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Abstract Machining accuracy is critical for the quality and
performance of a mechanical product, and the reliability of a
multi-axis NC machine tool reflects the ability to reach and
maintain the required machining accuracy. The objective of
this study is to propose a general methodology that will simul-
taneously consider geometric errors and thermal-induced er-
rors to allocate the geometric accuracy of components, for
improving machining accuracy reliability under certain design
requirements. The multi-body system (MBS) theory was ap-
plied to develop a comprehensive volumetric error model,
showing the coupling relationship between the individual er-
rors of the components of this machine tool and their volu-
metric accuracy. Additionally, a thermal error model was
established based on the neural fuzzy control theory and was
compared to the common thermal error modeling method
called BP neural network. Based on the traditional cost model
and the reliability analysis model, a geometric error-cost mod-
el and a geometric error-reliability model were established,
taking the weighted function principle into consideration.
Then, an allocation approach of the geometric errors, for op-
timizing total cost (manufacture and QLF) and reliability, sub-
ject to the geometrical and operational constraints of the ma-
chine tool, was proposed and formulated into a mathematical
model, in order to perform the optimization process of accu-
racy allocation by using the advanced NSGA-II algorithm. A
case study was also performed in a five-axis machine tool, and

the traditional NSGA algorithmwas used for comparison. The
optimization results for the five-axis machining center showed
that the proposed approach is effective and able to perform the
optimization of geometric accuracy and improve the machin-
ing accuracy and the reliability of the machine tool.

Keywords Thermal-induced errors . Reliability . Cost .

Machining accuracy .Machine tool

1 Introduction

NC machine tools are widely used throughout the
manufacturing industry, and their machining accuracy is
critical to the dimensional accuracy of parts [5]. In gener-
al, NC machine tool errors can be classified into four
types: geometric errors of machine components and struc-
tures, errors induced by thermal distortions, deflection er-
rors caused by cutting forces, and other errors, such as
those caused by servo motors, errors of machine axes
rotation, or numerical control interpolation algorithmic er-
rors [20]. The geometric errors, which include pitch error
in lead screws, straightness error in guideways, angular
error in machine slides, and orthogonality error between
the machine axes, account for 30 % of the machining
accuracy [2, 22]. Hence, it should be taken into special
consideration during the configuration and allocation of
appropriate dimensional errors in the design of machine
tools, in order to provide satisfactory machining accuracy
and cost-effective geometric accuracy allocation, which is
an intractable problem for machine tool manufacturers.
Considering that machine tools are usually made by sev-
eral assembly parts, the dimensional and geometric varia-
tions of each part have to be specified by tolerances which
guarantee a certain level of quality, in terms of satisfying
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functional requirements [36]. As a result, accuracy design
of machine tools is a problem of allocation of these geo-
metric errors and such problem can be divided into two
aspects: one is how to establish a geometric error model
to obtain the coupling relationship between the individual
errors of the components of the machine tool and its vol-
umetric accuracy, while the other is to perform the geo-
metric error allocation.

The foundation of accuracy design is accuracy model-
ing, and a model that explains how individual error of the
components of a machine affects its volumetric accuracy
is of critical value to the accuracy distribution approach,
which comprises one aspect of importance of this paper.
Following a literature review, it is evident that many re-
searches have been focused on modeling of multi-axis
machine tools to find out the resultant error of individual
components in relation to tool and work-piece point devi-
ation. The development of various modeling methods has
been performed for many years, and some of the most
important methods include the matrix translation method,
error matrix method, rigid body kinematic, D-H method,
homogeneous transformation matrices (HTMs), and
modeling methods based on the multi-body system kine-
matics theory [1, 11, 13, 17, 23, 30, 32, 37]. In 1977,
Schultschick first formulated a volumetric error model
for a three-axis jig boring machine using a vector chain
expression [33]. Ferreira and Liu described a general
method for modeling the geometric error of a three-axis
machine based on the homogeneous coordinate transfor-
mation method [16]. In 1991, Kim and Kim extended
Schultschik’s work by modeling the geometric errors in
the workspace base on rigid body kinematics to predict
the accuracy of three-axis machines with the assumption
of small-angle approximation [24]. In 1992, Chen et al.
addressed an approach for compensation of non-rigid
body kinematic effect on a machining center [3]. In recent
years, the multi-body system (MBS) theory is used to
provide a unique systematic approach and many investi-
gators have carried out error modeling research for com-
plicated machinery system using MBS [26, 48, 51, 53]. In
2002, Fan et al. proposed the kinematics of MBS by
adding movement error items and positioning error items
and then developed a universal way of how to make a
kinematics model of NC machine tools [14]. In 2002,
Liu presented an error model for the thermal errors in
machining centers together with the corresponding com-
pensation method [27]. In 2003, Wang et al. proposed a
model for the geometric error of the five-axis CNC ma-
chine tools based on MBS and developed the key tech-
nique for the compensation-identifying geometric error
parameters [42]. In 2007, Ding et al. investigated the
methodology of accuracy design and constructed the ac-
curacy model including 21 basic geometric error

components using the MBS [9]. In 2015, Cheng et al.
constructed the volumetric error model to track and com-
pensate the effects of the errors during the operation of
the machine by applying the MBS theory [4].

Accuracy allocation, as the other aspect of impor-
tance of this paper, is to obtain the accuracy of updated
and maintained parts according to the presetting accura-
cy of machine tools and let the accuracy of parts reach
optimal in certain meaning [19]. In fact, this is actually
a problem of structural optimization and its aim is to
obtain the optimum solution under specified limitations
and limited resources [6]. To date, there are many re-
searchers focusing their attention on accuracy allocation
of structural designs and some allocation models have
been developed in the field of naval engineering, mea-
suring machines, robotics, military weapons, and instru-
mentation [28, 40, 41, 45, 52]. However, the research
on accuracy allocation of machine tools is primarily
targeting at the parallel machine tool development [29,
43, 46], and a systemic approach for accuracy allocation
of multi-axis machine tools has not been developed yet,
with limited studies focusing on the field of machine
tool design. In 1994, Dorndorf et al. proposed an error
a l loca t ion approach to opt imize a l loca t ion of
manufacturing and assembly tolerances along with spec-
ifying the operating conditions, and in order to deter-
mine the optimal level for these errors of a two-axis
machine tool [11], it is regardless of quality loss. In
2013, Yu et al. proposed a geometric error propagation
model and reliability approximately model by response
surface method with error samples and improved the
functions of machine tools by optimization of the sen-
sitivity with the single-failure model [49]. In 2014,
Cheng et al. addressed an optimal model for accuracy
allocation of machine tools, based on the MBS theory
and reliability-based design optimization [4]. In 2015,
Cai et al. proposed an accuracy distribution method
for machine tools with multiple failure modes, by ap-
plying the AFOSM theory [7]. Krishna and Rao used
the scatter search method to simultaneously allocate
both the design and manufacturing tolerances, based
on a minimum total manufacturing cost [25]. Huang
et al. established a sequential linear optimization model
based on the process capabilities [18]. Jin et al. present-
ed a tolerance design approach for automotive parts at
an early design stage [21]. The above researches did not
take the influence of the accuracy to the total cost
(manufacturing cost and quality loss) into consideration
or neglected the reliability of machine tools. As a result,
there is a continuous effort in seeking a geometric error-
cost model and a geometric error-reliability model to
develop a general accuracy allocation approach that will
simultaneously consider cost and reliability to allocate
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the geometric accuracy of components for improving
machining accuracy under certain design requirements.

The rest of this paper will be configured as follows. In
Section 2, a comprehensive error model was established based
on the MBS and neural fuzzy control theory. In Section 3, a
geometric error-cost model and a geometric error-reliability
model were developed. By combining these two models, a
general accuracy allocation approach that simultaneously con-
siders cost and reliability is proposed and it is formulated into
a mathematical model, in order to allocate geometric accuracy
of components for improving machining accuracy reliability
and optimizing cost under certain design requirements. A case
study was also performed in a five-axis machine tool as an
example in Section 4. It is followed by conclusions and rec-
ommendations for future work.

2 Error modeling of NC machine tools

In this paper, an XKH800 five-axis machining center was
used to analyze geometric errors and the geometric/
kinematic error model was developed. This machining
center is designed for leaf blade machining and is com-
prised by three linear axes (X, Y, Z) and two rotary axes
(A, B). The three-dimensional model of the XKH800 cen-
ter is presented in Fig. 1a. Taking the error factors and
coupling relations of the various parts into consideration,
the five-axis machine tool can be abstracted into a topol-
ogy framework, as shown in Fig. 1b, and each body in the

topology framework corresponds to each of the three-
dimensional model. Also, the main parameters of the ma-
chine tool are listed in Table 1. The MBS theory was
applied to establish a machine tool geometric/kinematic
error model, showing the relation between the individual
errors of the components of this machine tool, and its
volumetric accuracy is critical for the allocation of stan-
dard deviation for the geometric parameter errors. Due to
limited space, a full description of the complete analysis
was avoided and only the most important findings of the
characteristic matrices of the five-axis NC machining cen-
ter were described, as follows:

It is supposed that KAiAiþ1P , KAiAiþ1S , ΔKAiAiþ1P , and Δ
KAiAiþ1S refer to the ideal static characteristic matrix, the ideal
motion characteristic matrix, the static error characteristic ma-
trix, and the kinematic error characteristic matrix of the adja-
cent body, respectively.

Taking the spindle as example, the body kinematic error
homogeneous transformation matrix can be given as follows:

ΔKA3A4S ¼
1 −Δγψ Δβψ Δxψ

Δγψ 1 −Δαψ Δyψ
−Δβψ Δαψ 1 Δzψ
0 0 0 1

0
BB@

1
CCA ð1Þ

Equation (1) contains three parts: the geometric errors, the
thermal-induced errors, and the cutting force-induced errors,
and so, it can be rewritten as

ΔKA3A4S ¼

1 − Δγgψ þΔγtψ þΔγ f
ψ

� �
Δβg

ψ þΔβt
ψ þΔβ f

ψ Δxgψ þΔxtψ þΔx fψ

Δγgψ þΔγtψ þΔγ f
ψ 1 − Δαg

ψ þΔαt
ψ þΔα f

ψ

� �
Δygψ þΔytψ þΔy fψ

− Δβg
ψ þΔβt

ψ þΔβ f
ψ

� �
Δαg

ψ þΔαt
ψ þΔα f

ψ 1 Δzgψ þΔztψ þΔz fψ
0 0 0 1

0
BBBBB@

1
CCCCCA ð2Þ

Consider that this machine tool has prefect heat dis-
sipation structure efficiency because each drive motor is
designed separately, and so high-speed motorized

spindle has the larger influence to the machining accu-
racy of the machine tool than any other heat source
such as the linear guide and the machining during the

a bFig. 1 Three-dimensional model
of XKH800 and its coordinate
system structure diagram
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machining process [50]. Due to the excellent rigidity of
the machine tool, the cutting force-induced errors can be
neglected. As a result, the thermal-induced errors of the
spindle were taken into consideration, together with the
geometric errors of the machine and so Eq. (2) can be
simplified as

ΔKA3A4S ¼

1 − Δγgψ þΔγtψ

� �
Δβg

ψ þΔβt
ψ Δxgψ þΔxtψ

Δγgψ þΔγtψ 1 − Δαg
ψ þΔαt

ψ

� �
Δygψ þΔytψ

− Δβg
ψ þΔβt

ψ

� �
Δαg

ψ þΔαt
ψ 1 Δzgψ þΔztψ

0 0 0 1

0
BBBBB@

1
CCCCCA ð3Þ

Then, a method of thermal-induced errors modeling based
on the fuzzy neural theory is addressed in this paper.

2.1 Comprehensive error modeling

It is supposed that the coordinates of the tool forming point in
the tool coordinate system is

Pt ¼ Ptx Pty Ptz 1½ �T ð4Þ

The coordinates of the work-piece forming point in the
work-piece coordinate system is

Pw ¼ Pwx Pwy Pwz 1½ �T ð5Þ

When the machine tool moves in an ideal form, which
means that the machine tool has no errors, the tool forming
point and the work-piece forming point will overlap, and so
the relationship ofKBed,ToolPt=KBed,WorkpiecePwideal can be ob-
tained [4] where KBed,Tool and KBed,Workpiece are the mean ho-
mogenous transformation matrix of the tool chain and the
homogenous transformation matrix of the workpiece chain,

as shown in Fig. 1b, respectively. Then, the terms of KBed;Tool

¼ ∏
5

i¼0
KAiAiþ1PKAiAiþ1S

� �
Pt a n d KBed;Workpiece ¼

∏
8

i¼0;6
KAiAiþ1PKAiAiþ1S

 !
Pw are acquired, according to the re-

lationship described in Fig. 1b. Thus, KBed,ToolPt=KBed,

WorkpiecePwideal can be modified to

∏
5

i¼0
KAiAiþ1PKAiAiþ1S

 !
Pt ¼ ∏

8

i¼0;6
KAiAiþ1PKAiAiþ1S

 !
Pw ð6Þ

In the present study, the ideal forming function of tool
forming point of this five-axis machine tool is

Pw ¼ ∏
8

i¼0;6
KAiAiþ1PKAiAiþ1S

 !−1

∏
5

i¼0
KAiAiþ1PKAiAiþ1S

 !
Pt

¼
1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

0
BB@

1
CCA

1 0 0 0
0 cosA −sinA 0
0 sinA cosA 0
0 0 0 1

0
BB@

1
CCA

1 0 0 xwd
0 1 0 ywd
0 0 1 zwd
0 0 0 1

0
BB@

1
CCA

2
664

3
775
−1 1 0 0 x

0 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 1

0
BB@

1
CCA

cosB 0 sinB 0
0 1 0 0

−sinB 0 cosB 0
0 0 0 1

0
BB@

1
CCA

cosψ sinψ 0 0
−sinψ cosψ 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

1 0 0 xtd
0 1 0 ytd
0 0 1 ztd
0 0 0 1

0
BB@

1
CCAPt

ð7Þ

During the actual machining process, the actual posi-
tion of the cutting tool point will inevitably deviate from
the ideal location, which leads to the volumetric error. As
a result, the comprehensive volumetric error, induced by
the gap between the actual point and ideal point in this
paper, can be written as

E ¼ ∏
8

i¼0;6
KAiAiþ1PΔKAiAiþ1PKAiAiþ1SΔKAiAiþ1S

" #
Pw− ∏

5

i¼0
KAiAiþ1PΔKAiAiþ1PKAiAiþ1SΔKAiAiþ1S

" #
pt

¼ KA0A6PΔKA0A6PKA0A6SΔKA0A6SKA6A7PΔKA6A7PKA6A7SΔKA6A7SKA7A8PΔKA7A8PKA7A8SΔKA7A8SPw

−KA0A1PΔKA0A1PKA0A1SΔKA0A1SKA1A2PΔKA1A2PKA1A2SΔKA1A2SKA2A3PΔKA2A3PKA2A3SΔKA2A3S

⋅KA3A4PΔKA3A4PKA3A4SΔKA3A4SKA4A5PΔKA4A5PKA4A5SΔKA4A5Spt

ð8Þ

Table 1 Main parameters of the machine tool

Main parameters of the machine tool Value

Dimensions of the machine tool 3260 mm*2600 mm*2600 mm

Speed of the spindle 60–10,000 r/min

Journey in the X-axis 1250 mm

Journey in the Y-axis 400 mm

Journey in the Z-axis 400 mm

Range of the A-axes 360°

Range of the B-axes ±40°

Tool length 180 mm
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Table 2 Characteristic matrices of the five-axis NC machining center

Adjacent
body

Body ideal static, motion characteristic
matrix KAiAiþ1P; KAiAiþ1S

� � Body static, kinematic error characteristic
matrix ΔKAiAiþ1P; ΔKAiAiþ1S

� �
A0 − A1

KA0A1P ¼ I4�4

KA0A1S ¼
1 0 0 x
0 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

Δ KA0A1P ¼ I4�4

ΔKA0A1S ¼
1 −Δγx Δβx Δxx

Δγx 1 −Δαx Δyx
−Δβx Δαx 1 Δzx
0 0 0 1

0
BB@

1
CCA

A1 − A2
KA1A2P ¼ I4�4

KA1A2S ¼
1 0 0 0
0 1 0 0
0 0 1 z
0 0 0 1

0
BB@

1
CCA ΔKA1A2P ¼

1 0 Δβxz 0
0 1 −Δαyz 0

−Δβxz Δαyz 1 0
0 0 0 1

0
BB@

1
CCA

ΔKA1A2S ¼
1 −Δγz Δβz Δxz

Δγz 1 −Δαz Δyz
−Δβz Δαz 1 Δzz
0 0 0 1

0
BB@

1
CCA

A2 − A3
KA2A3P ¼ I4�4

KA2A3S ¼
cosB 0 sinB 0
0 1 0 0

−sinB 0 cosB 0
0 0 0 1

0
BB@

1
CCA Δ KA2A3P ¼

1 −ΔγxB 0 0
ΔγxB 1 −ΔαzB 0
0 ΔαzB 1 0
0 0 0 1

0
BB@

1
CCA

ΔKA2A3S ¼
1 −ΔγB ΔβB ΔxB

ΔγB 1 −ΔαB ΔyB
−ΔβB ΔαB 1 ΔzB
0 0 0 1

0
BB@

1
CCA

A3 − A4
KA3A4P ¼ I4�4

KA3A4S ¼
cosψ sinψ 0 0
−sinψ cosψ 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

Δ KA3A4P ¼ I4�4

ΔKA3A4S ¼
1 −Δγψ Δβψ Δxψ

Δγψ 1 −Δαψ Δyψ
−Δβψ Δαψ 1 Δzψ
0 0 0 1

0
BB@

1
CCA

A4 − A5

KA4A5P ¼
1 0 0 xtd
0 1 0 ytd
0 0 1 ztd
0 0 0 1

0
BB@

1
CCA

KA4A5S ¼ I4�4

ΔKA4A5P ¼
1 −Δγtd Δβtd Δxtd

Δγtd 1 −Δαtd Δytd
−Δβtd Δαtd 1 Δztd

0 0 0 1

0
BB@

1
CCA

KA4A5S ¼ I4�4

A0 − A6
KA0A6P ¼ I4�4

KA0A6S ¼
1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

0
BB@

1
CCA Δ KA0A6P ¼

1 −Δγxy 0 0
Δγxy 1 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA

ΔKA0A6S ¼
1 −Δγy Δβy Δxy

Δγy 1 −Δαy Δyy
−Δβy Δαy 1 Δzy
0 0 0 1

0
BB@

1
CCA

A6 − A7
KA6A7P ¼ I4�4

KA6A7S ¼
1 0 0 0
0 cosA −sinA 0
0 sinA cosA 0
0 0 0 1

0
BB@

1
CCA Δ KA6A7P ¼

1 −ΔγyA ΔβzA 0
ΔγyA 1 0 0
−ΔβzA 0 1 0
0 0 0 1

0
BB@

1
CCA

ΔKA6A7S ¼
1 −Δγa Δβa Δxa

Δγa 1 −Δαa Δya
−Δβa Δαa 1 Δza
0 0 0 1

0
BB@

1
CCA

A7 − A8

KA7A8P ¼
1 0 0 xwd
0 1 0 ywd
0 0 1 zwd
0 0 0 1

0
BB@

1
CCA

KA7A8S ¼ I4�4

ΔKA7A8P ¼
1 −Δγwd Δβwd Δxwd

Δγwd 1 −Δαwd Δywd
−Δβwd Δαwd 1 Δzwd

0 0 0 1

0
BB@

1
CCA

Δ KA7A8S ¼ I4�4
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In the above equation, the values and means of the expres-
sions can be obtained from Table 2.

2.2 Thermal induced errors analysis

The comprehensive error model developed previously includes
geometric errors and thermal-induced errors, and these errors
should be acquired in order to obtain the comprehensive error
model. Among such errors, geometric errors can be obtained by
the direct measurement method with measurement tools such
as laser interferometer, granite square, and standard mandrel
along with sensors. However, thermal-induced errors are more
complex, compared to geometric errors, and could not be ob-
tained by the direct measurement method. As a result, a sys-
temic method used for thermal-induced error modeling was
proposed based on the fuzzy neural theory to solve this prob-
lem, and it contains three parts: temperature measurement point
optimization, thermal-induced error analysis of the spindle, and
thermal-induced error prediction of the spindle.

In the thermal error modeling of machine tools, where tem-
perature measurement points are clearly an important factor to
the accuracy of the thermal error model, the ability to reduce
the number of measurement points to simplify the thermal
error modeling process while maintaining the desirable
modeling accuracy is crucial. There are several strategies for
optimization selection of the temperature sensor, such as the
principal factor, mutually uncorrelated, and maximum sensi-
tivity. The principal factor which implies that there must be
some relevance between each temperature point Tj(j=1, 2,
…,m) used for thermal error modeling and the thermal error
Ek(k=1,2,…,n) is applied to select the temperature measure-
ment points as follows [47]:

χ j ¼

Xn
k¼1

T jk−T j

� �
Ek−E
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
k¼1

T jk−T j

� �2vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
k¼1

Ek−E
� �2vuut

ð9Þ

where Tj(j=1,2,…,m) refers to the temperature set of the j th
temperature point; Tjk(j=1,2,…,m; k=1,2,…,n) is the k th
data of the j th temperature point; Ek is the j th data of the

thermal error; Ē and T j refer to the mean value of the thermal
error and the j th temperature point, respectively. The temper-
ature points which satisfy χj>d(|d|≤1) were selected for ther-
mal error modeling.

2.3 Thermal-induced error modeling

The proposed comprehensive error model based on the fuzzy
neural theory contains five layers, and its functional structure
roughly follows that of reference [15] as presented in Fig. 2.

The first layer is the input layer, and its function is to trans-
fer the inputs. The second layer is the membership function of
the inputs, and its main function is to calculate the member-
ship function values of the inputs that are subject to each

lingual variable fuzzy set. μ j
i ¼ e

xi−ci jð Þ2
σi j is used as the mem-

bership function, where cij and σij are the center and the width
of the membership function, respectively. The third lay-
er is the fuzzy rule layer, and each point in this layer
stands for a fuzzy rule. Its function is to calculate the
fitness value of a corresponding fuzzy rule, as follows:

α j ¼ min μi1
1 ;μ

i2
2 ;…;μin

n

	 

or α j ¼ μi1

1 μ
i2
2…μin

n , w h e r e
i1∈ {1, 2,…,m1}; i2∈ {1, 2,…,m2};…; in∈ {1, 2,…,mn}.
The fourth layer is the fuzzy conclusion layer, and its
main function is the normalization of all the fitness
values, given as follows: α j ¼ α j

∑
m

i¼1
αi

; j ¼ 1; 2;…;m.

The fifth layer is the output layer, and its function is

the inverse fuzzy arithmetic: yi ¼ ∑
m

j¼1
ωi jα j; i ¼ 1; 2;…; r.

In this way, the function structure of the comprehensive
error model based on the fuzzy neural theory has been
developed. The next steps include the training of the cen-
ter of the membership function cij (i= 1, 2,…, r; j= 1, 2,

Fig. 2 Thermal error modeling
process based on the neural fuzzy
control theory
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…,m), the width of the membership function σij in the
second layer, and the weight ωij in the fifth layer. The
point functions of each layer can be expressed by the
following:

the first layer: fi
(1) = xi

(0) = xi, xi
(1) =gi

(1) = fi
(1)(i=1,2,…,n);

t h e s e c o n d l a y e r : f 2ð Þ
i j ¼ − x 1ð Þ

i −ci jð Þ2
σ2i j

,

x 2ð Þ
i j ¼ μ j

i ¼ g 2ð Þ
i j ¼ e f

2ð Þ
i j ¼ e

−
x
1ð Þ
i

−ci jð Þ2
σ2
i j i ¼ 1; 2;…; n; j ¼ 1; 2;…;mið Þ;

the third layer: f 3ð Þ
j ¼ min x 2ð Þ

1i1 ; x
2ð Þ
2i2 ;…; x 2ð Þ

nin

n o
¼ min

μi1
1 ;μ

i2
2 ;…;μin

n

	 

o r f 3ð Þ

j ¼ x 2ð Þ
1i1 x

2ð Þ
2i2…x 2ð Þ

nin ¼ μi1
1 μ

i2
2…μin

n ,

x 3ð Þ
j ¼ α j ¼ g 3ð Þ

j ¼ f 3ð Þ
j j ¼ 1; 2;…;m;m ¼ ∏

n

i¼1
mi

� �

t h e f o u r t h l a y e r : f 4ð Þ
j ¼ x 3ð Þ

j

∑
m

i¼1
x 3ð Þ
i

¼ α j

∑
m

i¼1
αi

,

x 4ð Þ
j ¼ α j ¼ g 4ð Þ

j ¼ f 4ð Þ
j j ¼ 1; 2;…;mð Þ;

the fifth layer: f 5ð Þ
i ¼ ∑

m

j¼1
ωi jx

4ð Þ
j ¼ ∑

m

j¼1
ωi jα j i ¼ 1; 2;…; rð Þ,

xi
(5) = yi=gj

(5) = fj
(5).

Also, the performance index function of this fuzzy neural is

given by E ¼ 1
2 ∑

r

i¼1
ti−yið Þ2, where ti and yi refer to the expect-

ed output and the actual output, respectively, and then, the
first-order gradient algorithm is used for adjusting the param-
eters ωij, cij, σij. Their values can be obtained after k+1 itera-
tions, as follows:

ωi j k þ 1ð Þ ¼ ωi j kð Þ−β ∂E
∂ωi j

i ¼ 1; 2;…; r; j ¼ 1; 2;…;mð Þ

ci j k þ 1ð Þ ¼ ci j kð Þ−β ∂E
∂ci j

i ¼ 1; 2;…; n; j ¼ 1; 2;…;mið Þ

σi j k þ 1ð Þ ¼ σi j kð Þ−β ∂E
∂σi j

i ¼ 1; 2;…; r; j ¼ 1; 2;…;mð Þ

where β is the learning rate and ϑ>0, E is a set data, while this
process ends until E(k) <Emin after the k iterations. As a result,
these values of parameters are optimal and can be used for
thermal error modeling.

3 Accuracy allocation of NC machine tools

As mentioned above, there are two important issues that
have been addressed in this paper: one is to establish a
systematic approach to obtain geometric/kinematic errors
on the kinematic chain of a machine tool. Another prob-
lem, which is considered more important, is to optimize
the accuracy allocation of NC machine tools to perform
the distribution of the standard deviation for the geo-
metric errors. The first problem has been settled in
Section 2. Regarding the second problem, many re-
searchers have focused their attention on the satisfaction

of design requirements and the feasibility of processing,
neglecting the systemic quantization method for cost
and reliability. In this section, the purpose is to propose
a general approach, which can be described as the de-
termination of the permissible level of each error source
by taking design requirements (machining accuracy) and
design specifications (accuracy of each source) as a set
of constraints, so that some criteria (in this case, cost
and reliability) will be optimized. In order to develop
this approach, a geometric error-cost model and a geo-
metric error-reliability model should be established.

3.1 Geometric error-cost modeling

Traditionally, geometric error-cost models were
established according to the machining cost of certain
components and parts. However, it is difficult to collect
the data of the machining cost, and such cost shows
significant fluctuations in values among the various
manufacturing conditions. Additionally, it is impossible
to predict the accurate cost of certain geometric errors.
As a result, the fuzzy relatively cost method is used for
developing the geometric error-cost model and the solu-
tion procedure follows approximately the approach de-
veloped in reference [44], although deviates in the for-
mulation used.

According to the weighted function principle [8], it is nec-
essary to consider the influence of errors in various stages of
the products to the ultimate accuracy of products. Besides, the
difficulty in controlling errors in various stages of the products
should not be neglected and it is related to the cost. Therefore,
the error which is more difficult to control should be allocated
to the larger permitted value and vice versa. Considering the
fact that geometric errors come from the relative movements
of adjacent bodies, the relative complexity of each geometric
errors can bemeasured by the assembling and adjustment time
between these two function components. As a result, the fuzzy
assembling cost weight factor of the kth adjacent body, qk, can
be expressed as follows:

qk ¼
Tc
kXh

k¼1

Tc
k

ð10Þ

where Tk
c refers to the assembling and adjustment time of the

kth adjacent body and h is the total number of the whole
adjacent bodies.

Then, the weighted average method is used for obtaining
the fuzzy assembling cost weight factors of each geometric
error. It is supposed that the number of geometric errors of the
kth adjacent body is l, containingm linear displacement errors
and l −m angular displacement errors. Hence, the fuzzy
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assembling cost weight factor of each geometric error can be
obtained by:

qi ¼
λqk
m

; i ¼ 1; 2;…;m

ξqk
l−m

; i ¼ mþ 1;…; l

8><
>: ð11Þ

where λ and ξ are the coefficients of linear displacement errors
and angular displacement errors, respectively.

There is a s t rong re la t ionsh ip be tween the
manufacturing cost of a component and the tolerance
specified [4]. The manufacturing cost usually increases
with closer tolerances on the quality characteristics as
more refined and precise operations are needed and
the acceptable range of the output is reduced [38].
However, lesser tolerances usually result into poorer
performance, premature wear, and more frequent part
rejection. In order to obtain a mathematical expression
for the cost-tolerance relationship, many researches have
been extensively performed for decades and there are
various cost-tolerance models proposed to estimate a
proper functional relationship between manufacturing
cost and tolerances. In this paper, the exponential curve
method was selected to fit the manufacturing data and
its typical form for a single feature is formulated as
follows [12]:

CM Δið Þ ¼ ai⋅e−biΔi ð12Þ

where ai and bi are constant coefficients and Δi refers
to the ith geometric error.

For a machine tool with several geometric errors, the cost
can be obtained by

CM Δð Þ ¼
Xn
i¼1

qiai⋅e
−biΔi ð13Þ

Quality control is an important function in the manufactur-
ing industry. Inspecting and testing the final products for
maintaining high quality while keeping the cost low can allow
the manufacturers to stay competitive in the market, which
redefine the constraints of traditional quality control [31].
Taguchi and Wu defined a quality loss function (QLF) for
measuring quality, and it is a mathematical formula that esti-
mates the loss of quality, resulting from the deviation of the
characteristics of a product from their targeted values [39].
There are many types of QLF models, and the quadratic
QLF was selected in this paper, as it is considered as a good
approximation for measuring the quality of a product,

particularly over a range of characteristic values, in the neigh-
borhood of the target values [35]. Due to limited space, a
description of the complete analysis was avoided and only
the most important results of the quadratic QLF will be pre-
sented. Taking qi into consideration can be modified as

L Δð Þ ¼ ψ
1

16

Xn
i¼1

qi Δi−mið Þ
 !

¼ ψ
1

16

Xn
i¼1

qiΔi

 !
ð14Þ

where Δi are the quality characteristics and mi their target
values, in ideal situation mi=0, while ψ is the quality loss
coefficient, which is independent of Δi.

Based on the above manufacturing cost and quality loss
analysis, the total cost objective function of the machine tool
can be formulated as follows:

C Δð Þ ¼ qi CM Δð Þ þ L Δð Þ½ �

¼
Xn
i¼1

qiai⋅e
−biΔi þ ψ

1

16

Xn
i¼1

qiΔi

 !" #
ð15Þ

3.2 Geometric error-reliability modeling

Geometric errors, including pitch errors of the lead screws,
straightness errors of the guide ways, angular errors of ma-
chine slides, and orthogonal errors among machine axis, are
predominately the most important factor of the machine tool
machining and assembly process. Although the machining
accuracy meets the specifications, while the machine tool is
new, it is unable to guarantee that the accuracy is still main-
tained at the acceptable tolerance range after a long-term op-
eration. The geometric parameter errors are static errors in a
short period of time, but after a long period of cutting opera-
tions, such errors are dynamically related to factors, such as
the errors of the working stage, cutting force-induced errors,
tool wear, slide-guideway wear, ambient temperature, or vi-
bration. Consequently, wear will be increased on the interfaces
of the various components during machining operations and
the accuracy of machine tool will degrade. As a result, the
machine tool has to maintain its accuracy for the quality con-
trol of the products. In fact, it can be considered as a problem
of maintaining and improving the reliability of machine tools
by the distribution of geometric errors.

For a general system, reliability can be expressed by the
equation of reference [44]:

E Gð Þ ¼
X
s∈S

G sð ÞP sð Þ ð16Þ

where s is the state of a system, S is the state space,G(s) is the
reliability evaluation function by taking s as the variable, P(s)
denotes the possibility of state s, and E(G) is the expected
possibility of G(s).

568 Int J Adv Manuf Technol (2017) 89:561–579



In this paper, reliability can be expressed as follows:

E Δð Þ ¼
Xn
i¼1

G Δið ÞP Δið Þ ð17Þ

where G(Δi) is the reliability evaluation function, by taking
the ith geometric error as the variable, and P(Δi) is the

possibility of the ith geometric error promising that the ma-
chine tool operates well.

In order to obtain the expression of P(Δi), the frequent
failure criterion was applied: the failure of geometric errors,
which have the more significant influence on the reliability of
the machine tool, should be assigned to the lower reliability
and vice versa [34]. In this paper, the possibility of failure of

Fig. 3 The algorithm process of
the advanced NSGA-II

Table 3 Maximum values of geometric parameter errors of the five-axis NC machine tool

Number i 1 2 3 4 5 6 7 8
Parameter Δxx Δyx Δzx Δαx Δβx Δγx Δxy Δyy
Value 0.0065 mm 0.0065 mm 0.0065 mm

0:0037
1000

� �∘ 0:0037
1000

� �∘ 0:0037
1000

� �∘ 0.007 mm 0.007 mm

Number i 9 10 11 12 13 14 15 16
Parameter Δzy Δαy Δβy Δγy Δxz Δyz Δzz Δαz

Value 0.007 mm
0:0028
1000

� �∘ 0:0028
1000

� �∘ 0:0028
1000

� �∘ 0.007 mm 0.007 mm 0.007 mm
0:0028
1000

� �∘
Number i 17 18 19 20 21 22 23 24
Parameter Δβz Δγz Δxφ Δyφ Δzφ Δαφ Δβφ Δγφ
Value

0:0028
1000

� �∘ 0:0028
1000

� �∘ 0.0058 mm 0.0058 mm 0.0058 mm
0:0061
1000

� �∘ 0:0061
1000

� �∘ 0:0061
1000

� �∘
Number i 25 26 27 28 29 30 31 32
Parameter ΔxA ΔγA ΔzA ΔαA ΔβA ΔγA ΔxB ΔyB
Value 0.0058 mm 0.0058 mm 0.0058 mm

0:0061
1000

� �∘ 0:0061
1000

� �∘ 0:0061
1000

� �∘ 0.0068 mm 0.0068 mm

Number i 33 34 35 36 37 38 39 40
Parameter ΔzB ΔαB ΔβB ΔγB Δγxy Δβxz Δαyz ΔγyA
Value 0.0068 mm

0:0049
1000

� �∘ 0:0049
1000

� �∘ 0:0049
1000

� �∘ 0:0037
500

� �∘ 0:0037
500

� �∘ 0:0037
500

� �∘ 0:011
300

� �∘
Number i 41 42 43
Parameter ΔβzA ΔγxB ΔαzB

Value
0:011
300

� �∘ 0:011
300

� �∘ 0:011
300

� �∘
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geometric errors can be obtained by the possibility of failure
of components, which can be calculated as follows:

α j ¼ 1−
Ta

j

T t
j

ð18Þ

where Tj
t refers to the ideal working time and Tj

a refers to the
actual working time.

Hence, the possibility of failure of geometric errors can be
obtained by:

βi ¼
α j þ αk

2
ð19Þ

where αj and αk are the possibilities of failure of these two
adjacent components, respectively, whose relative motion
generates the geometric error Δi.

As a result, the possibility of the machine tool operating
well can be expressed by

P Δið Þ ¼ 1−βi ð20Þ

To date, the possibility of the machine tool operating
well P(Δi) has been obtained. In order to acquire the
reliability of the machine tool, the reliability evaluation
function G(Δi) should be studied. Failure criticality is
another criterion used for evaluating the reliability of

A laser interferometer

(XD6 Standard Laser Measuring System)

A laser interferometer

(RENISHAW (XL80))

A laser measurement system

(Proline V3 (T330))

Proline V3

(R525)

a b cFig. 4 Geometric error
measurement methods. a The
measurement method of the
prismatic joint errors. b The
measurement method of the
rotary joint errors. c The
measurement method of the
squareness errors and the
parallelism errors

Table 4 Initial values of geometric parameter errors of the five-axis NC machine tool

Number i 1 2 3 4 5 6 7 8

Parameter Δxx Δyx Δzx Δαx Δβx Δγx Δxy Δyy
Value 0.0061 mm 0.0061 mm 0.0061 mm

0:0032
1000

� �∘ 0:0032
1000

� �∘ 0:0032
1000

� �∘ 0.0063 mm 0.0063 mm

Number i 9 10 11 12 13 14 15 16

Parameter Δzy Δαy Δβy Δγy Δxz Δyz Δzz Δαz

Value 0.0063 mm
0:0025
1000

� �∘ 0:0025
1000

� �∘ 0:0025
1000

� �∘ 0.0064 mm 0.0064 mm 0.0064 mm
0:0026
1000

� �∘
Number i 17 18 19 20 21 22 23 24

Parameter Δβz Δγz Δxφ Δyφ Δzφ Δαφ Δβφ Δγφ
Value

0:0026
1000

� �∘ 0:0026
1000

� �∘ 0.0051 mm 0.0051 mm 0.0051 mm
0:0056
1000

� �∘ 0:0056
1000

� �∘ 0:0056
1000

� �∘
Number i 25 26 27 28 29 30 31 32

Parameter ΔxA ΔyA ΔzA ΔαA ΔβA ΔγA ΔxB ΔyB
Value 0.0054 mm 0.0054 mm 0.0054 mm

0:0056
1000

� �∘ 0:0056
1000

� �∘ 0:0056
1000

� �∘ 0.0062 mm 0.0062 mm

Number i 33 34 35 36 37 38 39 40

Parameter ΔzB ΔαB ΔβB ΔγB Δγxy Δβxz Δαyz ΔγyA
Value 0.0062 mm

0:0048
1000

� �∘ 0:0048
1000

� �∘ 0:0048
1000

� �∘ 0:0032
500

� �∘ 0:0032
500

� �∘ 0:0032
500

� �∘ 0:007
300

� �∘
Number i 41 42 43

Parameter ΔβzA ΔγxB ΔαzB

Value
0:008
300

� �∘ 0:008
300

� �∘ 0:008
300

� �∘
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machine tools and can be expressed by the maintenance
and adjustment time after failure occurs. Hence, the
possibility of fallback of certain component can be giv-
en by

εk ¼ T f
kXh

k¼1

T f
k

ð21Þ

Hence, the weight factor of fallback of geometric error is
expressed as follows:

μi ¼
ε j þ εk

2
ð22Þ

In view that there is a negative correlation between
geome t r i c e r r o r s and t h e ope r a t i ng s t a t e o f

machine tools, the reliability evaluation function is
obtained by

G Δið Þ ¼ ηiμi

Δi
ð23Þ

where ηi is the coefficient of reliability. As a result, the geo-
metric error-reliability model can be acquired by

R Δið Þ ¼ E Δið Þ ¼
Xn
i¼1

ηiμi

Δi
1−βið Þ ð24Þ

3.3 Proposed accuracy allocation approach

Up to date, the allocation and optimization problem has been
formulated to minimize the cost and maximize the reliability
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Fig. 6 Temperatures of eight
temperature measurement points

Temperature display software

(M400)

Intelligent circuit testing

alarming device

(KYLC03)

Temperature sensors

Laser interferometer

(XD6 Standard Laser Measuring

System)

1 4

8
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5 76Fig. 5 Measuring the
temperatures of temperature
measurement points and the
thermal errors of the X-axis, Y-
axis, and Z-axis
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subject to the geometric and operational constraints. Hence,
the accuracy allocation of the multi-axis machine tool is

described as a two-objective optimization problem. The opti-
mization model can be represented as follows:

M1 minimizeð Þ ¼ min CM Δð Þ þ L Δð Þ½ � ¼ min
Xn
i¼1

qi ai⋅e−biΔi þ ψ
1

16

Xn
i¼1

ΔiÞ
 #

M2 maximizeð Þ ¼ maxR Δð Þ ¼ max
Xn
i¼1

ηiμi

Δi
1−βið Þ

" #"(
ð25Þ

subject to

Xn
i¼1

qi ¼ 1

Xn
i¼1

μi ¼ 1

βi≤3%
max Exð Þ≤def Exð Þ
max Ey

� �
≤def Ey

� �
max Ezð Þ≤def Ezð Þ
Δi∈Δ
0≤Δi≤def Δið Þ i ¼ 1; 2;…; nð Þ

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

In the preceding section, an accuracy allocation model of
this machine tool has been established and the process of

optimization was conducted by the MatLab software. In this
paper, the advanced NSGA-II is introduced as the optimiza-
tion algorithm [44] for obtaining the optimal cost and reliabil-
ity and its algorithm process is presented in Fig. 3.

4 Application and verification

The work performed in this study is presented as a procedure
for finding the tolerance specifications on the parameters of
geometric errors in order to perform the accuracy allocation of
the multi-axis machine tool.

According to “Test code for machine tools—part 1:
geometric accuracy of machines operating under no-load
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Fig. 7 Results of the thermal error experiment. a Measured thermal errors of the X-axis, Y-axis, and Z-axis. b Thermal errors of the X-axis. c Thermal
errors of the Y-axis. d Thermal errors of the Z-axis
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or finishing conditions” and “Test code for machine
tools—part 2: determination of accuracy and repeatabil-
ity of positioning numerically controlled axes,” the
values of geometric parameter errors of the five-axis

NC machine tool were set as the constraints and are
presented in Table 3.

In order to perform the comprehensive error modeling,
geometric errors can be initially measured firstly and different

Table 5 Performance
comparison of two network
models (unit:μm)

Network type Maximum absolute
deviation

Mean square
error

X-axis Residual errors (BP) 6.4 1.333563

Residual errors (Takagi-Sugeno) 3.7 0.794278

Y-axis Residual errors (BP) 5.7 2.115131

Residual errors (Takagi-Sugeno) 3.1 0.798115

Z-axis Residual errors (BP) 6.2 2.954661

Residual errors (Takagi-Sugeno) 4.5 1.499801

Table 6 Values of the fuzzy cost
weight factor, the weight factor of
fallback, and the possibility of
failure

Error number Fuzzy cost weight factor qi Weight factor of fallback μi Possibility of failure βi

1 0.026 0.025 0.031
2 0.026 0.025 0.031
3 0.026 0.025 0.031
4 0.024 0.025 0.031
5 0.024 0.025 0.031
6 0.024 0.025 0.031
7 0.024 0.022 0.028
8 0.024 0.022 0.028
9 0.024 0.022 0.028
10 0.023 0.022 0.028
11 0.023 0.022 0.028
12 0.023 0.022 0.028
13 0.023 0.021 0.029
14 0.023 0.021 0.029
15 0.023 0.021 0.029
16 0.021 0.021 0.029
17 0.021 0.021 0.029
18 0.021 0.021 0.029
19 0.028 0.027 0.037
20 0.028 0.027 0.037
21 0.028 0.027 0.037
22 0.023 0.027 0.037
23 0.023 0.027 0.037
24 0.023 0.027 0.037
25 0.019 0.024 0.026
26 0.019 0.024 0.026
27 0.019 0.024 0.026
28 0.024 0.024 0.026
29 0.024 0.024 0.026
30 0.024 0.024 0.026
31 0.02 0.023 0.025
32 0.02 0.023 0.025
33 0.02 0.023 0.025
34 0.023 0.023 0.025
35 0.023 0.023 0.025
36 0.023 0.023 0.025
37 0.024 0.02 0.023
38 0.024 0.02 0.023
39 0.024 0.02 0.023
40 0.023 0.022 0.027
41 0.023 0.022 0.027
42 0.024 0.022 0.027
43 0.024 0.022 0.027
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geometric parameter errors have different methods in the mea-
surement process, as follows:

1) The prismatic joint errors are X-prismatic errors (error
no.1–no.6 in Table 3), Y-prismatic errors (error no.7–no.12 in
Table 3), and Z-prismatic errors (error no.13–no.18 in
Table 3), and a laser interferometer (XD6 Standard Laser
Measuring System) was used to measure them, as presented
in Fig. 4a. The rotary joint errors are A-prismatic errors (error
no.19–no.24 in Table 3), B-prismatic errors (error no.25–
no.30 in Table 3), and the spindle errors (error no.31–no.36
in Table 3), and another laser interferometer (RENISHAW
(XL80)) and a mirror were used tomeasure them, as presented
in Fig. 4b.

2) A laser measurement system (Proline V3) was utilized to
quantify the squareness errors of prismatic joints (error no.37–
no.39) and the parallelism errors of rotary joints, including the
parallelism errors for A-joint and B-joint errors of the A-axis
andB-axis (error no.40–no.43), as presented in Fig. 4c. A laser
transmitter (T330) was used to transmit the laser, and a laser
receiver (R525), placed on another axis, was used to receive
the laser transmitted by T330. Then, the squareness errors of
the prismatic joints and the parallelism errors of the rotary
joint can be measured, respectively, by such laser.

According to the above measurement methods, the initial
values of geometric parameter errors were obtained and are
presented in Table 4. Compared to the measurement of geo-
metric errors, thermal-induced error prediction is considered
as the more important aspect in this paper.

The experimental conditions of the thermal-induced error
prediction can be described as follows: the spindle of the five-
axis NC machine tool (XKH800) runs for a certain time at the
typical speed with no load, which makes it unnecessary to
equip the tool and the workpiece [50]. As a result, there is
no machining process and, thus, the only parameter that can
be considered is the speed of the spindle. Also, an intelligent
circuit testing alarming device (KYLC03) was used to mea-
sure the temperatures and a laser interferometer (XD6
Standard Laser Measuring System) was used to measure the
thermal errors of the X-axis, Y-axis, and Z-axis.

The experiment was designed as follows: eight temperature
measurement points (point 1 to point 8), which had the larger
correlation with thermal errors, were arranged according to the
preliminary analysis of the structure and the working condi-
tions of this machine tool, and the measurement process, in-
cluding the installation of the location, is presented in Fig. 5.
During the experiment, the spindle of this machine tool runs
for 160 min at the speed of 2000 rpm, with no load. The
intelligent circuit testing alarming device (KYLC03) was used
to simultaneously measure the temperature of these eight
points, and the laser interferometer (XD6 Standard Laser
Measuring System) was used to measure the thermal errors
of the X-axis, Y-axis, and Z-axis, with a sampling repetition of
4 min. The total number of measurement was 41, and then, the
first group of thermal error measurement data used as the
modeling sample was obtained. After the machine tool was
cooled down, the second group of thermal error measurement
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Fig. 8 Fuzzy cost weight factor,
fallback weight factor, and the
possibility of failure

Table 7 Part results of the
NSGA-II optimization algorithms Optimization objects Initial value Optimization results

No.1 No.2 No.3 No.4 No.5

C(Δ) 8.12 E4 9.27 E4 11.96 E4 18.78 E4 29.65 E4 5.88 E05

R(Δ) 313.76 316.56 317.33 318.20 322.65 324.86
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data used to check the predictive ability of the model devel-
oped was obtained by the same way.

According to the thermal error measurement data collected,
the temperature values of the eight temperature measurement
points are presented in Fig. 6 and the results of thermal errors
of the X-axis, Y-axis, and Z-axis are presented in Fig. 7a. Too
many temperature measurement points will increase the com-
plexity of thermal error modeling, which will affect the model-
ing efficiency, and as a result, a temperature measurement
point optimization technique, called principal factor, was ap-
plied in this paper and the four temperature measurement
points (point 1, point 2, point 4, and point 8), which presented
the largest correlation with the thermal errors, were obtained.

In order to develop the thermal error model, the tempera-
ture of these four points was used as the input parameters and
the thermal errors were used as the output parameters. The
fuzzy set of every input parameter contains three fuzzy sub-
sets, which means that there are 34 fuzzy rules in total, and
then, the thermal error model, based on Takagi-Sugeno intro-
duced in the preceding sections, was programmed in the
MatLab software. For verification and comparison of the pro-
posed model, the second group of the four temperature mea-
surement points was added to this model as the input param-
eters to predict the thermal errors. The predicted values and
the measured values of thermal errors were compared to verify
the thermal error model, based on Takagi-Sugeno.
Furthermore, a common method of error modeling, called

BP neural network, was used to verify the effectiveness of this
model. In the BP network, the number of hidden layer units is
generally defined by the formula s ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mþ n
p þ a (where m,

n is the number of input and output units, a∈[1, 10]). The
comparison of the predicted value and the measured value of
thermal errors of the X-axis, Y-axis, and Z-axis is presented in
Fig. 7b–d. From Fig. 7b–d, it is clear that the residual errors
between the predicted value and the measured value are rela-
tively small, which implies that the model proposed in this
paper has very good prediction ability. The residual errors of
the model based on Takagi-Sugeno and the model based on
BP respectively compared with each other are also presented
in Fig. 7. Table 5 is drawn from Fig. 7, and it can be observed
that the residual error of Takagi-Sugeno is significantly small-
er than that of the BP neural network, which means that the
model based on Takagi-Sugeno has better prediction ability.

In light of the accumulated large design experience and
test information of the enterprise for a long time, the
fuzzy cost weight factor qi, the weight factor of fallback
μi, and the possibility of failure βi, of each geometric
error, can be acquired as presented in Table 6. Figure 8
shows the weight factors of the fuzzy cost, fallback, and
the possibility of failure, as drawn from Table 6. From
Fig. 8, it can be observed that different errors have differ-
ent influence impact on the fuzzy cost, fallback, and the
possibility of failure. Also, ai= 1; ψ= 1; bi= 1, ηi= 1 as to
linear displacement error, and bi= 8.0e

− 4, ηi= 5.0e
− 2 as to
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Fig. 9 The relationship between
the total cost and the reliability of
this machine tool

Table 8 Comparison of various optimization algorithms

Evaluation objects Initial value Results of NSGA Results of NSGA-II

Time of algorithm – 510.26 380.68

Number of individuals – 28.5 % 37.2 %

C(Δ) 8.12 E4 9.64 E4 9.27 E4

R(Δ) 313.76 316.24 316.56
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angular displacement error. In the algorithm process of the
advanced NSGA-II, it is supposed that N = 200, Gen ‐
max= 20, the possibility of crossover is 0.8, and the pos-
sibility of mutation is 0.5. Then, the results of the optimi-
zation model (Eq. (25)) by applying the NSGA-II optimi-
zation algorithm were obtained, which were a set of
points. In order to acquire to the optimal reliability and
cost, five points (no.1–no.5), which cover the range of the
results of the reliability, were selected from the optimiza-
tion results, as presented in Table 7. Figure 9 is drawn
according to Table 7, demonstrating the relationship be-
tween the total cost and the reliability of this machine
tool, using the total cost and the reliability as the ordinate
and the abscissa, respectively. For each value of the reli-
ability of such five optimization points selected from
Table 7, the values of the corresponding cost were pre-
sented as the ordinate of the optimization points in Fig. 9.
From Fig. 9, it can be derived that when the reliability
improvement is not too tight, it seems that the cost shows
a moderate increase. However, as the reliability tightens,
the cost tends to rise straightly. As a result, there is no
need to design the machine tool with the highest reliabil-
ity and so, the final process of design optimization of the
multi-axis NC machine tool is point 1, whose reliability
satisfies the design requirements while total cost is opti-
mal at the same time.

In order to verify the advanced NSGA-II is superior, the
NSGAwas used for comparison and the optimization results
can be obtained in Table 8. From Table 8, it can be observed
that the time of algorithm of the advanced NSGA-II is less
than that of NSGA and the number of individuals is more than
that of NSGA. As a result, NSGA-II can be considered as
more suitable for applying into solving such two-objective
optimization problem. According to the optimization results
of the reliability and the cost, the optimal values of geometric
parameter errors of five-axis NC machine tool were obtained
as shown in Table 9.

In order to verify the effectiveness of the optimization re-
sults according to NSGA-II, experiments were performed on a
five-axis machining center (XKH800), which can process var-
ious materials and shapes. Such machining center has

Table 9 Optimal values of geometric parameter errors of the five-axis NC machine tool

Number i 1 2 3 4 5 6 7 8

Parameter Δxx Δyx Δzx Δαx Δβx Δγx Δxy Δyy
Value 0.0055 mm 0.0055 mm 0.0055 mm

0:0028
1000

� �∘ 0:0028
1000

� �∘ 0:0028
1000

� �∘ 0.0056 mm 0.0056 mm

Number i 9 10 11 12 13 14 15 16

Parameter Δzy Δαy Δβy Δγy Δxz Δyz Δzz Δαz

Value 0.0056 mm
0:0025
1000

� �∘ 0:0025
1000

� �∘ 0:0025
1000

� �∘ 0.0056 mm 0.0056 mm 0.0056 mm
0:0023
1000

� �∘
Number i 17 18 19 20 21 22 23 24

Parameter Δβz Δγz Δxφ Δyφ Δzφ Δαφ Δβφ Δγφ
Value

0:0023
1000

� �∘ 0:0023
1000

� �∘ 0.0047 mm 0.0047 mm 0.0047 mm
0:0051
1000

� �∘ 0:0051
1000

� �∘ 0:0051
1000

� �∘
Number i 25 26 27 28 29 30 31 32

Parameter ΔxA ΔyA ΔzA ΔαA ΔβA ΔγA ΔxB ΔyB
Value 0.005 mm 0.005 mm 0.005 mm

0:0054
1000

� �∘ 0:0054
1000

� �∘ 0:0054
1000

� �∘ 0.0055 mm 0.0055 mm

Number i 33 34 35 36 37 38 39 40

Parameter ΔzB ΔαB ΔβB ΔγB Δγxy Δβxz Δαyz ΔγyA
Value 0.0055 mm

0:0048
1000

� �∘ 0:0048
1000

� �∘ 0:0048
1000

� �∘ 0:003
500

� �∘ 0:003
500

� �∘ 0:003
500

� �∘ 0:0062
300

� �∘
Number i 41 42 43

Parameter ΔβzA ΔγxB ΔαzB

Value
0:0062
300

� �∘ 0:0062
300

� �∘ 0:0062
300

� �∘

Fig. 10 The five-axis machining center (XKH800) and workpieces of
various types used for machining
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processed three blades of two different types everyday contin-
uously for 40 weeks, including three distinct periods: no.1–
10 weeks (before optimization), no.11–20 weeks (after opti-
mization), and no.20–30 weeks (after optimization). The five-
axis machining center (XKH800) and its workpieces are pre-
sented in Fig. 10, and the material of the blades and the ma-
chining parameters are given in Table 10. During the experi-
ments, the failure number was recorded to calculate the pos-
sibility of failure of this machine tool and the test results are
presented in Table 11. From Table 11, it can be observed that
before optimization, the possibility of failure of this machine
tool was higher than 3%,which failed tomeet the basic design
requirements of this machine tool, but after optimization of the
geometric parameter errors, the possibility of failure of this
machine tool was less than 3 %, meeting the design require-
ments of this machine tool and implying that the reliability of
this machine tool has been improved. However, it is also clear
that there was a slight increase of the possibility of failure from
no.21 weeks to no.30 weeks, which was contributed to the
degradation of geometric parameter errors. As a result, the
geometric parameter errors after optimization satisfied the de-
sign requirements of this machine tool in a long period of time,
implying that the reliability of this machine tool has been
improved. Hence, the proposed approach in this paper was
verified.

5 Conclusions

In this paper, we simultaneously consider geometric errors and
thermal-induced errors and have addressed the cost-accuracy
trade-off problem associated with the multi-axis NC machine
tools. The approach proposed in this study is focused around
developing a general methodology for optimizing the total
cost (manufacture and QLF) and reliability of multi-axis

machine tools, and it is a process of reallocating of each geo-
metric error. This was performed by taking the minimum cost
and maximum reliability of machine tools as criteria and tak-
ing the machining accuracy of machine tools as constraint, to
optimize the basic geometric parameter errors of machine
tools. This study contains the following:

(1) A comprehensive volumetric error model, showing the
coupling relationship between the individual errors of the
components of this machine tool and its volumetric ac-
curacy, was established by applying the multi-body sys-
tem (MBS) theory. Also, the thermal error model based
on the neural fuzzy control theory was developed and
compared to the BP neural network.

(2) Based on the traditional manufacturing cost model, the
quality loss analysis model, and the reliability analysis
model of a system, a geometric error-cost model and a
geometric error-reliability model were developed, taking
the weighted function principle into consideration.

(3) An approach that simultaneously considers cost and re-
liability to allocate geometric accuracy of components
for improving machining accuracy reliability was pro-
posed. Such approach has been formulated into a math-
ematical model to minimize the cost and maximize the
reliability subject to the geometric and operational
constraints.

(4) Based on the previous theoretical research, a demonstra-
tion was performed in a five-axis machine tool that was
used to verify this approach. The advancedNSGA-II was
introduced as the optimized algorithm, and the cost and
reliability were optimized.

In terms of the shortcomings of the work and areas for
future studies, the following issues would be suggested for
further investigation: this work considers only the geometric

Table 11 Results of the
reliability of this machine tool in
each period

Periods Blades Test number Number of failure Possibility of failure (%)

No.1–10 weeks

(before optimization)

No.1 210 10 4.76

No.2 210 11 5.24

No.11–20 weeks

(after optimization)

No.1 210 5 2.38

No.2 210 4 1.90

No.21–30 weeks

(after optimization)

No.1 210 6 2.86

No.2 210 5 2.38

Table 10 The material of the blades and the machining parameters of the experiments

blades Material Machining tool Tool Cutting depth/
(mm)

Speed of the spindle/
(r/min)

Feed engagement/
(mm/z)

Feed row-with/
(mm)

No.1 45# XKH800 High-speed steel ball
end milling cutter

0.5 2000 0.1 0.2

No.2 1 2000 0.15 0.3
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errors and thermal-induced errors. In fact, the load errors in-
duced by the joint interface deformation between the structur-
al components of the machine tool also contribute to the vol-
umetric machining accuracy. As a result, the extension to the
load errors should be considered in future research.
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Appendix Nomenclature

Δxx positioning error
Δyx Y direction of straightness error
Δzx Z direction of straightness error
Δax roll error
Δβx pitch error
Δyx yaw error
Δxy X direction of straightness error
Δyy positioning error
Δzy Z direction of straightness error
Δay pitch error
Δβy roll error
Δyy yaw error
Δxz X direction of straightness error
Δyz Y direction of straightness error
Δzz positioning error
Δaz pitch error
Δβz yaw error
Δyz roll error
Δxψ X direction run-out error
Δyψ Y direction run-out error
Δzψ Z direction run-out error
Δαψ around the X-axis turning error
Δβψ around the Y-axis turning error
Δγψ turning error
ΔxB X direction run-out error
ΔyB Y direction run-out error
ΔzB Z direction run-out error
ΔαB around the X-axis turning error
ΔβB turning error
ΔγB around the Z-axis turning error
ΔxA X direction run-out error
ΔyA Y direction run-out error

ΔzA Z direction run-out error
ΔαA turning error
ΔβA around the Y-axis turning error
ΔγA around the Z-axis turning error
Δγxy X, Y -axis perpendicularity error
Δβxz X, Z -axis perpendicularity error
Δαyz Y, Z -axis perpendicularity error
ΔγxB B-axis parallelism error in the YZ plane
ΔαzB B-axis parallelism error in the XY plane
ΔγyA A-axis parallelism error in the XZ plane
ΔβzA A-axis parallelism error in the XY plane
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