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Abstract In this paper, a prediction model of the material
removal depth for the polishing process is developed from
the microscopic point of view. Based on the statistics analysis,
and by the use of the elastic contact theory and the plastic
contact theory, the relationship between the pressure and the
depth of indentation is obtained. Moreover, the calculation
equation for the linear removal intensity, which is the material
removal depth per unit contact length along the polishing path,
is presented. Finally, by integrating the linear removal inten-
sity, the micro-model of the material removal depth for the
polishing process is developed. Analyzed from the perspec-
tive of the abrasive grains, the model takes the grit designation
and the structural number as the two basic variables for abra-
sive grains characteristics, and it is assumed that the shape of
an abrasive grain is conic with spherical tip and the distribu-
tion of its protrusion heights is taken to be Gaussian distribu-
tion, which fully takes into account the impact of the abrasive
grains characteristics on the depth of removal. In the model,
different stages of the polishing process are decomposed in
detail, and the reality that the plastic deformation is accompa-
nied by the presence of elastic deformation is taken into con-
sideration, which makes the model more realistic.
Experimental results are compared with the prediction results
to verify the theoretical model. The model can be used as the
theoretical foundation for the selection of abrasive grains and
the process parameters.
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1 Introduction

Polishing is a kind of finishing process that can effectively
eliminate or reduce the processing defects caused by former
manufacturing procedures and improve the surface quality
and form accuracy, which makes it a vital role to ensure the
product quality and the service life. However, most of the
polishing works still rely highly on manual operations by
skilled workers, which make it inefficient and difficult to en-
sure product consistency. It has been reported that according
to statistics in the mold processing, about 37 to 50 % of the
total manufacturing time is spent on polishing. Therefore, it
has become a hot topic in the field of engineering and aca-
demics on how to achieve the automation of polishing and
improve polishing efficiency and quality [1–4].

In the research of polishing automation, a critical and
difficult problem is how to precisely control the removal
of the material, namely the quantitative removal of mate-
rial, so as to achieve the required form accuracy [5].
There are a number of factors in the polishing process that
can affect the removal of the material, including process
parameters [6, 7] such as the tool speed, the feed rate and
the given pressure, as well as the characteristics of the
tool such as the grain size, material, and density. In addi-
tion, most of the application workpieces are free-form
surfaces which add more difficulties to the quantitative
removal of material. The nature of quantitative removal
of material lies in the control of removal depth of various
positions on the workpiece surface. Therefore, it is obvi-
ously necessary to study the removal depth of the work-
piece surface.
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Currently, the most commonly used method is to develop a
model of material removal depth based on Preston’s equation
[8, 9], which defines that the material removal depth per unit
time is proportional to the instantaneous velocity and pressure.
The effect of other factors (such as processing materials,
polishing tools, etc.) is considered to be a proportional con-
stant K. In other words, Preston’s equation creates a linear
relationship between the material removal depth and pressure
as well as instantaneous velocity [10–12]. This kind of model
is simple and needs a small amount of calculations. However,
the determination of the proportional constant K is complicat-
ed and needs lots of experiments, once the experimental con-
ditions change, K needs to be corrected. In addition, Preston’s
equation is a kind of macroscopic model and lacks of the
effect of abrasive grains characteristics on the depth of remov-
al. Most experimental and theoretical studies have shown that
the characteristics of abrasive grains have an important influ-
ence on the removal depth of material [13, 14].

Therefore, from the perspective of abrasive grains, some
scholars carried out many microscopic researches in the
polishing process mainly concentrated on the complex inter-
actions between the abrasive grains and the workpiece involv-
ing scratching, plowing, cutting and so on. Microscopic re-
searches from the perspective of abrasive grains contribute to
a better understanding of the mechanism of polishing. Wu
et al. [14] developed a theoretical equation of the removal
depth from the aspect of abrasive grains, and its solving pro-
cess was discussed. Wang et al. [15] took the size of abrasive
grains as an important aspect on the removal depth and devel-
oped an equation describing the relationship between the pres-
sure and the cutting depth, and finally, the model of the linear
removal intensity was presented. Both of the above two
models are developed from the micro perspective, however,
in the state of the plastic deformation, the elastic deformation
was not considered. While in the actual polishing process, the
plastic deformation is accompanied by the presence of elastic
deformation [16]. Therefore different stages of the abrasive
polishing process need to be decomposed in detail to make
the prediction model more realistic.

In this paper, a model of predicting the material removal
depth of the workpiece surface for the polishing process is
developed and an approach to achieve the material removal
profile is presented. Based on the statistics analysis, and by the
use of the elastic contact theory and the plastic contact theory,
the relationship between the pressure and the depth of inden-
tation is obtained from the microscopic point of view. The
depth of the material removal can be obtained by integrating
the linear removal intensity along the polishing contact path.
In this model, the effect of the abrasive grains characteristics
on the removal depth is taken into account and different stages
of the polishing process are decomposed in detail. Finally
experimental results are compared with the prediction results
to verify the theoretical model.

2 Modeling

According to the removal principle, polishing process can be
mainly categorized into three groups: mechanical polishing,
chemical polishing and chemical-mechanical polishing
(CMP) [17]. The latter two more focus on the action of a
“chemical tooth”, i.e., the chemical interaction between abra-
sives, surface, polishing pad and carrier medium. In this paper,
the method of mechanical polishing is concerned.

Mechanical polishing is a very gentle abrasive action be-
tween the grain and the workpiece to ensure a very small
scratch depth. There are a large number of grains on the surface
of the abrasive tool and an abrasive grain is a hard, tough
substance containing many sharp projection cutting edges or
points. In the polishing process, pressure is applied on the abra-
sive through a conformable pad or soft cloth and makes the
abrasive penetrate into the surface and cut away material [18].

Therefore, in order to establish the model from the micro-
scopic level, two parameters are considered in this paper. They
are the number of abrasive grains involved in the removal of
material per unit time per unit area and the volume removed
by a single abrasive grain. The product of the two parameters
determines the total removal volume of the material and then
the material removal depth could be obtained.

2.1 The number of the effective grains

Researches and experiments show that the heights of the abra-
sive protrusion are not the same [15]. Therefore, only a part of
grains will participate in the polishing process and this kind of
grains are called the effective grains which will actually deter-
mine the removal depth of the material.

2.1.1 The number of the whole abrasive grains

In this paper, the structural number and the grit designation are
taken as the two basic variables for abrasive characteristics.
An abrasive tool is composed of abrasive grains, bond and air
vent. The structure number S stands for the volume ratio of the
grains in the whole element volume. The relationship of S and
volume ratio is obtained as follows [19]:

Vg ¼ 2 31−Sð Þ ð1Þ

where Vg (%) is the grain ratio. For instance: Vg is 62 when
S=0, and 44 when S=9.

The grit designation (generally indicated by M) is used to
characterize the dimension d of the abrasive grains. By fitting
the data in Table 1, the corresponding relationship of M and
the dimension d can be calculated as follows [19]:

dm ¼ 68M−1:4 ð2Þ
dmax ¼ 15:2M−1 ð3Þ
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where dm is the average dimension and dmax is the maximum
dimension of the abrasive grains.The number of the abrasive
grains per unit area can be calculated as [20]:

N ¼ 6� Vg

πdm2 ð4Þ

Eq. (4) indicates that the structural number S and the
grit designation M together determine the total number
of the abrasive grains per unit area. From Eqs. (1), (2),
(3), and (4), the total number can be obtained in the
following form:

N ¼ 0:03 31−Sð Þ
342
� �

πM−2:8 ð5Þ

2.1.2 Model of the heights of the abrasive protrusion

Massive experiments and researches have shown that
dmax and dm are very close to the maximum and the
average heights of the abrasive protrusion, respectively
[7], as shown in Fig. 1. The distribution of the heights
of the abrasive protrusion is taken to be Gaussian dis-
tribution [21], i.e.,

f hð Þ ¼ 1ffiffiffiffiffiffi
2π

p
σ
e
−h2
2σ2 hj j≤3σ ð6Þ

In the equation above, h is the height of the abrasive pro-
trusion; σ is the standard deviation which can be given by:

σ ¼ dmax−dmð Þ
3

ð7Þ

where dm, dmax and σ for different grit designations are shown
in Table 1.

Figure. 1 is a schematic diagram of the protrusion
heights distribution in the abrasive tool surface and the
origin point of the coordinate system is fixed on the
horizontal position of dm. In Fig. 1, dmin is the minimum
dimension of the abrasive grains, h0 is the vertical dis-
tance between the origin point and the workpiece sur-
face, δmax is the maximum overlap of elastic contact, m
is the indentation depth of the highest grain. From the
geometric relationship, h0 can be expressed as follows:

h0 ¼ 3σ−m ð8Þ

where m belongs to [0, 6σ].

2.1.3 The number of the effective grains

Through the above analysis, we can conclude that in the
polishing process, not all the grains are involved in the
polishing process. As shown in Fig. 1, a grain would
contact with the workpiece only when the protrusion
height is bigger than h0, and the material removal pro-
cess will happen only when the protrusion height is big-
ger than δmax + h0.

Under the assumption of Hertzian contact, the geomet-
ric shape of the contact between the tool and the work-
piece is elliptical [15]. As shown in Fig. 2, when the
center of the contact ellipse lies in point O of polishing
path, there exits infinitesimal G in the contact region of
the workpiece surface, the length and width of which are
dy and dx. The rotation speed of the polishing tool and

Table 1 Values of dm, dmax, and σ for different grit designations [15]

M dmax (10
−3 mm) dm (10−3 mm) σ (10−3 mm)

100 150 137.5 4.17

120 125 115.5 3.17

150 106 90.5 5.17

180 90 76.5 4.5

220 75 64 3.67

W40 40 34 2

Fig. 1 Schematic diagram of the heights distribution of the abrasive
protrusion

Fig. 2 Schematic diagram of the contact area between the tool and the
workpiece
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the feed speed of the workpiece are defined by Vt and Vf,
respectively. The contact area of the workpiece at G in
the time dt is:

S ¼ dydx ¼ V f dxdt ð9Þ

And the contact area of the polishing tool atG in the time dt
can be calculated as:

S1 ¼ dldx ¼ Vsdxdt ð10Þ

where Vs=Vt±Vf is the relative velocity between the polishing
tool and the workpiece. When the direction of the feed rate is
the same as that of the tool rotation, “−” is chosen, otherwise
“+” is chosen.

From Eqs. (5), (6), and (10), the number of the abrasive
grains that can contact with the workpiece is obtained in the
following form:

N1 ¼ S1N
Z3σ
h0

f hð Þdh ð11Þ

The number of effective grains that can actually remove the
material can be calculated as:

N2 ¼ S1N
Z3σ
h0þδmax

f hð Þdh ð12Þ

2.2 The removal model of a single abrasive grain

In addition to the number of the effective grains, the
volume removed by a single abrasive grain is another
important variable influencing the material removal
depth. The polishing process is a complex material re-
moval process involving rubbing, scratching, plowing
and cutting as shown in Fig. 3. The behavior of mate-
rial deformation can be divided into two phases: the
elastic deformation and the plastic deformation. The
transition between the two phases depends on the cut-
ting depth of an abrasive grain. Therefore, in this sec-
tion two kinds of deformations are analyzed in detail

and the theory of contact mechanics and the force equi-
librium are used to obtain the relationship between the
pressure and the depth of indentation. And finally, the
removal model of a single abrasive grain is developed.

The transverse shape of the grooves produced by abrasive
grains has been assumed to be triangular in most of the models
developed so far [14, 15]. In reality, a single abrasive grain
typically has a lot of tiny cutting edges on its tip, which is
similar to a multiple-point circular arc. Experiments conducted
by Lal and Shaw [22] with a single abrasive grain indicate that
the grain tip could be better approximated by circular arc.
Therefore, in this paper the shape of abrasive grains is assumed
to be conic with spherical tip which means that the transverse
shape is conic when the cutting depth is big, while the trans-
verse shape is spherical when the cutting depth is small.

2.2.1 Elastic deformation

According to the elastic mechanics theory, for a single abra-
sive grain, when a normal force F0 is applied on the work-
piece, as shown in Fig. 4, then, we can get the following
parameters [24]:

r ¼ 3RF0

4E*

� �1=3

ð13Þ

δ ¼ 9F2
0

16RE*2

 !1=3

ð14Þ

p0 ¼
1

π
16E*2F0

9R2

 !1=3

ð15Þ

1

E* ¼ 1−ν23
E3

þ 1−ν22
E2

ð16Þ

In these equations, R is the spherical radius of the
abrasive grains’ tip as shown in Table 2, r is the radius
of the circular contact area; δ is the overlap of elastic
contact; p0 is the mean contact pressure; E* is the contact

Fig. 3 Schematic diagram of the material removal by a single abrasive
grain

Fig. 4 Schematic diagram of a single abrasive grain acted on the
workpiece
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modulus of the abrasive grain and workpiece, E2 and E3

are Young’s modulus of the workpiece and the abrasive
grain, v2 and v3 are Poisson’s ratios of the workpiece and
the abrasive grain, respectively.

According to the elastic-plastic deformation theory,
there will be plastic deformation on the workpiece sur-
face when the mean contact pressure is bigger than HB/
3 [15, 23], where is the Brinell hardness of the work-
piece surface; otherwise there is only elastic deforma-
tion on the workpiece surface without material removal.
From Eqs. (14), (15), and (16), the maximum overlap of
elastic contact δmax can be presented as:

δmax ¼ π2RH2
B

16E*2
ð17Þ

Therefore, when the height of the abrasive protrusion
belongs to [h0 , h0 + δmax], there is only elastic deforma-
tion on the workpiece surface, and the number of abrasive
grains per unit area can be calculated as:

Nt ¼ N
Zh0þδmax

h0

f hð Þdh ð18Þ

From Eq. (14), solving for F0 yields:

F0 ¼ 4E*R1=2 h−h0ð Þ3=2
3

ð19Þ

The force Ft producing the elastic deformation per unit area
can be obtained from Eqs. (18) and (19), and it is shown as
follows:

Ft ¼ Nt F0 ¼ 4NE*
ffiffiffi
R

p

3σ
ffiffiffiffiffiffi
2π

p
Zh0þδmax

h0

h−h0ð Þ3=2e−h2
2σ2dh ð20Þ

2.2.2 Plastic deformation

From the analysis in Section 2.2.1, it is known that there will
be plastic deformation on the workpiece surface when the
height of the abrasive protrusion is bigger than δmax+h0

As we have mentioned at the beginning of section 2.2, the
transverse shape is different as the cutting depth varies.

Therefore, the plastic deformation is divided into two phases
in this part.

1. The phase of spherical cutting
When the cutting depth is smaller than the spheri-

cal radius of the abrasive grain’s tip, the process of
spherical cutting will happen. In the actual polishing
process, the plastic deformation is always accompa-
nied by the presence of elastic deformation as shown
in Fig. 5. According to the elastic-plastic deformation
theory, the depth of elastic deformation can be
expressed as [25]:

δc ¼ 0:6πHB

2E*

� �2

R ð21Þ

where δc is the depth of elastic deformation.And the corre-
sponding force caused by the elastic deformation is as follows
[25]:

Fc ¼ 4

3
E*

ffiffiffi
R

p
δ3=2c ð22Þ

Here, if we denote δp as the depth of removal, then the
corresponding force caused by the plastic deformation can
be calculated as [19]:

Fp ¼ 2HBπRδp ð23Þ

FromEqs. (22) and (23), the total force for a single abrasive
grain in the phase of spherical cutting is given by:

F1 ¼ Fc þ Fp ¼ 4

3
E*

ffiffiffi
R

p
δ3=2c þ 2HBπRΔh ð24Þ

where Δh= (h−h0− δc).
As shown in Fig. 5, u1, u2, u3, u4, and u5 are the

spots on the spherical part of the abrasive grain and O
is the center. The part u1u2u5 is the elastic deformation.

Table 2 Values of R for different grit designations [15]

M 46 60 80 W40 W28

R(10−3 mm) 28 18 13 4 2.7

Fig. 5 Schematic diagram of the spherical cutting of a single abrasive
grain
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The part u2u3u4u5 in the area of oblique lines is the
transverse shape of the cutting and its area is represent-
ed by ΔA which will be calculated in the following
section. rc and rp are the radii of the top and bottom
contact circular of the abrasive grain.

From Eqs. (12) and (24), the total force per unit area
in the phase of spherical cutting can be calculated as:

Fs1 ¼ N21F1 ¼ 4
ffiffiffi
R

p
δ3=2c NE*

3σ
ffiffiffiffiffiffi
2π

p
Zh0þR

h0þδmax

e
−h2
2σ2dhþ 2HBπRNffiffiffiffiffiffi

2π
p

σ

Zh0þR

h0þδmax

e
−h2
2σ2Δhdh

ð25Þ
where N21 is the number of grains participating in the
spherical cutting.
2. The phase of conic cutting

When the cutting depth is bigger than the spherical
radius of the abrasive grain’s tip, the process of conic
cutting will happen and the cross-section of the re-
moved material is shown in Fig. 6. In this phase, the
elastic deformation will also occur. It is known from
Eq. (21) that the elastic deformation is merely a func-
tion of R and it will not vary as the cutting depth
changes. Therefore the depth and force caused by
the elastic deformation are the same in the phase of
spherical cutting and conic cutting.

In the phase of conic cutting, the pressure caused
by the plastic deformation is always set to be
p1 =HB/2 [15, 23]. It is found that the shape of the
contact area is circular [15], the radius of which is
equal to (h− h0)tan(α/2), where α is the apical angle
of the cone. Therefore, the contact area can be
expressed as:

Ss2 ¼ πr2 ¼ π h−h0ð Þ2tan2 α
2

ð26Þ

Thus, the total force per unit area caused by the plastic
deformation in the phase of conic cutting is presented as:

Fs2 ¼ N22 Fc þ Ss2p1ð Þ ¼ 4
ffiffiffi
R

p
δ3=2c NE*

3σ
ffiffiffiffiffiffi
2π

p
Z3σ
h0þR

e
−h2
2σ2dh

þ
HBπN tan2

α
2

2
ffiffiffiffiffiffi
2π

p
σ

Z3σ
h0þR

e
−h2
2σ2 h−h0ð Þ2dh

ð27Þ

where N22 is the number of grains participating in the conic
cutting.

From Eqs. (25) and (27), the total force per unit area caused
by the plastic deformation of two phases can be obtained by:

Fs ¼ Fs1 þ Fs2

¼ 4
ffiffiffi
R

p
δ3=2c NE*

3σ
ffiffiffiffiffiffi
2π

p
Z3σ
h0þδmax

e
−h2
2σ2dhþ 2HBπRNffiffiffiffiffiffi

2π
p

σ

Zh0þR

h0þδmax

e
−h2
2σ2Δh dh

þ
HBπN tan2

α
2

2
ffiffiffiffiffiffi
2π

p
σ

Z3σ
h0þR

e
−h2
2σ2 h−h0ð Þ2dh

ð28Þ

2.2.3 Indentation depth of the abrasive grains

Based on the analysis above, the total force per unit
area (i.e., the pressure) mainly consists of two parts,
which are the forces of the elastic deformation and the
plastic deformation.

From Eqs. (20) and (28), we can see that the pressure
is a function of h0. As we know, the transition between
the elastic deformation and the plastic deformation de-
pends on the penetration depth m; therefore, according
to Eq (8), h0 is replaced by m; then the following three
situations are contained between abrasive grains and
workpiece:

1. When 0≤m≤ δmax, there is only the elastic deformation
and the pressure is given by:

P ¼ Ft ð29Þ

2. When δmax ≤m ≤R, the elastic deformation and the
plastic deformation (spherical cutting) will occur si-
multaneously and the pressure can be calculated as:

P ¼ Ft þ Fs1 ð30Þ

3. When R ≤m ≤ 6σ, the elastic deformation and the
plastic deformation (spherical cutting and conicFig. 6 Schematic diagram of the conic cutting of a single abrasive grain
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cutting) will occur simultaneously and the pressure
can be calculated as:

P ¼ Ft þ Fs1 þ Fs2 ð31Þ
Based on the above analysis, in case of a known pressure

distribution, the cutting depth of the abrasive grains could be
solved.

In this paper, the contact area between the tool and
the workpiece surface is assumed to be elliptic accord-
ing to the Hertzian contact theory [11, 23]. The pressure
distribution equation is shown in the appendix.

2.2.4 The removal volume of a single grain

The elastic deformation of the workpiece does not lead to
material removal, while the plastic deformation does.
Therefore, the model of the removal volume of a single grain
is developed in the phase of plastic deformation.

The removal shape of the cross-section is assumed to be
trapezoidal for simplification in this paper.

According to Figs. 5 and 6, the trapezoidal cross-sectional
area ΔA is given by:

ΔA ¼ rc þ rp
� �

δp ð32Þ

According to the relationship of geometry:

r2c þ R−δcð Þ2 ¼ R2 ð33Þ

It is obtained as follows:

r2c ¼ 2Rδc‐ δ
2
c ð34Þ

Here, the parameters in Table 3 are adopted to calculate the
following formula:

δ2c
2Rδc

¼ δc
2R

¼ 0:045
πHB

E*

� �2

≈4*10−5 ð35Þ

Then we can find that δc
2≪2Rδc and can be neglected, so

Eq. (34) can be simplified as follows:

r2c ¼ 2Rδc ð36Þ

Then it results as follows:

rc ¼
ffiffiffiffiffiffiffiffiffiffi
2Rδc

p
ð37Þ

When it comes to rp, two situations are discussed according
to the cutting depth.

& When it is in the phase of spherical cutting, by the same
token with rc, rp can be obtained as follows:

rp1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h−h0ð Þ 2R−hþ h0ð Þ

p
ð38Þ

& When it is in the phase of conic cutting, following the
analysis in Section 2.2.2, it is known that:

rp2 ¼ h−h0ð Þtan α
2

ð39Þ

After all the parameters are obtained, the removal volume
of a single grain can be expressed as V01 and V02 for spherical
cutting and conic cutting correspondingly:

V01 ¼ ΔA1dy ¼
ffiffiffiffiffiffiffiffiffiffi
2Rδc

p
þ rp1

h i
Δhdy ð40Þ

V02 ¼ ΔA2dy ¼
ffiffiffiffiffiffiffiffiffiffi
2Rδc

p
þ rp2

h i
Δhdy ð41Þ

2.3 The linear removal intensity of the material

Based on the analysis of Section 2.1 and 2.2, the total removal
volume of workpiece at infinitesimal G by the polishing tool
in the time dt can be expressed as:

V ¼ dxdydz ¼ N2V0

¼ S1Nffiffiffiffiffiffi
2π

p
σ

Zh0þR

h0þδmax

e
−h2
2σ2ΔA1dhþ

Z3σ
h0þR

e
−h2
2σ2ΔA2dh

0
B@

1
CAdy ð42Þ

Table 3 The adapted process
parameters [23] Items Conditions

Grains Material: A356 alloys,M = 240, E3 = 400GPa, V3 = 0.3, α= 90°, R= 2.792 μm,

Tool E1 = 25 MPa, V1 = 0.10, r1 = 50 mm, r1
′ =∞, S= 0

Workpiece E2 = 72.4GPa, V2 = 0.33, r2 = 20 mm, r2
′ = 100 mm, HB= 686 MPa

Other
parameters

γ= 0°, F= 10, 15, 20 N, Vf= 0.105, 0.157, 0.209, 0.262 m/min, Vt= 7.540, 8.561, 9.582 m/
min
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where dz is the removal depth at infinitesimalG.FromEqs. (9),
(10), (12) and (42), we could get the following equation:

Hl ¼ dz

dy
¼ N 2V0

dxdydy
¼ S1N

S
ffiffiffiffiffiffi
2π

p
σ

RV1 þ RV2ð Þ

¼ VsN

V f
ffiffiffiffiffiffi
2π

p
σ

RV1 þ RV2ð Þ ð43Þ

where RV1 and RV2 stand for the removal volume by the
spherical cutting and conic cutting, respectively, which can
be given by:

RV1 ¼
Zh0þR

h0þδmax

e
−h2
2σ2ΔA1dh

RV2 ¼
Z3σ

h0þR

e
−h2
2σ2ΔA2dh

H1 is defined as the linear removal intensity, which is the
material removal depth of per unit contact length in the contact
region between the polishing tool and the workpiece.

The removal depth at infinitesimal G in the contact region
between the polishing tool and the workpiece can be obtained
by integrating H1 along the polishing contact path, i.e.,

H ¼
Z
L1

L2

Hldl ð44Þ

where H is the removal depth at infinitesimalG, L1 and L2 are
the start point and end point of the polishing contact path as
shown in Fig. 7.

According to the Hertzian contact theory, the contact area
between the polishing tool and the workpiece is an ellipse and
the boundary line of the elliptic area can be given by [11]:

x2

a2
þ y2

b2
¼ 1 ð45Þ

where a and b are the semi-major axis and the semi-minor
axis, respectively, which can be obtained in the appendix.
As shown in Fig. 7, Y stands for the path direction and x is
the distance from infinitesimal G to the center point O. As the
distance x is known, the values of L1 and L2 can be calculated
by Eq. (45).

The calculating steps of the material removal depth are
shown in Fig. 8.

3 Model analysis

The relationship between dy andVf can be expressed as follows:

dy ¼ V f dt ð46Þ

Substituting Eq. (46) into Eq. (43) and it is obtained as follows:

Ht ¼ dz

dt
¼ dz

dy
� V f ¼ Hl � V f

¼ Nffiffiffiffiffiffi
2π

p
σ
� RV1 þ RV2ð Þ � Vs ð47Þ

Fig. 7 Schematic diagram of the elliptic contact area between the
polishing tool and the workpiece
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Using Eqs. 49)~(56), solving for the 

pressure distribution equation and the pressure 

at G

Calculating L1 and L2 using Eq. 45), then 

solving for the removal depth at G using 

Eq.(44)

Using Eqs.(29)~(31), calculate the indentation 

depth at G

Calculating the removal volume of a single 

grain  using Eqs.(40) and (41)

Solving for the linear removal intensity at G 
using Eq.(43)

Known 

parameters

Fig. 8 The calculating steps of the material removal depth
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whereHt is defined as the material removal depth per unit time at
infinitesimal G.

In Eq. (47), Nffiffiffiffi
2π

p
σ
is determined by the grit designa-

tion and structural number which can be seen as a pro-
portional constant K in Preston’s equation once the two
parameters are determined. Based on the analysis in
Section 2.2, it can be seen that RV1 +RV2 is affected
by the pressure P. After simplification, Eq. (47) can be
transformed into another form as follows:

Ht ¼ dz

dt
¼ KPV ð48Þ

This is the well-known Preston model. This theoreti-
cal model in this paper is in agreement with the
Preston’s equation and can be seen as a more compre-
hensive model of the Preston’s equation.

4 Model validation

The data used for model validation is from the experi-
ments conducted in literature [23]. The experimental
platform is a cylindrical CNC polishing machine, the
workpiece is an A356 alloy wheel and the polishing tool
is a rubber belt wheel. The other parameters are shown
in Table 3 and the meaning of the parameters can be
seen in the appendix. The contour graph PGI830 is used
to detect the profile shape of the polishing spot before
and after polishing and the absolute value of the differ-
ence is calculated and taken as the actual removal depth
of the workpiece.

The relationship between the depth of indentation m and
the normal polishing force F is shown in Fig. 9. As we can see
there is an increase in the indentation depth with the increase
of the polishing force on the whole. The increment speed of
the depth of indentation varies under different forces. The
bigger the force is, the slower the increment speed becomes.

The reason is that as the force becomes bigger, the depth of
indentation will also turn bigger. Therefore more and more
abrasive grains will participate in the polishing process and
undertake the force which makes the increment speed slow.

Figure 10 shows the effect of different forces F on the
removal profile of the workpiece surface (Vt= 7.540 m/
min, Vf = 0.105 m/min). It can be found that, with the
increasing of force, the width and depth of the material
removal profile increase correspondingly. The reason is
that, as the force increases, the grain cutting depth into
the workpiece increases too, which leads to an increased
contact area as well as the number of cutting grains, thus,
the width and depth of the removal profile increase.
Different removal profiles under different feed rates
(F= 20 N, Vt= 7.540 m/min) and polishing tool rotation
speeds (F= 20 N,Vf= 0.105 m/min) are shown in Figs. 11
and 12, respectively. It can be seen that the removal depth
increases when the feed rate decreases as well as the ro-
tation speed increases, while the width of the removal
profile is unchanged. This can be explained by that the
decrease of feed rate or the increase of the rotation speed
will increase the number of grains involved in polishing
per unit time, leading to the increase of material removal
volume which will finally increase the removal depth

Fig. 11 The removal depth of the workpiece for different Vf

Fig. 10 The removal depth of the workpiece for different F

Fig. 9 The relationship between indentation depth and the force
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accordingly [26]. However, the feed rate and the rotation
speed have little effect on the contact between the
polishing tool and the workpiece, therefore the width of
the profile shape is unchanged [11].

The experimental results and the predicted values of the
material removal depth at the center point of contact area are
shown in Table 4. They show a good agreement with each
other. In addition, the predicted values using the model of this
paper are compared with those using the model by Wu et al.
[23], as shown in Table 4. The maximum and average relative
errors by Wu et al. are 17.21 and 4.24 % which will be 11.52
and 3.11 % in the model of this paper and it shows that the
model in this paper is more precise compared with the model
by Wu et al., which proves the effectiveness of the model.

5 Conclusion

In this paper, a prediction model of the material removal depth
for a polishing process is developed frommicroscopic point of
view. The method of calculating the removal profile is

presented. The effect of the abrasive characteristics on the
depth of removal is taken into account and different stages
of the polishing process are decomposed in detail.
Comparison between prediction and experimental results
shows a good consistency which verifies the theoretical mod-
el. The work in this paper is concluded as follows:

1. From the perspective of the grains, the proposed model
takes the grit designation and structural number as the two
basic variables for abrasive characteristics, and it is as-
sumed that the shape of an abrasive grain is conic with
spherical tip and the distribution of its protrusion heights
is taken to be Gaussian distribution, which fully takes into
account the impact of the abrasive grains characteristics
on the depth of removal.

2. Different stages of the deformations of the workpiece are
decomposed detailedly in the model. With the consider-
ation that the plastic deformation is accompanied by the
presence of elastic deformation, the model in this paper is
more realistic.

3. Based on the theory of contact mechanics and the force
equilibrium, the relationship between the pressure and the
depth of indentation is obtained. Moreover, the model of
the removal volume of a single abrasive grain is
developed.

4. Based on the work above, the micro-model of the total
removal depth for the polishing process is developed fi-
nally, which can be seen as a more comprehensive model
of the Preston’s equation.

The model can be used as the theoretical foundation for the
selection of abrasive grains and the process parameters to
achieve good form accuracy. The model proposed in this pa-
per may be helpful for the improvement and development of
the automatic polishing system.

Table 4 Comparison of the
removal depth between model in
this paper and other methods [23]

F (N) Vt (m/min) Vf (m/min) Removal depth (10−3 mm)

Experiments Model by Wu Model in this paper

10 7.540 0.105 45.218 45.216 46.315

15 7.540 0.105 51.435 60.290 57.365

20 7.540 0.105 67.258 64.708 64.249

20 8.561 0.105 74.768 73.471 74.065

20 9.582 0.105 83.685 82.234 81.369

20 7.540 0.157 39.673 43.139 41.589

20 7.540 0.209 35.043 32.354 34.526

20 7.540 0.262 26.049 25.883 26.359

20 7.540 0.105 64.310 64.540 64.398

20 7.540 0.105 63.230 63.541 64.591

Maximum relative error 17.21 % 11.52 %

Average relative error 4.24 % 3.11 %

Fig. 12 The removal depth of the workpiece for different Vt
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Appendix 1: Hertzian contact theory

It is assumed that the pressure distribution between the tool
and the workpiece surface is Hertzian distribution, and the
contact region is a typical ellipse as shown in Fig. 11. y refers
to the direction of the polishing path, a and b are the length of
major semi-axis and minor semi-axis of the contact ellipse.

The pressure distribution equation is as follows:

p x; yð Þ ¼ p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

x2

a2
−
y2

b2

s
ð49Þ

where p0 is the maximum contact pressure located at the cen-
ter of the contact ellipse. p0, a and b can be calculated as
follows:

p0 ¼
3F
2πab

ð50Þ

a ¼ 3k22ε k1ð ÞF
πE*

1 Aþ Bð Þ
� �1=3

ð51Þ

b ¼ 3ε k1ð ÞF
πk2E*

1 Aþ Bð Þ
� �1=3

ð52Þ

where F is the applied force between the tool and the work-
piece surface, E1

* is the contact modulus of the workpiece and

tool which can be given by 1
E*
1
¼ 1−ν21

E1
þ 1−ν22

E2
, E1 and v1 refer to

the Young’s modulus and Poisson’s ratio of the polishing tool.
The other parameters can be calculated as follows:

k1 ¼ a
b
≈1:0339

B
A

� �0:636

ð53Þ

ε k1ð Þ ¼ 1:0003þ 0:5968
A
B

� �
ð54Þ

Aþ B ¼ 1

2

1

r1
þ 1

r01
þ 1

r2
þ 1

r02

� �
ð55Þ

B−A ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
0
1−r1
r1r

0
1

� �2

þ r
0
2−r2
r2r

0
2

� �2

þ2
r
0
1−r1
r1r

0
1

� �
r
0
2−r2
r2r

0
2

� �
cos2γ

vuuuuuut ð56Þ

where r1 and r1
′ are the principal radius of curvature of the

polishing tool at the contacting point, r2 and r2
′ are the

principal radius of curvature of the workpiece at the
contacting point, γ is the included angle between the di-
rections of principle curvature of the workpiece and tool
at the contacting point.
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