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Abstract In order to produce a special machine tool for
manufacturing high-quality globoidal cams, this paper pre-
sents a systematic approach for tolerance analysis and toler-
ance allocation for the special machine tool. Based on the
differential geometry and conjugate theory, the machined sur-
face and the surface deviation of a globoidal cam are derived
with the help of a VS software. The sensitivity model and the
worst-case method are applied to analyze the effects of ma-
chine tool errors on the machined surface deviation.
Manufacture easiness index which can evaluate the level of
manufacture difficulty and can also indirectly imply manufac-
ture cost is proposed. Then, the optimization problems are
formulated to the maximize manufacture easiness index sub-
ject to quality target of cam surface and manufacture con-
straints. The optimization results are obtained by using
MATLAB implementation of linear programming. To confirm
the optimization results, they are applied as a guideline to

design and manufacture this special machine tool. After that,
a globoidal cam is manufactured on this machine tool and
measured on a coordinate measuring machine (CMM). The
measuring results demonstrate the effectiveness of the pro-
posed approach.
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1 Introduction

Globoidal cam, the key part of an automatic tool changer, has
the features of high indexing precision, compact construction,
strong bearing capability, and so on. The surface deviation of
the globoidal cam may seriously affect the output accuracy
and dynamic performance, such as increasing the tendency
of noise and wear. As the globoidal cam is a complex part,
the special machine tool is always needed for manufacture. In
order to produce the high-quality globoidal cams, the optimal
tolerance design for the special CNC machine tool for
manufacturing globoidal cams is an important issue.

Computer-aided tolerance design for the special machine
tool is a key technology of CAD/CAM. Generally speaking,
tolerance allocation (design) consists of three parts: establish-
ment of the relationship between the element tolerance and the
final product quality (machined surface deviation), tolerance
analysis, and tolerance allocation. The derivation of the
globoidal cam surface has been presented by a number of
researches. Yan and Chen [1] derived the surface geometry
of the globoidal cam by using the conjugate theory.
Backhouse and Jones [2] applied the envelope theory to the
surface geometry of the globoidal cam. Ji et al. [3] used the
offset surface method to derive the globoidal cam surfaces.
However, few studies deal with the mathematical problem of
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the machined cam surface which considers different kinds of
machine tool errors.

The tolerance studies about cams mainly focused on the
output errors of cam mechanisms. Tsay and Ho [4] identified
the analytical expressions for the indexing accuracy of
globoidal cam mechanism by considering the manufacturing
variables involved in the machining and assembly processes.
Cheng [5] proposed an organized process for the transmission
error analysis and tolerance synthesis for globoidal cammech-
anisms. Wang et al. [6] studied the optimal design of spatial
cam mechanism by considering the influences of mechanical
errors on output functions and contact conditions. Chang and
Wu [7] presented mathematical tools for tolerance analysis
and synthesis of cam-modulated linkages. According to the
studies mentioned above, the optimal tolerance design for the
special machine tool for manufacturing globoidal cams has
not been given attention.

It is an essential procedure to analyze the influence of the
element errors on the final product quality before the tolerance
allocation. A number of tolerance accumulation models are
available, and they are classified into two groups: worst-case
(WC) models and statistical models [8]. The WC tolerance
accumulation model [9, 10] is based on the worst-case situa-
tion that all the element deviations reached their extreme limits
simultaneously. The root sum of square method (RSS) is the
commonly used method in statistical tolerance accumulation.
Zhu et al. [11] proposed a new C-NPS method for tolerance
analysis, which combines the convex method and non-
probabilistic set theory (NPS). Schleich and Wartzack [12]
provided a further step toward a computer-aided tolerancing
theory by employing skin model shapes in discrete geometry.
The review of different tolerance analysis methods have been
published in many literatures [13–18].

Determining optimal tolerance involves a trade-off be-
tween the level of quality based on functional perfor-
mance and the costs associated with the tolerance [19].
Thus, the least cost method [20–24] has been the main
criterion for tolerance allocation. Other criteria for toler-
ance allocation include equal tolerance, equal precision,
and product robustness design [25]. Singh et al. [26] has
discussed details of research carried out and theories de-
veloped over the decades on different aspects of tolerance
synthesis. In reality, different components have different
cost-tolerance relationship. In addition, the published ref-
erences for the relationship are insufficient and out of
date. Thus, it is very difficult to obtain the empirical data
for the cost-tolerance relationship. Thus, some researchers
tried to find a new objective function for tolerance allo-
cation. Wang et al. [27] used the manufacturing difficulty
coefficient which evaluated by the fuzzy-set weight-center
method as the criterion for tolerance allocation. Chang
and Wu [7] modeled the manufacturability and the
assembility as the objective for tolerance allocation.

Henceforth, up to the present, less literature presented sys-
tematic approaches for tolerance analysis and synthesis of
special machine tool for manufacturing globoidal cams.
Based on the conjugate theory and differential geometry, the
machined surface of the globoidal cam by considering rota-
tional angle errors, linear offset errors, and the squareness
errors of the machine tool is derived. Furthermore, the influ-
ence of the machine tool errors on the surface error of the
machined globoidal cam are systematically derived and ana-
lyzed. Owing to the insufficient empirical data of the cost-
tolerance relationship, the concept of the manufacture easiness
index which can evaluate the manufacture easiness as well as
manufacture cost is proposed. The worst-case accumulation
model is chosen for tolerance accumulation. In addition, the
optimization model for tolerance synthesis is established by
combining with the final product requirements, manufacturing
constraints, and the restrictions. With the help of the VS soft-
ware and MATLAB Optimization Toolbox, the optimal re-
sults of tolerance design for the special machine tool of
globoidal cams is obtained. In order to validate the effective-
ness of the proposed approach, the optimal tolerance results
are used as the guideline for manufacturing the special ma-
chine tool. After that, a globoidal cam machined by this spe-
cial machined tool is measured by a CMM.

2 Mathematical model including machine tool errors

2.1 Machine tool configuration

The globoidal cam mechanism is shown in Fig. 1. The
turret is driven by the globoidal cam surface to transmit
an intermittent motion with periodic variable speed.
Analogous to the transmission relationship between the
globiodal cam and the turret roller, the configuration of
four-axis special machine tool for manufacturing
globoidal cams is designed (see Fig. 2).

As shown in Fig. 2, the machine tool consists of two coor-
dinated rotary axes and two slide motion axes, which are not-
ed by A, B andW, Z in order. The generating method is applied

Fig. 1 The globoidal cam mechanism
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to manufacture the globoidal cam. Hence, the dimension of
the cutter is equal to the meshing element, and the cutter fol-
lows the same path as that of the meshing rollers relative to the
cam. In the machining process, the cam blank rotates about A-
axis, and swivels around B-axis (which corresponds to rotary
motion of roller around turret axis). A-axis and B-axis are
mutually perpendicular and are equivalent to the input axis
and the output axis of the globoidal cam mechanism in
Fig. 1, respectively. W-axis is used to adjust the distance be-
tween A-axis and B-axis, which is equivalent to the center
distance of the globoidal cam mechanism. Z-axis is used to
adjust the milling depth of the cutter.

2.2 Machine tool errors to be identified

For the configuration shown in Fig. 2, 8 machine tool errors
are selected to be identified, including 2 rotational errors, 3
squareness errors, and 3 linear offset errors. The 8 element
errors are listed in Table 1 and are delineated in Fig. 3.

2.3 Machined globoidal cam surface considering machine
tool errors

The coordinate systems of the special machine tool that
contain and not contain machine tool errors are shown

in Figs. 3 and 4, respectively. The coordinate system
OTXTYTZT is fixed to the rotation table of the machine
tool. Thus, the YT -axis aligns with the B-axis of the
machine tool, and the angular position of the B-axis is
β. The coordinate system OCXCYCZC is connected to the
cam blank, and the rotational angle of the cam blank is
α. Thus, the A-axis and B-axis are coordinated with the
relationship β(α). If the squareness errors ΔγX and ΔγY
between the power supporter and the rotation table are
omitted, the coordinate system OSXSYSZS is attached to
the power supporter. The ZS-axis is coaxial with cam
rotation axis ZC. The XS-axis is along the perpendicular
between ZS-axis and YT-axis, and the center distance
between them is a. When the two squareness errors
ΔγX and ΔγY are taken into account, the real coordinate
system fixed to the power supporter is ORXRYRZR. In
other words, ZR-axis is the real rotation axis of the
cam blank. Thus, ORXRYRZR is the original rotation po-
sition of the cam blank. The distance from a point P on
the cutter axis to B-axis is b.

The position vector rT of P in the coordinate system
OTXTYTZT is as follows:

rT ¼
1 0 0
0 cos Δδxð Þ sin Δδxð Þ
0 −sin Δδxð Þ cos Δδxð Þ

2
4

3
5 Δx

Δy
−b

2
4

3
5

¼
Δx

Δycos Δδxð Þ−bsin Δδxð Þ
−Δysin Δδxð Þ−bcos Δδxð Þ

2
4

3
5

ð1Þ

The position vector rS of P in the coordinate system
OSXSYSZS which is fixed to the ideal position of power sup-
porter is as follows:

rS ¼
sin β þΔβð Þ 0 cos β þΔβð Þ

0 −1 0
cos β þΔβð Þ 0 −sin β þΔβð Þ

2
4

3
5rT þ

aþΔa
0
0

2
4

3
5

¼

− Δysin Δδxð Þ þ bcos Δδxð Þð Þcos β þΔβð Þ
þΔxsin β þΔβð Þ þ aþΔa

− Δycos Δδxð Þ−bsin Δδxð Þð Þ

Δysin Δδxð Þ þ bcos Δδxð Þð Þsin β þΔβð Þ
þΔxcos β þΔβð Þ

2
666666664

3
777777775

¼
X S

YS

ZS

2
4

3
5

ð2Þ

The position vector rR of P in the coordinate system
ORXRYRZR (fixed to the real position of the power supporter

Fig. 2 The configuration of 4-axis special machine tool for
manufacturing globoidal cam

Table 1 Selected machine tool errors

Symbol Description

Δα Rotational error of A-axis

ΔγX Squareness error of A-axis around XS-axis

ΔγY Squareness error of A-axis around YS-axis

Δβ Rotational error of B-axis

ΔδX Squareness error of B-axis around XT-axis

Δx Linear offset error of spindle in X-direction

Δy Linear offset error of spindle in Y-direction

Δa Linear error of W-axis
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or the original rotation position of the cam blank) considering
ΔγX and ΔγY is as follows:

rR ¼
XR

YR

ZR

2
4

3
5 ¼

cos ΔγYð Þ 0 −sin ΔγYð Þ
0 1 0

sin ΔγYð Þ 0 cos ΔγYð Þ

2
4

3
5

⋅
1 0 0
0 cos ΔγXð Þ sin ΔγXð Þ
0 −sin ΔγXð Þ cos ΔγXð Þ

2
4

3
5rS

¼

− Δysin ΔδXð Þ þ bcos ΔδXð Þð Þcos β þΔβð Þ þ a½
þΔaþΔxsin β þΔβð Þ�cos ΔγYð Þ− Δycos ΔδXð Þðf

−bsin ΔδXð ÞÞsin ΔγXð Þ þ Δxcos β þΔβð Þ½
þ Δysin ΔδXð Þð þ bcos ΔδXð ÞÞsin β þΔβð Þ�

⋅cos ΔγXð Þgsin ΔγYð Þ

− Δycos ΔδXð Þ−bsin ΔδXð Þð Þcos ΔγXð Þ
þ Δysin ΔδXð Þ þ bcos ΔδXð Þð Þsin β þΔβð Þ½

þΔxcos β þΔβð Þ�sin ΔγXð Þ

− Δysin ΔδXð Þ þ bcos ΔδXð Þð Þcos β þΔβð Þ þ a½
þΔaþΔxsin β þΔβð Þ�sin ΔγYð Þ þ Δycos ΔδXð Þðf

−bsin ΔδXð ÞÞsin ΔγXð Þ þ Δxcos β þΔβð Þ½
þ Δysin ΔδXð Þð þ bcos ΔδXð ÞÞsin β þΔβð Þ�

⋅cos ΔγXð Þgcos ΔγYð Þ

2
6666666666666666666666664

3
7777777777777777777777775

ð3Þ

Themanufactured pitch surface rP of the globoidal cam can
be obtained by transforming rR to the coordinate system
OCXCYCZC (fixed to the machined globoidal cam):

rP ¼
cos αþΔαð Þ sin αþΔαð Þ 0
−sin αþΔαð Þ cos αþΔαð Þ 0

0 0 1

2
4

3
5rR ð4Þ

The unit normal vector of rP can be yielded as:

nP ¼
∂rP
∂α

� ∂rP
∂b

∂rP
∂α

� ∂rP
∂b

����
����

ð5Þ

Fig. 3 Machine tool errors
considered in this paper

Fig. 4 Coordinate systems of the globoidal cam mechanism
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where

∂rS
∂α

¼

∂X S

∂α
∂YS

∂α
∂ZS

∂α

2
666664

3
777775
¼

−β −Δysin ΔδXð Þ−bcos ΔδXð Þð Þ
⋅sin β þΔβð Þ þΔxβcos β þΔβð Þ

0
−β −Δysin ΔδXð Þ−bcos ΔδXð Þð Þ
⋅cos β þΔβð Þ−Δxβsin β þΔβð Þ

2
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3
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ð6Þ
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∂X S

∂α
cos ΔγYð Þ− ∂ZS

∂α
cos ΔγXð Þsin ΔγYð Þ

∂ZS

∂α
sin ΔγXð Þ

∂X S

∂α
sin ΔγYð Þ þ ∂ZS

∂α
cos ΔγXð Þcos ΔγYð Þ

2
666664

3
777775

ð7Þ
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¼
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cos αþΔαð Þ−XRsin αþΔαð Þ

þ ∂YR

∂α
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−
∂XR
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ð8Þ

∂rR
∂b

¼ ∂XR

∂b
∂YR

∂b
∂ZR

∂b

� �T

¼

sin ΔδXð Þsin ΔγXð Þsin ΔγYð Þ
−cos ΔδXð Þsin β þΔβð Þcos ΔγXð Þsin ΔγYð Þ
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−
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2
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The surface of the machined globoidal cam rC can be ob-
tained by offsetting the pitch surface rPwith the distance equal
to the roller radius r:

rC ¼ rP � rnP ð11Þ

The ± sign in Eq. (11) is the result of the two side surfaces
of the groove of globoidal cams.

3 Required models

3.1 Tolerance analysis

Combined with the machined globoidal cam surface derived
in Section 2, the final surface deviation f(X) of the machined
globoidal cam can be described as the projection of the devi-
ation vector of the cam surface on the direction of the surface
normal vector nN:

f Xð Þ ¼ rC−rNð Þ⋅nN ð12Þ

where rC and rN represent the machined globoidal cam surface
(with deviation) and the theoretical globoidal cam surface
(without deviation), respectively. Vector X is the deviation
vector of the machine tool, and X= (x1, x2, …, xn) = (Δα,
Δβ, ΔδX, ΔγX, ΔγY, Δx, Δy, Δa). Thus, rC is equal to rN
when the deviation vector X=0. Vector nN is the unit normal
vector of theoretical cam surface rN.

In order to predict deviation of final product (machined
surface deviation), the first two terms of Taylor series of f(X)
in Eq. (12) at X0=0 can be written as:

f Xð Þ≈ f X0ð Þ þ
Xn

i¼1

∂ f
∂xi

� �
⋅xi ; X ¼ x1; x2;…; xnð Þ ð13Þ

where (∂f/∂xi) is the partial derivative of f(X) with respect to xi
at X0=0. As mentioned above, the machined surface devia-
tion f(X0) =0 when deviation vector X0 of the machine tool is
equal to 0.

The partial derivative (∂f/∂xi) is called the sensitivity coef-
ficient, which represents the influence of the unit deviation of
the i-th machine tool error on the final product deviation. The
quantity (∂f/∂xi)⋅xi is the machined surface deviation caused
by the i-th machine tool error. The sensitivity coefficient in
Eq. (13) is commonly adopted for the calculation of the accu-
mulated deviation of the final product, especially when the
formulation of the final product deviation is very complicated.
The sensitivity coefficients provide a convenient and accurate
way for the analysis of the effect of incoming element devia-
tion on output or final product deviation.

The worst-case (WC) model and the root sum square (RSS)
model are two main models for tolerance analysis. The worst-
case tolerance analysis considers the situation that all the com-
ponent errors reach their extreme limits simultaneously. That
is,

f wor ¼
Xn

i¼1

∂ f
∂xi

����
����⋅ xij j ð14Þ

The RSS method is the statistical method for toler-
ance analysis and is adopted under the normal
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distribution condition. The RSS method can be defined
as follows:

f rss ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

∂ f
∂xi

� �2

x2i

vuut ð15Þ

The RSS method is based on the condition that the possi-
bility of reaching extreme deviation limits of all elements si-
multaneously is very small. Thus, the tolerance results by
applying RSS method are usually larger than that by applying
WC method.

3.2 Manufacture easiness index

Tolerance allocation is the process of determining allow-
able deviations in parts, components, and processes in
order to meet final product quality or cost targets [28].
Reciprocal and exponential cost-tolerance models are
popular used to build the objective function for toler-
ance synthesis. However, as mentioned above, the em-
pirical data for the cost-tolerance models are insufficient
and difficult to obtain. Thus, another criterion for toler-
ance allocation needs to be established.

Manufacture easiness index EI, which represents the
level of manufacturing easiness or difficulty to achieve
the target quality (tolerance), is applied to design opti-
mal tolerance for the special machine tool. It is known
that the easier the manufacture, the lower the cost.
Thus, EI can also indirectly imply the manufacturing
cost.

Generally speaking, it is more convenient to operate
with unitless values when performing the manufacture
easiness index. The mathematical model of normalized
manufacture easiness index of the i-th element can be
written as:

EIi ¼
xij j− xi;min

�� ��
xi;max

�� ��− xi;min

�� �� ; xi;min

�� ��≤ xij j≤ xi;max

�� ��; i ¼ 1;…; n

ð16Þ
where xi is the real deviation of the i-th element, and |xi,
min| and |xi, max| are the minimum and maximum toler-
ance restrictions of xi.

According to Eq. (16), wide tolerance |xi| will increase the
manufacture easiness, thus reducing the manufacture costs. If
the tolerance |xi| reaches its maximum tolerance restriction |xi,
max|, the manufacture easiness index EIi of the i-th element is
equal to 1. On the opposite, if the tolerance |xi| reaches its
minimum tolerance restriction |xi,min|, EIi is equal to 0.
Henceforth, EIi ranges from 0 to 1.

Then, the manufacture easiness EI of the final product can
be yielded as:

EI ¼
Xn

i¼1

λi⋅EIi ;
Xn

i¼1

λi ¼ 1 ; 0 < λi < 1 ð17Þ

where λi is the weight coefficient specified to the manufacture
easiness EIi of the i-th element.

In practice, the contributions of equivalent individual man-
ufacture easiness EIi to the final manufacture easiness EI are
different, and λi is specified by quantifying the relative level
of difficulty in manufacturing the qualified i-th element.
Taken the special machine tool in Section 2 as an example,
the restrictions of the squareness tolerance ΔγX is
0.005°≤ |ΔγX|≤0.020°, and the restrictions of the center dis-
tance errorΔa is 0.002 mm≤Δa ≤0.020 mm. Thus, the indi-
vidual manufacture easiness EIi for achieving the accuracy
ΔγX=0.01° is the same as that for achieving the accuracy
Δa=0.008 mm, while the two manufacture easiness have
different effects on the final manufacture easiness of the ma-
chine tool. It is known from the industrial engineers, the ac-
curacy of ΔγX is more difficult to achieve than Δa.
Henceforth, a larger weight coefficient is specified to ΔγX. It
means that a small increase of EIi of ΔγX can improve total
manufacture easiness EI a lot. In the following optimal toler-
ance design, the maximum EI will serve as the objective for
the tolerance allocation. Thus, the larger the weight coefficient
of ΔγX, the larger the tolerance of ΔγX can be obtained, and
then the total manufacture easiness will be improved.

Generally speaking, the tolerance-cost-optimization is
widely used for optimal tolerance design. The optimal toler-
ances are essentially affected by the tolerance-cost relation-
ship. However, it is not available to obtain sufficient empirical
data, for the reason that the special machine tool discussed in
this paper is a new design. In addition, hardly any published
literatures deal with the tolerance-cost relation. Based on the
reasons above, we established a new optimal criterion, manu-
facture easiness index EI, which can evaluate not only the
manufacture easiness but also manufacture costs. The manu-
facture easiness model is very suitable for the tolerance design
of new product. All the coefficients we needed in the EImodel
should be provided by the experienced industrial engineers.

3.3 Optimization model for tolerance allocation

The optimization model for tolerance allocation is formulated
to maximize the manufacture easiness subject to final product
quality and the manufacture constrains or restrictions. It has
been concluded by Prabhaharan that if cost is not the impor-
tant factor to the company but the precision is the crucial
factor then the tolerances may be allotted by worst-case anal-
ysis, or if the cost is important but the quality is less important,
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then it is better to allocate tolerances using the root sum square
method [29].

The optimal tolerance results can be obtained by solving
the following optimization problem

max EI tð Þ
subject to f tð Þ≤C0

ti;min≤ ti≤ ti;max ; i ¼ 1; 2;…; n
ð18Þ

where t(t1, t2,…, tn) is the tolerance vector which contains all
the element tolerances to be taken into account. The objective
EI(t) can be determined by applying Eqs. (16) and (17). f(t) is
the accumulated deviation of final product caused by t. The
constraint f(t)≤C0 ensures the final product deviation will
meet the requirement C0. The WC model or the RSS model
explained in Eq. (14) or Eq. (15) can be used for tolerance
accumulation. ti,min and ti,max are the lower and upper design
specification limits of ti, respectively.

4 Application examples

A special machine tool for manufacturing globoidal cams is
applied to demonstrate the practicality and validity of the pro-
posed approach. As shown in Fig. 5, a globoidal cam is being
machined by this special machine tool. The globoidal cam is
mounted on the power supporter, and the position of the pow-
er supporter along theW-axis is fixed when the center distance
a is determined. The position of the cutting tool along the Z-
axis is determined by b. In the machining processes, the
globoidal cam rotates around the A-axis and swivels around
the B-axis to simulate the respective relative relationship be-
tween the globoidal cam and the follower roller (see Fig. 1).
This globoidal cam is used in Automatic Tool Changer (ATC)
of CNC machines. The basic parameters of this type of
globoidal cam are as follows: a= 160 mm, 37.5 mm ≤ b

≤54.5 mm, r= 13 mm, and the diameter of the cam d is
265 mm. The motion sequences and motion curves which
determine the machined cam surface is shown in Table 2.

In order to get a comprehensive understanding of tolerance
allocation for the special machine tool, the mapping of
grooves of this type of globoidal cam is simulated in Fig. 6.
It can be seen that 4 tool paths are needed for machining the
globoidal cam. When machining, the cutting tool follows the
motion along every tool path. As shown in Fig. 6, the machin-
ing of no. 3 tool path begins from position A, then crosses the
360° position of α. As the globoidal cam is a torus surface,
positions 0° and 360° are the same. Thus, the no. 3 tool path is
the longest path, which begins from A position, then crosses
360°(0°), and ends at B position.

4.1 Results for tolerance analysis

As illustrated in Table 1, the set of machine tool errors con-
tains 8 incoming element tolerances, includingΔα,Δβ,ΔδX,
ΔγX,ΔγY,Δx,Δy, andΔa. According to the practice outlined
in Section 3, the sensitivity coefficients of the 8 element tol-
erances are obtained by substituting Eqs. (1)–(12) to Eq. (13).
By applying the VS software, the sensitivity coefficients of
angular elements and displacement elements corresponding to
no. 3 tool path are shown in Figs. 7 and 8, respectively.

According to Eqs. (12) and (13), the sensitivity is positive
when the deviation of cam surface is toward +nN direction and
vice versa. A larger absolute value of sensitivity coefficient
means a greater effect on the cam surface deviation. As can be
seen in Fig. 7, the values of the sensitivities in descending
order with respect to five angular tolerances are Δα followed
by Δβ followed by ΔγY followed by ΔδX and then followed
by ΔγX.

In the dwell period, during the domain of the cam rotation
angle (52°, 122.5°) and (237.5°, 308°), the absolute value of
sensitivity coefficient with respect toΔβ andΔγYare relative-
ly large. Thus, the machined cam surface is sensitive to Δβ
and ΔγY. According to the machining principle described in
Section 2.1, the rotation angle error of B-axisΔβ is equivalent
to the turret angle deviation. Thus, it would not be difficult toFig. 5 Machining picture of the special machine tool

Table 2 Motion sequences and motion curves of ATC

α(deg) β (deg) Motion Motion curves

0–2 0 Dwell Dwell

2–52 0–90 Catching cutters MS

52–122.5 90 Disengaging cutters Dwell

122.5–237.5 90–270 Exchanging cutters MS

237.5–308 270 Inserting cutters Dwell

308–358 270–180 Releasing cutters MS

358–360 180 Dwell Dwell
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understand Δβ would have a great effect on the cam surface
deviation. Furthermore, from the configuration of the machine
tool shown in Fig. 3,ΔγYwill also cause the turret angle error
indirectly. As explained in Table 2, the turret angle deviation
in the dwell period determines the positioning accuracy of the
exchange cutter manipulator. Henceforth, Δβ and ΔγY have
great effect on the tool exchange accuracy of ATC.

In the indexing period,Δα has a great effect on the surface
deviation of the machined globoidal cam. In addition, the
variation trends of sensitivity coefficients with respect to Δα
and ΔδX are nearly consistent. Thus, it may cause the super-
position effect on the machined surface deviation. Henceforth,
the deviation of them should be strictly controlled. Other er-
rors Δβ and ΔγY should be given enough attention, for their
sensitivity coefficients are relatively large in whole cycle of
cam operation. The effect of the squareness error ΔγX on the
machined surface deviation is the smallest among the five
angular deviations. In practice, the tolerance of ΔγX can be
specified a bit larger.

The sensitivities of the displacement deviations including
Δx,Δy, andΔa are shown in Fig. 8. The results show that the
deviation of Δx has a great effect on the machined cam sur-
face. Especially in the dwell period, Δx will transmit equiva-
lent deviation to the machined cam surface. Thus, the accura-
cy of Δx should be paid much attention. Although the error
Δy has no effect on the machined surface deviation in the
dwell period, the variation trends of Δx and Δy are nearly

the same in the indexing period. Thus, the two errors should
be strictly controlled to avoid the appearance of their superpo-
sition effect on the surface deviation. In the dwell period, the
sensitivity coefficients of Δx and Δa are more than 0.85.
Thus, the narrow tolerances should be specified to Δx and
Δa from the consideration of tool exchange accuracy of cutter
manipulator.

4.2 Results for tolerance allocation

As the practice outlined in Section 3.3, the optimization model
for optimal tolerance allocation is established. The objective
function, manufacture easiness index EI, is expressed in
Eqs. (16) and (17). The requirement of the final quality C0

of the machined globoidal cam surface is 0.03 mm. Since the
precision of the special machine tool is more important than
the cost, the worst-case (WC) method in Eq. (14) is used for
tolerance accumulation. Substituted Eq. (14) into Eq. (18), the
constraints of the final quality of the globoidal cam is obtain-
ed. The optimization problems in Eq. (18) are solved by using
linear programming of MATLAB Optimization Toolbox. The
lower and upper design specification limits, the weight coef-
ficients for the 8 elements, and the optimal tolerance results
are listed in Table 3.

Larger weight coefficient λi implies a higher level of
manufacturing difficulty or higher cost. Therefore, in the op-
timization process, the manufacture easiness can be increased

Fig. 6 The mapping of grooves
of the globoidal cam

Fig. 7 Sensitivities of angular elements Fig. 8 Sensitivities of displacement elements
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through enlarging its tolerance ti. The weight coefficient of
ΔγX is one of the largest ones (see Table 3), but its sensitivity
is relatively small among the angular tolerances (see Fig. 7). It
means that the accuracy ofΔγX is difficult to achieve but it has
a relatively small effect on the surface error. Thus, the toler-
ance of ΔγX can be enlarged to increase the manufacture
easiness. Therefore, we can observe from the results of
Table 3 that ΔγX is the largest among the five angular
deviations. It is shown in Table 3, the weight coefficient
λi of ΔγY is equal to that of ΔγX and is also the largest
one. It will also increase the manufacture easiness EI
significantly by enlarging ΔγY. However, as shown in
Fig. 7, the sensitivity coefficient of ΔγY is larger than
that of ΔγX; thus, it has greater effect on the machined
surface error than ΔγX. It is the reason why a narrower
tolerance is specified to ΔγY compared with ΔγX. For
the displacement elements in Table 3, we see that Δx,
Δy, and Δa reached their minimum design limits, be-
cause their accuracy is easy to achieve, and their influ-
ence on the cam surface deviation is relatively large.

The optimal tolerance results are used as the guideline for
manufacturing the special machine tool which is shown in

Fig. 9. As the special machine tool is a new design, the toler-
ances of the axes and their relative positions of the machine
tool should be reasonably designed before manufacture. The
industrial engineers have designed the tolerances by using the
tolerance allocation results in Table 3 for reference. The final
tolerances of the special machine tool designed by engineers
are as follows: Δα = 0.003°, Δβ= 0.003°, ΔδX= 0.005°,
Δ γ X = 0 . 0 0 8 ° , Δ γ Y = 0 . 0 0 8 ° , Δ x = 0 . 0 0 2 mm ,
Δy=0.002 mm, Δa=0.002 mm.

4.3 Experimental results

The special machine tool for manufacturing globoidal cams is
designed and manufactured (see Fig. 9) by taking the optimal
tolerance results (see Table 3) as a reference. In order to
validate the synthesis results, a globoidal cam machined
by this special machine tool is tested. The measurement
is performed on a CMM with measurement uncertainty
of MPEE(μm)= 2.5 + 3.3L/1000 (see Fig. 10).

The green one in Fig. 10 is the theoretical model of the
globodal cam. The machined globoidal cam can be measured
by choosing several points on the theoretical model. The mea-
sured results of the no. 3 groove (corresponding to no. 3
groove in Fig. 6) are listed in Table 4.

The theoretical points of the globoidal cam surface are
given by X, Y, and Z. The measured deviations of the ma-
chined cam surface in three directions are noted as ΔX, ΔY,
and ΔZ. The measured surface deviation is noted by ΔE and
is defined by the root sum squares of ΔX, ΔY and ΔZ.

It can be seen from the listed results in Table 4, the mea-
sured surface deviation is smaller than the final quality re-
quirement C0 =0.03 mm. It confirms the effectiveness of the
proposed approach. Furthermore, the surface deviation in the
dwell period is smaller than that in the indexing period. That
may be the reason that the deformation happened in the ma-
chining processes.

Table 3 Results for optimal tolerance allocation

t Constraints λi Results

Lower Upper

Δα (deg) 0.001 0.005 0.125 0.0050

Δβ (deg) 0.001 0.005 0.125 0.0050

ΔδX (deg) 0.005 0.020 0.150 0.0050

ΔγX (deg) 0.005 0.020 0.150 0.0119

ΔγY (deg) 0.005 0.020 0.150 0.0080

Δx (mm) 0.002 0.020 0.100 0.0020

Δy (mm) 0.002 0.020 0.100 0.0020

Δa (mm) 0.002 0.020 0.100 0.0020

Fig. 9 The special machine tool
for manufacturing globoidal cams
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5 Conclusions

Many engineers in machine tool plants faced with the problem
of how to determine the optimal tolerance of machine tools.
This paper presents a simple yet comprehensive approach for
optimal tolerance allocation of the special machine tool for
manufacturing globoidal cams. The influence of machine tool
errors on the surface deviation of the machined globoidal cam
is also studied. The conclusions are summarized as follows:

1. Based on the conjugate theory and differential geometry,
the expression for the machined surface of globoidal cam by
considering two rotary errors, three squareness errors, and
three linear offset errors is identified.

2. The sensitivity coefficients of machine tool errors to the
cam surface deviation are calculated with the help of the VS
software. Compared with the five angular errors, the machined
cam surface in the dwell period is sensitive to Δβ and ΔγY.
The rotational angle error Δα has a great effect on the

machined cam surface in indexing period. The variation trends
of Δα and ΔδX are nearly consistent. Thus, the deviation of
them should be strictly controlled. The linear offset error Δx
of spindle in the direction which is in the horizontal plane and
perpendicular to the spindle has the greatest effect on the ma-
chined cam surface among the three linear errors.

3. By applying the manufacture easiness index as the ob-
jective, the optimization model is built subjected to final qual-
ity of machined cam surface and the manufacture constraints
or restrictions. The WC method is used to formulate the accu-
mulated error of cam surface caused by machined tool errors.
The MATLAB Optimization Toolbox is utilized to solve the
optimization model.

4. The optimization results are used as a guideline for de-
signing and manufacturing the special machine tool. A
globoidal cam machined by this machine tool is measured
on a CMM. The measured results meet the final quality re-
quirements, which validate the proposed approach in this
paper.

We expect the proposed approach can be applied to ma-
chine tool plants for CAD/CAM, since the calculation pro-
gram has been accomplished based on the VS and
MATLAB software. The further study can be extended to
incorporate the thermal and dynamic errors of the special ma-
chine tool and the deformation of the cam surface in machin-
ing processes.
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