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Abstract The fabrication of high-quality freeform surfaces is
based on ultra-precision diamond turning with fast tool servo
(FTS) technology which allows direct machining of the
freeform surfaces with sub-micrometric form accuracy and
nanometric surface roughness. Surface roughness is an impor-
tant factor in evaluating the performance of the optical
freeform surfaces. This paper presents a theoretical and exper-
imental analysis of surface generation in ultra-precision
single-point diamond turning. In this model, we take into con-
sideration the basic machining parameters as well as the rela-
tive vibration between the workpiece and the tool in both the
cutting and feeding directions. Theoretical model is built to
predicting the surface roughness of machined flat surface as
well as freeform surfaces. A series of experiments have con-
ducted and the results show good correlation between the
theoretical model and the fabricated surfaces.

Keywords Surface topography .Modeling . Single-point
diamond turning . Optical freeform surfaces

1 Introduction

Ultra-precision single-point diamond turning (UPSPDT) is an
ultra-precision machining process to remove surface material
at micro-scale for fabricating non-rotational freeform surfaces

with sub-micrometric form accuracy and nanometric surface
roughness, without the need for any subsequent polishing.
Surface topography plays an extremely important role in esti-
mating the surface quality of machined surfaces.

In UPSPDT, surface roughness is influenced by many fac-
tors, including cutting conditions, material properties, relative
vibration between tool and workpiece, tool vibration, and
spindle vibration. Cheung [1] found that the relative vibration
between tool and workpiece and tool trajectories were the
most important factors influencing the surface topography.
The material properties influencing the surface topography
was based on the crystal orientation and grain size of the
workpiece material. In UPSPDT, a few researchers have stud-
ied the influences of tool-workpiece vibration in computer
numerical control turning and diamond turning on surface
topography [2–10]. SAbouelatta and Madl [2] employed a
mathematical tool to analyze the vibration and surface rough-
ness data obtained in a series of cutting experiments.
However, the proposed correlation model did not take into
consideration the mechanism of metal-cutting process; there-
fore, no physical model was proposed to explain how vibra-
tion affects the surface roughness. Cheung and Lee [3] pro-
posed a surface roughness simulation model, which takes into
account the effect of process parameters, tool geometry, and
relative vibration between the workpiece and the tool. The
authors took on the assumption that the relative vibration be-
tween the tool and the workpiece is a steady simple harmonic
motion with small amplitude and a low frequency. However,
only the relative vibration in the cutting direction is considered
which is adopted from the assumptions made by Dong-Sik
Kim et al. [8] and H. Wang et al. [9]; the influences of the
relative vibration in the feeding direction is neglected. Current
models focus on the relative tool-workpiece vibration in the
cutting direction. However, based on our experimental mea-
surements, the contribution of relative tool-workpiece
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vibration in the feeding direction is significant and cannot be
ignored in the model. As compared with Chih-yu Huang et al.
[10], this proposed model can predict the surface roughness of
machined freeform surface accurately.

2 Modeling of surface topography

Under ideal conditions, the three-dimensional surface profile
of the diamond-turned surface is shown in Fig. 1. The cutting
tool will follow the real tool path to reproduce the tool profile
on the machined surface in the form of feed marks.

However, during the actual cutting process, there are sev-
eral factors which influence the surface roughness such as the
vibration between the tool and the workpiece, air nozzle di-
rection, thermal variation, and cutting fluids. Thermal

variation, air nozzle direction, and cutting fluids can be recog-
nized as environmental factors and are not the main focus of
this paper. Above all, the vibration between the tool and the
workpiece is one of the most important factors influencing the
machined surface roughness. Some of developed models are
based on the relative vibration between the tool and the work-
piece in the cutting direction [3, 4]. However, due to air bear-
ings in our developed experimental setup, there is also signif-
icant relative tool-workpiece vibration in the feeding direc-
tion. Although this vibration is not as evident in modeling flat
surfaces, it is equally important to the vibration in the cutting
direction when considering curved surfaces. Subsequently, we
developed a more accurate model based on these two vibra-
tions and other cutting parameters to predict the surface to-
pography of the flat surface as well as complex surfaces of the
workpiece. Figure 2 shows diagrammatic drawing of the cut-
ting direction and the feeding direction in diamond turning
process.

Fig. 1 Simulated three-dimensional surface topography of a diamond-
turned flat surface

Fig. 3 Schematic diagram of tool path

Fig. 4 Schematic diagram of meshed surface
Fig. 2 Diagrammatic drawing of cutting direction and feeding direction
in diamond turning process
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To simulate the three-dimensional surface topography,
the surface is sampled into a finite number of equally
spaced radial sections. The number of sections Ns can be
expressed as

Ns ¼ 2π
.
Δθ ð1Þ

whereΔθ is the angular resolution, and the number of spindle
rotation rounds during machining Nr can be calculated as

Nr ¼ Rw

.
f ð2Þ

where Rw is the radius of the workpiece and f is the federate
(mm/rev). Therefore, the total number of simulated points is

Nt ¼ NsNr þ 1 ð3Þ

In this model, we apply the meshing method. Through
calculating the contour height value of all mesh points in sim-
ulated area, we get the resulted surface topography based on
Z-map simulation algorithm. Figure 3 shows the tool path and
Fig. 4 shows the meshing of the simulated surface.

In Fig. 3, the polar accordinated position of the tool tip is
shown as

r ¼ Rw− f ⋅ f r⋅t
θ ¼ 2π f r⋅t

�
ð4Þ

where n is the spindle speed (rpm), fr=n/60 is the spindle
rotational frequency (Hz), t is the time (s), s, and θ∈ [0,

2Nrπ). To convert the tool path into a rectangular coordinate
system, there are

x ¼ rcosθ
y ¼ rsinθ

�
ð5Þ

We assume these two vibrations to be simple harmonic
motions. This gives us a relatively simple model to build,
but can provide the most useful information from the diamond
turning process. The simple harmonic motion in the x and z
directions can be described as shown in Eq. (6), respectively.

X v tð Þ ¼ Ax 1−cos 2π f xt þ φxð Þð Þ
Zv tð Þ ¼ Az 1−cos 2π f zt þ φz

� �� ��
ð6Þ

where Ax and Az are the amplitudes of vibration in each direc-
tion and fx and fz are the frequencies of the vibration in each
direction. The phase φx and φz are the initial phase shifts for
the vibration in each direction. For simplicity, we can assume
φx=φz=0.

The machined surface topography under vibration is direct-
ly determined by the relation between the vibration frequen-
cies fx and fz and the spindle rotational frequency fr. Their
ratios are

f x= f r ¼ I f x þ Df x

f z= f r ¼ I f z þ Df z

�
ð7Þ

where I f x and I f z are the nonnegative integer, Dfx and Dfz are

the fractional part, and ∈ (−0.5, 0.5].
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a bFig. 5 Tool tip position on a
freeform surface with relative
tool-workpiece vibration in a
cutting direction only and b both
cutting and feeding directions

Table 1 Surface parameter for
the freeform surface X5Y0 2.0880e−012 X3Y0 −1.5960e−007 X1Y4 2.1470e−012 X0Y5 −1.2870e−023

X4Y1 −1.3210e−023 X2Y3 −1.5970e−024 X1Y3 7.2520e−022 X0Y4 1.9100e−009
X4Y0 1.7350e−009 X2Y2 3.6450e−009 X1Y2 −1.5960e−007 X0Y3 4.3670e−020
X3Y2 4.2430e−012 X2Y1 5.3830e−020 X1Y1 4.3660e−019 X0Y2 −5.3840e−004
X3Y1 −5.6410e−022 X2Y0 −5.3840e−004 X1Y0 7.0160e−004 X0Y1 −3.3880e−018
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In Fig. 4, the length and width of simulated area are Lx and
Ly, and the resolution are Δx and Δy, respectively. The simu-
lated center is the center of workpiece, and the coordinate of
point (i, j) is

X i; j ¼ iΔx−Lx
.
2

Y i; j ¼ jΔy−Ly
.
2

8<
: ð8Þ

The corresponding polar coordinate is

r i; jð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X i; j

2 þ Y i; j
2

q
θ i; jð Þ ¼ arctan Y i; j

.
X i; j

� �
8<
: ð9Þ

The all possible radius values of the tool tip position in the
θ radial section are

rk ¼ Rw−S f k−1ð Þ þ θ i; jð Þ
.
2π

� �
þ Ax 1−cos I f x⋅θ i; jð Þ þ Df x⋅ 2 k−1ð Þπþ θ i; jð Þð Þ� 	�
 �

ð10Þ

where k=1,2,⋯,Nt. The height value of the tool edge pro-
files on this point is

hk ¼ rt 1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

r i; jð Þ−rk
rt

� 2
s2

4
3
5

þ Az 1−cos I f z⋅θ i; jð Þ þ Df z⋅ 2 k−1ð Þπþ θ i; jð Þð Þ� 	�
 �
ð11Þ

Then, comparing all the tool edge profiles with the depth of
cut dc, it is easy to get the residual contour through achieving
the minimum.

Zi; j ¼ min hkð Þ ð12Þ

Then, comparing all the tool edge profiles with the depth of
cut dc, it is easy to get the residual contour through achieving
the minimum.

During the actual diamond turning process, the actual cut-
ting point on the diamond tool changes constantly based on
the local shape of the workpiece it cuts, and the diamond tool
always cuts the local surface of the workpiece perpendicularly.
As a result, the contributions of the two vibrations in the cut-
ting and feeding directions are different along a curved sur-
face. We apply the coordinate rotation matrix to solve this
problem, as shown in Eq. (13).

X
0
v tð Þ

Z
0
v tð Þ

� �
¼ cosβ−sinβ

sinβcosβ

� �
X v tð Þ
Zv tð Þ

� �
ð13Þ

where β is the angle of rotation from the X-axis. Figure 5 gives
an example of the tool tip position on a freeform surface
(rear-view mirror), and its surface parameters are shown in
Table 1 [11], Ax = 100μm, Az = 10nm, fx = 20Hz and
fz=200Hz. The amplitude and frequency of both vibrations
are purposely exaggerated to have a clearer demonstration. In
Fig. 5a, we only consider the vibration in the cutting direction,
and the influence of this vibration continuously decreases
from center to the outer edge of the radial section surface
(y=0). This is because when the tool is at or near the center,
the vibration in the cutting direction plays nearly perpendicu-
larly on the surface. On the other hand, when we consider the
vibrations in both cutting and feeding directions as in Fig. 5b,
the influences of these two vibrations act consistently through-
out the whole surface. As a result, it is sufficient to model
freeform surfaces when we take into consideration both the
relative tool-workpiece vibrations in the cutting and feeding
directions.

Once we have acquired the surface topography, it is
straightforward to calculate the maximum height (peak to val-
ley) of the surface profile (Rt), the arithmetic average surface
roughness (Ra), and root mean squared surface roughness

Fig. 6 FTS mounted on diamond turning machine with cutting

Fig. 7 FTS mounted on diamond turning machine with cutting
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(Rq). The formula for each parameter described above is
shown in the following equations.

Rt ¼ max Zi; j
� �

−min Zi; j
� � ð14Þ

Ra ¼ 1

MN

XN
j

XM
i

Zi; j
�� ��� � ð15Þ

Rq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

MN

XN
j

XM
i

Z2
i; j

� �vuut ð16Þ

3 Experimental verification

3.1 Experimental setup

The basic principle of the FTS system used in machining the
freeform surfaces is shown in Fig. 6. In this paper, the devel-
oped FTS system consists of an air-bearing stage driven by a
unique voice coil motor (Fig. 7). The FTS system has a total
stroke of 30 mm and an acceleration of 920 m/s2. Position
feedback sensor is provided by a Heidenhain linear encoder,
which has a theoretical resolution of 0.5 nm. The glass scale is
attached to the air slide of the FTS system. The developed FTS
system mounted on the diamond turning machine is shown in
Fig. 8. This machine utilizes two hydrostatic linear axes. The

straightness on all slides is less than 200 nm over 100 mm of
each axis. The main spindle is a bi-directional air-bearing
spindle with vacuum and air feed through the shaft. The radial
and axial error motion of the spindle is less than 50 nm [11].

3.2 Experimental results and discussions

To verify this proposed model, we carry out a series of exper-
iments by cutting aluminum flat surfaces as well as freeform
surfaces. The experiments can be divided into two groups.
The machining parameters are shown in Table 2. Group 1
analyzes the relationship between spindle speed and surface
roughness by changing the spindle speed from 300 to 600 rpm
while keeping other cutting parameters constant. Group 2 acts
freeform surface cutting test to verify the surface topography
obtained in the previous section. The surface topography and
the surface roughness of the machined surface are measured
with a ZYGONewView ScanningWhite Light Interferometer
(SWLI).

The relative tool-workpiece vibrations in both the cutting
and feeding directions are measured by the program Power
PMAC IDE provided with the FTS motion controller and the
laser displacement sensor, respectively, and the measurement
results are shown in Figs. 8 and 9. The relative tool-workpiece
vibration in the cutting direction is shown in Fig. 8a and
Fig. 8b shows its spectral plot. Similarly, Fig. 9a shows the
relative tool-workpiece vibration in the feeding direction and
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a bFig. 8 The relative tool-
workpiece vibration in a cutting
direction and b its spectral plot

Table 2 Machining parameters
for the four groups Group Surface Spindle

speed/
rpm

Feedrate
/mm/min

Depth of
cut/μm

Tool nose
radius/
mm

Workpiece material

1 Flat surface 300 2 2 1 Aluminum
500 2 2 1

600 2 2 1

2 Freeform surface 150 0.75 2 0.5
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a bFig. 10 Measurement results for
group 1. a Ra and b Rq

Fig. 11 Surface topography of the freeform surface for group 2. a Simulated results. b Measurement results
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Fig. 9b shows its spectral plot. We can find that a dominant
mode of vibration with an average magnitude of about 15 nm
and frequency of 192 Hz occurred in the cutting direction, and
a dominant mode of vibration with an average magnitude of
about 25 nm and frequency of 16.88 Hz occurred in the feed-
ing direction. However, there are also a few weaker modes of
vibration in the results, we ignore those vibration modes and
only consider the dominant mode in our model.

Figure 10 shows the measurement results for group 1,
which indicates the relationship between the spindle speed,
the arithmetic average surface roughness (Ra), and root mean
squared surface roughness (Rq). Suppose both the amplitude
of the relative tool-workpiece vibrations in the cutting and
feeding directions are zero. The theoretical value of the Ra
and RMS is calculated by Eqs. (15) and (16).

In this figure, we can see that the proposed model gives a
better evaluation of the surface roughness than the theoretical
prediction. The theoretical surface roughness is much lower
than the experimental results. This is because in the theoretical
case, we assume the cutting conditions to be ideal and ignore
all other influenced factors, including dynamic cutting force,
spindle chatter, tool wear, cutting heat, material properties,
system errors of machine tool, environmental vibration, and
so on. However, we take into considerat ion the
tool-workpiece vibration. As a result, the prediction of the
model is more accurate than the theoretical value. Due to the
environmental factors such as thermal variation, air nozzle
direction, and cutting fluids, there is still a small discrepancy
between the simulated results and the experimental results.
The simulated surface topography and the measurement re-
sults are shown in Fig. 11, and Table 3 shows the comparison
of the surface roughness for group 2. We can see that the
model predicts well as compared to the theoretical value.

4 Conclusions

We propose a model to simulate the surface topography gen-
erated by a single-point diamond turning with FTS technolo-
gy. In this model, we take into consideration the relative
tool-workpiece vibration in both the cutting and feeding di-
rections. By introducing a proper coordinate rotation matrix,

the proposed model can describe the flat surface as well as
freeform surfaces.We give an example by showing the tool tip
position on a radial section of freeform surface with and with-
out considering the vibration in the feeding direction, and
conclude that it is necessary to include both the vibrations in
the cutting and feeding directions in order to make the model
accurate while calculating freeform surfaces. A series of ex-
periments to cut flat surfaces and freeform surface are carried
out to verify the proposed model. There is a good correlation
between the simulated results and the experimental results. In
the future, we will give a more general simulation algorithm to
predict the surface topography of freeform surface in FTS
turning.
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