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Abstract In order to reduce high chord errors and improve
poor flexibility of interpolation, a novel approach for non-
uniform rational B-spline (NURBS) interpolation through
the integration of an acc-jerk-continuous-based control
method and look-ahead algorithm is proposed. At first,
the principles of NURBS curve interpolation and imple-
mentation are described. Then, modules of the proposed
algorithm, including the feed rate planning and acc-jerk-
continuous modules, are established. In the feed rate plan-
ning module, sharp corners are detected and the curve is
split into some NURBS blocks according to sharp corners.
The knot parameter and restrict feed rate at the sharp cor-
ners are obtained as well as the length of each block is
calculated. In the acc-jerk-continuous control module, in-
formation including the knot parameter, arc length, and
start and end feed rates are handled to plan an acc-jerk-
continuous trajectory. Finally, simulation with one free-
form NURBS curve is conducted and comparison with
the S-shaped scheduling algorithm is carried out to verify
the feasibility and applicability of the proposed algorithm.

Keywords NURBS interpolation .

Acc-jerk-continuous-based control method . Look-ahead
algorithm

1 Introduction

Computer numerical control (CNC) machining has become
an important part in modern manufacturing fields with
growing demands of high-accuracy and high-efficiency
machining. Complex machined with conventional linear
and circular interpolation will bring such a problem. The
curve of parts needs to be discretized into a large number
of small line segments; the more small line segments gen-
erate, the larger the transmission data will be. Since the
non-uniform rational B-spline (NURBS) curve has lots of
advantages in designing complicated shapes compared
with conventional linear and circular interpolation, its in-
terpolation methods have been developed in computer-
aided design/computer-aided manufacturing (CAD/CAM)
applications [1, 2].

Although many methods connected with NURBS interpo-
lation have been proposed to obtain efficient and accurate
machining, most of them have some common disadvantages
such as high chord errors and poor flexibility. To the best of
our knowledge, the problems of NURBS interpolation for
CNC machines have almost not been dealt with. Based on
our past researches on NURBS interpolation algorithms, this
paper tries to tackle these problems.

Bearing the above observations in mind, a novel ap-
proach for NURBS interpolation through the integration
of an acc-jerk-continuous-based control method and look-
ahead (IAL) algorithm is applied. The rest of this paper is

* Peng Junquan
vrlabpaper@126.com

* Wang Zhongbin
wangzbpaper@126.com

1 School of Mechanical and Electrical Engineering, China University
of Mining & Technology, Xuzhou, China

2 School of Information and Electrical Engineering, China University
of Mining & Technology, Xuzhou, China

Int J Adv Manuf Technol (2017) 88:961–969
DOI 10.1007/s00170-016-8785-z

http://crossmark.crossref.org/dialog/?doi=10.1007/s00170-016-8785-z&domain=pdf


organized as follows. In Section 2, some related works are
outlined based on the literature. The principles of NURBS
curve interpolation and implementation are presented in
Section 3. In Section 4, the integrated approach is pro-
posed. In Section 5, simulations with one free-form
NURBS curve is conducted to verify the feasibility and
applicability of the proposed method. Our conclusions
and future works are summarized in Section 6.

2 Literature review

Recent publications relevant to this paper are mainly con-
cerned with two research streams: the look-ahead algorithm
and the acceleration/deceleration (ACC/DEC) control method
for NURBS interpolation. In this section, we try to summarize
the relevant literature.

2.1 The look-ahead algorithm for NURBS interpolation

For the look-ahead algorithm, lots of research has been done
since the last decade. In [3], Nam and Yang proposed a look-
ahead scheme with a jerk-limited acceleration for smoothing
feed rate profile. In [4], Tsai et al. applied a hybrid digital
convolution technique to develop a look-ahead scheme that
smoothed the feed rate between the joint of two curves. In [5],
Liu et al. developed an algorithm that integrated look-ahead,
jerk-limited trajectory planning techniques to reduce velocity
and acceleration fluctuations. In [6], Yau et al. proposed a real-
time look-ahead algorithm by fitting continuous short blocks
into Bezier curves under a given chord tolerance. In [7], Lin
et al. proposed a dynamics-based interpolator with real-time
look-ahead algorithm to generate a smooth and jerk-limited
ACC/DEC feed rate profile. In [8], Ye et al. presented an
interpolation method based on the look-ahead algorithm to
machine complicated contours of special parts. In [9], Tsai
et al. proposed an integrated look-ahead dynamics-based al-
gorithm with the consideration of geometric and servo errors
simultaneously. In [10], Wang et al. introduced a real-time
look-ahead algorithm to detect sharp corners. In [11],
Emami and Arezoo introduced a look-ahead trajectory gen-
eration method which determines the deceleration stage
according to the fast estimated arc length. In [12], Zhang
et al. proposed a new and more efficient look-ahead meth-
od and a feed rate override method to boast the global
machining speed. In [13], Wang and Cao developed a nov-
el look-ahead and adaptive speed control algorithm to im-
prove the efficiency of rapid linking of feed rate for high-
speed machining. In [14], Zhao et al. presented a real-time
look-ahead scheme which comprised path-smoothing, bi-
directional scanning, and feed rate scheduling to acquire a
feed rate profile with smooth acceleration. In [15], Wang
et al. developed a real-time look-ahead interpolation

algorithm based on Akima curve fitting. In [16], Jin et al.
proposed a parametric interpolation method integrated to a
novel real-time look-ahead algorithm as well as presented
some improvements in the fine interpolation stage to fur-
ther enhance the machining accuracy. In [17], Qiao et al.
studied the flexible ACC/DEC and look-ahead trajectory
planning method systematically.

2.2 The ACC/DEC control method for NURBS
interpolation

Back in 2003, in [18], Yong and Narayanaswami investigated
an off-line NURBS interpolation method to simultaneously
keep both the chord error within a specified tolerance and
the ACC/DEC of corner machining as well as the ACC/
DEC profile polynomial. In [19], Park et al. proposed a two-
stage interpolation method that compensates for interpolation
errors within the machine basic length unit which yield unde-
sirable acceleration and jerk values around the regions. In
[20], Xu et al. proposed an adaptive interpolation scheme
incorporating a machine’s dynamic capability consideration
based on the trapezoidal or triangular ACC/DEC feed rate
profile. In [21], Sekar et al. developed a method for
obtaining continuous velocity and acceleration profiles
which reduces the jerk-related problems in high-speed ma-
chining. In [22], Wang and Yau proposed the use of a real-
time NURBS interpolator with a look-ahead function to
handle numerous short linear segments adopting the S-
shaped jerk-limited acceleration method. In [23], Shen
et al. generated the velocity profile around a corner in the
ACC/DEC stage according to the trapezoidal or triangular
ACC/DEC profile. In [24], Du et al. developed an adaptive
NURBS curve interpolator with real-time and flexible
ACC/DEC control scheme by considering a preset jerk
range with the S-shaped velocity profile. In [25], Wang
et al. introduced the adaptive ACC/DEC and jerk-limited
module to smooth the velocity sharp corner with the S-
shaped velocity profile. In [26], Annoni proposed a
NURBS interpolator that is able to satisfy all the
manufacturing technology requirements based on the cubic
polynomial method. In [27], Wang developed a curvature-
based NURBS surface interpolator with look-ahead ACC/
DEC control with cubic spline methods. In [28], Lee et al.
proposes an off-line feed rate scheduling method of CNC
machines constrained by chord tolerance, acceleration, and
jerk limitations with the sine-curve velocity profile.

2.3 Discussion

Although many approaches for NURBS interpolation have
been proposed in the above literature, they have some com-
mon disadvantages, summarized as follows. Firstly, most
of the researchers present their methods for NURBS
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interpolation with the second-order Taylor expansion meth-
od. However, the second-order Taylor expansion method re-
fers to the second derivative of the NURBS curve and is com-
plicated. Secondly, either the ACC/DEC control method for
NURBS interpolation is complicated and time-consuming or
the jerk of the ACC/DEC control method is discontinuous as
well as it will bring flexible impulse to CNC machines. In
order to solve the above problems, this paper proposes a novel
approach for NURBS interpolation through the integration of
an acc-jerk-continuous-based control and look-ahead
algorithm. Simulation with one free-form NURBS curve is
conducted to verify the feasibility and applicability of the
proposed method.

3 Principle of NURBS curve interpolation
and implementation

Suppose C(u) represents a NURBS curve and is given by [29]

C uð Þ ¼

Xn

i¼0

Ni;p uð ÞwiPi

Xn

i¼0

Ni;p uð Þwi

ð1Þ

where {Pi} are the control points, {wi} is the weight of {Pi},
(n+1) is the number of the control points, and p is the degree

Fig. 1 System architecture of the proposed NURBS interpolation method
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of NURBS curve.{Ni,p(u)} is the pth-degree B-spline basis
function and can be calculated using the recursive formulas
given as follows:

Ni;0 uð Þ ¼ 1 if ui≤u≤uiþ1

0 otherwise

�
ð2Þ

Ni;p uð Þ ¼ u−ui
uiþp−ui

Ni;p−1 uð Þ þ uiþpþ1−u
uiþpþ1−uiþ1

Niþ1;p−1 uð Þ ð3Þ

where {u0,…, un + p + 2} represents the knot vectors and u is the
interpolation parameter.

To implement NURBS interpolation, the Adams–
Bashforth method (ABM) is adopted here. Using the ABM
method, the curve approximation up is given as follows:

umþ1 ¼ um þ T
24

55 f k−59 f k−1 þ 37 f k−2−9 f k−3ð Þ

f k ¼
du
dt t¼tmj ¼ V umð Þ

C
0
umð Þ�� �� ¼ V umð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dCx umð Þ
dum

� �2
þ dCy umð Þ

dum

� �2
þ dCz umð Þ

dum

� �2
r

8>>>><
>>>>:

ð4Þ

where V(um), T, and C′(um) denote the feed rate, the sampling
time, and the first derivatives of the NURBS curve, respec-
tively, and Cx(um), Cy(um), and Cz(um) denote the x, y, and z
components of a point on the NURBS curve corresponding to
the parameter um, respectively. The Cox–de Boor algorithm is
chosen to compute the values of C(um) and C′(um) for
implementation.

4 The proposed IAL algorithm

4.1 System architecture

In this subsection, the system architecture of the proposed IAL
algorithm is established in Fig. 1, which is utilized to imple-
ment CNC control tasks. The IAL interpolation consists of
two different parts: look-ahead preprocessing and interpola-
tion executing. Look-ahead preprocessing consists of two dif-
ferent modules: the feed rate planning module and the acc-
jerk-continuous control module. In the feed rate planning
module, sharp corners are firstly detected and the curve is split
into some NURBS blocks according to sharp corners. Then,
the knot parameter ui and the restrict feed rate Vi at the sharp
corners are obtained as well as the length of each block Si is
calculated. Finally, in the acc-jerk-continuous control module,
information including the knot parameter ui, arc length Si, start
feed rate Vs, and end feed rate Ve are handled to plan an acc-
jerk-continuous trajectory, and then ACC/DEC parameters are
passed to complete the interpolation executing process.

4.2 Feed rate planning module

The task of the feed rate planning module is to obtain feed rate
at the sharp corners. According to Eq. 4, the ABM interpola-
tion algorithm cannot make the curve speed accurately equal
to the desired value V(um). To achieve high machine accuracy,
the chord error must be controlled within a tolerance range
during the interpolation, as shown in Fig. 2. There are two
common methods to calculate the chord error. Equation 5 is
a direct method with the assumption that the contour error δm′
is located in the middle point of two adjacent interpolated
points. Equation 6 is the other method using curve curvature
to calculate the chord error δm.

Fig. 2 Chord error between two interpolated points

Fig. 3 The acc-jerk-continuous feed rate profile
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δ
0
m ¼ C

um þ umþ1

2

� �
−
C umð Þ þ C umþ1ð Þ

2

����
���� ð5Þ

δm ¼ ρm−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρm2−

Lm
2

� 	2
s

ð6Þ

where ρm=1/km; ρm is the radius of curvature at the parameter
value um. The curvature km can be given by Eq. 7.

km ¼ C
0
umð Þ−C0 0

umð Þ�� ��
C

0
umð Þ�� ��3 ð7Þ

This paper uses Eq. 5 to calculate the chord errors since it is
time-consuming to calculate the second derivative of the
NURBS curve.

The predicted feed rate Vpre and the expected feed rate Vexp
are given by Eqs. 8 and 9, respectively.

Vpre ¼
d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cx umð Þ−Cx um−1ð Þð Þ2 þ Cy umð Þ−Cy um−1ð Þ
 �2 þ Cz umð Þ−Cz um−1ð Þð Þ2

q
dt

ð8Þ

V exp ¼
ffiffiffiffiffiffiffiffiffi
δmax

δ
0
m

s
Vpre ð9Þ

where δmax is the contour error limitation.
While the tool moves across the sharp corners, it may result

in violent change of acceleration or jerk on each axis. So, three
constraints of chord error, acceleration, and jerk are consid-
ered simultaneously in Eq. 10.

Vi ¼ min

ffiffiffiffiffiffiffiffiffi
δmax

δ
0
m

s
Vpre;

V exp

2

ffiffiffiffiffiffiffiffiffiffiffi
Amax

2δmax

r
;
Vexp

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JmaxVpreT

δ2max

3

s( )

ð10Þ

where Vi, Amax, and Jmax are suitable feed rate at the sharp
corners, maximum acceleration, and maximum jerk,
respectively.

After obtaining the sharp corners, the curve can be divided
into several segments. The length of each segment, Lseg, and
the cumulative segment length, Si, are calculated by the fol-
lowing equations [7]:

Lnseg ¼
X
i¼1

Nn

C uiþ1ð Þ−C uið Þj j

Sai ¼
Xa

j¼1

Lj
seg

ð11Þ

where n is the index of each segment, Nn is the number of
interpolation points within the mth segment, and a is the cu-
mulative segment number of a NURBS curve.

4.3 Acc-jerk-continuous control method

When the feed rate planning module is finished, the value of
(ui, Vi) can be obtained and stored. In the stage of acc-jerk-
continuous module, the task is to construct an acc-jerk-
continuous feed rate profile shown in Fig. 3 since it is more

Fig. 4 A starfish curve

Table 1 Interpolation conditions for the starfish curve

Parameters Symbols Values

Feed rate F 200 mm/s

Maximum acceleration Amax 3000 mm/s2

Maximum jerk Jmax 60,000 mm/s3

Maximum chord error δmax 0.001 mm

Sampling time T 0.001 s

Fig. 5 Starfish curve and block
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continuous than the typical S-shaped velocity profile. In this
paper, the acc-jerk-continuous feed rate profile is chosen to
generate the acceleration profile, and its acceleration equation
can be given as formula 12.

A tð Þ ¼

Are f

2
1−cos

π

T1
t

� 	
0≤ t < t1

Are f

2
1þ cos

π

T 2
t−t1ð Þ

� 	
t1≤ t < t2

0 t2≤ t < t3

−
Are f

2
1−cos

π

T4
t−t3ð Þ

� 	
t3≤ t < t4

−
Are f

2
1þ cos

π

T 5
t−t4ð Þ

� 	
t4≤ t < t5

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð12Þ
where T1=T2 and T4 =T5. Integrating Eq. 13 yields the veloc-
ity equation.

V tð Þ ¼

Vs þ Are f

2
t−
T1

π
sin

π

T1
t

� 	� 	
0≤ t < t1

Vs þ Are f T1

2
þ Are f

2
t−t1ð Þ þ T2

π
sin

π

T2
t−t1ð Þ

� 	� 	
t1≤ t < t2

Vs þ Are f T1 t2≤ t < t3

Vs þ Are f T1−
Are f

2
t−t3ð Þ−T4

π
sin

π

T4
t−t3ð Þ

� 	� 	
t3≤ t < t4

Vs þ Are f T1−
Are f T4

2
−
Are f

2
t−t4ð Þ þ T5

π
sin

π
T5

t−t4ð Þ
� 	� 	

t4≤ t < t5

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð13Þ
where Vs, Ve, Vf, and Aref show the start, end, and maximum
feed rates and the actual acceleration, respectively.
Differentiating Eq. 13, one obtains the jerk equation.

J tð Þ ¼

π

2T1
Aref sin

π

T1
t 0≤ t < t1

−
π
2T2

Aref sin
π
T2

t−t1ð Þ t1≤ t < t2

0 t2≤ t < t3π
2T4

Aref sin
π
T4

t−t3ð Þ t3≤ t < t4

−
π
2T5

Are f sin
π
T5

t−t4ð Þ t4≤ t < t5

8>>>>>>>>><
>>>>>>>>>:

ð14Þ
According to Eq. 14, one equation can be obtained.

Are f ¼
V f −Vs

 �

T1
ð15Þ

where Vf is the allowable feed rate.
When Eq. 15 is substituted into Eqs. 12, 13, and 14, the

new acceleration equation, velocity equation, and jerk equa-
tion can be expressed as

A tð Þ ¼

V f −Vs

 �

2T1
1−cos

π
T1

t
� 	

0≤ t < t1

V f −V s


 �
2T1

1þ cos
π
T1

t−t1ð Þ
� 	

t1≤ t < t2

0 t2≤ t < t3

−
V f−Vsð Þ
2T4

1−cos
π
T4

t−t3ð Þ
� 	

t3≤ t < t4

−
V f −Vs

 �

2T4
1þ cos

π
T4

t−t4ð Þ
� 	

t4≤ t < t5

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð16Þ

V tð Þ ¼

Vs þ
V f −Vs

 �

2T 1
t−
T 1

π
sin

π
T 1

t
� 	� 	

0≤ t < t1

Vs þ Are f T1

2
þ V f −Vs


 �
2T 1

t−t1ð Þ þ T1

π
sin

π
T1

t−t1ð Þ
� 	� 	

t1≤ t < t2

Vs þ Are f T1 t2≤ t < t3

Vs þ Are f T1−
V f−Vsð Þ
2T 4

t−t3ð Þ−T4

π
sin

π
T4

t−t3ð Þ
� 	� 	

t3≤ t < t4

V s þ Are f T1−
Are f T 4

2
−

V f −Vs

 �

2T 4
t−t4ð Þ þ T4

π
sin

π
T4

t−t4ð Þ
� 	� 	

t4≤ t < t5

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð17Þ

J tð Þ ¼

π V f−Vsð Þ
2T 1

2 sin
π

T 1
t 0≤ t < t1

−
π V f −Vs

 �
2T 1

2 sin
π

T 1
t−t1ð Þ t1≤ t < t2

0 t2≤ t < t3
π V f−Vsð Þ

2T 4
2 sin

π

T 4
t−t3ð Þ t3≤ t < t4

−
π V f−Vsð Þ

2T 4
2 sin

π
T 4

t−t4ð Þ t4≤ t < t5

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð18Þ

During the whole ACC+CF+DEC (Acceleration+
Constant-Feedrate+Deceleration), according to the limits of

velocity, acceleration, and jerk, the following equation can
be obtained.

T1 ¼ max
V f −Vs

 �
Are f

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π V f −Vs

 �
2Jmax

s8<
:

9=
; ð19Þ

The process of calculating T4 is similar to that of calculat-
ing T1. The areas under the ACC/DEC sections of the acc-
jerk-continuous feed rate profile are derived as
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SACC ¼
Z t1

0
V1dt þ

Z t2

t1
V2dt ¼

V f þ Vs

 �

T1

4

SDEC ¼
Z t4

t3
V4dt þ

Z t5

t4
V5dt ¼

V f þ Ve

 �

T4

4

ð20Þ

Therefore, time in the CF section of the acc-jerk-
continuous feed rate profile is obtained.

T3 ¼ Si−SACC−SDEC
V f

ð21Þ

where SACC, SDEC, and Si are the areas under the ACC and
DEC and the length of the NURBS block.

5 Simulation results and interpolation analysis

In this section, a NURBS curve named starfish, shown in
Fig. 4, is used as an example to test the feasibility of the
developed interpolation scheme. The command generator pro-

grams are written by Matlab and are executed on a personal
computer with Intel(R) Core(TM) i5-2450M 2.50-GHz CPU.

According to Fig. 4, the starfish curve has the following
parameters:

Pi ¼ 40½f 60� ; 25½ 40� ; 0½ 40� ; 20½ 20� ; 15½ 0� ; 40½
15� ; 65½ 0� ; 60½ 20� ; 80½ 40� ; 55½ 40� ; 40½ 60�g,

wi={1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1},
U = {0, 0, 0, 0.1110, 0.2220, 0.3330, 0.4440, 0.5550,

0.6660, 0.7770, 0.8880, 1, 1, 1},
where Pi, wi, and U are the control point, weight, and knot

vectors, respectively.
The interpolation conditions for the starfish curve are

listed in Table 1. Based on the interpolation conditions
for the starfish curve, the starfish curve and block are
shown in Fig. 5.

From Fig. 6c, d, we know that the acceleration and jerk
value of the S-shape-based interpolation algorithm are
both beyond the maximum acceleration and jerk.
However, the acceleration and jerk value of the proposed
IAL interpolation algorithm are controlled within the
maximum acceleration and jerk in Fig. 7c, d, respectively.

Fig. 6 Chord error (a), free date profile (b), acceleration profile (c), and jerk profile (d) by the S-shaped algorithm
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From Table 2, the proposed IAL interpolation algorithm
and the S-shape-based interpolation algorithm reduce the
maximum chord error by 67.44 and 66.46 %, respectively.
The former algorithm can obtain less chord error than the
latter algorithm. Although the machining time of the pro-
posed IAL interpolation algorithm is 0.027 s more than
the S-shape-based interpolation algorithm, the gap is very
small. From the above, the proposed IAL interpolation

algorithm in this paper has better flexibility than the S-
shape-based interpolation algorithm.

6 Conclusions and future work

This paper proposed an integrated approach based on the
acc-jerk-continuous-based control method and look-ahead
algorithm for NURBS interpolation. The NURBS interpo-
lation algorithm is described and the key modules of the
proposed approach, such as the feed rate planning module
and the acc-jerk-continuous control module, are presented.
Finally, an industry application example is provided and
several simulation experiments were carried out.
Simulation with one free-form NURBS curve is conducted
to verify the feasibility and applicability of the proposed
algorithm.

In future studies, the authors plan to set up the laboratory
table and integrate the proposed algorithm with real-time in-
terpolation to further verify its capability.

Fig. 7 Chord error (a), free date profile (b), acceleration profile (c), and jerk profile (d) by the IAL interpolation algorithm

Table 2 Statistical comparisons of chord error, interpolating points,
and machining time

Interpolation
algorithm

Chord error
(μm)

Interpolating
points

Machining
time (s)

MAX RMS

S-shaped 0.3354 0.0934 1534 1.534

IAL 0.3256 0.0852 1561 1.561
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