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Abstract This paper presents two new methods and as-
sociated algorithms for numerically modeling chip geom-
etry and calculating cutting force for parts with free-form
surface during 5-axis CNC machining using a flat-end
mill. Extending the computational geometry-based
Alpha shape method that can only predict cutting chip
geometry, a parallel slice local volume modeling ap-
proach has been added to predict cutting forces as well.
To demonstrate the validity and capability of these new
methods, simulation of the cutting and chip forming
process of 5-axis CNC machining on a free-form surface
has been carried out. Physical validation experiment in
controlled conditions has been carried out on a 3-axis
micro CNC machine with the two cutter rotation angles
set to be zero. The predicted and measured cutting forces
are in reasonably good agreement both in trend and
magnitude. The presented chip volume and cutting force
method can be used to perform cutting force estimation
for generating optimal tool path and orientation during
5-axis milling. The method requires longer computational
time than traditional analytical methods, but it supports
the ultimate goal of chip volume modeling and calcula-
tion—accurate dynamics cutting force prediction.

Keywords Chip volume . Cutting force . 5-axis . Flat-end
mill . Alpha shape . Free-form surface

1 Introduction

With the ability to potentially provide better tool accessibility
to complex surfaces, produce more accurate curved surface,
increase material removal rate, and reduce machine setup
time, 5-axis CNC machining is widely used to produce vari-
ous components with complex geometry [1]. However, it is
challenging to calculate chip volume and cutting forces in 5-
axis CNC machining using a flat-end mill due to the inclina-
tion and ration angles, the contact area between cutter and part
surface changes all the time. Knowing values of removed chip
volume and cutting forces can help choose optimal cutting
parameters such as feed rate, depth of cut to improve the
machining efficiency, and surface quality.

Chip thickness is a significant parameter to calculate chip
volume and cutting forces. Chip thickness and cutting forces
prediction for 5-axis CNC ball-end milling has been studied
by many researchers [2]. However, very limited studies on 5-
axis CNC machining using flat-end mills have been carried
out [3], due to the complexity of cutter-part surface geometry
interaction. A ball-end mill has constant curvature, therefore
chip geometry is easier to obtain, while the curvature for flat-
end mill at each cutter contact (CC) point varies with different
tilt and lead angles during 5-axis machining. Thus, the discrete
method for chip volume calculation with flat-end mill is much
more complicated.

Undeformed chip shape can be constructed from the
boundaries of instantaneous engagement domain between a
flat-end mill and workpiece [4]. Accurately modeling the
shape and volume of the removed material is a challenging
task. There are two main approaches to calculate the removed
chip volume [5]: (a) computation of swept volume by tool
profile along NC trajectory and (b) implementation of the
Boolean intersection and subtraction of the tool envelope with
the workpiece. Workpiece based methods to calculate
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removed material in 5-axis machining is still a challenging
due to the non-robust 3D Boolean subtraction operation and
complicated process of updating workpiece [6]. Sweep vol-
ume is a tool representation method. It was introduced by
Weinert [7] using a solid modeling technique. A moving
frame in 5-axis tool motions was introduced for the solid
sweep volume. Swept profiles were first generated along the
NC trajectory. After moving the profiles, a closed-form enve-
lope surface was created. This solid-based method can obtain
much precise cutting volume than the discrete method.
However, swept profiles are complicated to obtain as the cut-
ter has both translational and rotational motions. Traditionally,
the swept volume is obtained approximately by the sum of
pure translational volume and pure rotational volume in 5-
axis CNC machining. The results, even under the specified
tolerance, are not exactly equal to the removed cutting vol-
ume. The depth of cut has not yet been included in the method,
since swept volume only considers the top, bottom, and side
of a milling cutter. Lee proposed a method to generate swept
volume of a tool by calculating envelope profiles with Gauss
map [8]. Yet, the approach is only applicable to convex set
with piecewise C1–continuous motion. The trajectory of tool
motion in the swept volume method is piecewise C1–contin-
uous or smoothness. It requires that the first order derivative of
the trajectory exists and is continuous. If the tool motion is
smooth, the velocity of the tool can be used to get the swept
profile. Otherwise, the swept profile cannot be found. Swept
volume displays the shape of removed material and can be
used for NC verification. However, it cannot produce the val-
ue of chip volume and chip thickness at each NC point to
calculate cutting forces and select optimal cutting parameters.
On the other hand, Ferry [9] generated a swept volume by
collecting solid models of the tool together at various NC
points along the tool trajectory. The swept volume was
subtracted from the workpiece to get the finished part. The
parallel slicing method (PSM) was used by Ferry to create
cutter-workpiece engagement maps for 5-axis flank machin-
ing, with the information of engagement angles and depth of
cut, which are the requirements for predicting cutting forces.
The PSM can obtain the removed volume; however, it was a
computationally inefficient approach to do Boolean opera-
tions for achieving the solid model of cutter-workpiece
engagement.

In this paper, two numerical methods, the Alpha
shape and the local parallel slice approaches, are pro-
posed to calculate chip volume and cutting forces for a
free-form surface during 5-axis CNC machining with a
flat-end mill. A computational geometry-based method,
Alpha shape, is applied to resolve the 3D cutter-
workpiece intersection problems and obtain chip vol-
ume. The local parallel slice approach is used to obtain
a cutter-workpiece engagement domain where the

cutting flutes entry and exit the workpiece and the depth
of cut are required to predict cutting forces. These approaches
are applicable in arbitrary tool orientations and consider depth
of cut. Comparing with swept volume method, they are not
restricted to be applied only in piecewise C1–continuous
motions.

2 Chip volume calculation by the Alpha shape
method

An Alpha shape defined in computational geometry is a fam-
ily of piecewise linear simple curves in the Euclidean plane
associated with the shape of a finite set of points [10]. The
Alpha shape associated with a set of points is a generalization
of the concept of the convex hull. The Alpha shape method is
a well-established technique in computational geometry for
triangulation, boundary, and area/volume of Alpha shape
[11]. In this work, the Alpha shape method is used to model
the volume and shape of removed chips during 5-axis milling.
The model requires a chip boundary defined by a valid tool
geometric outline at two continuous NC points.

2.1 The intersections of the tool motion at two continuous
positions

In defining an Alpha shape chip profile, the geometric outline
of the cutting tool is formed by the intersections of the tool at
two adjacent cutter contact (CC) positions along the feed di-
rection. Assuming a flat-end mill can be modeled as a cylin-
der, the chip geometry in 5-axis CNC machining can thus be
modeled through the intersection of two cylinders at two con-
tinuous CC points, and the volume of the two intersected
cylinders can be obtained. Since it is difficult to calculate the
intersections of two arbitrary cylinders using close-form ana-
lytical model through translations and rotations, a numerical
method has been used in this work to obtain the intersections
of two arbitrary cylinders by dividing them into many thin
layers along the z-axis direction. A vertical cylinder oriented
at an arbitrary angle produces a projection as an ellipse onto a
plane, as shown in Fig. 1. Therefore, the projections of two
intersecting cylinders are two intersect ellipses on each layer.
Intersections of two ellipses are then accumulated by layers,
consisting intersections of the tool motion at two continuous
CC positions.

For a flat-end mill, the cutter geometry is a cylinder, which
can be represented as follows:

T ¼
X
Y
Z

2
4

3
5 ¼

rcosθ
rsinθ
z

2
4

3
5 ð1Þ
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where, r is the tool radius, θ is the tool rotation angle about z-
axis, θ ∈ [0, 2π], z ∈ [h1, h2], and the length of the tool is
defined by h1 and h2. After rotation and translating, the new
coordinate system (Xnew, Ynew, Znew) can be obtained [12]:

X new ¼ cosβX−sinβcosαY þ sinβsinαZ þ △x ð2Þ
Y new ¼ sinβX þ cosβcosαY−cosβsinαZ þ △y ð3Þ
Znew ¼ sinαY þ cosαZ þ △z ð4Þ

where, α and β are rotation angles about z and x axes; Δx, Δy,
and Δz are translating distance along x, y, and z direction.
Assuming the plane z = 0 is the top of the workpiece; the
plane z = h1 is the bottom of the tool at a NC point. After
transformation, the projection of a cylinder is ellipse on the
plane z = h (h∈ [h1, 0]). For the ellipse, all z values are given
as h. Substitute ZCAnew = h into Eq. (4), it can be obtained that:

Z ¼ h−sinαY−△z
cosα

ð5Þ

Substituting Eq. (5) into Eqs. (1) and (3), the x and y values
of points on the ellipse are derived as:

X ellipse ¼ cosβX−sinβcosαY þ sinβsinα
h−sinαY−△z

cosα
þ △x

Y ellipse ¼ sinβX þ cosβcosαY−cosβsinα
h−sinαY−△z

cosα
þ △y

ð6Þ

For the ith and ith + 1 NC points: Γ{Ci, Ψi} and Γ{Ci + 1,
Ψi + 1}, they are denoted by (xi, yi, zi, αi, βi) and (xi + 1, yi + 1,
zi + 1, αi + 1, βi + 1), respectively. Therefore, translating steps
Δxi, Δyi, and Δzi can be expressed as:

Δxi ¼ xi þ 1−xi;Δyi ¼ yi þ 1−yi;Δzi ¼ zi þ 1−zi ð7Þ

Substituting Eqs. (1) and (7) into Eq. (6), ellipse points on
the plane z = h as the tool motion at the ith NC point can be
obtained as:

X iellipse ¼ rcosθcosβi−rsinθsinβicosαiþ
sinβisinαi

h−rsinθsinαi− ziþ1−zið Þ
cosαi

þ xiþ1−xi

ð8Þ

Y iellipse ¼ rcosθsinβi þ rsinθcosβicosαi−

cosβisinαi
h−rsinθsinαi− ziþ1−zið Þ

cosαi
þ yiþ1−yi

ð9Þ

2.2 Chip outline determination

Two cases are considered for chip volume calculation as ma-
chining a complex surface.

The first case is a curve or a single toolpath machining. The
second case is tool motions in two continuous tool paths. In a
real free-form surface machining, there is a scallop height
between two continuous tool paths due to the machining tol-
erance and tool compensation. In case 2, the chip volume is
less than that in case 1. That is due to part of material in the
current tool path has already been removed by the tool in the
previous tool path. To calculate chip volume, two intersecting
tool surfaces are firstly divided by layers to get their intersec-
tions (shown in Fig. 2b); two intersect ellipses which can be
obtained from Eqs. (8) and (9), are then used to generate a
crescent-shaped chip area along the feed direction in the
Fig. 2a on each layer. Finally, intersections on all layers are
collected to get the valid chip outline.

Figure 2a shows how chip geometry is generated. For case
1, a removed chip is created by the tool surface at two contin-
uous NC points. More specifically, the intersection of tool
outlines at two continuous NC points Γ{Ci, j, Ψi, j} and
Γ{Ci + 1, j, Ψi + 1, j} represents removed material in the jth tool
path, denoted by a crescent area P4P5 along the feed direction.
P4 and P5 are intersections of tool projections at NC points
Γ{Ci, j, Ψi, j} and Γ{Ci + 1, j, Ψi + 1, j}. For case 2, in the j

th + 1
tool path, as the tool moves from point Γ{Ci, + 1, Ψi, j + 1} to
Γ{Ci + 1, j + 1, Ψi + 1, j + 1}, the removed chip area is P1P2P3. P1
is the intersection of tool projections on the plane z = 0 at two
NC points Γ{Ci, j + 1, Ψi, j + 1} and Γ{Ci + 1, j + 1, Ψi + 1, j + 1};
P2 and P3 are intersections of tool projections at Γ{Ci, j + 1, Ψi,

j + 1} and Γ{Ci + 1, j + 1, Ψi + 1, j + 1} in the j
th + 1 tool path, and

the tool projection at Γ{Ci + 1, j, Ψi + 1, j} in the jth tool path.
Intersections on all layers are collected to get the valid chip
outline shown in Fig. 2b.

2.3 Volume calculation by the Alpha shape method

The Alpha shape method defines the volume of a basic Alpha
shape for a set of 3D points by Delaunay triangulation,

Intersec�ons of tool surface and plane z=0
at NC point {Ci, i}

Intersec�ons of 
two ellipses 

Intersec�ons of tool 
surface and plane z=0 at
NC point {Ci+1, i+1} 

Fig. 1 Intersections of two ellipses for tool at two continuous NC
positions
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according to a probe radius, denoted by α. More specif-
ically, Delaunay triangulation is carried out first to a 3D
point set, and then the radius of circumcircles of simpli-
ces in triangulation is identified. If the radius of circum-
circles is less than the probe radius, valid vertices of free
boundary facets are found. Finally, the volume of Alpha
shape can be calculated from the valid vertices. Solid
Alpha shape created by Delaunay triangulation is com-
posed by lots of tetrahedron. The volume of Alpha shape
is obtained by accumulating volumes of all tetrahedrons
which are part of the parallelepipeds. The volume of a
tetrahedron can be represented by the volume of a
parallelepiped.

In the Fig. 3, the volume of a 3D parallelepiped has been
given by the scalar triple product of three vectors defined by
four vertices A, B, C, D as follows:

Vparallelepiped ¼AD
*

� AB
*

� AC
*

 !
ð10Þ

The volume of a tetrahedron (consisted by orange lines in
the Fig. 3) is:

V tetrahedron ¼ Vparallelepiped

6
ð11Þ

Alpha shape is an open source inMATLAB to give the area
or volume of a basic Alpha shape for a 2D or 3D point set. In
the algorithm, input is a probe radius and a coordinate matrix
of size N × 3, which are the 3D points consisting of the outline
of a removed chip. Output is the volume and the plot of trian-
gulation of the chip shape. In Fig. 2c, the removed chip is
composed by many tetrahedrons, and the chip volume is ob-
tained by the sum of volumes of all tetrahedrons, which are
calculated using Eqs. (10) and (11).

Fig. 3 Tetrahedron in a parallelepiped

(b) (c)

(a)

Fig. 2 aChip area generation for different situations on the plane z = 0; b generation of the valid chip outline in two continuous tool paths; c a solid chip
profile generated by the Alpha shape method
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3 Local parallel sliced method of chip volume
and cutting force calculations

3.1 Chip load model

The Alpha shape method can be used to acquire the geometric
profile of the removed chip. However, it cannot be used to
calculate chip thickness and cutting forces. The chip profile
points in Alpha shape method are the mesh points on the tool
profile at two continuous NC points. A new approach called
the local parallel slice method which extends the Alpha shape
method—only for chip geometry and removal volume predic-
tion is proposed to predict instant cutting forces for dynamic
feed rate optimization. The local parallel sliced method di-
vides the cutting tool into many slices perpendicular to the
tool axis along the local coordinate system. It can calculate
the chip thickness and cutting force by finding the intersec-
tions of the previous tool profile and a line passing the current
tool center.

Figure 4a illustrates the determination of chip thickness in a
5-axis CNC machining using a flat-end mill. The tool is di-
vided into many slices to get the chip volume by accumulating
small parallelepipeds along the axial depth of cut and engage-
ment angle. Let Ol’-Xl’-Yl’-Zl’ be the previous tool position
and orientation, Ol-Xl-Yl-Zl represent the current tool position
and orientation after a distance of feed per tooth. In Fig. 4b, it

shows the instantaneous chip thickness distribution on the ith

layer. Pi, k and Pi, k’ are the points on the current and previous
tool’s cutting edge determined by Eqs. (8) and (9); Ci and Ci’
are the current and previous tool centers; CiPi,k is a vector line
runs from the current tool center to the tool edge. Pi, k’ is the
intersection of the line vector CiPi, k and the previous tool
edge. Chip thickness for the jth flute can be defined as the
distance between Pi, k and Pi, k’, denoted by:

tc z;ϕ; jð Þ ¼ P z;ϕ; jð Þ−P0
�
z;ϕ; j

���� ��� ð12Þ

where z is the height along tool axis at the point P, ϕ is the
engagement angle or immersion angle.

3.2 Chip volume by local parallel sliced method

On each slice, a polygon area is created by connecting current
and previous tool edge points. Figure 5 shows a removal vol-
ume is divided into many layers along the direction which is
perpendicular to the current tool axis. On each layer, the re-
moval chip area is a polygon shape generated by connecting
two neighboring edge points on the current and precious tool
edges. A chip shape is composed by many parallelepipeds.
The total chip volume is obtained by adding the volume of
all parallelepipeds along the axial direction.

The equation of total chip volume is defined by:

V total ¼
XM − 1

k ¼ 1

XN
i ¼ 1

Pi;kPi;k þ 1 � Pi;kPi;k
0 � △z ð13Þ

where M is the number of interval points on each layer, N is
the number of slices;Δz is the integrating height along current
tool axis.

Fig. 4a Determination of instantaneous chip thickness: a tool motions at
two adjacent NC points; b tool projections on A-A section Fig. 5 A chip shape consists of sliced parallelepipeds
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3.3 Cutter-workpiece engagement maps

A cutting force model requires getting engagement area by
discretizing the cutter into slices in the tool coordinate system.
The immersion angle ϕ in Fig. 4b is measured clockwise from
the y-axis in local coordinate system.

The cutter-workpiece engagement maps [9] are gener-
ated by transforming a removal chip shape at a particular
tool motion from global coordinate system to local coor-
dinate system. The 3D chip shape, as illustrated in Fig. 5,
is projected to the plane YlZl, which goes through the
current tool axis. The boundaries of the engagement
domain are the intersections of tool envelope at two
continuous tool motions.

The engagement domain consists of many pieces of rect-
angles in Fig. 6, which is convenient to predict cutting forces.
Each rectangle represents an immersion angle at a specified
height along the tool axis. It is given by four parameters: ϕst,
ϕex, Δz, Z. ϕst, and ϕex are entry and exit angles; Δz is the
integrating height or the height of a rectangle and Z is the
distance from the tool tip to bottom of rectangles.

The number of layers and rectangles depend on the resolu-
tion defined by user. Figure 7 shows the engagement domain
with different numbers of slice planes and interval points on
each slice at the NC point # 300 in a single tool path machin-
ing. Figure 7a displays the removal volume is generated by
nine slice planes with an integrating height of 0.33 mm; in
Fig. 7b, it shows the engagement domain is divided into 15
slices. In this case, the distance between planes is 0.2 mm. The
higher number of slices it is, the more accurate chip shape
boundary there should be. The edge of engagement domain
with high resolution in Fig. 7b is more smoothly and less
“blocky” than that with lower number of slices in Fig. 7a.
However, a high resolution case requires more significant
computing time. It takes about 4 min to calculate chip volume
and get engagement domain for over 700 NC points using a
removal volume of nine slice planes. By increasing the num-
ber of slices to 15, the computing time was expanded to 8 min.
The algorithm was written in Matlab. Matlab is inefficient in
doing loop calculations compared to code written in C++ or
C#. It is one reason why this method is time-consuming.

Figure 8 shows how the sliced volume is gradually re-
moved in a free-form surface machining. There are three NC
points are demonstrated to the removed volume. The number
of slices is different due to the varying depth of cut.

3.4 Cutting force model

Accurate modeling of cutting force is the focus of machine
dynamics research, and it is the foundation for predicting cut-
ting force to determine the optimal cutting parameters, such as
feed rate and depth of cut, to improve the machining efficien-
cy while meeting surface quality requirements.

The cutting force is normally modeled as three compo-
nents, radial (Fr), axial (Fa), and tangential (Fr), shown in
Fig. 9. They are expressed as [13–15]:

dFr ¼ Krc � tc z; θ; jð Þ � dzþ Kre � dz
dFa ¼ Kac � tc z; θ; jð Þ � dzþ Kae � dz
dFt ¼ Ktc � tc z; θ; jð Þ � dzþ Kte � dz

ð14Þ

where, Krc, Kac, and Ktc are the radial, axial, and tangential
cutting force coefficients, respectively; and Kre, Kae, and Kte

are the edge force coefficients; dz is the integrating height, tc
(z, θ, j) is the instantaneous undeformed chip thickness at a NC
point (x, y, z, α,β), represented by Eq. (12).

Fig. 7 Cutter-workpiece engagement domain: a nine slices with 60
interval points; b 15 slices with 100 interval points
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Fig. 6 2D cutter-workpiece engagement domain
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The deferential forces in local coordinate system (LCS) are
transformed in x, y, and z direction by the following equation:

dFx ¼ −dFtcosϕ−dFrsinϕ
dFy ¼ dFtsinϕ−dFrcosϕ
dFz ¼ dFa

ð15Þ

Differential cutting forces for discretized engagement
cutting edge elements are then summed by integrating the
differential forces along the immersion angle and axial
depth of cut to obtain the total forces for each given tool
path segment.

4 Case studies and results

In this paper, a 5-axis CNC machine with swivel head config-
uration (AC type) is used to simulate tool motions. To display
removed chips and get precise chip volume simulation, a free-
form surface shown in Fig. 10a is machined by a four flutes
flat-end mill, with a tool diameter of 10 mm. The workpiece
size is with a length and width of 50 mm, respectively, and a
height of 20 mm. The depth cut varying from 0.1 to 3 mm.
Figure 10b shows the tool motions with various orientation
angles in a pre-defined trajectory in MATLAB. The tool pro-
files are divided into two parts by a plane z = 0. Assuming the
workpiece is under the plane z = 0. Depth of cut is the height
from the center of the tool’s bottom to the top of the
workpiece.

In the milling process, the cutting parameters are selected
by the workpiece material and the tool size. The spindle speed
is selected as 1000 rpm. For each revolution, the feed per tooth
can be calculated by the following expression [16]:

f t ¼
f

S � N
ð16Þ

where, f is the feed rate, S is the spindle speed;N is the number
of flutes.

The test NC program used in this paper is generated by
commercial CAM software with 15,430 NC points. For each
toolpath, there are approximately 1478 NC points employing
the one-way toolpath. The toolpath generation method is
followed by the iso-cusps method. Tool orientations are sur-
face normal.

Removed chips are the part of the tool’s swept volume
below the plane z = 0. It can be seen in the Fig. 2c, the shape
of a removed chip is a 3D solid crescent, consisted by many
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tetrahedrons. In Fig. 11, the simulation of all chips in a single
curve toolpath is generated through accumulating a crescent
shape at each NC point by the Alpha shape method.

Figure 12 shows the comparison of chip volume by
the Alpha shape method and the local parallel sliced
method. It can be seen that the Alpha shape method gets
more smooth and accuracy volume than the local parallel
sliced method. Since the tetrahedron and triangulation
are used in the Alpha shape method to calculate chip
volume, which is more close to the real chip shape;
while in the tool profile method, many rectangle blocks
are accumulated to get chip volume. That is why the
volume and cutting forces obtained from the local paral-
lel sliced method look very “blocky”.

For each revolution, there are around 80 sampling
points selected to calculate cutting forces. Cutting forces
can be calculated from Eq. (15). Fig. 13 shows the
simulation results of the instantaneous cutting forces in

x, y, and z directions changed with the rotation angles in
five revolutions.

The resultant cutting force acting on the tool is calculated
by:

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fx

2 þ Fy
2 þ Fz

2
q

ð17Þ

Figure 14 illustrates simulated cutting forces in x, y, and z
directions and the resultant forces changing with machining
times for the whole toolpath.

Comparing Fig. 12 and Fig. 14d, it can be seen that chip
volume has similar changes to resultant cutting forces.
Therefore, chip volume is another significant index in the
machining process planning to select optimal feed rate, spin-
dle speed, and depth of cut.

Fig. 10 a Simulation of machining a 3D curve on a free-form surface; b
the simulation of tool motions in Matlab

Fig. 12 Comparison of chip volume by the Alpha shape method and the
local parallel sliced based method

Fig. 11 Chip volume simulation for a single curve
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5 Experiment verification

For the validation of the proposed chip volume and cutting
force modeling approaches, an experiment has been conduct-
ed on a free-form surface by using a flat-end mill. Due to the
lack of a 5-axis CNC machine, a 3-axis CNC ALIO vertical
micro-milling machine was used instead to verify the predict-
ed cutting forces by enabling two rotational angles to be zeros.
A Kistler table dynamometer (MiniDyn 9256C1) was used for
measuring instantaneous cutting forces. Al 6061 workpiece
was machined without lubricant by a 2-flute carbide flat-end
mill with a diameter of 1/8″. The experiment was carried out
with varying axial depth of cut (0.1–1.2 mm) at 10,000 rev/
min spindle speed and 0.02 mm feed per tooth. The sampling
rate was 100 kHz, which is the maximum capacity of the DAQ
board.

Figure 15 shows the comparison of measured and simulat-
ed cutting forces in three revolutions. It can be seen that the
magnitudes of the predicted cutting forces in x, y, and z direc-
tions are in reasonably good agreement to the experimental
ones if the runout effects are not considered. Cutting force
calculations are based on the instantaneous chip thickness.
The accuracy of predicted chip thickness can be guaranteed
after the validation of simulated cutting forces. The discretized
chip volume is obtained by the scalar triple product of chip
thickness, integrating axial depth of cut, and radial edge con-
tact length between two continuous interval points on each
layer. Therefore, chip volume validation can be evaluated by
measured cutting forces.

6 Conclusions

A general discussion for generating chip volume and
predicting cutting forces in a 5-axis CNC machining with a
flat-end mill has been presented in this paper. Two approaches
of the Alpha shape and the local parallel sliced method have
been used to obtain removed chip volume. The Alpha shape
method provides an efficient and robust calculation of chip
volume for arbitrary tool orientations because a series of com-
plicated trigonometric equations to get intersections of tool

Fig. 14 Simulated cutting forces
for the whole toolpath: a Fx; b Fy;
c Fz; d resultant forces
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Fig. 15 Measured and predicted cutting forces with rotation angles in
three revolutions

Int J Adv Manuf Technol (2017) 90:1145–1154 1153



motions at two arbitrary positions are replaced by a numerical
method. Although the Alpha shape method is able to calculate
chip volume and display a solid chip shape with a fast com-
puting time, it cannot be used to obtain chip thickness and
predict cutting forces. The local parallel sliced method offers
a new way to obtain cutter-workpiece engagement domain
and cutting forces for a given NC file in 5-axis machining
with a flat-end mill. This approach is robust to various types
of cutters and sculpture surfaces without additional analysis. It
also gives user a degree of flexibility to choose between com-
putational speed, accuracy, and a combination of both by dif-
ferent resolutions.

To verify the proposed Alpha shape method and the local
parallel sliced method and achieve precise chip volume sim-
ulation, the NC program for machining a free-form surface is
developed to demonstrate cutting volumes. An experiment for
the research of chip volume and cutting forces in 3-axis micro
CNC machine was conducted. The simulation results for 5-
axis machining were verified by machining experiments
through specifying the two rotation angles to be zeros.
Measured forces are shown in reasonably good agreement
with simulated ones if the runout effects are ignored.
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