive particle versus
different parameters: a the
grinding depth ap, b the wheel
diameter dw, c the ratio vs/vw, and
d the half apex angle of abrasive
particle α
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Moreover, the results from the works of Hecker and Liang
[44] presented the larger grinding wheel diameter which leads
to a lower surface roughness, which can also indirectly vali-
date the normal grinding force that reduces with the increment
of grinding wheel diameter. The reason is that the depth of
lateral cracks expressed by Eq. (2) in the theoretical analysis
above is often regarded as the surface roughness in final grind-
ing surfaces without considering the abrasive particle rotation,
and is only determined by the normal grinding force for a
given material properties in brittle material grinding.

3.2 The effects of grinding parameters on SSD depth

The optimal grinding mode is that grinding parameters are ratio-
nally selected to make material removal process in fracture-free
mode. Therefore, the critical brittle fracture angle θc is a mean-
ingful factor to evaluate the brittle-ductile transition in the grind-
ing process, which can be influenced by the grinding depth, the
vs/vw ratio, and the grinding wheel diameter according to a pre-
vious analysis. Figure 6a–c shows the trends of critical brittle
fracture angle θc under different grinding parameters and the
cracks that emerge below the grinding surface, which indicate
that the critical brittle fracture angle θc increases with the incre-
ment of grinding depth and the vs/vw ratio, whereas decreases
with the increasing wheel diameter. That is to say that the larger
grinding depth and the vs/vw ratio as well as the smaller wheel
diameter are beneficial to extend the length of ductile processing

and delay the ductile processing in translating to brittle
processing.

The median crack and the lateral crack are the main types of
SSD in brittle material grinding.Wang et al. [14] have developed
a predictive model to analyze SSD depth induced by median
cracks. However, based on kinematic characteristics of the grind-
ing process and taking the rotation angle of abrasive particle into
account, lateral cracks also could penetrate into the grinding
surface which leads to SSD, and almost no attention to this
aspect in evaluating SSD existed in other papers. Therefore, in
the present study, SSD depth is evaluated comprehensively by
the depth of median cracks and lateral cracks penetrating into the
grinding surface with the consideration of abrasive particle rota-
tion along with the wheel.

3.2.1 The effect of the grinding depth ap

Figure 7 shows SSD depth under different grinding depths ap
based on the kinematic characteristics of the grinding process in
brittle fracturemode. Figure 7 indicates that SSDm increaseswith
the increment of rotation angle for a certain grinding depth (such
as ap < 5 μm), and reaches the maximum SSDm when θi = θm.
However, for a larger grinding depth (such as ap > 5 μm), SSDm

firstly increases to the peak value, and then gradually decreases
with the increment of rotation angle. Even when ap = 10 μm,
SSDm finally is less than zero, indicating that SSD disappears
below the final grinding surface, which illustrates that the effect
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Fig. 6 The critical brittle fracture angle θc versus different parameters: a the grinding depth ap, b the wheel diameter dw, and c the ratio vs/vw
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of grinding depth on SSDm is unapparent. In addition, the prop-
agation of lateral cracks is closely parallel to the grinding surface
in brittle material grinding; hence, the lateral crack tip could also
extend to the final grinding surfacewith the increment of rotation
angle. With the increment of rotation angle, SSDl decreases and
finally reaches less than zero in Fig. 7b, which indicates that SSD
induced by lateral crack disappears below the final grinding
surface. Since the critical brittle fracture angle θc is very little
during the grinding process as shown in Fig. 6, the ductile pro-
cess can be ignored and the brittle fracture mode can be regarded
as the primary mechanism in this grinding process. The initial
value of SSDl increases with the increasing grinding depth,
which may be due to the fact that the increasing normal grinding
force leads to a longer length of lateral cracks.

3.2.2 The effect of the grinding wheel diameter dw

With the increasing wheel diameter in grinding process, the
contact trajectory length Ls increases but the maximum rota-
tion angle θm decreases as seen in Fig. 4, and the distance yi of
abrasive particle tip to the final grinding surface increases
according to Eq. (18), which has a significant influence on
SSD depth. The effect of the wheel diameter on SSD depth
is plotted in Fig. 8, which shows a good agreement with the
experimental results [44]. It can be discovered that the smaller
wheel diameter leads to the larger SSDm in Fig. 8a. Moreover,

when the wheel diameter is in the range of 0.05 to 0.4 m,
SSDm does not present a decline trend with the increment of
rotation angle. Figure 8b depicts the trends of SSDl for differ-
ent wheel diameters, which are similar to the effect of the
grinding depth. With the increment of rotation angle, SSDl

gradually decreases and finally reaches less than zero. The
larger wheel diameter leads to the smaller critical rotation
angle that SSDl is equal to zero, which indicates that the larger
wheel diameter is beneficial to obtain a good quality of grind-
ing surface in brittle material grinding.

3.2.3 The effect of the vs/vw ratio

In brittle regime of brittle material grinding, both wheel speed
and workpiece speed are key factors that affect the quality of
the workpiece surface. High wheel speed in conjunction with
a high workpiece speed is a crucial means for the brittle to
ductile transition, leading to a desired surface morphology and
residual stress distribution [47]. For a given rotation angle, the
higher wheel speed vs causes the smaller undeformed chip
thickness hi which makes the median crack length smaller,
and the higher workpiece speed vw leads to the larger material
removal volume Vwhich makes the lateral crack length larger.
The effect of the vs/vw ratio on SSD depth has been analyzed
in detail as shown in Fig. 9, which is consistent with the
experimental results by Hecker and Liang [44].
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Figure 9 a presents that SSDm decreases with the increment
of the vs/vw ratio. For a large value of the vs/vw ratio (for
example, vs/vw = 4000), with the increment of the rotation
angle, SSDm firstly increases and then decreases, finally is
less than zero. Figure 9 b shows the effect of the vs/vw ratio
on SSDl. With the increment of the rotation angle, SSDl is
decreased gradually and finally is less than zero. For a larger
vs/vw ratio, SSDl and the critical rotation angle (SSDl is equal
to zero) are smaller than a lower vs/vw ratio. Moreover, it can
be observed from Fig. 9 that SSDm and SSDl decrease with the
increasing wheel speed for a given workpiece speed, and
meanwhile increase with the increasing workpiece speed for
a given wheel speed. According to the analysis above and the
work of Inasaki [48], if wheel speed vs and workpiece speed
vw increase, keeping in the same proportion which makes the
vs/vw ratio be at a given constant has no effect on quality of the
grinding surface, but the higher grinding efficiency can be
obtained in the grinding process. Therefore, the proper larger
vs/vw ratio is beneficial to obtain a high efficiency and a good
surface integrity, which is helpful in actual brittle material
grinding.

The theoretical analysis results of SSD are depicted con-
sidering the effect of abrasive particle rotation during the
grinding process of BK7 glass from Figs. 7, 8, and 9.
According to the above analysis, it can be clearly seen that
SSDl being the main factor that dominates SSD only worked

in the initial state of the grinding process. However, as the
penetration depth of abrasive particle increases, SSDm gradu-
ally increases and finally replaces SSDl as the main factor that
dominates SSD. In addition, some of the experimental tests
have been implemented to investigate subsurface damage in
brittle material grinding without considering the abrasive par-
ticle rotation. The experimental results from Yao et al. [30],
Gu et al. [37], and Chen et al. [49] indicated that SSD in-
creases with the increment of workpiece speed, whereas de-
creases with the increment of wheel speed. Hecker and Liang
[44] investigated the surface roughness which indicated that
the surface roughness decreases with the increasing wheel
diameter. But for the grinding depth in the present theoretical
model with the consideration of abrasive particle rotation, the
trend of SSD is no longer a pure increase or decrease due to
the fact that median and lateral cracks incline with the rotation
of abrasive particle. Therefore, the present theoretical model is
more accurate in predicting and controlling the SSD in actual
brittle material grinding. As mentioned above, the present the-
oretical results are in good agreement with those existing ex-
perimental works to a certain extent.

3.3 Numerical simulations of the grinding process of BK7

Grinding is a material removal process where multiple abra-
sive particles are engage in the workpiece [50]. This paper

Fig. 10 Simulation schematic in
grinding process of BK7
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utilized finite element method (FEM) to simulate two-
dimensional model of the BK7 grinding process by single
abrasive particle in brittle cracking model available in
ABAQUS/Explicit [51]. In the simulation, the abrasive parti-
cle is assumed to be rigid, and the element type CPE4RT is
utilized to divide the mesh of the workpiece. In order to ana-
lyze the effect of abrasive particle rotation in brittle material
grinding, an inclined angle determined by the locations of start
point and cut out point of abrasive particle is assumed to
replace the process of abrasive particle rotation along with
the wheel in the simulation process. As shown in Fig. 10, hm
is the maximum penetration depth that depends on the grind-
ing depth ap, a difference of which can be utilized to investi-
gate the effect of grinding depth on SSD depth in simulation.
In addition, according to Eq. (15), the effect of wheel diameter
on SSD depth can be presented by changing the maximum
rotation angle θm for a given ap. Figure 11 shows surface
morphology by grinding simulation process of BK7 glass,
and median and lateral cracks can be clearly presented in the
simulation process. It can be discovered that lateral cracks are
the main factors that lead to the chip formation, and the chip
shape can be approximately regarded as quadrilateral, which
is consistent with previous assumptions. The grinding param-
eters in simulation are shown in Table 2.

The grinding depth plays a significant role in SSD depth in
brittle material grinding from Fig. 7. Figure 12a–d shows the
simulation process under different grinding depths which are
respectively ap = 1, 2, 5, and 10 μm, which determined that
the corresponding maximum penetration depths are 0.75,
0.89, 1.12, and 1.33 μm. The maximum crack depths by sim-
ulation process are measured, which respectively are 5.47, 7.8,
8.5, and 9.7 μm. Therefore, the crack depth is increased with
the increasing grinding depth, which is qualitatively similar to
the simulation process of SiC grinding by Zhu et al. [47].
Moreover, according to Eq. (19), the corresponding SSD
depths during the simulation process of BK7 glass obtained
are 3.75, 4.98, 2.56, −1.47 μm. The curve is shown in
Fig. 14a, which reveals that SSD depths are not always in-
creased with the grinding depth, even if SSD depth is less than
zero, cracks disappear below the grinding surface of

workpiece at ap = 10 μm. The reason is that by enlarging
the grinding depth, the distance of the abrasive particle tip to
the final grinding surface is also enlarged. The results are
consistent with a conclusion by the theoretical analysis shown
in Fig. 7.

Figure 13 intuitively demonstrates the simulation results of
SSD depth for different vs/vw. The crack depth gradually de-
creases with elevating the vs/vw ratio from Fig. 13a–d. When
the ratio respectively are vs/vw = 500, 800, 1100, and 1400, the
measured maximum crack depths in simulation at hi = hm are
5.47, 3.84, 1.92, and 1.65 μm. According to Eq. (19), the
corresponding SSD depths which can be obtained are 3.75,
2.28, 0.45, and 0.28 μm. The curve is shown in Fig. 14b,
which clearly shows that the larger value of vs/vw can obtain
the better quality of grinding surface during the grinding pro-
cess. It means that when the workpiece speed is constant in
grinding process, the quality of grinding surface in high wheel
speed will be better than the low speed. Through the FEM
simulation, it can be seen that the results are consistent with
a conclusion by the theoretical analysis shown in Fig. 9.

The influences of wheel diameters on SSD and grinding
surface integrity are seldom studied in existing papers, which
can be approximately simulated by changing the contact tra-
jectory length Ls. The contact trajectory length Ls increases
with the increment of wheel diameter according to Eq. (4).
Figure 15 intuitively describes the influences of different
wheel diameters on SSD in the grinding process of BK7 glass.
The wheel diameters are respectively 0.4, 0.3, 0.2, and 0.1 m
from Fig. 15a–d, which is reduced, and the corresponding
contact trajectory length Ls is also reduced in simulation

Table 2 Grinding parameters in simulation

Parameters Values

Grinding depth (μm) 1, 2, 5, and 10

Wheel speed (m/s) 50, 80, 110, and 140

Workpiece speed (m/s) 0.1

Wheel diameter (m) 0.1, 0.2, 0.3, 0.4

Half apex of abrasive particle (deg) 30, 40, 50, 60

Fig. 11 Surface morphology in
grinding simulation process of
BK7 glass
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process for a given grinding depth ap. While grinding depth
remains at ap = 1 μm, the penetration depth hi is kept as a
constant, reducing Ls, the quality of grinding surface becomes
more serious gradually which demonstrates that SSD is sen-
sitive to the wheel diameter. The conclusions are consistent
with the trends by theoretical analysis mentioned above in
Fig. 8.

In addition, according to the theoretical analysis above, the
different apex angles of abrasive particle can be described as

the different abrasive particle sizes to investigate its effect on
normal grinding force. Therefore, the effect of the half apex
angles of abrasive particle α on SSD is also necessary to be
investigated to better understand the effect of abrasive particle
size on SSD by FEM simulation with the shape of a circular
cone. Figure 16 describes the grinding process of BK7 glass
with the half apex angles of abrasive particle α respectively
being 30°, 40°, 50°, and 60°. The simulation results from
Fig. 16a–d intuitively indicate that SSD becomes more serious

Fig. 13 Effects of different vs/vw on grinding process of BK7 glass for ap = 1 μm, dw = 0.2 m, and α = 60°

Fig. 12 Effects of different ap on grinding process of BK7 glass for dw = 0.2 m, vs/vw = 500 and α = 60°
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with the increasing of the half apex angles of abrasive particle
α, which means that the abrasive particle size strongly affects
the surface integrity in brittle material grinding. That is the fact
that the larger half apex angles of abrasive particle α leads to
the larger grinding force in grinding process as shown in
Fig. 5, whereas the grinding force is the main reason that leads
to crack propagation when grinding brittle material in brittle
fracture mode according to the works of Subramanian et al.
[52]. Moreover, many relevant literatures have investigated
the effect of abrasive particle size on subsurface damage.
Lambropoulos [53] has estimated the effect of abrasive parti-
cle size on SSD by experimental measure, which indicated
that SSD depth increases with the increment of abrasive par-
ticle size. Yao et al. [30] and Zhao et al. [54] have investigated
the relationship between SSD and abrasive particle size by
experimental tests, which also revealed that SSD increases
with the increment of abrasive particle size. The simulation

results in this study are in good agreement with those existing
literatures in a certain extent. In addition, Axinte et al. [55]
have experimentally investigated three different shapes of sin-
gle abrasive particle (circular/square/triangular base frustum)
in the grinding process of brittle materials, which indicated
that the circular base frustum particle has a greater specific
cutting force and produces extensive plastic deformation than
those particles with square shape and triangular shape in brittle
material grinding.

The FEM simulation is usually utilized to substitute the
experimental method to study the practical engineering prob-
lems for the purpose of cost savings. In this paper, through
combining with the theoretical analysis and the FEM simula-
tion, the correctness of the brittle material grinding model is
verified. In the actual application, the conclusion of the model
can be used to guide the grinding process to achieve the opti-
mal quality of the grinding surface.

Fig. 15 Effects of different dw on grinding process of BK7 glass for ap = 1 μm, vs/vw = 500 and α = 60°
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4 Conclusions

In this paper, a model has been established to evaluate SSD
induced by median or lateral cracks in brittle material grind-
ing. Based on reasonable assumptions and simplifications to
the material removal process, the relationship between the
lateral crack and the normal grinding force can be established
and the normal grinding force can be predicted in the grinding
process. In addition, the effects of median and lateral cracks
on SSD under different grinding parameters considering the
abrasive particle rotation are studied in the grinding process of
BK7 glass. Major conclusions can be obtained as follows:

1. Based on the brittle fracture mode in the grinding process,
the lateral crack is the primary mechanism of material
removal and chip formation, which is closely related with
the normal grinding force that strongly affects SSD. In
this paper, the normal grinding force is predicted accord-
ing to the material removal process and the relationship
between the lateral crack and the normal grinding force. In
addition, the effects of grinding parameters on the normal
grinding force are analyzed in detail, which indicates that
the normal grinding force increases with the increment of
grinding depth and the apex angle of abrasive particle
decreases with the increment of wheel diameter and the
vs/vw ratio in the grinding process of BK7 glass.

2. For the given grinding parameters, the critical brittle frac-
ture angle θc is an instantaneous abrasive-workpiece con-
tact angle at which cracks begin to appear in brittle mate-
rial grinding. Moreover, the larger critical brittle fracture

angle θc can prolong the ductile removal domain. The
larger grinding depth and the smaller wheel diameter as
well as the larger vs/vw ratio can lead to a larger critical
brittle fracture angle θc, which is beneficial to achieve the
aim of ductile processing.

3. The inclination of the median and lateral cracks along
with the abrasive particle rotation in the grinding process
is considered. The effects of abrasive particle rotation and
grinding parameters on SSD depth have been studied in
detail. The larger wheel diameter and the larger vs/vw ratio
can cause smaller SSD depth induced by median cracks,
whereas the effect of grinding depth is unapparent due to
the effect of abrasive particle rotation. The smaller grind-
ing depth and the larger wheel diameter as well as the
larger vs/vw ratio can also obtain the smaller SSD depth
induced by lateral cracks. These results can be applied to
control SSD in the actual grinding process of brittle
materials.

4. In FEM simulation analysis, a single abrasive particle
scratching the workpiece surface is used to replace the
grinding process of BK7 glass. The FEM simulation re-
sults are consistent with the theoretical analysis by com-
paring SSD depth for different grinding parameters to
some extent, which illustrates that the theoretical analysis
and the FEM simulation process are reliable.
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Fig. 16 Effects of different α on grinding process of BK7 glass for ap = 10 μm, dw = 0.2 m, and vs/vw = 500
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