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Abstract Customer-oriented design is very important for ma-
chine tool manufacturers to win competition in the market.
Mechanical parts with complicated sculptured surface are
widely utilized in mechanical systems such as automobiles,
aircrafts and wind turbines, and they are often machined by
five-axis machine tools with high precision requirements.
However, traditional machine tool design has not accounted
for the varied machining errors in producing complex sculp-
tured surface, which leads to inferior performance. To address
this challenge, a novel machining error synthesis model is
proposed in this paper for accuracy optimization in designing
general five-axis machine tools used for making various
sculptured surfaces. The new synthesis model is constructed
by integrating a generic machine tool volumetric error model
and two new surface machining error production models, and
it bridges between the surface machining profile error and the
machine tool accuracy. The synthesis model is then applied as
a constraint in machine tool accuracy design optimization. A
cost-tolerance function is formulated to construct the objective
function, and a heuristic algorithm is developed to implement
the optimization. These modeling and optimization methods
are validated by one case study.

Keywords Accuracy design . Five-axis machine tool .

Sculptured surface . Volumetric error . Tolerance design

1 Introduction

Customer-oriented design of machine tools is crucial for ma-
chine tool manufacturers to gain competiveness in the de-
manding market. Mechanical parts with complicated sculp-
tured surface are widely utilized in mechanical systems such
as automobiles, aircrafts, and wind turbines, and they are often
machined by five-axis machine tools with high precision re-
quirements. These requirements are key sources for the
customer-oriented design of machine tools.

Machine tool accuracy is one of the most important factors
to be taken into account at the machine tool design phase, as
the accuracy requirement of a five-axis machine tool affects
design decisions whichwill impact the quality of its individual
parts and assemblies. Accuracy parameters of machine tool
components are the basic sources to determine the accuracy
level of the five-axis machine tool, as specified in the interna-
tional standards ISO230-6 and ASME B5.54. Also, these de-
sired accuracy parameters restrain or guide the manufacturers’
design and construction jobs of a machine tool directly. For
example, from the perspective of assembly processes, these
parameters are referred to as the assembly tolerances which
specify the assembly requirements of the machine tool.
Therefore, customer-oriented design is required in determin-
ing the design values of these geometrical, dimensional, and
tolerance parameters in order to conform to customers’ re-
quirements of machining accuracy.

In this paper, an error synthesis model for machining sculp-
tured surface by five-axis machine tools is proposed. This
model is established based on two new surface error models
and a general machine tool volumetric model. The synthesis
model is then applied for design optimization of machine
tools. The paper is organized as follows. Section 2 reviews
related literature. Accuracy parameters of five-axis machine
tools are introduced in Section 3. The new synthesis model is
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presented in Section 4. In Section 5, a cost-tolerance function
is presented, as well as a search heuristic algorithm for ma-
chine tool accuracy design optimization. A case study is pre-
sented to validate the model and the optimization method via
simulations in Section 6. Section 7 concludes the paper.

2 Review of related work

Machining error synthesis is a major method to construct opti-
mization constraints for determining machine tool accuracy pa-
rameters. Existing research in this area can be categorized into
three classifications, i.e., sensitivity analysis [1, 2], end effector
accuracy prediction [1, 3] and error budget [1] of machine tools.

Sensitivity analysis for machine tool errors is the study of
how sensitive the output (machining sensitive directional er-
ror) of a machine tool can be resulted from different sources of
uncertainty in its inputs (machine tool component geometrical
errors). Finding the most sensitive errors, which are the main
drivers to improve the machining accuracy, is the main focus
in this area. Chen [2] carried out the sensitivity analysis of
volumetric errors given 37 error components for designing a
five-axis ultra-precisionmachine tool. Li [3] proposed an error
modeling method based on multi-solid-body system theory to
construct the error mapping between geometrical errors of
machine tool components and the cutter’s posture error of a
five-axis machine tool. The error sensitivity analysis of the
five-axis machine tool is then conducted by the error mapping.
However, the existing analyses are limited in a plane surface
or along the six directions of spatial coordinates; so, these
methods are not applicable to the sculptured surfaces because
of uncertain sensitive directions.

End effector accuracy prediction, as the name implies, is to
predict the output accuracy of a machine tool end effector
(such as the spindle or cutter) given the input of machine tool
components’ errors. Compared to the sensitivity analysis, the
end effectors’ accuracy prediction results (such as the round-
ness error of the spindle or the cutter’s position and orientation
error) are usually used for error compensation. Choi [4] pre-
dicted the roundness error of the spindle of a three-axis ma-
chine tool through a volumetric error model. Okafor [5] con-
structed a kinematic model of a three-axis machine tool to
predict its cutter’s position and orientation error for error com-
pensation, and Rahman [6] constructed a kinematic model of a
five-axis machine tool for error measurement. These methods
are suitable to calculating the cutter’s position and orientation
errors, but they are not feasible for estimating the final ma-
chining accuracy of the workpiece.

Error budget can be defined as allocating allowable errors to
meet a target machining accuracy [1]. Error budget research can
be classified into two categories, including the error budget
considering the sensitive directions and the error budget con-
sidering features and tolerances. Many researchers studied error

budget along the sensitive directions. Donaldson [7], Krulewich
[8], and Walter [9] conducted the error budget work along the
radial direction of lathe machines in order to improve machin-
ing accuracy. Kroll [10] analyzed an X-ray inspection machine
mainly along its X-axis. Erkorkmaz [11] analyzed a precision
X-Y working stage along its X-, Y-, and Z-axes, respectively,
while Eisenbies [12] analyzed a CMM machine and Sun [13]
analyzed an ultraprecision flycutting machine tool along specif-
ic directions. Error budget analyses on five-axis machine
were also done by Cheng [14], Brecher [15], and Treib
[16], and their analyses were also along the X-, Y-, and Z-
axes, respectively. Ibaraki [17] identified machine tool
errors by machining tests of a stepped workpiece, and a
map between the machine tool errors and the workpiece
errors is constructed. In summary, all above work is based
on the sensitive direction, and they are incapable of deal-
ing with the machining accuracy synthesis of complex
workpieces.

Some researchers studied error budget considering features
and tolerances [18], because the material removal modeling is
also very important for estimating the accurate final parts’ shape
which is directly linked to customers’ requirements. Features
are used to describe the shape characteristics of the workpiece,
and tolerances are used to describe the allowable variation in
shape and position of the features on the workpiece. Nominal
tolerance of a feature is just the machining requirement when
the machine tool is in machining. For example, a machine error
model is proposed to allocate geometric accuracy from the pris-
matic feature tolerance for machine design [18].

The related research of the above three areas is summarized
in Table 1, which accounts for general mechanical machines,
precision lathes, three-axis machines, and five-axis machines.
Based on the comprehensive review, it is concluded that the
design optimization of five-axis machine tool accuracy param-
eters for machining prismatic features can be realized by
existing research [17, 18]. The machining error synthesis mod-
el of the machining profile errors of prismatic features (mainly
the flatness error) can be naturally built by the error analysis
along the normal direction (the sensitive direction) of a flat
surface on a prismatic feature. However, the five-axis machine
tool errors’ effect on the accuracy of machined sculptured sur-
face profiles cannot be established by existing methods, be-
cause the complexity of sculptured surface renders the models
along sensitive directions invalid. Therefore, the sculptured
surface-oriented machining error synthesis modeling is inves-
tigated in this paper, and the synthesis model is then used as the
constraints in machine tool accuracy design optimization.

3 Accuracy parameters of a five-axis machine tool

From themeasurement perspective, these accuracy parameters
are mainly quasi-static errors, which contain geometric errors
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and thermal errors, as reviewed by Ramesh [19]. From the
perspective of tolerance design and assembly process, these
accuracy parameters are assembly tolerances which specify
the final assembly requirement of machine tool products. In
this paper, the quasi-static error components, defined bymulti-
rigid body kinematics, are used to mathematically express
these accuracy parameters. These accuracy parameters will
then be the operands of the optimization problem.

3.1 Machine structure

As shown in Fig. 1, a three translational and two rotational DOF
(TTTRR) type five-axismachine tool is taken as a general example.
Five kinematic pairs including three translational and two rotational
axes are defined as the X-, Y-, Z-, C- and A-axes, respectively. The
structure diagram and the kinematic chain diagram are defined com-
plying to the definition in ref. [20].

3.2 Accuracy parameters

The quasi-static errors of machine tools stem from the errors
of every individual axis and the errors between axes. The
quasi-static error components consist of positioning, straight-
ness, angular, squareness, and parallelism. As a free rigid body

has six degrees of freedom, every translational or rotational
axis has six quasi-static error components, which contain both
linear and angular errors. For a translational axis, the six error
components are one linear positioning error, two straightness
errors, and three angular errors about pitch, yaw, and roll axes,
respectively. For a rotational axis, the three linear error com-
ponents are one axial error and two radial errors, and the three
angular error components are one angular position error and
two tilt errors. Also, there exists the squareness errors between
X- and Y-axes, Y- and Z-axes, Z- and X-axes and the parallelism
error between A- and X-axes, C and Z-axes. Therefore, 37
quasi-static errors exist in the five-axis machine tool. These
error components are listed in Table 2.

4 Mapping model between machine accuracy
parameters and machining accuracy

The profile errors of the surface are caused by the errors in
machining. To restrain the machine tool accuracy parameter
Xiwhich are in the form of quasi-static errors, the machine tool
quasi-static errors’ effect on themachined surface is investigat-
ed in this paper. Cutter’s posture (include the position and
orientation) errors, also known as volumetric errors [2], which

Table 1 Review of the error synthesis research for machine tools

Application%research
field

Sensitivity analysis End effector accuracy
prediction

Error budget considering the
sensitive direction

Error budget considering feature
and tolerance

Precision lathes Few academic literatures (For the
sensitive direction is obvious, it
is easy to determine the sensitive
errors in the lathes process).

Few academic
literatures.

In Ref. [7–9], lathes
machines are analyzed.

Not applicable, for the error budget
(without feature and tolerance)
along the sensitive direction is
enough to address the problem.

Precision three-axis
machines

Few academic literatures (For the
sensitive direction is obvious, it
is easy to determine the sensitive
errors in the milling process).

In Ref. [4], roundness
error of the spindle
of a three axis
machine tool is
predicted.

In Ref. [5], kinematic
model is constructed
for the prediction, as
well as the error
compensation.

In Ref. [10], X ray
inspection machines by is
analyzed.

In Ref. [11], a precision X-Y
working stage is
analyzed.

In Ref. [12], a CMM is
analyzed.

In Ref. [13], a ultraprecision
flycutting machine tool is
analyzed.

Prismatic feature with tolerance is
considered in Ref. [18].

Precision five-axis
machines

In Ref. [2], the machining object is
the plane surface; In Ref. [3],
analyzed target is the six directions
of spatial coordinates. They are
not applicable for the sculptured
surface because of uncertain
sensitive directions.

In Ref. [6], kinematic
model is constructed
for the prediction
and error
compensation.

In Ref. [14], five-axis
machine using laser is
analyzed;

In Ref. [15], five-axis
grinding machine is
analyzed.

In Ref. [16], five-axis
machine tool is analyzed.

In Ref. [17], the mapping
between the machine tool
errors and the stepped
workpiece machining
errors are constructed.

Few researches about machine tool
errors’ effect on sculptured
surface profile machining error
are found, and it is the research
goal of this paper.
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are induced by the machine tool errors, will affect the profile
errors of the machined surfaces. In other words, the cutter’s
posture errors are the bridge in between the machine tool errors
and the profile errors of the machined surfaces.

4.1 Volumetric error modeling of the machine tool

Volumetric error modeling, which maps between machine tool
quasi-static errors and cutter’s posture errors, is the first step in
finding the relationship between machine tool errors and profile

errors of machined surfaces. Rigid body kinematics and homo-
geneous transform are used for volumetric error modeling in this
section. Eight rigid bodies of a general five-axis machine tool
shown in Fig. 1 are defined. Two structural chains exist in the
machine tool. One is from the bed to the cutter via the machine
tool, and the other is from the bed to the workpiece directly.
These two chains are called “cutter structural chain” and “work-
piece structural chain,” respectively. Every rigid body on these
two chains is coded by a number. The machine tool bed is
usually associated with number 0. Number 1 represents the first

Table 2 Expressions of accuracy parameters of five-axis machine tool

Description Expression NO. Description Expression NO.

X-axis kinematic pair Linear εx(x) 1 C axis kinematic pair Axial εx(γ) 19

Straightness εy(x) 2 Radius εy(γ) 20

Straightness εz(x) 3 Radius εz(γ) 21

Roll εα(x) 4 Tilt εα(γ) 22

Pitch εβ(x) 5 Tilt εβ(γ) 23

Yaw εγ(x) 6 Angular position εγ(γ) 24

Y-axis kinematic pair Linear εx(y) 7 A axis kinematic pair Axial εx(α) 25

Straightness εy(y) 8 Radius εy(α) 26

Straightness εz(y) 9 Radius εz(α) 27

Pitch εα(y) 10 Angular position εα(α) 28

Roll εβ(y) 11 Tilt εβ(α) 29

Yaw εγ(y) 12 Tilt εγ(α) 30

Z-axis kinematic pair Linear εx(z) 13

Straightness εy(z) 14

Straightness εz(z) 15

Yaw εα(z) 16

Pitch εβ(z) 17

Roll εγ(z) 18

Between axes Squareness Δγxy 31 Parallelism Δβxa 34

Squareness Δβzx 32 Parallelism Δγxa 35

Squareness Δαyz 33 Parallelism Δαzc 36

Parallelism Δβzc 37

Fig. 1 ATTTRR (XYZCA) type
five-axis machine tool and the
kinematic chain
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adjacent rigid body in the workpiece structural chain, and the
other numbers are assigned as shown in Fig. 1 to represent the
rigid bodies in the cutter structural chain. According to the rigid
body kinematics in ref. [2, 21], the transformation between the
rigid body k and its adjacent rigid body j is described as

j
kT

k ¼ j
kT

k
p

j
kT

k
pe

j
kT

k
s

j
kT

k
se; ð1Þ

where j
kT

k
p,

j
kT

k
pe,

j
kT

k
s, and

j
kT

k
se are the posture transfor-

mation matrix, posture error transformation matrix, mo-
tion transformation matrix, and motion error transforma-
tion matrix between rigid bodies k and j, respectively.
Based on Eq. (1), the transformation matrices between
these bodies in the workpiece and cutter structural chain
can be obtained as follows.
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where P1x, P1y, and P1z are the position coordinates of the
workpiece’s coordinate system relative to the bed’s coordinate
system (as shown in Fig. 2). Pix, Piy, and Piz (i = 2, 3, 4, 5, 6) in
each transformation are the position coordinates of the ith
body relative to the (i-1)th body. P7x, P7y, and P7z are the
relative position coordinates between the cutter and the C-axis
(the 6th body). x, y, z, α, and γ are the posture parameters

associated with the five degrees of freedom of the machine
tool. The rest accuracy parameters are shown in Table 2. The
workpiece and the cutter are fixed on the bed and the C-axis,
respectively, considered as no error, as expressed in Eq. (7)
and (8).

Rw and Rt represent the position vectors of the cutting point
in the coordinate systems of the workpiece and the cutter,
respectively, which are expressed as

Rw ¼ Rwx Rwy Rwz
� �T

; ð9Þ

and

Rt ¼ Rtx Rty Rtz½ �T : ð10Þ

Vw and Vt represent the orientation vectors of the cutting
point in the coordinate systems of the workpiece and the cut-
ter, respectively, which are expressed as

Vw ¼ Vwx Vwy Vwz½ �T ; ð11Þ
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and

Vt ¼ Vtx Vty Vtz½ �T : ð12Þ

The cutter’s posture errors (include position and orienta-
tion) [Ex Ey Ez] and [Ei Ej Ek] are then formulated as follows.

Ex Ey Ez 1½ �T ¼ 0
7T

7• Rt 1½ �T−0
1T

1• Rw 1½ �T ; ð13Þ
Ei E j Ek 1½ �T ¼ 0

7T
7• Vt 1½ �T−0

1T
1• Vw 1½ �T ; ð14Þ

where
0
7T

7 ¼ 0
2T

2*23T
3*34T

4*45T
5*56T

6*67T
7:.

Therefore, Eqs. (13) and (14) represent the mathematical
relationship between the machine tool accuracy parameters
and the cutter’s posture errors.

4.2 Machining profile error modeling

This section is to construct the analytical model between the
cutter’s posture errors and the profile errors of machined sur-
faces by both end milling and flank milling.

4.2.1 Profile error model of sculptured surface by end milling

End milling is an important method for sculptured surface
machining. In this subsection, the mathematical relationship
between the surface profile errors and the cutter’s posture

errors will be constructed for end milling. Normal deviation,
defined as the deviation along the normal vector between the
sample measurement point and its corresponding ideal point
on a sculptured surface, is utilized to represent the profile error
[22]. If the normal deviation at every sample point is within its
tolerance, it is concluded that the machined surface satisfies
the quality requirements. The mathematical relationship be-
tween these surface errors (the normal deviation) and the cut-
ter’s posture errors will be constructed below.

Figure 3 shows the surface normal errors which are
affected by the cutter’s posture errors at a sample point.
As shown in Fig. 3(1), if there is no cutter’s posture error,
the cutter’s contact point on the workpiece will be on the
ideal surface. Because of the machine tool errors, the cut-
ter’s center point will be away from its ideal position, and
therefore, there is an error associated with the center point
as well as the cutter’s posture as shown in Fig. 3(2).
Normal and tangential errors on the surface induced by
the cutter’s posture errors are shown in Fig. 3(3).

As shown in Fig. 4(1), in order to describe the relation-
ship between the cutter’s posture errors and the surface
errors (normal deviation), S0 is defined as the ideal sur-
face, and S1 represents the actual surface after machining.
P0 is the sample point on S0, and the actual machining
point corresponding to P0 is the point P1 on surface S1.
The deviation between P1 and P0 is the error c, which is
the length of the cutter’s position error [Ex, Ey, Ez]. Point

Fig. 2 The coordinate systems of
every component of the machine
tool
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P2 on the normal direction line is the projection of P1.
The projected length of error c along the normal direc-
tion is defined as a, and the projected length along the
tangential direction is defined as b. The normal of S0 at
the point P0 intersects with S1 at the point P2’. The
curvature radius of the surface at the sample point P0

is represented by ρ. Because the error b and the chang-
es of the surface normal b/ρ are very tiny, the curve
P0P0’ can be considered as an arc curve. Then, lines
P1P0’ and P2P0 are extended and intersected at points
O. The line segments OP0 and OP0’ have an equal
length of ρ.

1) First, the normal deviation at the P0’ when cutting at P1 is
investigated. As shown in Fig. 4(2), the triangleOP1P2 is
a right triangle; so, the deviation d can be calculated as
follows.

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OP0 þ P0P2ð Þ2 þ P1P2

2
q

−OP00

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρþ að Þ2 þ b2

q
−ρ: ð15Þ

The magnitude (10−2∼10−3 mm) of error a and b is much
smaller than ρ (magnitude: 101∼102 mm), then,

d ¼ 2*aþ a2=ρþ b2=ρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a=ρð Þ2 þ b2=ρ2

q
þ 1

≈
2*a
1þ 1

¼ a: ð16Þ

Therefore, when the cutter is at the point P1, the normal
deviation of the surface S0 atP0’ is a, which is the projection of
error c.

2) Second, the normal deviation at the P0when cutting at the
point of P2’ on S1 is investigated. As shown in Fig. 4(3),
suppose P3 is a point on the ideal surface S0, and its
corresponding point is the point P2’ on the surface S1.
So c’ is the deviation between P2’ and P3, a’ and b’ are
the projected length of c’ along the normal and tangential
directions, respectively. Similar to step 1, when the cutter
is at P2’, the normal deviation of the surface S0 at P3 is a’,
which is the projection of the error c’.

3) The errors c and c’ are the lengths of the cutter’s position
errors at point P0 and P3, respectively. According to
Eq. (13), the directional and value differences between c
and c’ are ignored. So, the normal deviation at P0 is taken
as the error a, which is the projected length of the error c

Fig. 3 Surface profile machining errors generated by cutter posture errors

Fig. 4 Surface errors in the normal and the tangential direction
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(the length of the cutter’s position errors [Ex, Ey, Ez])
along the surface normal.

So, the normal deviation at a sample point is formulated as
follows.

Nd ¼ xi xe1; xe2; :::xe37ð Þ*Pi þ yi xe1; xe2; :::xe37ð Þ*P j

þ zi xe1; xe2; :::xe37ð Þ*Pk ; ð17Þ

where [Pi, Pj, Pk] is the normal direction vector at the sample
point, xe1,xe2…xe37 the value of the machine tool accuracy
parameters, and xi(xe1,xe2…xe37), yi(xe1,xe2…xe37), zi(xe1,xe2…
xe37) are the coordinate components of the cutter’s position
error [Ex, Ey, Ez], which is calculated by Eq. (13) at the
sample point.

4.2.2 Profile error model of sculptured surface by flank
milling

Flank milling is another important method for sculptured sur-
face machining especially for ruled surface. The mathematical
relationship between the surface errors (the normal deviation)
and the cutter’s posture errors during the flank milling will be
constructed in this subsection.

The geometrical intersection element between the cutter
and the surface is not a point but a short line segment as shown
in Fig. 5(3). The posture errors at any point on the short line
segment can be calculated by Eq. (13). The difference in cal-
culating the cutter’s position errors of these points lies only on
the difference of the cutter’s position transform coordinates
[p7x p7y p7z]. Assume the cutter’s position transform coordi-
nates at different points of the line segment are [p7x p7y p7z]Pi
(i = 1.2.3….). As the line segment is very tiny (magnitude:
100∼101 mm) compared to the cutter’s position transform co-
ordinates at different points [p7x p7y p7z]Pi (i = 1.2.3….) (mag-
nitude: 103 mm), the variation between the posture errors of
every consecutive point on the line segment can be ignored

through the calculation of Eq. (13). Then, a cutter contact
point on the line segment is chosen to be analyzed to represent
the points on the line segment.

Similar to the description of the end milling in Fig. 4, the
error along tangential direction is ignored, and the normal
deviation at P0 is considered as the error a, which is the pro-
jection of error c, as shown in Fig. 6. So, the normal deviation
at a sample point is obtained as follows, the same as Eq. (17).

Nd ¼ xi xe1; xe2; :::xe37ð Þ*Pi þ yi xe1; xe2; :::xe37ð Þ*P j

þ zi xe1; xe2; :::xe37ð Þ*Pk ; ð18Þ

where xe1,xe2…xe37 are the machine tool accuracy parameters.
xi(xe1,xe2…xe37), yi(xe1,xe2…xe37), zi(xe1,xe2…xe37) are the co-
ordinate components of the cutter’s position error [Ex, Ey, Ez],
which is calculated by Eq. (13) at the sample point.

5 Machine tool accuracy parameter optimization

Optimization is very important for allocating tolerances in
mechanical design. After the error synthesis model between
the machine tool errors and the profile errors of sculptured
surfaces is constructed, the optimization constraints can be
obtained by this model. An objective function based on cost-
tolerance relations will be established to support the optimiza-
tion process in this section.

5.1 Optimization objective construction based
on a cost-tolerance function

Asmachine tool accuracy parameters are directly associated with
the geometric tolerances ofmachine tool components and assem-
blies, cost-tolerance models [23] are adopted to construct the
objective function in order to optimize these parameters.

Fig. 5 Surface profile machining errors generated by cutter posture errors
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5.1.1 Cost-tolerance function

Cost-tolerance function is a common method to describe
the relationship between manufacturing cost and toler-
ances of the mechanical products for tolerance optimi-
zation. There are several types of models for describing
the cost-tolerance relationship, such as exponential mod-
el, reciprocal squared model, and reciprocal power mod-
el [23]. The machine tool accuracy parameters in this
paper can be considered as the assembly tolerance.
According to the description in the assembly tolerance
allocation research [24], assembly cost-tolerance rela-
tionship must follow the following conditions: (a) when
the tolerance xi = 0, the cost C(xi) = ∞, (b) the cost
C(xi) decreases with increasing tolerance xi. So, the fol-
lowing reciprocal power model function is chosen to
construct the cost-tolerance function.

C xið Þ ¼ ai þ bi
xeii

; ð19Þ

where C(xi) is the cost of the ith parameter xi, ai, bi, and ei are
the coefficients of the cost C(xi). Specially, ai is considered as
the fixed cost, and ei the power coefficient. For errors associ-
ated with the same axis of a machine tool, as shown in Table 2,
the related assembly job of these errors is completed in one
operation on the axis. So, the coefficients ai, bi and ei will be
kept the same at this time, but they are probably different
when the errors are associated with different axes of intercon-
nected machine tool components. How to determine these
coefficients is presented in Section 6.

5.1.2 Weight of the machine tool error

The weight of each machine tool error is required to
reflect the error’s contribution and the effect on the
resultant fuzzy cost. This is very important for ensuring
the validity of the optimization results. The weight co-
efficients of every error are formulated based on the

analytic hierarchy process (AHP) method [25]. The de-
tails are presented as follows.

The machine tool errors are generated through the relative
motion between the components of each kinematic pair.
Suppose m represents the total number of kinematic pairs.
Assembly time is taken as the measure to construct the weight
coefficients, as it is a key indicator of the assembly cost. The
fuzzy cost weight wj of each kinematic pair is defined by:

wj ¼ T j

Xn

k¼1

Tk

; j∈ 1; 2; ::;mf g; ð20Þ

where Tj represents the assembly time for the jth kinematic
pair. The weight of each error is then considered as follows.

Suppose N represents the total number of the errors of the
machine tool, and the ith error is an error belonging to the N
errors of the machine tool. nj is the number of the errors be-
longing to the jth kinematic pair, and the hjth error is an error
belonging to the jth kinematic pair, and it can be calculated by
Eq. (21). The total number N is the sum of the nj(i = 1,2,…m),
as expressed in Eq. (22). Given the ith error of the entire
machine tool is the hjth error of the jth kinematic pair,
Eq. (23) can be obtained.

nj ¼
X
i j¼1

n j

h j; ð21Þ

N ¼
Xm
j¼1

nj; ð22Þ

i ¼
Xj−1
k¼1

nk þ h j: ð23Þ

Given the different level of difficulty in adjusting the
errors of kinematic pairs during assembly, fuzzy cost
weight αhj of the hjth errors of the jth kinematic pair

Fig. 6 Surface errors in the normal and the tangential direction
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is employed to represent the difficulties. So, the weight
of the ith error of the entire machine tool (the hjth error
of the jth kinematic pair) is as follows:

wf
i ¼ wf

h j
¼ αh jX

k j¼1

n j

αh j

*wj; j∈ 1; 2; ::;mf g: ð24Þ

Incorporating the cost-tolerance function obtained in
Section 5.1.1, the total cost-tolerance objective function of
the machine tool is defined as follows.

C xð Þ ¼
XN
i¼1

wf
i *C xið Þ ¼

XN
i¼1

wf
i * ai þ bi

xeii

� �
: ð25Þ

The value of the total cost C(x) is to be minimized in this
paper.

5.2 Optimization constraints

According to customers’ requirements, the normal devi-
ation between any two associated points of the ma-
chined and ideal surfaces should be less than the toler-
ance T. So, the following constraints are set.

abs Ndið Þ < T ; i ¼ 1; 2:::nð Þ; ð26Þ

where Ndi is the normal deviation at the ith sample points on
the surface, which could be calculated by Eq. (17) and
Eq. (18). The constraint is in the absolute value. In addition,

a reasonable value range is assigned for each of the machine
tool accuracy parameters.

e1a < xe1 < e1b
e2a < xe2 < e2b

:::
e37a < xe37 < e37b

8>><
>>:

; ð27Þ

where eia and eib ( i = 1,2….,37) are the lower and upper
bounds of the ith accuracy parameter xei, respectively.

5.3 Machine tool accuracy optimization by a heuristic
method

Given the constraints and the objective function, the optimi-
zation problem of this paper is a nonlinear programming prob-
lem with nonlinear constrains. As a useful heuristic, genetic
algorithm is chosen for solving this multi-variable optimiza-
tion problem.

6 Case study

Two surfaces, which could be machined by end milling and
flank milling, respectively, are used to construct the con-
straints of the machine tool accuracy parameter optimization
in this section. Based on the proposed methodology in this
paper, the optimization result and discussion will be presented
below. The optimization method is then validated through
simulations.

6.1 Discussions of the optimization results

Five key points on each surface, as shown in Fig. 7, are se-
lected to build the optimization constraints as described in
Section 5.2. The machining tolerance requirement (normal

Fig. 7 The selected surface and
the points. 1 End milling surface,
2 flank milling surface
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deviation requirement) is ±0.05 mm. The reciprocal power
function is chosen as the cost-tolerance function. The cost
tolerance function coefficient values of ai, bi, and ei are select-
ed from the standard data in literature [26], in which these
coefficients are different when the manufacturing processes

are varied or the scale of manufacturing processes are in dif-
ferent ranges. After consulting with machine tool manufac-
turers, the slideway length of X-, Y-, Z-, C-, and A-axes (the
rolling circumferences of the rational axes are considered as
the slideway lengths) is given as 3, 2, 2, 0.5, and 0.3 m,

Table 3 Values of the coefficients and the optimization results

Kinematic pair
belonging

Accuracy parameter Xi of the
machine tool

The value of the coefficients of the
objective function

Initial range(mm) The final optimization
result

ai bi ei Tj αi Lower
bound

Upper
bound

Kinematic pair of X -
axis

x1 0 0.00052816 1.1302036 6 days 1 1 × 10−3 10 × 10−3 4.2 × 10−3

x2 0 0.00052816 1.1302036 1 1 × 10−3 10 × 10−3 4.9 × 10−3

x3 0 0.00052816 1.1302036 1 1 × 10−3 10 × 10−3 5.8 × 10−3

x4 0 0.00052816 1.1302036 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x5 0 0.00052816 1.1302036 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x6 0 0.00052816 1.1302036 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of Y-
axis

x7 0 0.00220173 0.9808618 5 days 1 1 × 10−3 10 × 10−3 5.2 × 10−3

x8 0 0.00220173 0.9808618 1 1 × 10−3 10 × 10−3 6.8 × 10−3

x9 0 0.00220173 0.9808618 1 1 × 10−3 10 × 10−3 4.8 × 10−3

x10 0 0.00220173 0.9808618 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x11 0 0.00220173 0.9808618 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x12 0 0.00220173 0.9808618 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of Z-
axis

x13 0 0.00033129 1.2590875 5 days 1 1 × 10−3 10 × 10−3 2.9 × 10−3

x14 0 0.00033129 1.2590875 1 1 × 10−3 10 × 10−3 2.5 × 10−3

x15 0 0.00033129 1.2590875 1 1 × 10−3 10 × 10−3 3.1 × 10−3

x16 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x17 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x18 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of C-
axis

x19 0 0.00033129 1.2590875 3 days 1 1 × 10−3 10 × 10−3 6.8 × 10−3

x20 0 0.00033129 1.2590875 1 1 × 10−3 10 × 10−3 4.6 × 10−3

x21 0 0.00033129 1.2590875 1 1 × 10−3 10 × 10−3 1.6 × 10−3

x22 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x23 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 4.8 × 10−5

x24 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of A-
axis

x25 0 0.00026156 1.3269297 2 days 1 1 × 10−3 10 × 10−3 2.6 × 10−3

x26 0 0.00026156 1.3269297 1 1 × 10−3 10 × 10−3 2.0 × 10−3

x27 0 0.00026156 1.3269297 1 1 × 10−3 10 × 10−3 4.2 × 10−3

x28 0 0.00026156 1.3269297 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x29 0 0.00026156 1.3269297 1 1 × 10−5 5 × 10−5 4.8 × 10−5

x30 0 0.00026156 1.3269297 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of X-
axis

x31 0 0.00052816 1.1302036 6 days 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of Y-
axis

x32 0 0.00220173 0.9808618 5 days 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of Z-
axis

x33 0 0.00033129 1.2590875 5 days 1 1 × 10−5 5 × 10−5 4.9 × 10−5

Kinematic pair of C-
axis

x34 0 0.00033129 1.2590875 3 days 1 1 × 10−5 5 × 10−5 5.0 × 10−5

x35 0 0.00033129 1.2590875 1 1 × 10−5 5 × 10−5 5.0 × 10−5

Kinematic pair of A-
axis

x36 0 0.00026156 1.3269297 2 days 1 1 × 10−5 5 × 10−5 4.1 × 10−5

x37 0 0.00026156 1.3269297 1 1 × 10−5 5 × 10−5 5.0 × 10−5
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respectively. The lapping process of the machine tool slide-
way is the main job in machine tool assembly, and the slide-
way lengths of every axis are taken as the scale of the lapping

process. According to the lapping process cost-tolerance data
and the process scales, the values of ai, bi, and ei are defined in
Table 3. Here, the value ai is assumed to be 0 $, because it does

Fig. 8 Optimization process
based on GA method

Fig. 9 Flowchart of the
verification procedure
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not affect the optimization calculation, while this value actu-
ally depends on the industry, since the setup cost, equipment
cost, etc., will be varied from industry to industry [27]. A
series of values of the assembly time Tj as described in
Section 5.1.1 are given also by consultation, as shown in
Table 3. The range of every machine tool accuracy parameter
is determined based on the machine tool design practices.
Assume the contribution of every accuracy parameter to the
machine component is equal, the weightαi is here by assumed
as 1, as shown in Table 3.

The optimization results are shown in the last column of
Table 3. These results are the machine tool accuracy require-
ments, which could then be used as a design reference of
machine tool accuracy parameters. Figure 8 shows the best
penalty and mean penalty fitness values during the optimiza-
tion process. It can be observed that the results are an optimal
solution because the penalty fitness value is decreasing when
the optimization process is convergent.

6.2 Simulation verification

To check whether the above results meet the requirements of
the preset tolerances, simulations of practical machining on

the two surfaces are conducted using Matlab. The simulation
procedure is shown in Fig. 9. First, the surfaces from the
mechanical parts are exported from a CAD/CAM software
(NX8.0) as the original data. The original models are shown
in Fig. 7. Second, the machining tool path is generated by the
CAD/CAM software for the original surface, and the tolerance
of the toolpath is set as 0.005 mm, whose order of magnitude
is less than accuracy of the machining tool. Third, according
to the simulation manner of robots [28], the machine tool error
is combined to the tool path by kinematic methods to simulate
the practical machining. Then, the surfaces are reconstructed
through the toolpath and the tool contact points. The two
simulated surfaces constructed by the original tool paths and
the tool contact points are shown in Fig. 10(1) and Fig. 11(1),
respectively. The two simulated surfaces caused by machine
tool errors are shown in Fig. 10(2) and Fig. 11(2), respectively.
At last, by comparing the two kinds of simulated surfaces with
the ideal surfaces, respectively, the normal deviation errors of
the two kinds of surfaces are obtained. Then, the toolpath
tolerance’s effects on sculptured surfaces’ machining errors
are obtained, and whether the above optimized accuracy pa-
rameters results meet the requirements of the required toler-
ance is checked.

Fig. 11 The simulation of the
surface of flank milling. 1
Constructed by the original tool
paths, 2 caused by machine tool
errors

Fig. 10 The simulation of the
surface of end milling. 1
Constructed by the original tool
paths, 2 caused by machine tool
errors
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Analysis of the surfaces is conducted using the Matlab to
obtain the toolpath tolerance’s effect and the machine tool
errors’ effect on the surfaces’ machining errors. Analysis re-
sults are shown on the vertical color bar in Fig. 10 and Fig. 11.
The maximum normal error is less than 0.005 mm, and it
shows that the tool path computation error could be ignored
in the simulation. In Fig. 10(2) and Fig. 11(2), the maximum
normal error is less than 0.05 mm; so, it is concluded that the
required tolerance can be achieved by using the optimized
parameter values.

7 Conclusions

In this paper, a sculptured surface-oriented machining error
synthesis model is proposed, as well as two new machining
error generation models. The error synthesis model enables
design optimization for accuracy parameters accounting cus-
tomers’machining accuracy demand. An objective function is
constructed based on cost-tolerance function, and an optimi-
zation algorithm based on the genetic algorithm is developed
for optimizing machine tool accuracy parameters. A case
study is studied, and simulation results show that both these
models and the optimization approach are valid.
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