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Abstract For pocket with complex geometry shape, lots of
residuals will be left after pocket roughing. These uncut re-
gions always are around sharp corners, bottlenecks, and side-
walls with small areas and soft edges. Additionally, as most of
the stock material has been removed, the thin wall between
two adjacent pockets tends to deform when machining the
residuals. Thus, certain technological requirements such as
starting from the soft edge, retaining down-milling, and keep-
ing constant feed rate are needed to machine the unmachined
materials. However, little research has been carried out on this
problem. In this paper, to remove the various uncut areas left
by the pocket roughing, residual regions are identified first by
the rolling disk motion method. Then, looping tool paths are
designed and computed for corner, bottleneck, and sidewall
residuals respectively. The proposed tool path satisfies down-
milling, G1 continuous, and progressive radial depth of cut
with consideration of the soft edge. Finally, an example is
rendered to validate that the advised algorithm can identify
the remained areas correctly, and the generated tool path meets
the special requirements of clean-up regions machining.

Keywords NCmachining . Sidewall machining . Clean-up
machining . Corner machining . Tool path generation .

Looping tool path . Constant feed rate . Residual area
identification

1 Introduction

With the development of high-speed tool-changing mecha-
nisms and twin-spindle machine tools, the tool change time
is increasingly playing a less dominant role in the total ma-
chining time [1], and multiple cutting tools are adopted to
promote pocketing efficiency. After most of the stock mate-
rials are removed by larger cutters, materials near the sharp-
angle, bottleneck, and sidewall are always left uncut due to the
lower accessibility of large cutter. Then, slender end mill is
usually adopted to clean up them. Therefore, residuals’ re-
moval is also a significant part of pocket machining. Bala
and Chang [2] suggested using two cutting-tool sizes for ma-
chining a pocket and assumed that the unmachined areas (left
by the bigger size of the cutting tool) can be removed by the
smaller one by contouring the pocket. However, as the shape
of the uncut region may very complex, contouring is not
enough for kinds of situations. Compared to pocket roughing,
there are some special technological requirements for residual
machining:

(1) Down-milling is recommended to avoid the unbalanced
wear or breakage of a tool. A detailed explanation of this
can be found in reference [3].

(2) Constant fade rate is suggested to prevent the unwanted
chatter of machine tool or tool damage. Varying radial
depth of cut is generally encountered by the end milling
tool during the entry into and exit from the corner. This
leads uneven cutting force on cutters, which may result
in the unbalanced wear of a tool and the chatter of ma-
chine tool [4].

(3) Keeping G1 continuous to avoid cutter deceleration at
inflexion point.

(4) The tool should engage from the soft edge of the uncut
distinct as the uncut area is always small and lacks of
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enough advancing space for conventional pocketing
operation.

Although lots of attentions have been paid to pocket
roughing, such as multi-tool selection and tool path genera-
tion, as well as uncut free pocketing tool-paths generation, few
researchers have investigated the removal of uncut areas
caused by poor accessibility of roughing cutter (PARC) in
pocket machining.

1.1 Literature review

1.1.1 Residual area identification

The uncut material may be resulted from the CPO-
pocketing (contour parallel offset (CPO)) operation when
the tool path interval is larger than the cutter radius [5], or
caused by PARC after pocket roughing. The type of uncut
areas lead by CPO can be identified as corner uncut, center
uncut, and neck uncut [5]. Mansor et al. [6] further
subdivided the corner uncut area into five different types,
the center uncut area into four, and the neck uncut area into
two through a systematic enumeration of the topology and
geometry of the bisectors and window lines. They detected
the uncut regions based on a pixel 2D cut simulation meth-
od suggested by Choi and Kim [5]. Park and Choi [7, 8]
detected the uncut regions based on an observation that an
uncut area exists if the raw offset for the tool envelop is self-
intersecting. In the work of Lin et al. [9, 10], uncut regions
are detected through geometry analysis [9] and offset meth-
od based on Boolean operation [10]. The problem is, for
complex pockets, the geometry analysis method may fail
[10]. To machine the uncut materials caused by PARC,
Chang et al. [11] identified the clean-up regions by utilizing
the byproduc t s (L IRs and GIRs ) o f t he PWID
offset algorithm [7]. However, residual along the sidewall
is not considered as the clean-up region in their work.
Additionally, the method is only fit to pocket without is-
land. Makhe and Frank [12] subdivided the polygon at the
islands necks and the boundary necks first. Next, the sub-
polygon boundary is first offset by the tool radius inside the
polygon, and then this new polygon is offset by the tool
radius in the reverse direction. Finally, the unmachined area

is simply equal to the difference between the original poly-
gon boundary and the second offset. However, offset
methods are prone to generate several problems [13] which
need special considerations. To avoid the complexities in
generating the Voronoi diagram, Veeramani and Gau [14,
15] proposed an approach for generating the Voronoi moun-
tain of the unmachined areas. They constructed the feasible
area extrusion by sweeping the feasible area of a given tool
upward and outward at a 45° angle with the distance of
extrusion height. Then, subtraction assures that the remain-
ing solid possesses the 45° property to calculate the
unmachined areas. However, when the boundary of the is-
land consists of substantial arc spline segments, the Voronoi
method tends to be non-effective as the 45° draft cannot be
established successfully. As we know, once the machinable
area is calculated, the uncut region can be computed by
simple Boolean operation. Balasubramaniam [16] first gen-
erated the offsets from the Voronoi diagram for the contour
in a particular slab of a pocket and obtained the limiting
path of the center line of the tool. From the offset profiles,
they reversed offset the path by the radius of the tool to
finally get the reachable area of a tool in a slab. Chen and
Fu [17] generated the tool path of a pocket by the medial
axis transform (MAT) method. Then, they identified the
region(s) covered by cutters by utilizing the tool paths and
computed the regions with the function in the OpenGL
graphic library.
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Fig. 3 Typical uncut areas in a pocket after roughing
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1.1.2 Tool path for residual area

To remove uncut regions caused by CPO, uncut free
pocketing tool-paths generation based on PWID
offset algorithm [8] and tool path compensations [6, 9, 10]
based on Voronoi diagram [6], geometry analysis [9] and
offset method [10] have received attention from several re-
searchers. However, tool paths in these references do not
satisfy the special requirements of residuals machining
discussed above and are not fit for uncut regions caused
by PARC. Additionally, neither conventional contour path
pattern nor zig-zag path pattern meets the requirements.
Because in both of the two ways, there is a continuous
variation in radial depth of cut and frequent changes in mag-
nitude as well as direction of the feed rate during the ma-
chining, which may lead machine tool jerk, excessive cut-
ting force, and poor surface finish. Therefore, special tool
path is asked for cleaning up the uncut areas caused by
PARC. In our previous research [18], to machine the uncut
bottleneck areas, new bounds are constructed by offsetting
the soft edges with the radius and the hard edges with the
diameter of the selected tool. However, since the residual
area is expanded, the tool path length of the proposed meth-
od is increased and the radial depth of cut changes a lot
during the machining. Thus, it needs to be improved.
Choy and Chan [19–21] improved the conventional
contour-parallel tool path pattern by appending single or
double bow-like tool path segments at the corner position.
By using the corner-looping-based tool path, corner material
is removed progressively in several passes and cutter contact
length can be controlled by adjusting the number of
appended tool path loops. Based on Choy’s research,
Banerjee et al. [22], Rahman and Feng [23] improved the
looping tool path to finish the corner of a pocket with con-
sideration of physical constraints such as machining param-
eter and kinematics of the machine tool structure. The tool
path loop in references [19–23] depends on the bisector line

of a pocket corner. Figure 1 depicts the determination of the
cutting arc of a tool path loop. The cutting segment of each
loop is an arc whose center is on the bisector line of a
corner. The arc passes through a given point M (M is deter-
mined by ar, the radial depth of cut) and is tangent to the
two offset lines. The two lines are obtained by offsetting the
pocket boundary inwards by an amount equal to df/2, where
df is the diameter of the finishing cutter. With this cutting
loop, the radial depth is controlled under a permissible limit
during machining the corner. However, when there is more
than one sharp corner in an unmachined region, such tool
path loop fails to work. As shown in Fig. 2, one of the
corners in the remained area is an obtuse angle. In this case,
it is possible that the cutting arc fails to be tangent with the
offset lines. In Fig. 2, the blue cutting arc cannot be tangent
to the offset lines while the distance between two adjacent
cutting arcs is set as ar. Therefore, this looping tool path
based on the bisector line of corner is not applicable to
irregular residuals removal. Sui et al. [24] proposed a com-
bination strategy of corner-looping milling and clothoid
curve to generate the semi-finishing tool path for pocket
corner with simple shape. In the work of Chang et al. [11],
the previous tool sweeping envelop, namely the tangential
arc, is offset as the tool-path element to fill clean-up regions
for sidewall machining. After generating the tool-path ele-
ments, one-way milling is chosen to link them to retain the
down-milling. However, the tool path does not keep G1
continuous with many sharp turns and retractions, which
leads a lower efficiency. Additionally, although the residual
area is not big enough, the entry space for tool is not con-
sidered in their method. In references [4] and [25], trochoi-
dal tool path (the continuous arcs) based on a MAT is
adopted to machine elongated narrow regions and sharp cor-
ners. Trochoidal tool path is also a promising approach for
high-speed machining of pockets due to its good continuity,
high feed rate, and being smooth [25, 26]. But the trochoidal
tool path increases the length of the whole tool path.

Cutter
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Island

Contour

CLC

Machinable area

Residual areas
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Fig. 5 The principle of rolling
disk motion method for residual
area identification. a Contact line
chain (CLC). b Machinable area
of a tool. c Residuals

(a) (b) (c) (d) (e) (f)

Fig. 4 Kinds of clean-up regions
with different shapes. aUA_SF. b
UA_MF. c UA_FF. d UA_SN. e
UA_MN. f UA_SC
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1.2 Overview

As discussed above, both offset method and Voronoi method
have some drawbacks to identify the residuals lead by PARC.
And the current tool path generation measures are only appli-
cable for simple corner residuals after pocket roughing. For
various irregular residual areas caused by PARC in pocket ma-
chining, none of these studies is able to provide an effective and
efficient machining strategy. To solve this problem, in this pa-
per, rolling disk motion method is presented first to identify
clean-up regions after pocket roughing. Then, with consider-
ation of the soft edge, down-milling, G1 continuous, and pro-
gressive radial depth of cut, looping tool path is designed and
generated to remove residuals around corners, bottlenecks, and
sidewalls individually. In this paper, we suppose that the rough
cutter can remove all the materials in its machinable area due to
its accessibility and no uncut regions lead by CPO left.

The rest of this paper is organized as follows: the clean-up
regions are classified and identified in Section 2; Section 3
introduces the looping tool path generation procedure in detail
for various residuals. In section 4, implementation process of
this approach is given, and an example is rendered to validate
this presented approach; the final section is conclusion and
discussion.

2 Residual areas classification and identification

2.1 Residual areas classification

With the appearance and development of rapid automatical
tool change technology, pocket is usually machined by several

cutters with different diameters to enhance the efficiency.
Cutters with large diameters are used to remove most of the
stock materials while small tools are applied to clean up the
residuals left by pocket roughing. Due to the poor accessibility
of large cutter, when the geometry shape of a pocket is com-
plex, materials around sharp corners and bottlenecks tend to
be left after roughing as Fig. 3 shows. According to the num-
ber of tool envelops and the geometry shape of a residual
region, it can be classified six types as Fig. 4 depicts: (1) uncut
area surrounded by single fillet and the previous tool envelop
(PTE), UA_SF. According to the type of boundary curve, the
UA_SF may be sharp corner, round corner, curvilinear corner,
and combined corner. (2) Uncut area surrounded by multiple
fillets and a PTE, UA_MF. If there is reflex vertex on the
UA_MF’s boundary, we call the UA_MF as complex. On
the contrary, it’is simple. (3) Uncut area surrounded by furcate
fillets and a PTE, UA_FF. The corner residual material is
branched with only a sweeping envelop. (4) Uncut area
surrounded by a single bottleneck and two PTEs, UA_SN.
(5) Uncut area surrounded by multiple bottlenecks and
PTEs, UA_MN. This kind of uncut area is bounded by more
than two sweeping envelops. (6) Uncut area surrounded by
side-wall curve and tool envelops, UA_SC. The boundary of
UA_SC consists of sidewall boundary and at least two sweep-
ing envelops.

As we know, the pocket boundary includes contour bound-
ary and island boundaries. And the boundary of uncut area is
made up of hard edge and soft edge. Hard edge coincides with
the pocket boundary while soft edge is an arc which is the
sweeping envelop of the previous tool and has no limitation
to cutters. So, when cutter interferes with a hard edge, gouging
happens. A hard edge is a line chain consisting of line, arc,
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curve, or their combination. And there are always two inter-
section points between a hard edge and soft edge(s). Due to
the number of the hard edge and soft edge bounding a residual
area, it can be classified as a corner residue, a bottleneck
residue or a side residue:

Given the numbers of hard edge and soft edgewhich bound
an uncut region are nh and ns, respectively, if ns = 1, nh =1, the
uncut region is a corner residue; if ns > 1, nh≥2, it is a bottle-
neck residue; if ns>1 and nh=1 are satisfied, the uncut area is
a side residue. For example, uncut areas shown in Fig. 4 can
be further classified as follows: a–c are corner residues; d, e
are bottleneck residues; uncut areas depicted in Fig. 4f are side
residues.

2.2 Residual areas identification/computation

In pocket machining, the accessible area of a tool is a region
bounded by the sweeping envelop of the tool when it rolls
along the pocket’s boundary. The residual area can be obtain-
ed by subtracting the accessible area from the machining area.
Therefore, rolling disk motion method is proposed to identify
the unmachined areas.

Figure 5 illustrates the principle of rolling disk motion
method for residual area identification. First, the moving cut-
ter can be recognized as a rolling disk. When it moves along
the pocket’s profile, one or more closed contact line chain
(CLC) can be made up of the boundaries touched by the disk
and the spanned arcs. The region bounded by each CLC is a
machinable area of the corresponding tool. Additionally, these
machinable areas may be overlapping with each other. Thus,
as Fig. 5b shows, regions bounded by each CLC should be
combined to construct the accessible area of the given tool.
Finally, the residual area can be obtained by subtracting the
accessible area from the machining area, as depicted in
Fig. 5c. Where, the machining area is bounded by the basic
line chain (BLC) which is made up of a contour loop and
several island loops.

The key steps of the rolling disk motion method are as
follows: (1) establishment of the BLC: given the contour
and island boundaries, establish the corresponding basic point
list, and the basic line list; (2) computation of the spanned arc:
given the basic point list and the basic line list, calculate all the
spanned arcs between two basic lines, between basic point and
basic line, and between basic points in order; (3) judgment of
the validity of a spanned arc: identify and keep the effective
spanned arcs according to the validity rules; (4) computation
of the CLC: divide the basic line by the endpoints of valid
spanned arcs and decide contact edges due to the parity of the
points’ numbers; (5) construct the CLC: construct the CLC by
linking the contact edges and the spanned arcs in order; (6)
reconstruct the CLC: recombine the CLCs which intersect
each other; (7) calculation of the residual areas: machinable
area is the union of areas bounded by the CLCs. Thus, the

residual regions can be obtained by subtracting the machin-
able area from the machining area. The illustration of rolling
disk method is shown in Fig. 6.

1. Modeling of the BLC
The lines whichmake up of contour boundary or island

boundary are called basic lines. Similarly, the points on
the boundaries are basic points. Thus, a BLC can be
established by putting all the basic lines and basic points
of a contour loop or an island loop into a list. Furthermore,
according to the points and lines on the BLC, the corre-
sponding basic point list and basic line list can be con-
structed. trajectory

2. Calculation of the spanned arc
In Fig. 6a, when the rolling disk is moving along the

basic line, the point on the line touched by the disk is
defined as contact point, represented as Pc; the point
which breaks the continuity of rolling is called obstruction

Pc1

Pc2 Po1

Po2

c1 c2

Fig. 9 Non-intersection rule

v

ci

Pc Po
c

Rolling disk

ri

rs

ri< rs
Fig. 8 Judgment by the entry rule
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point, represented as Po; the arc which links the Pc and Po

with radius of df/2 is defined as spanned arc. Spanned arc
is part of the CLC and represented as c(Pc, Po, Os, rs).
Where, Pc is contact point, Po is obstruction point, Os is
the center of the spanned arc and rs is the radius of the
spanned arc.

Due to the representation of a spanned arc, the key
point to calculate a spanned arc is to find its center.
Figure 7 illustrates the calculation of a spanned arc center
for three different spanned arcs. The arc in Fig. 7a links
two basic points P1 and P2. To find the center, draw two
arcs centered at P1 and P2 with radius rs, respectively.
Then, the intersection points Pc1 and Pc2 of the two arcs
are just the spanned arc centers. Of course, only one of
them is valid. P1 and P2 are Pc and Po, respectively. The
arc in Fig. 7b is between basic point P1 and basic line e.
Draw a circle C centered at P1 with radius rs. Meanwhile,
offset e toward to the rolling disk by amount rs to get e'.
Then the intersection point of e' and C is just the Os. P1,
and the tangential point P2 between e and the spanned arc
are Pc and Po, respectively. Figure 4c shows the determi-
nation of the Os for spanned arc between two basic lines.
Offset the basic lines e1 and e2 toward to the disk by
amount of rs to get e1' and e2'. Then, the intersection point
of e1' and e2' is just the Os. And the tangential points
between the spanned arc and e1, e2 are Pc and Po,
respectively.

3. Judgment of the validity of a spanned arc
Some of the spanned arcs are invalid as they may in-

terfere with the pocket’s boundary or intersect with each
other as Figs. 5 and 6 show. Therefore, it’is necessary to

remove those invalid arcs. The following rules are
established to judge whether a spanned arc is valid or not.

Rule 1 (Entry rule) Given a spanned arc c and its cor-
responding Pc and Po,, rs is the radius of c,, l is the basic
line chain between Pc and Po, spanned arc ci links lines
or points of l,

(1) If the distance between centers of ci and c satisfies
d< rs, then, ci is invalid.

(2) If the distance between centers of ci and c satisfies
d≥ rs, and ri< rs,where ri is the radius of the max-
imum inscribed circle of l, then ci is invalid (as
shown in Fig. 8).

Rule 2 (Major arc rule) Valid spanned arc must be
major arc.
Rule 3 (Non-intersection rule) Spanned arcs c1 and c2
intersect with each other, if

(1) there is only one intersection point,
(2) Pc1, Po1, Pc2, Po2 are different from each other,
(3) the distance between the centers of c1 and c2 satis-

fy d< rs,
then c1 and c2 are invalid (as shown in Fig. 9).

Rule 4 (Distance rule) The distance between the center
of a spanned arc and an element on the boundarymust be
equal to or larger than rs.

As shown in Fig. 10, there are three spanned arcs
linking to e1. But the distance between Os2 and e2 is
smaller than rs. According to Rule 4, spanned arc c2
should be excluded. Similarly, c3 is also invalid and only
c1 is effective.

Pc

Po

c

Fig. 13 Convex point rule

c

Fig. 12 Inside rule

c1
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v
Pc

Po2

Po1

n

Fig. 11 Unique rule

e2

c1 c2 c3
os2 os3

1

d2 d3

e3
d2< rs
d3< rs

Fig. 10 Distance rule
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Rule 5 (Unique rule) If more than one spanned arc ci
pass through contact point Pc, along the rolling direction
v, the leftmost ci is valid. Similarly, if more than one
spanned arc ci pass through obstruction point Po, the
rightmost is valid.

Sometimes, there may be some small and narrow lo-
cal regions in the pocket. The rolling disk cannot enter
into these areas since the bottlenecks and areas are not
big enough. Then, the spanned arc along the BLC be-
longs to these small and narrow local regions are invalid.
As is show in Fig. 10, the red arc is invalid. The relative
locations of the spanned arcs can be determined by con-
tact point Pc and obstruction point Po. Take an example
of Fig. 11 as follows.

Given a vector n is perpendicular to vector v, and n is
consistent with v after rotating 90° clockwise. n1 is the
vector with Pc as the start point and Po1 as the end point
while n2 with Pc as the start point and Po2 as the end
point. If the angle <n, n1> is smaller than the angle <n,
n2>, then the spanned arc c1 is on the left of c2. Where,
<n, n1> represents the angle between the two vectors.
Rule 6 (Inside rule) The center of a valid spanned arc is
inside of the machining area.

Because the center of a valid arc is on the trajectory of
the rolling disk center, if the center of spanned arc is out-
side of the machining area, namely outside of the pocket,
the corresponding arc must be invalid (red arc in Fig. 12).
Rule 7 (Convex point rule) One of the necessary con-
ditions for two vertices linking a spanned arc is that the

two vertices are both reflex.
The explanation of this rule is similar to Rule 5. As

Fig. 13 shows, c is invalid.

4. Construction of the CLC
Contact line is the basic element of CLC. After deter-

mination of the valid spanned arc, contact line should be
extracted and serialized. According to the definition and
geometrical characteristic of the spanned arc, some of the
edges on the boundary loop cannot construct the CLC. As
shown in Fig. 14a, c is a valid arc; e1, e2, and e3 in BLC
are not contact line. Therefore, several rules are given out
to determine the contact line.

Rule 8 (Exclude rule))Along the rolling direction v, the
edges between Pc and Po do not make up of the CLC if
both Pc and Po are on the contour loop lc or both of them
are on island loop li.

Take an example of Fig. 14a, edges e1, e2, and e3 are
not contact lines and should be excluded from the CLC.
Besides, along the rolling direction, when the rolling
disk mg leaves an obstruction point Po and then arrives
at the next spanned arc, it must reach the Pc of the
spanned arc first. Therefore, the Pc and Po appear alter-
natively along v in a CLC. Furthermore, the edges be-
tween Po and Pc are contact lines along v.
Rule 9 (Parity rule) Along v, the spanned arcs are num-
bered based on the parity of Pc and Po.

As is shown in Fig. 14b, the Pc and Po appear
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alternatively. And the numbers of Pc and Po for each arc
are the same. Therefore, when there is at least one valid
spanned arc on the boundary loop or island loop, CLC
can be constructed by traversing all the valid spanned
arcs with Rule 8. However, when there’is no spanned arc
on a loop, the loop is also able to construct a CLC.
Rule 10 (Loop rule) A closed loop without any valid
spanned arc on it is a CLC.

As plotted in Fig. 14c, CLC2 is just the island loop.
After recognizing the spanned arcs and contact lines

correctly, CLCs can be constructed by linking them in
sequence.

5. Reconstruction of the CLC
When different CLCs intersect with each other (as il-

lustrated in Fig. 5a), it’is necessary to reconstruct them to
compute the residual areas correctly.

Suppose that a serious CLCs C1, C2,…,Cn (n≥0) are
obtained by rolling disk motion method, and C1', C2',
…,Cm' (0≤m≤n) are the unions of these CLCs, represent-
ed by operator f as (C1',C2',…,Cm') = f (C1,C2,…,Cn). The
approach to f is seeking the union set of C1, C2,…,Cn.

6. Residuals determination
Suppose the planar districts bounded byC1',C2',…,Cm'

are Am1,Am2,…,Amm, then the machinable area Am and the
residual area Ar can be determined as

Am ¼ ∪
n

i¼1
Ami ;

Ar ¼ A − Am:

Where, the A is the machining area.

3 Tool path generation procedure

Obviously, the spanned arc is part of the uncut area’s bound-
ary. Meanwhile, the spanned arc is also the sweeping envelop
of the previous tool. After the clean-up regions determination,
an uncut region can be identified as a corner residue, a bottle-
neck residue or a side residue due to the number of spanned
arcs in an uncut area. As the area of an uncut material is
usually small, to retain progressive radial depth of cut, the
sweeping envelop of the previous tool is defined as the soft
boundary which has no limitation for cutter. Thus, the cutter
can enter into the residual area from the soft boundary. Then,
tool path loop is constructed to remove the uncut regions. Tool
path generation procedures for corners, bottlenecks and side
residuals are given respectively as follows.

3.1 Tool path for corners

Tool path loops are proposed to machine the corner residuals.
As Fig. 15 shows, (a), (b) and (c) illustrate the tool paths for

UA_SF, UA_MF and UA_FF, respectively. The tool path in
Fig. 15a is ab➔bc➔cb➔bd➔de➔ed➔df➔fg➔gf➔fh➔hi;
the path in Fig. 15b is ab➔bc➔cb➔bd➔de➔ed➔df ➔fg➔-
gf➔fh➔hi➔ih➔hj➔jk; and the sequence of loops in Fig. 15c
is from 1 to 10. As the generation methods of tool path for
different types of corner residuals are the same, here,, only the
procedures for UA_SF is introduced to illustrate the tool path
generation for corners. Tool path for corners consists of tool
path loop and hard critical tool path (HCTP). In Fig. 15a, ah
and hi sections are HCTP while bc➔cb is a tool path loop
(TPL). Where, HCTP is obtained by offsetting the hard
boundary by a mount of rf, the radius of the cutter. The fol-
lowing part will describe the detailed procedures of TPL
generation.

A TPL is composite of the main cutting path, return path,
and linking arcs. As shown in Fig. 16, they are ef, a'b', ea' and
fb', respectively. Part of the linking arcs joins cutting (ec and fd
in Fig. 16) while return path a'b' do not remove any material.
The main cutting path and the cutting part of the linking path
are called cutting elements (as blue lines indicated in Fig. 16).

1. The main cutting path (The pre-tool-path)
As shown in Fig. 16, a pre-tool-path can be obtained by

offset the cutting elements of the last TPL with amount of
ar. Then, linking arcs are added to trim the pre-tool-path to
get the main cutting path. The main cutting path of the
first loop can be computed by offsetting the soft edge: if
ar<dT/2, offset the soft edge outward by (dT/2−ar); if
ar> dT/2, offset the soft edge inward by (ar− dT/2); if
ar=dT/2, the main cutting path of the first loop coincides

p1

p2

Fig. 17 A bottleneck residue area being divided into two corners

a

be

f

c

d

a'

b'

Pre-tool-path

HTCP

Cutting elements

Soft edge

ar

Fig. 16 Tool path loop generation for corners
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with the soft edge. In Fig. 16, the main cutting path of the
first loop is just in case of ar>dT/2.

2. The centers of linking arcs
Given the radius of the linking arc is rl, obviously, the

linking arc should be tangent with the HTCP and the pre-
tool-path. According to the three restriction conditions,
the centers of arcs can be determined. As plotted in
Fig. 16, points a and b are centers of linking arcs, points
c, d and e, f are the corresponding tangential points.

3. The return path
As depicted in Fig. 16, the return path a'b' can be de-

termined by offsetting the segment ab with rl.
4. Tool path loop generation

After the pre-tool-path, linking arcs and return path are
calculated, a TPL can be obtained by the following
operations.

(1) Trim the pre-tool-path at points e and f to get the
main cutting path ef.

(2) Trim the linking circles at points e, f and a', b' to get
linking arcs a'e and b'f.

Then, linking arcs a'e, b'f, the main cutting path ef and
return path a'b' constitute a closed loop, i.e., a TPL.

3.2 Tool path for bottlenecks

To make the tool path down-milling and continuous, a bottle-
neck residual area is subdivided into several generalized cor-
ner residues based on the reflex points on the boundary. Then,

the methods of tool path generation for corners can be applied
for bottlenecks.

3.2.1 Generalized corners construction

The existence of reflex points on bottlenecks’ boundaries al-
ways results in some local area becoming narrow, which leads
the bottleneck region get inaccessible for large tools. As the
tool path would change its feed direction and slow downwhen
it meets a reflex point, to minimize the number of corners, the
bottleneck area is split by the bottleneck line based on reflex
points. It is shown from Fig. 17 that a bottleneck residue area
is divided into two corners by bottleneck line p1p2, where p1 is
a reflex point on the boundary. Such a corner residual area
constructed by separator is called generalized corner residue
area, and the separator p1p2 is called virtual edge.

1. Reflex point determination
A point may be reflex for a limitary region and convex

for its neighboring region. To determine whether a vertex/
an arc is reflex or not, cross product is applied. Suppose
serial vertices p1, p2, …, pi, …, pn are in a counter-
clockwise sequence on contour loop and in clockwise
direction on island loop.

For vertex connecting two line segments, suppose vec-
tors pi−1pi

���!� pipiþ1
���! ¼ pi, based on the right-hand rule,

(1) if vector pi is outside, pi is a convex point;
(2) if vector pi is inside, pi is a reflex point;
(3) if vector pi=0, pi is a tangent point.

For vertex connecting two circular arcs or
connecting one line segment and a circular arc, vec-
tor pipiþ1

���! in above equation should be replaced by Ti
(i, i+1), the tangent vector of arc pipi+1 at point pi.
And the direction of Ti (i, i+1) is in line with the
direction of boundary (shown in Fig. 18). If pi con-
nects two arcs, pi−1pi

���! should also be replaced by Ti
(i-1, i), the tangent vector of arc pi-1pi at point pi.

For an arc, cross product T i � pioi
�! is employed,

where oi is the center of an arc. If the result of T i

�pioi
�! is outside, arc pipi+1 is a convex arc. And if it

is inside, pipi+1 is a reflex arc. Obviously, if the

(a) (b) (c)

Fig. 19 Separator supplement: a
Additive separator for bottleneck
area with two soft edges. b
Additive separators for bottleneck
area with multiple soft edges. c
Additive separator when
bottleneck line intersecting with
the soft edge

pi-1

pi

pi+1

Ti (i, i+1)

oi
pipi+1

Residual area island
Fig. 18 Determination of reflex points and arcs on residuals’ bounds
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contour is a circle, the whole boundary is a convex
arc. If the boundary of island is a circle, the whole
boundary is a reflex arc.

Essentially, for a residual area, it’is unnecessary to
judge a point which linking soft edge and hard edge
is reflex or not, because such a point is unavailable to
establish a separator. Figure 18 illustrates valid reflex
points and reflex arcs of a pocket’s boundaries in red.

2. Bottleneck line determination
Given hard edges Ei and Ej are linked by a soft edge, pi

s

is the reflex point on Ei while Pj
t is the reflex point on Ej,

where s ¼ 1; ni, t ¼ 1; nj, ni≥0, nj≥0. The distance be-
tween pi

s and Pj
t is represented as dr

(s,t).

1) If ni≠0, nj≠0, the bottleneck line corresponding with
pi
s is a line linked pi

s and Pj
t subject to min (dr

(s,t)),

t ¼ 1; nj.
2) If ni≠0, nj=0, the bottleneck line corresponding with

pi
s is defined as the shortest-distance line segment

between pi
s and Ej.

3) If ni=0, nj=0, extra separator should be added to split
a bottleneck area as shown in the following part.

3. Bottleneck residuals subdivision
As the tool enters residuals from the soft edge, the

number of sub-areas should be equal to ns. Suppose the
number of virtual edges is nv after subdivision, the nv
should satisfy ns −1=nv. If the equation fails to be satis-
fied when reflex points are applied to construct the virtual
edge, separators should be deleted or supplemented.

Rule 11 (The minimum angle rule) When the residual
area is a UA_MN, suppose l is the line linking the two
centers of its two soft edges, and the angles between l
and bottleneck lines l1,…, li,…, ls for Ek and Ej are α1,
…, αi,…, αs, if αk=min(|αi−90°|), i=1, 2,…, s, k∈{1,
2,…, s}, then only the bottleneck line lk is kept.
Rule 12 (Minimum reflex points rule) When the resid-
ual area is a UA_MN, nr >ns and nv =ns, the virtual edge

of the sub-region which contains soft edge and the min-
imum reflex points should be removed.

As shown in Fig. 20, the red dotted lines should be
deleted according to Rule 11 and Rule 12, respectively.

1) Separator supplement
Suppose the number of reflex points is nr on the

boundary of a bottleneck area while the number of
corresponding bottleneck lines is nn. Obviously, if
nr = 0, then nn =0. At this time, separator should be
added according to other rules instead of reflex ele-
ments. As the separator is perpendicular to the hard
edge, the number of the TPLs is the least. It’is best to
minimize the difference between the adjacent angles
whose vertex links the hard edge and the separator.
For a bottleneck area with only two soft edges, the
additive separator is perpendicular to one of the hard
edges as shown in Fig. 19a. For a residual region with
multiple soft edges and without any reflex points, the
center of the region is applied as endpoint of separa-
tors (shown in Fig. 19b). The other endpoint of a
separator is on a hard edge and the separator is per-
pendicular to the hard edge. If the bottleneck line
intersects with a soft edge, a new separator is pre-
ferred to replace the bottleneck line. The new

e

f

pv1

pr1

pr2
v
v1p
h
r1p h

r2p

Sub-area II

Sub-area I

Sub-area III

g h

VCTP HCTP
Fig. 21 Illustration of the generation for VCTP

1 2

(a) (b)

Fig. 20 Unwanted separator
deletion when nv = ns. a Rule 11.
b Rule 12
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separator is advised to be tangent with the soft edge to
minimize the difference between the angles discussed
above. As depicted in Fig. 19c, the blue separator is
better than the yellow one to be added as the virtual
edge instead of the red one.

2) Unwanted bottleneck line deletion
When nn≥ns, if all the bottleneck lines are used as

separators, some of the sub-regions may be bounded
without soft edge. Meanwhile, ns −1≠nv. Therefore,
unwanted bottleneck lines should be deleted when
nn≥ns. As the reflex points may increase the number
of TPLs, deletion principles are set to arrange the
reflex points in every sub-area evenly.

3.2.2 Tool path generation for bottlenecks

Once the bottleneck residuals are constructed as generalized cor-
ners, the tool path generation technique for corners can be used
for bottleneck residuals. However, as the virtual edge of gener-
alized corner residue has no limitation for a cutter, special mea-
sures are asked for tool path generation of bottleneck residuals.

The tool path determined by the virtual edge is defined as
virtual critical tool path (VCTP). The VCTP is special for
bottleneck residuals.

Suppose the numbers of virtual edges and hard edges of an
uncut bottleneck area are nv_s and nh_s, respectively. The
VCTP can be determined as follows.

1) nv_s = 1
If nv_s = 1, the VTCP is the line segment whose end-

points coincide with the endpoints of two HTCPs. The

segments ef in sub-area I and gh in sub-area II shown in
Fig. 21 are VTCPs.

2) nv_s > 1
If nv_s > 1 and there’is no intersection point of virtual

edges, or the intersection point is not on HCTP, then, the
virtual edges can be used as the VCTP. For example, the
VCTPs for Fig. 19 are the separators. Otherwise, special
VCTP is needed.

Suppose that the vertex pvi links at least two virtual edges
while vertex prj links only one virtual edge, the bisector of
∠pvi intersects with circle Cvi at point pvi

v, where, ∠pvi is an
angle between two virtual edges and Cvi whose diameter is
df. Additionally, the corresponding point of prj on the HCTP
is prj

h. Then, the VCTP consists of line segments prj
hpvi

v and
pvk
v pv(k+1)

v . As indicated in Fig. 21, the VCTP of sub-area III
is made up of segments pr1

h pv1
v and pv1

v pr2
h .

Furthermore, the linking arc of a TPL is allowed to be
tangent with a HCTP or VCTP (Fig. 22a) rather than inter-
sect with any of them (Fig. 22b). In Fig. 20b, the linking arc
is tangent with the VCTP while it also intersects with the
HCTP. Thus, scheme plotted in Fig. 20a is available.

3.3 Tool path for side residuals

Besides the bottleneck residue, the bottleneck areas of a pock-
et may lead side uncut areas (as the UN_SC plotted in Fig. 3).
Figure 23a shows that when the length of the bottleneck line is
bigger than 2df, the uncut material cannot be cleaned up by
only a tool path in sidewall finishing. Thus, in order to retain
down-milling and progressive radial depth of cut, it’is neces-
sary to append some loops to the tool path for side residue.
The tool path for uncut material in Fig. 4f is provided in
Fig. 23b. The path is ab➔bc➔cb➔bd➔de➔ed➔df. Where,
the crucial techniques different from the tool path generation
for corner and bottleneck residuals are given as follows.

1. The location of TPL
The tool path for side residue consists of HCTP and

TPL. The generationmethod of HCTP for sides is as same
as it for corners. And the loops are tangent withHCTP and

Tool
b

a

c

d

f

(a) (b) 

Fig. 23 Tool path for side uncut
region. a Uncut material on side.
b TPL for side residue

VCTP

HCTP

Pre-tool-path

Linking arc Linking arc

HCTP

VCTP
Pre-tool-path

(a) (b)

Fig. 22 Non-intersection rule for linking arc. a No intersection. b
Intersection with the HCTP
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offsetting arcs which is obtained by offsetting the soft
edge. As plotted in Fig. 24, the distance between adjacent
offset arcs is ar. The method for determination of the first
offsetting arc is the same as that of the pre-tool-path of the
first loop for corners (see Section 3.1).

2. The diameter of TPL
The TPL for side residue is a circle being tangent with

HCTP and offsetting arc. Suppose its diameter is dL, the
diameter of the previous tool is dD, the centers’ distance
between the two soft edges bounding the side residue is

dd, then, dL ¼ 1
2 dD−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dD2−dd2

p� �
−d f

h i
.

3. The numbe of TPL
Suppose nl is the number of TPL, then,

nl ¼ int
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dD2 þ 4dd2−4dd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d f dD−d fð Þ

pq
−
1

2
dD � ar−

d f

2

� �� 	.
ar

� �
þ 1

where, if ar≤df/2, plus sign is selected; if ar >dT/2, minus sign
is adopted. The equation above is applicable for linear hard
edge. For other cases, geometry computation is enough to find
the corresponding nl.

Tool

Fig. 26 Tool path for removing clean-up regions by the proposed
approaches

Generate the HCTP

ns = 1

Y:corners

N

VCTP generation

Reflex point determination and
separator caculation

Generate the SCTP

Compute and generate
the first tool-path-loop

Compute and construct the
tool-path-loop

N

End

N

Y

Prepare

Establish the BLC

Calculate the spanned arc

Determinate the valid spanned arc

Construct the CLC

Extract the clean-up regions
Offset the cutting element of the
last loop by an amount of ar to

construct the pre-tool-path

nh 1
Y: bottlenecks

Y

Compute the offset arcs, the
diameter and the number of loops

Construct the tool-path-loops being
tangent with HCTP and offset arcs

N: sides

Does the pre-tool-path
intersect with any critical

tool path

Does the pre-tool-path
intersect with a HCTP

Fig. 25 Flow chart of looping
tool path generation for clean-up
regions

ar

PTE

Toolpath

Offsetting arc

Fig. 24 Generation of tool path for side uncut region
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4 Implementation

The algorithm for residual area identification and looping tool
path generation is provided in Fig. 25. To validate the advan-
tages of the proposed approach, an example shown in Fig. 3
with all kinds of residuals is given. The green lines shown in
Fig. 26 reveal the tool path for removing the uncut areas of this
example. In this example, the diameter of the previous tool is
40 mm, and that for the semi-finishing/finishing tool and
linking arc is 8 and 3mm, respectively. Additionally, the radial
depth of cut ar is 4.8 mm.

From Fig. 26, we can see that for UA_SN, the tool enters
into the area from the two soft edges; for UA_MN plotted in the
graph, it is split into three generalized corners since there are
three soft edges. Besides, as one of the bottleneck lines intersect
with a soft edge, a new separator which is tangent with the soft
edge is added to replace the bottleneck line. For UA_FF in the
example, five loops are generated to machine it by the tool
entering from the soft edge. Additionally, the cutting element
of each loop, instead of the soft edge, is offset to construct the
next loop according to our method. In this way, the proposed
tool path loop is flexible well to uncut areas with various ge-
ometry shapes. For instance in Fig. 26, the axes of loops for
UA_MN and UA_FF are furcate to adapt to their shapes.
Furthermore, as maximum distance between any two adjacent
cutting elements is no bigger than ar, the cutting force will not
change a lot during the machining. And the TPL always retains
down-milling and G1 continuous during the machining.

5 Conclusion and discussion

To remove the clean-up regions after pocket roughing, the
residual areas are classified according to their geometry
shapes and the number of soft edges. Then, a rolling disk
method is proposed to identify the various uncut regions,
and tool path loops are designed for different kinds of resid-
uals. Compared to the previous research by others, the unique
features of the approaches proposed and the main advantages
of the techniques over them can be concluded as follows: (1)
the presented rolling disk motion method for residual areas
identification avoids adopting offset method or Voronoi dia-
gram which have some potential problems [13] and need spe-
cial considerations; (2) the advised looping tool path is avail-
able for kinds of complex corners, bottleneck residuals, and
side uncut areas; (3) the rendered tool path retains down-
milling and G1 continuous; (4) the practical radial depth of
cut is always smaller than the theoretical depth with little
variation in machining; (5) as the cutting element of each loop
is offset to construct the next loop iteratively, it breakthroughs
the limitation of the geometry shape of residuals to tool path
generation. Thus, the presented looping tool path is able to
remove all kinds of residual regions.
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