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Abstract Amechanistic model of precision turning, in which
the depth of the cut is made considerably smaller than the tool
nose radius, based on Merchant’s analysis in 3D cutting, has
been developed. Reasons were deduced to the increase of the
radial force component to be greater than the tangential com-
ponent. The friction coefficient at the tool chip interface dur-
ing precision turning has been calculated. The developed
model was verified experimentally using both annealed and
hardenedHSS.Moreover, due to the obsoleteness of empirical
formulae established by previous investigators in the case of
precision turning, new empirical formulae based on the mech-
anistic model are presented. In this machining operation, the
behavior of the cutting forces in relation to the cutting vari-
ables, revealed their high sensitivity to tool nose radius and
flank wear land width.

Keywords Precision turning .Mechanistic model . Empirical
model

Nomenclatures
a Depth of cut
VB Tool flank wear land width
b1, b2 Undeformed and deformed chip width,

respectively
Fa Axial force component
Fc Main cutting force component

Fch Component of force along tool face
Ff Friction force
Fn The component of force normal to the tool face
Fr Radial force component
Fs The component of force along shear plane
h1, h2 Undeformed and deformed chip thickness,

respectively
hav Average undefomed chip thickness
MFTW Machine-fixture-tool-workpiece
r Tool nose radius
s Feed
v Cutting speed
α Clearance angle
γ True rake angle
γn Normal rake angle
γx Side rake angle
γy Back rake angle
δs Angle that the shear force makes with normal

to the cutting edge in this plane
λc Chip compression ratio
φc Contact angle
χ Plan approach angle
χe Effective lead angle
μ Friction coefficient at the tool-chip interface

1 Introduction

In precision turning, considerably small values of depth of cut
and feed are used together with large nose radius to achieve
the assigned surface quality and dimensional accuracy. It was
widely accepted for cylindrical grinding to be replaced, due to
its economical and ecological benefits [1, 2]. As well, the
turned surfaces may have a longer fatigue life when compared
with ground ones [3, 4].
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When the cutting edge nose radius is remarkably greater than
the depth of cut, it was found that the cutting force components
increase by increasing the cutting edge radius. This increase of
the cutting forces can be associated with the change of the
frictional conditions between the tool and the workpiece contact
[5]. During precision turning, researchers observed that the ra-
dial cutting force is usually the largest component [1, 6–9].

Significant advances were achieved in experimental study
and modeling of cutting forces in different machining process-
es [10, 11]. The effect of the cutting conditions on the cutting
force components in hard precision machining has been pre-
sented by many researchers [12–15]. Afazov et al. [5] inves-
tigated the effect of process variables on cutting force compo-
nents in micro-milling. Qian et al. [10] carried out numerical
simulation of hard turning. The modeling of static and dynam-
ic cutting forces has also been discussed [16]. A link between
plasticity parameters and cutting conditions has been
established by Agrnell et al. [17].

In spite of the presented extensive work, the reason behind
increasing the radial cutting force component during precision
turning greater than tangential and axial components still
needs more clarification.

Due to large tool radius when compared with the depth of
cut, and low feed used in precision turning, the calculation
method for the undeformed chip thickness in conventional
turning is not suitable. The calculation of the undeformed chip
thickness during precision turning would enhance the under-
standing of the process as a result [18].

When a continuous chip is formed in machining, it remains
in contact with the tool rake face over certain distance known
as tool-chip contact length, which plays an important role in
metal cutting process; it affects the cutting force and temper-
ature. Two regions exist in a whole tool chip contact length;
the first is the sticking zone close to the tool edge followed by
the sliding zone. Experiments with different materials and
cutting conditions showed that the tool-chip contact length is
related to the chip compression ratio (λc), which is defined as
the ratio between the deformed chip thickness (h2) to the un-
deformed chip thickness (h1). It is usually used as an indica-
tion of the frictional condition on the tool face [19].

The increase of flank wear results in larger plastic zone in
the tertiary deformation zone and hence increases the cutting
force components [20].

Mechanistic and empirical models have been used to per-
form modeling of the cutting process due to their great impor-
tance for industrial applications [21–23]. Empirical modeling
of the cutting force can be considered the simplest approach
[24]. It can be used for predicting the cutting force compo-
nents in machining processes, which is necessary for design,
selection, and purchase of machine tools. The tangential force
component (Fc) and the feed force component (Fa) are needed
to calculate the torque and the power of the main and feed
drives, respectively. The radial force component (Fr) is

responsible for the Machine-Fixture-Tool-Workpiece
(MFTW) system deflections and hence the workpiece dimen-
sional errors [25]. It is used to determine the depth of cut for
the assigned dimensional accuracy, which is essential in pre-
cision turning [7, 26, 27].

The empirical relationships have been established by pre-
vious investigators between the cutting force components and
the cutting variables; the depth of cut (a) and the feed (s) were
found to be only applicable when the a is larger than the nose
radius (r). No formula has yet been obtained for precision
turning where (a/r) << 1.

The objective of present research is to establish a mecha-
nistic model explaining why an increase of the radial force
component is greater than the tangential component in preci-
sion turning. It can also be used to find the effect of the ratio of
the a to the r on the ratio between the Fr and the Fc. The
suggested model will be utilized to predict the coefficient of
friction at the tool-chip interface (μ), which is used to explain
many phenomena encountered during precision turning such
as tool wear and cutting temperature [28]. In this study, chip
compression ratio has been used as an indication of the fric-
tional conditions at the tool-chip interface at different cutting
speeds. Undeformed chip thickness during precision turning
was calculated in this work.

Empirical formulae which relate the cutting force compo-
nents to the machining variables in precision turning were
established. The effects of the tool nose radius and tool flank
wear land width on the cutting force components are included
in the empirical equations.

2 Experimental work

AISI T1e5 high-speed steel (HSS) has been chosen as the
workpiece material during the present study. Machining tests
were carried out in on both the annealed (28 HRC) and hard-
ened (52 HRC) states of the workpiece material. The latter
hardness value is usually used for deep drawing, punching
and extrusion dies. A MAS 3 kW digitally controlled general
purpose centre lathe has been used. The maximum error in the
machine tool slides is 10 μm for the maximum distance be-
tween centers (1500 mm). A KISTLER 3-component tool
force turning dynamometer has been used for measuring the
three cutting force components. The error of the measured
cutting force components using the dynamometer is within
±0.1 %. To reduce the effect of tool wear on the cutting force
results, the cutting force measurements have been obtained
using tool inserts having a flank wear land width not exceed-
ing 0.05mm, except when investigating the effect of tool wear
on the cutting force components. The calibration of the cutting
forces dynamometer was carried out using a loading device
with a capacity of 2000 N. Calibration was repeated three
times and the average least squares calibration line has been
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used. The produced chips were collected at different speeds
and their thicknesses were measured using a digital microm-
eter with 10 μm resolution to determine the λc.

A MITUTOYO tool maker’s microscope with 1 μm reso-
lution was used to measure the tool flank wear land width
(VB). Tool life was determined at 0.2 mm flank wear. A
multi-coated carbide tool has been used to machine the
annealed and hardened workpieces as it demonstrated good
performance in cutting the same material [29]. The used cut-
ting variables are illustrated in Table 1.

3 The mechanistic model

There is an urgent need to move from 2D to 3D models in
machining operations. Most fundamental variables and ma-
chining performance measures are predicted in 2D, whereas
industry requires 3D modeling [10]. A 3D oblique cutting
model was used by many other researchers in thread cutting
[30], end milling [31], and also extrapolated from a 2D model
[32].

However, precision turning will be carried out using a r to
attain the required surface finish. The a will be necessarily
smaller than the nose radius, Merchant’s method for oblique
cutting is proposed for the establishment of the mechanistic
model as shown in Fig. 1a.

The assumptions of this model are the same as those of the
original Merchant’s model [33]; the tool starts sharp and re-
mains sharp until the end of cutting, the shear zone is approx-
imated to a plane, continuous chip is obtained without BUE,
the chip does not move laterally, and the cutting speed is
uniform. These assumptions have so far been fulfilled as per-
mitted by turning practice.

Figure 1b illustrates the contact angle (φc) between the
cutting tool and machined surface, given by:

ϕc ¼ cos−1
r − a
a

� �
ð1Þ

As shown in Fig. 1b, the undeformed chip thickness (hi)
varies from (0) at φi = 0 to (hmax) at φi = φc.

So that, the average undeformed chip thickness (hav) is
given by:

hav ¼ 1

ϕc

Z

0

ϕc

hidϕ ð2Þ

Substituting with hi = s sinφi in Eq. (1), the hav is given by:

hav ¼ 1

ϕc

Z

0

ϕc

ssinϕidϕ ¼ −
s
ϕc

cosϕ½ �ϕc
0 ¼ s

ϕc
1−cosϕcð Þ ð3Þ

Substituting with ϕc ¼ cos−1 r−a
a

� �
in Eq. (3), the unde-

formed chip thickness (h1) is given by:

h1 ¼ hav¼av sa
rϕc

ð4Þ

The undeformed chip width (b1) is a direct function of the r
and the φc (Fig. 1b):

b1 ¼ rϕc ¼ r

ffiffiffiffiffiffi
2a
r

r
¼

ffiffiffiffiffiffiffi
2ar

p
ð5Þ

Accordingly, it can be deduced that:

b1∝a0:5r0:5 ð6Þ

The plan approach angle (χ) varies from point-to point
along the r, starting from zero at the beginning of the φc at
the end of contact (Fig. 1b). So that for a small arc of contact,
an average χ is taken as follows:

χ ¼ 0:5ϕc ð7Þ

The inclination angle (λ), presented in Fig.1a, is the angle
between the cutting edge and the normal to the cutting veloc-
ity vector ( v! ) in a plane containing ( v! ) and the cutting edge.
It can be expressed as a function of the back rake angle (γy),
the side rake angle (γx), and the χ as follows [34]:

tanλ ¼ tanγysinχ−tanγxcosχ ð8Þ

The normal rake angle (γn) is the angle measured from
a plane normal to the cutting velocity ( v! ) in a plane
perpendicular to the cutting edge to the tool rake face as
illustrated in Fig.1a. The true rake angle (γ) is the angle
measured from a plane normal to the cutting velocity ( v! )
to the tool face in a plane containing the cutting velocity
vector. The γn can be readily expressed in terms of the γ
as follows:

tanγn ¼ tanγcosλ ð9Þ

Table 1 Cutting parameters

Cutting conditions Range

Cutting speed (v) 40–275 m/min

Feed range (s) 0.025–0.1 mm/rev

Depth of cut range (a) 0.07–0.27 mm

Tool nose radius (r) 0.4–1.6 mm

Tool holder specifications −6° rake angle, −3° side rake angle, and
−9° back rake angle, +5° clearance
angle

Time of cutting force
measurement

10–15 s, depending on the cutting speed
and feed

Time of engagement during
cutting force measurement

7–10 s, depending on the cutting speed
and feed
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The chip flow direction (ηc) is the angle between the chip
flow direction and the normal to the cutting edge (Fig. 1c),
given by:

cosηc ¼
b2
b1
cosλ ð10Þ

Where (b2) is the deformed chip width. For small λ, b2≈b1,
and ηc≈λ [36].

In order to evaluate a three-dimensional cutting opera-
tion, it is necessary to determine the mutually perpendic-
ular components of the resultant cutting force. The mea-
sured components will be along x- (axial), y- (tangential),
and z-axis (radial) of the workpiece. To calculate the com-
ponents of the cutting force in the plane of the tool face,
the coordinates will be changed to x ′ , y ′ , z′; where (x′) is
along the cutting edge that is tangent to the tool nose arc,
(y′) is normal to the tool face, and (z′) is normal to the

cutting edge (in the radial direction of the tool nose arc)
(Fig. 1d). The transformation can be readily expressed as
follows; considering the force components acting on the
cutting tool [33]:

Fx0 ¼ −x1Fa−y1Fc ð11Þ

Fy0 ¼ −x2F
2
a−y2Fcþcz2Fr ð12Þ

Fz0 ¼ −x3Fa−
ay3Fc þ z3Fr ð13Þ

Where the direction cosines are given by:

x1 ¼ cosλ; y1 ¼ −sinλ; x2 ¼ cosγnsinλ; y2 ¼ cosγncosλ; z2 ¼ sinγn;
x3 ¼ −sinγnsinλ; y3 ¼ −sinγncosλ; z3 ¼ cosγn

The component of force along the tool face (Fch):

Fch ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fx0

2
0 þ Fz0

2
q

ð14Þ

η

χ
χ

ϕ
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Fig. 1 Proposed Merchant’s method for oblique cutting for the establishment of the mechanistic model
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The angle (δc) that the force along the plane of tool
face (Fch) makes with the normal to the cutting edge in
this plane:

tanδc ¼ Fx0

Fz0
ð15Þ

The angle (ζc), which is the difference between (ηc) and
(δc):

ζc ¼ ηc−δc ð16Þ
The friction force (Ff):

F f ¼ Fchcosζc ð17Þ

The component of force normal to the tool face (Fn):

Fn ¼ Fy0 ð18Þ

The μ: is given by the force tangential to the tool face (Ff)
divided by the normal force (Fn).

μ ¼ F f

Fn
ð19Þ

A flow chart to calculate the μ is presented in Fig 2.
Cutting force values can be obtained by relating them

to the cutting pressure on the tool face (kn), the uncut chip
area (A1), the μ, and the effective lead angle (χe). The
effective lead angle determines the direction of the fric-
tion force as presented in Fig. 1e. When the depth of cut
is less than the nose radius (a << r), χe is determined as
follows [34]:

tanχe ¼ 0:5053cotχþ 1:0473
s
r

� �
þ 0:4659

r
a

� �
ð20Þ

The cutting force components are computed as follows:
The Fc:

Fc ¼ knA1 cosγycosγ þ μ cosχesinγ þ sinχesinγy
� �� �

ð21Þ

The Fa:

Fa¼knA1 −cosγysinγ þ μ sinχecosγð Þ
� �

ð22Þ

The Fr:

Fr ¼ knA1 −sinγy þ μ sinχecosγy
� �� �

ð23Þ

A1 ¼ b1h1 ¼ rh1ϕc ð24Þ

kn ¼ Fn

A1
¼ Fy0

A1
ð25Þ

By dividing Fr by Fc:

Fr

Fc
¼

−sinγy þ μ sinχecosγy
� �� �

cosγycosγ þ μ cosχesinγ þ sinχesinγy
� � ð26Þ

Figure 3 shows the flow chart used to calculate the ratio of the
radial force component to the tangential force component (Fr/Fc).

In precision turning, the a is taken <0.1 mm while the r is
>0.4 mm for the sake of higher workpiece accuracy and hence
a << r, which results in the following effects described below.
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Fig. 2 Flow chart used to calculate the coefficient of friction (μ)
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Figure 1f presents a schematic of the effect of the r on
the χ. Figure 4 shows the effect of the r on the χ for
different values of the a as deduced from Eq. (7). It can
be easily deduced that the increase of the nose radius and/
or the decrease of the depth of cut decreases the approach
angle, which increases the Fr.

The effect of the a on the ratio Fr/Fc for different nose
radii is presented in Fig.5a. Fr/Fc increases as the a de-
creases for the same nose radius. The effect of the r on the
ratio Fr/Fc for different values of the depth of cut is
shown in Fig. 5b. Fr/Fc increases as the r increases for
the same a.

The increase of Fr/Fc to be ≥1 is caused by the increase
of the μ at the tool-chip interface to be ≥0.73 (Fig. 6).

The effect of the a on the value of the χe for different nose
radii is presented in Fig. 7a. It is apparent that as the a de-
creases, the χe increases until it approaches 90°, which means

that the friction force will be more directed towards the radial
direction of the workpiece, which causes the resultant cutting
force to approach the direction of the radial cutting force.
Figure 7b shows the effect of the r on the value of the χe for
different values of the depth of cut. It can be seen that the χe

increases with the increase of the r for the same a, which
directs the friction force towards the radial direction. This
causes the resultant cutting force to approach the direction of
the radial cutting force.
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Fig. 3 Flow chart used to calculate the ratio of the radial force
component to the tangential force component (Fr/Fc)
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4 Verification of the mechanistic model

4.1 Measurement of cutting force components

In this section, the cutting force components (Fc, Fa, Fr) will
be studied as a function of the cutting speed (v). First, the
annealed HSS workpiece has been machined. Figure 8a illus-
trates the relationship between the cutting force components
and the cutting speed in the range of 40 to 280m/min (range of
continuous chip).

All components attain a peak at v = 40 m/min due to the
hot-pressure welding at the chip/tool interface as will be in-
dicated by the peaks of the λc and the μ, after which force

components drop by about 7 % at v = 60 m/min due to the
softening of the workpiece material as a result of the cutting
temperature increase. At 275 m/min, all the cutting force
components decrease inversely in proportion to the v by a
further 10 %.

The increase of the ratio Fr/Fc is a result of the synergetic
effect of the increase of the effective lead angle as presented in
Fig. 7, together with the increase of the μ at the chip-tool
interface (Fig. 6). These two phenomena are results of the
small ratio ((a/r) << 1).

Figure 8b shows the effect of the v on the cutting force com-
ponents when machining the hardened HSS workpiece. The
cutting force components decreasing inversely to the cutting
speed is due to the softening effect raising cutting temperature.

Comparing the hardened HSS workpiece cutting force re-
sults with the annealed HSS results, it can be noticed that the
cutting force components of the hardened HSS are found to be
higher by about 50 % than those of the annealed specimens.
This can be attributed to the increase of the workpiece hardness
and consequently its shear flow stress [35]. The increase of the
Fr to be more than Fc is due to the increase of effect of the χe as
a result of (a/r << 1) together with the increase of the chip
frictional action on the tool face. The increase of the v from
40 to 150 m/min causes the reduction of all force components
by 15 %. The further increase of v from 150 to 280 m/min does
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not cause any significant decrease of the cutting force
components.

4.2 Chip compression ratio and coefficient of friction
at the tool-chip interface

The λc can be used for explaining the behavior of the cutting
force and the tool wear mechanisms [36]. Figure 9 shows the
chip compression ratio in machining the annealed and hard-
ened HSS at different cutting speeds. A higher chip compres-
sion ratio is obtained in machining the annealed HSS than
what is obtained in machining the hardened HSS. This can
be attributed to the increase of the coefficient of friction at the
tool-chip interface due to the more ductile nature of the
annealed workpiece with its greater tendency to weld to the
tool face.

The μ at the tool chip interface has been calculated for both
the annealed and hardened HSS. As illustrated in Fig. 10, the μ
has the same behavior indicated by the λc presented in Fig. 9.
The annealed HSS gives a higher μ than the hardened HSS.

5 Empirical modeling of the cutting force
components

The previously presented types of empirical formulae for the
cutting force components are based on the following charac-
teristics: specific cutting pressure [37], specific cutting power
[38, 39], and specific cutting force [40, 41]. These formulae
are not suitable for precision turning. The empirical cutting
force relationships to be established in the present work will
be based on the specific cutting force. Moreover, an individual
formula will be established for each of the cutting force com-
ponents (Fc, Fa, Fr) and the effect of the tool nose radius and
tool flank wear will be considered for conditions of the preci-
sion turning operation.

5.1 Effect of depth of cut on cutting force components

The effect of the a on the cutting force components for the
annealed and hardened HSS is presented in Fig. 11. It is obvious
that the increase of the depth of cut increases the values of the
three cutting force components due to the corresponding increase
of the undeformed chip width (b1), as (b1∝

ffiffiffi
a

p
). The Fr is the

largest affected component, followed by the Fc, while the axial
force (Fa ) is the least affected one.
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Fig. 11 Effect of the depth of cut (a) on the cutting force components for
the annealed and hardened HSS
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It can be deduced from Fig. 11 that:

Fr; Fc; Fa∝a0:5−0:55 ð27Þ

5.2 Effect of feed on cutting force components

Figure 12 shows the effect of the s on the three cutting force
components (Fr, Fc, Fa) for the annealed and hardened HSS.
Due to the increase of the undeformed chip thickness (h1) with
the s (h1∝ s), the cutting force components (Fr, Fc, Fa) were
also found to increase with the s. However, due to the associ-
ated reduction of the coefficient of friction at the tool-chip
interface and hence the increase of the shear angle with the
s, the cutting force components (Fr, Fc, Fa) increase with the
used feed [42].

It can be deduced from Fig. 12 that:

Fr; Fc; Fa∝s0:45−0:5 ð28Þ

5.3 Effect of tool nose radius on cutting force components

Tool inserts with different nose radii (0.4–1.6 mm) have been
used to study the effect of the r on the cutting forces. Figure 13
presents the effect of the r on the cutting force components in

machining the annealed and hardened HSS. The Fr and the Fc
increase with increasing the r due to its direct effect on the

width of cut (b1), b1∝
ffiffiffiffiffiffiffi
2ar

p
. Fr increases by 100–115 %, Fc

increases by 80–100 %. Since the resultant cutting force ap-
proaches the radial direction of the workpiece, the Fa shows
only a 10–20 % increase with r.

It can be deduced from Fig. 13 that:

Fr∝r0:5−0:55 ð29Þ

Fc∝r0:4−0:5 ð30Þ

Fa∝r0:1−0:15 ð31Þ

5.4 Effect of flank wear land width on cutting force
components

Figure 14 presents the effect of the tool flank wear width (B)
on the cutting force components for both annealed and hard-
ened HSS. Due to flank wear, all the cutting force components
increase due to the larger penetration resistance to the tool
wedge. A harder workpiece surface exhibits higher resistance
than the annealed workpiece surface. At the permissible wear
land of 0.2 mm, the radial force of the annealed workpiece
increases by 90 %, while the same component increased by
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150 % for the hardened one, which is to be viewed as an
important consideration in hard precision machining.

Based on Eqs. (27–31) and Fig. 14, the effects of the cut-
ting variables (s, a), r, and the tool flank wear land width (VB)
on the cutting force components (Fr, Fc, Fa), the following
empirical relationships can be deduced:

Annealed HSS

Fr ¼ 1100 a0:5s0:5 r0:5 1þ 5:5 VBð Þ ð32Þ
Fc ¼ 1160 a0:55s0:55 r0:4 1þ 3 VBð Þ ð33Þ
Fa ¼ 570 a0:55s0:55 r0:15 1þ 2 VBð Þ ð34Þ

Hardened HSS

Fr ¼ 1220 a0:5s0:4 r0:55 1þ 8 VBð Þ ð35Þ

Fc ¼ 1260 a0:55s0:45 r0:5 1þ 5:5 VBð Þ ð36Þ
Fa ¼ 780 a0:55s0:45 r0:1 1þ 4:5 VBð Þ ð37Þ

A maximum deviation, less than 10 % has been detected
between the measured and the estimated cutting force values
using the given relationships. It has to be mentioned that the

presented empirical formulae are only valid in the precision ma-
chining range:

Cutting speed, 60 m/min < v < 280 m/min.
Feed, 0.0125 mm/rev <s < 0.1 mm/rev.
Depth of cut, 0.05 mm < a < 0.3 mm.
Nose radius, 0.4 mm < r < 1.6 mm.
Tool flank wear, 0 mm < B < 0.2 mm.
It is obvious that the cutting force components are

almost proportional to a0.5, s0.5, and r0.5, as predicted
before in Eq. (6), due to the effect of the nose radius in
case of a/r < <1.

6 Conclusions

The present study demonstrates a mechanistic model supported
by experimental results of precision turning. It was found out that
when increasing the r and/or decreasing the a decreases the ef-
fective χ and hence increases the χe, which directs the cutting
force to approach the radial direction, thus increasing the ratio of
the Fr to the Fc.

The ratio Fr/Fc becomes ≥1 when a ≤ r. This ratio was found
to increase with the increase of r and/or the decrease of the a. The
increase of the ratio Fr/Fc to a value greater than (1) is caused by
the increase of the μ at the tool-chip interface to be greater than
(0.73), which was encountered in the present work. As the chips
begins to be continuous, the cutting force components produced
from machining the hardened HSS become greater than those
produced from machining the annealed HSS due to the higher
shear flow stress on the shear plane of the hardened workpiece.

New empirical relationships for predicting the cutting force
components in precision turning when (a < <r) have been
established. Tool nose radius and flank wear land width were
found to have considerable effects on cutting force components.
The calculations of the undeformed chip width and thickness
have been used to support the empirical equations. The deduced
relationships can be used to calculate MFTW system deflection,
which is essential to predict the workpiece accuracy, especially in
hard precision turning.
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