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Abstract This article presents an optimization design of the

combined Shewhart X chart and exponentially weighted mov-

ing average (EWMA) chart (X &EWMA chart in short) used
in statistical process control (SPC). The design algorithm not

only optimizes the charting parameters of the X chart and
EWMA chart, but also optimizes the allocation of detection
power between the two charts’ elements, based on the loss
function, so that the best overall performance can be achieved.
The optimization design is carried out under the constraints on
the false alarm rate and available resources. While the optimi-
zation design effectively improves the overall performance of

the X &EWMA chart over the entire process shift range, it
does not increase the difficulty of understanding and
implementing this combined chart. A 2k factorial experiment

shows that the optimal X &EWMA chart outperforms the

main competitor, the basic X &EWMA chart, by about

50 %, on average. Moreover, this article provides the SPC
practitioners with a design table to facilitate the designs of

the X &EWMA charts. From this design table, the users can
directly find the optimal values of the charting parameters
according to the design specifications.

Keywords Manufacturing industries . Quality control .

Statistical process control . Shewhart-EWMA chart . Random
process shift . Loss function

1 Introduction

Control charts in SPC are widely used for monitoring process
variation over time in manufacturing industries and service
sectors. Following the pioneering work by Shewhart [1],
many new charts and their applications have been reported

[2–4]. Among all the charts, the Shewhart X (or X) chart has
been studied extensively by researchers and practitioners.
However, the Shewhart-type charts are relatively insensitive
to small process shifts [5]. Two types of control charts such as
cumulative sum (CUSUM) charts [6] and exponentially
weighted moving average (EWMA) charts [7] are recom-
mended for detecting shifts of small and moderate sizes.

The design and application of CUSUM and EWMA charts
in industries and other sectors is increasing rapidly [8–10].
The performance of the EWMA chart is approximately equiv-
alent to that of the CUSUM chart, but the former is often
superior to the latter for detecting larger shifts [5]. However,
the use of a single EWMA control chart is efficient in detect-
ing small changes in process shifts but relatively less efficient
when the changes are large due to inertia problem [11, 12].
Woodall and Mahmoud [12] compared the signal resistance
values (i.e., the inertia) for several types of univariate and
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multivariate charts and concluded that Shewhart limits should
be used with EWMA charts, especially when the smoothing
parameter is small. Many other studies suggested using the
combined Shewhart-EWMA chart to guard against the inertia
problem [13–15].

Many new algorithms for the design of the Shewhart-
EWMA charts have been reported in the literature. Lucas
and Succucci [14] examined the run length properties of the
EWMA charts and explained several extensions including a
fast initial response (FIR) feature and a combined Shewhart-

EWMA charting scheme. Klein [16] evaluated a group of X -
EWMA charts and compared them with standard Shewhart
runs rules schemes, in terms of their ARL profiles. Albin
et al. [17] recommended using combined X-EWMA chart, as
both charts can be plotted on a single graph. They also showed
that the combined scheme is able to detect large and small
shifts in the process mean and large shifts in the process stan-
dard deviation. Tolley and English [18] provided an economic

design of the combined X &EWMA chart based on Duncan’s
[19] model. They compared the cost performance of the single

EWMAchart with that of the combinedX &EWMAchart and
concluded that the combined chart is not a well-behaved
scheme under a constrained in-control ARL (ARL0). Some
researchers [20, 21] considered variable charting parameters
in order to improve the performance of the Shewhart-EWMA
chart. However, none of the abovementioned articles consid-
ered a specific range of mean shifts, instead, a single or a pair
of mean shifts was considered to design the charting schemes.
Moreover, the EWMA weighting factor λ was determined
subjectively. In practice, the value of λ not only depends on
the prespecified size of process shift but also on a given ARL0
[14].

The process shift (e.g., mean shift δ) is a random variable
and has different probability distributions for different pro-
cesses. In most practical applications, it will not be possible
to specify the exact size of the process shift to be expected
[22]. It means that a control chart designed based on one or
few δ values may have optimal performance for the particular
value(s) of δ, but may work unsatisfactorily for other values of
δ. It highlights the importance of making the control scheme
effective over a distribution range of δ.

This article proposes an algorithm for the optimization de-

sign of the combined X &EWMA chart for monitoring the
entire mean shift range. The charting parameters, such as the
sample size, sampling interval, control limits, and weighting
factor are also optimized. Throughout this article, it is as-
sumed that the quality characteristic x is normally and inde-
pendently distributed with known in-control mean μ0 and
standard deviation σ0. When a mean shift occurs, the process
mean μ will change accordingly, that is,

μ ¼ μ0 þ δσ0 ð1Þ

where δ is the mean shift, in terms of σ0. When the process is
in control, δ=0. The shift in process standard deviation has not
been considered (i.e., σ≡σ0) in the discussion of the X
&EWMA chart. The effectiveness of a control chart is usually
measured by the average time to signal (ATS). The out-of-
control ATS is the average time required to signal an out-of-
control case, whereas the in-control ATS0 is the average time
required to produce a false alarm. In the optimization design of
a control chart, the frequently used objective function is to
minimize the out-of-control ATS at one or a few specified mean
shift values [23, 24]. However, the objective of this study is to
improve the performance of the charts across the shift range
rather than the effectiveness at one or a few particular points.
Many authors [25, 26] used the loss function to measure the
effectiveness of a chart for monitoring random process shift.

2 Optimization design

2.1 Specifications

To design an X &EWMA chart, only the following three
parameters need to be specified:

τ Minimum allowable in-control ATS0 for the chart
R Maximum allowable inspection rate
δmax Upper bound of the mean shift δ

The value of τ is decided according to the requirements on
the false alarm rate and the detection power. If the cost of
handling the false alarms is high, a larger τ should be used to
reduce the false alarm frequency. Otherwise, τ may be set to a
lower value in order to increase the detection effectiveness. The
inspection rate R is defined as the number of inspected units per
unit time when the process is in control. Its value is decided
according to the available resources (operators and measuring
instruments) and can be estimated from the field test during the
pilot runs. The upper bound of the mean shift δmax is the max-
imum possiblemean shift in a process and can be decided based
on the information on out-of-control cases. However, if such
kind of process information is not available, δmax may be set as
six directly. The numerical studies in Sect. 3 show that, when
δ≥6, almost all charts have a similar ATS value very close to
0.5 (which is the minimum possible value of the steady-state
ATS [27], and therefore, a further comparison of the chart’s
performance beyond (δ=6) is actually unimportant.

2.2 Optimization model

The statistic Si to be plotted and updated for the EWMA chart
is

Si ¼ λ⋅xi þ 1−λð Þ⋅Si−1 i ¼ 1; 2;…; ð2Þ
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where λ (0<λ≤1) is the weighting factor. The samplemean xi
is the average of the measurements in the ith sample. The
value of S0 (i.e., at i=0) is the process target (i.e., S0=μ0).
The X &EWMA combination will produce an out-of-control
signal if Si falls beyond the control limits of the EWMA chart
and/or the current value of the sample average xi exceeds the

control limits of the X chart.

The design algorithm of the X &EWMA chart is formulat-
ed by the following optimization model:

Minimize : ML; ð3Þ
Subject to : ATS0≥τ ; ð4Þ
r≤R ð5Þ

Design variables: λ, n, h, H, UCL.
where ML is the mean loss per out-of-control case and r is

the actual (or resultant) inspection rate. The constraint on in-
spection rate R ensures that the use of the optimization model
will not need extra inspection resources [2, 28]. The calcula-
tion ofML will be explained shortly. For simplicity, the focus

of this article is on the studies of the combination of the X
&EWMA chart for detecting increasing process shifts in the
mean. As a result, an upper-sided EWMA chart with an upper

control limit (H) and an X chart with an upper control limit

(UCL) are combined. A symmetrical X &EWMA chart for
detecting decreasing mean shifts can be designed straightfor-
wardly. The optimization model optimizes λ, n, h, H, and
UCL in order to minimize ML, provided that the constraints
on ATS0 and r are all satisfied.

When σ is constant (σ=σ0), the loss L incurred by a given
mean shift δ can be determined by [26],

L δð Þ ¼ σ2 þ μ−μ0ð Þ2 ¼ σ2
0 1þ δ2
� � ð6Þ

Moreover, since the quality cost is proportional to ATS, the
overall loss ML can be calculated as follows [29],

ML ¼
Z
0

δmax

L δð Þ⋅ATS δð Þ⋅ f δð Þ⋅dδ ¼ σ2
0

δmax

Z
0

δmax

1þ δ2
� �

⋅ATS δð Þ⋅dδ ð7Þ

where ATS(δ) is produced by the control chart at δ, and δmax is
the upper bound of the mean shift δ that is important to the
users. Furthermore, since it is generally assumed that all mean
shifts within the range (0 < δ≤ δmax) occur with equal proba-
bilities [30], a uniform distribution of δ is implied. The index
ML is the average value of the loss function per out-of-control
case over the probability distribution of the randommean shift
δ. It is a comprehensive measure of the overall charting per-
formance as it considers all the contributors to the quality cost
including the time to signal and the magnitude of δ. The value
of ML is acquired by the integration across the whole shift
range. This integration can be computed accurately by a

numerical method, such as the Legendre-Gauss Quadrature.

The ATS(δ) of the X &EWMA chart is calculated by the for-
mulae presented in the Appendix.

2.3 Optimization search algorithm

Among the five design variables, λ, n, h, H, and UCL, the
parameters λ, n, and UCL are treated as independent design
variables. The sampling interval h depends on n, that is,

h ¼ n
.
R: ð8Þ

Equation (8) ensures that the constraint on the inspection rate
r (constraint (5)) is satisfied, and meanwhile, the available re-
sources are fully utilized. When the inspection rate R is given,
an optimal combination of n and h will result in the minimum
value of ML. The control limits H and UCL are determined so

that the resultant in-control ATS0 of the X &EWMA combina-
tion is equal or very close to τ (constraint (4)).

The optimization search is conducted through a three-level
search as outlined in the following:

1. Specify τ, R and δmax.
2. InitializeMLmin as a large number, say 107 (MLmin is used

to store the minimum value of ML).
3. At the first level, the optimal value of n is searched from

one with a step size of one. For a given value of n, the
sampling interval h is calculated by Eq. (8). It ensures the
satisfaction of constraint (5).

4. At the second level, the optimal value of λ is searched in
the range of (0<λ≤1).

5. At the third level, for a given set of values of (n, h, λ),
search for the optimal value of UCL with a starting value
ofUCLX , which is the upper control limit of an individual

X chart that meets (ATS0= τ). It is noted that the UCL of

the X &EWMA chart cannot be smaller than UCLX ;
otherwise, the constraint of (ATS0≥ τ) will be violated.
Next, for a given set of values of (n, h, λ, UCL),

(a) Determine the control limit H that ensures the satis-

faction of the constraint of (ATS0 ≥ τ) by the X
&EWMA chart.

(b) When the values of all five charting parameters (n, h,
λ, UCL, and H) are preliminarily determined, calcu-
late the objective function ML by Eq. (7).

(c) If the calculated ML is smaller than the current ML-

min, replace the latter by the former and the current
values of (n, h, λ, UCL, and H) are stored as a tem-
porary optimal solution.

6. At the end of the entire three-level search, the optimal X
&EWMA chart that produces the minimum ML and sat-
isfies the constraints (ATS0≥ τ) and (r≤R), is identified.
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The corresponding optimal values of (n, h, λ, UCL, and
H) are also finalized.

A computer program in C language has been developed to

carry out the optimization design of the X &EWMA control
chart. Usually, an optimal solution is obtained within few sec-
onds of CPU time by using a personal computer. The program
can be obtained on request from the authors.

3 Comparative studies

This section compares the performance of the following four
charts.

1. The basic EWMA chart
It is an EWMA chart that uses a weighting factor λ

fixed at 0.1. This λ value is widely used for a conventional
EWMA chart [5]. Moreover, the sample size n is fixed at
one, as (n=1) is usually believed to be the most effective
from an overall viewpoint [22] (the sampling interval h is
determined by Eq. (8)).

2. The optimal EWMA chart [28]
For this EWMA chart, the charting parameters (λ, n, h,

H) are optimized that satisfies the constraints of (ARL0≥ τ
and r≤R) and meanwhile minimizes ML.

3. The basic X &EWMA chart

Similar to the conventional EWMA chart, this X
&EWMA combination uses (λ=0.1) and (n=1). The up-

per control limitUCL of the X chart is selected between 4

and 4.5 according to Lucas and Saccucci [14] (in this
study, UCL is set as 4.25), and the control limit H of the

EWMA chart is adjusted to make the ATS0 of the X
&EWMA combination equal to τ.

4. The optimal X &EWMA chart

For this version of the X &EWMA chart, the optimal
values of the charting parameters (n, h, λ, UCL, and H)
are determined by the optimization design proposed in
this article.

Without losing generality, the in-control μ0 and σ0 of the
quality characteristic x are assumed to be 0 and 1, respectively.
To facilitate the comparison, a normalized MLnormal, for each

chart is calculated using the ML value of the optimal X
&EWMA chart as the norm, that is,

MLnormal ¼ ML

ML
Opt X&EWMA

: ð9Þ

Obviously, if the value of MLnormal of a chart is more than
one, the performance of this chart is inferior to that of the

optimal X &EWMA chart, and vice versa.
The comparison is first conducted under the following gen-

eral conditions,

τ ¼ 500;R ¼ 1; δmax ¼ 6: ð10Þ

The four charts are designed for this case and the results are
shown as follows:

Basic EWMA chart : n ¼ 1; h ¼ 1:0; λ ¼ 0:1; H ¼ 0:62868;
ML ¼ 23:87;MLnormal ¼ 1:232

Optimal EWMA chart : n ¼ 1; h ¼ 1:0;λ ¼ 0:23; H ¼ 1:04144;
ML ¼ 21:64;MLnormal ¼ 1:117

BasicX& EWMA chart : n ¼ 1; h ¼ 1:0; λ ¼ 0:1; H ¼ 0:62895; UCL ¼ 4:25
ML ¼ 20:61;MLnormal ¼ 1:064

OptimalX&EWMA : n ¼ 1; h ¼ 1:0; λ ¼ 0:09; H ¼ 0:59246; UCL ¼ 3:72
ML ¼ 19:37; MLnormal ¼ 1:000

The mean (ATS) and the standard deviation (SDTS) of the
time to signal (TS) of the four charts are also calculated within
the mean shift range of (0 < δ≤ δmax), and the results are
displayed in Table 1. The curves of the normalized ATS (i.e., A

TS=ATSOpt X&EWMA ) of the four charts are illustrated in Fig. 1.

It is interesting to observe the following from Table 1 and Fig. 1:

1. Firstly, each of the four charts generates an ATS0 value
equal to τ when the process is in control (δ=0). It ensures
that the requirement on the false alarm rate is satisfied.

2. For all charts, the values of SDTS is very small (the largest

SDTS is obtained by basic X &EWMA chart at δ= 0,
which is equal to 5.5638 (only 1.1 % of the mean (=
ATS=500) value)). Except few cases (especially when δ
is zero or very small), the difference between the SDTS

values of the optimal X &EWMA chart and its competi-
tors is negligible, which shows the consistency of the
results obtained by the proposed design algorithm.

3. The performance of the optimal EWMA chart has been
improved considerably compared with the basic EWMA
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chart. This is due to the optimization of the charting pa-
rameters (λ, n, h,H). The ATS performance of the optimal
EWMA chart is even better than other charts over the shift
range of (1.25≤ δ≤3.50). However, the overall perfor-
mance of the optimal EWMA chart is still inferior to the

X &EWMA charts.
(4) The basic X &EWMA chart is more effective than the

basic EWMA chart due to the combined effect of the X
chart and the EWMA chart. It is reflected by the smaller

ATS values of the basic X &EWMA chart, especially
when (δ≥ 1.75). The ATS performance of the optimal

EWMA chart is better than the basic X &EWMA chart
when (δ≥1.50), it highlights the importance of the opti-
mization design.

5. The ATS values of the optimal X &EWMA chart is often
equal to the minimum across the shift range (except for a
range of (1.00 ≤ δ ≤ 3.50)). For the moderate shift
(1.00 ≤ δ ≤ 2.00), the ATS performance of the basic

EWMA and X &EWMA charts is slightly better than

the optimal X &EWMA chart. The basic EWMA chart
is especially sensitive toward small and moderate shifts. It

Table 1 ATS and SDTS comparison among the control charts (τ= 500, R= 1, δmax= 6)

δ Basic EWMA Optimal EWMA Basic X&EWMA Optimal X&EWMA

0.00 (500.00, 0.6635) (500.00, 3.7406) (500.00, 5.5638) (500.00, 4.5457)

0.25 (79.00, 0.4437) (112.00, 0.9077) (79.10, 0.6836) (77.10, 0.1957)

0.50 (24.90, 0.2021) (35.30, 0.0877) (24.90, 0.0727) (24.40, 0.1691)

0.75 (12.40, 0.0692) (15.40, 0.0778) (12.40, 0.1105) (12.40, 0.0393)

1.00 (7.86, 0.0141) (8.60, 0.0884) (7.86, 0.0467) (7.93, 0.0555)

1.25 (5.66, 0.0076) (5.64, 0.0286) (5.66, 0.0885) (5.74, 0.0427)

1.50 (4.39, 0.0009) (4.10, 0.0061) (4.39, 0.0090) (4.46, 0.0204)

1.75 (3.58, 0.0012) (3.18, 0.0271) (3.57, 0.0108) (3.61, 0.0084)

2.00 (3.01, 0.0145) (2.58, 0.0006) (2.99, 0.0052) (3.01, 0.0147)

2.25 (2.59, 0.0011) (2.16, 0.0067) (2.57, 0.0194) (2.56, 0.0107)

2.50 (2.27, 0.0222) (1.85, 0.0063) (2.24, 0.0025) (2.20, 0.0071)

2.75 (2.02, 0.0053) (1.62, 0.0012) (1.97, 0.0052) (1.90, 0.014)

3.00 (1.82, 0.0034) (1.44, 0.0206) (1.74, 0.0026) (1.64, 0.0113)

3.25 (1.66, 0.0083) (1.30, 0.0020) (1.55, 0.0106) (1.42, 0.0006)

3.50 (1.52, 0.0103) (1.17, 0.0033) (1.37, 0.0013) (1.23, 0.0026)

3.75 (1.41, 0.0009) (1.07, 0.0057) (1.22, 0.0027) (1.06, 0.0056)

4.00 (1.31, 0.0082) (0.97, 0.0048) (1.08, 0.0059) (0.92, 0.0058)

4.25 (1.23, 0.0075) (0.89, 0.0039) (0.96, 0.0046) (0.80, 0.0070)

4.50 (1.16, 0.0032) (0.81, 0.0031) (0.85, 0.0036) (0.71, 0.0021)

4.75 (1.10, 0.0040) (0.73, 0.0024) (0.76, 0.0027) (0.64, 0.0014)

5.00 (1.03, 0.0046) (0.67, 0.0017) (0.69, 0.0081) (0.59, 0.0010)

5.25 (0.97, 0.0053) (0.62, 0.0088) (0.63, 0.0013) (0.56, 0.0005)

5.50 (0.90, 0.0041) (0.58, 0.0008) (0.59, 0.0009) (0.53, 0.0003)

5.75 (0.84, 0.0035) (0.55, 0.0005) (0.55, 0.0005) (0.52, 0.0002)

6.00 (0.78, 0.0027) (0.53, 0.0003) (0.53, 0.0003) (0.51, 0.0001)

Fig. 1 Normalized ATS curves of the four charts
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is also true for the basic X &EWMA chart, because it uses
same weighting factor λ fixed at 0.1 and obtains similar
upper control limit (H) for the EWMA chart. On the other
hand, the optimal EWMA chart shows better performance
for the shift range of (1.25≤ δ≤3.50) compared with the

optimal X &EWMA chart. However, the overall perfor-

mance of the optimal X &EWMA chart is better than all
of the competing charts.

It is well known that, no chart will give a better perfor-
mance than other charts for all the shifts [31]. For this, it is
suggested to design a control chart that will have an excellent
overall performance in a broad shift domain [30, 32]. Conse-
quently, it is more appropriate to compare the ML (Eq. (7))
values of the charts in order to make an accurate and objective
conclusion about the relative effectiveness among the charts.
The values of MLnormal (as listed above) of the four charts

clearly indicate that the basic X &EWMA chart outperforms
the basic EWMA chart and the optimal EWMA chart. How-

ever, the optimal X &EWMA chart is more effective than the

basic EWMA chart, the optimal EWMA chart and the basic X
&EWMA chart by about 23.2, 11.7, and 6.4 %, respectively,

for this particular case. The combination of the X and EWMA
charts plus the optimization design makes this scheme very
effective from an overall viewpoint.

Next, the performance of the four charts is further studied

by a 23 factorial experiment [5]. The three parameters R, δmax,
and τ are used as the input factors, and MLnormal (Eq. (9)) is

taken as the response. Each of the three factors R, δmax, and τ
varies at two levels, resulting in eight runs (i.e., eight combi-

nations of the values of the three factors). Since the overall

lossML is deterministic, there is only a single design replicate

for each run. The low and high levels for each factor are

decided below.

R 2 10
δmax 3:0 6:0
τ 300 1200

ð11Þ

For each run, the four control charts are designed and each
of them produces an ATS0 equal to τ. In each of the eight runs,
the relative detection effectiveness of the charts is similar to
that revealed in Table 1. TheMLnormal values under each of the
eight runs are calculated and enumerated in Table 2. It can be

seen that the optimal X &EWMA chart is always the most
effective chart in all of the runs.

The average,MLnormal, of theMLnormal values for a chart over

the eight runs is calculated. The values ofMLnormal indicate that,
from an overall viewpoint (over different combinations of the τ,
R, δmax), the optimal X &EWMA chart is more effective (in
terms of ML) than the basic EWMA chart, the optimal EWMA

chart and the basicX &EWMAchart by about 57.29, 22.07, and
50.10 %, respectively. The improvement in effectiveness of the

optimal X &EWMA chart compared to the other three charts
over eight runs are further tested through paired t tests [5]. The
results are also enumerated at the bottom of Table 2. It shows that

the improvement in effectiveness of the optimal X &EWMA
chart compared to the basic EWMA chart (p value=0.011),

the optimal EWMA chart (p value=0.002) and the basic X
&EWMA chart (p value=0.039) are all significant at 0.05 level.

Finally, the effects of the input parameters (τ, R, and δmax)
on the overall loss (ML) and chart parameters (λ, n, h, H,
UCL) of the optimal X &EWMA chart are studied based on
the 23 factorial experiment. Due to the absence of replications,
no error term is computed, and the third order interaction is

Table 2 Comparison of the four charts in 23 experiment

Factor combination Input parameter values MLnormal

R δmax τ Basic EWMA Optimal EWMA Basic X &EWMA

(1) 2.0 3.0 300.0 1.173 1.059 1.169

R 10.0 3.0 300.0 1.686 1.259 1.697

δmax 2.0 6.0 300.0 1.265 1.162 1.084

R*δmax 10.0 6.0 300.0 1.353 1.241 1.144

τ 2.0 3.0 1200.0 1.489 1.174 1.493

R*τ 10.0 3.0 1200.0 2.704 1.253 2.862

δmax*τ 2.0 6.0 1200.0 1.320 1.217 1.113

R*τ*δmax 10.0 6.0 1200.0 1.593 1.401 1.446

MLnormal
1.5729 1.2207 1.5010

Differencea +4.54 +1.739 +3.94

p-value 0.011 0.002 0.039

aDifference =ML of a chart over eight runs—ML of the optimal X &EWMA chart over eight runs; positive values indicate preference to optimal X
&EWMA chart
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pooled to compute the noise term. An analysis of variance is
performed to identify the significant main and interaction ef-
fects, based on a 0.05 level of significance. Table 3 shows the
p values of the main and interaction effects. The “+” sign in
parentheses represents a positive main or interaction effect,
while the “−” sign represents a negative main or interaction
effect. Interactions marked with “*” are interactions which
result in an opposite sign for the first factor at different levels
of the second one.

As shown in Table 3, the maximum allowable inspection
rate R has significant negative effect on the ML value of the

optimal X &EWMA chart (p value=0.043), i.e., the optimal

X &EWMAchart reducesML to a significant degree when the
R value is at its high level. This is because the larger R results
in a larger sample size (n), whichmakes the control chart more
powerful in detecting out-of-control cases, and thus reduces
the loss to a significant degree. There are quite a few signifi-
cant main and interaction factors for the chart parameters. It
can be seen that δmax has significant positive effect on the
control limits H (p value=0.001) and UCL (p value=0.012)

of the optimal X &EWMA chart, i.e., a larger δmax results in
wider control limits and vice versa. On the other hand, τ (p
value=0.006) and R (p value=0.004) have significant nega-
tive effects on H, i.e., smaller τ or R results in larger H. The
two factor interactions R*δmax (p value=0.011) and δmax*τ (p
value = 0.038) have significant negative effects on H, this
shows that at low levels of R and τ, there is a larger increase
in H when δmax increases. However, the interaction R*τ has
significant positive effect toward H (p value=0.017), which
means that at a high level of R, the increase inH is larger when
τ increases.

4 Design table

A design table (Table 4) is provided to facilitate the designs of

the X &EWMA charts. The charting parameters of the opti-

mal X &EWMA charts are displayed in the design table ac-
cording to different specified values of τ (=300, 400, …,
1200), R (=4, 10), and δmax (=3, 6). The users can select τ,

R, and δmax values that are closest to the desired ATS0, R, and
δmax values in their application, and then directly pick up the
charting parameter values from the design table.

In addition, the value of the MLnormal of the corresponding

basic X &EWMA chart in each design is also displayed. The
MLnormal value will reveal the potential benefit that can be

acquired by using the optimal X &EWMA chart.
From the design table, it is found that, for any given value

of τ, R, and δmax, theMLnormal value of the basic X &EWMA
chart is always larger than one. This indicates the consistent

superiority of the optimal X &EWMA chart over the basic X
&EWMA chart.

Since the designs of the X &EWMA charts are carried out
under the standard condition (μ0=0 and σ0 =1), the users of
the design table have to standardize the quality characteristic x
to z.

z ¼ x−μ0

σ0
: ð12Þ

The design table only contains the charting parameter
values of one-sided control charts. But, the application
of the design table can be easily extended to the designs
of two-sided charts. The users only have to double the
specified τ value when the two-sided charts are to be
designed, and then make use of the design table in the
same way as the one-sided chart. The control limits of

both the X and EWMA charts are symmetrical, and the
parameter λ is the same for both one-sided and two-
sided charts.

5 Example

A production line is producing a special type of shaft.
The diameter x of the shaft is an important quality
characteristic. The process mean can be easily adjusted
to the nominal value (10 mm) at the center between the
lower and upper specification limits of the quality char-
acteristic x. In phase I operation, it is found that the

Table 3 pValues of the main and
interaction effects in the analysis
of variance

Factor combination Chart parameter Loss

p value (λ) p value (n) p value (h) p value (H) p value (UCL) p value (ML)

R 0.070 (−) 0.205 (+) 0.205 (−) 0.004 (−) 0.135 (−) 0.043 (−)
δmax 0.126 (−) 0.058 (−) 0.161 (−) 0.001 (+) 0.012 (+) 0.126 (−)
R*δmax 0.205 (−) 0.205 (−) 0.314 (+) 0.011 (−) 0.135 (+) 0.259 (+)

τ 0.205 (−) 0.126 (+) 0.314 (+) 0.006 (−) 0.312 (−) 0.114 (+)

R*τ 0.205 (+) 0.500 (+) 0.500 (−) 0.017 (+) 0.500 (+) 0.191 (−)
δmax*τ 0.126 (−) 0.126 (−) 0.314 (−) 0.038 (−) 0.062 (+) 0.322 (−)
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distribution of x can be well approximated by a normal
distribution and the standard deviation of x is very close
to 1.0 mm. The QA engineer desired an ATS0 close to
300 h, specified the inspection rate as 4.0 units per
hour, and set the upper bound of the mean shift as 6.

Since a two-sided control chart is to be designed, the spec-
ified value of τ is made equal to 600 (=2×300) in order to
make use of the design table (see Table 4). From Table 4,
corresponding to the row for (τ= 600), (R= 4.0), and (δ-

max=6), the charting parameters of the optimal X &EWMA

Table 4 Design table

τ R δmax Basic X &EWMA Optimal X &EWMA

n h λ H UCL MLnormal n h λ H UCL

300 4.0 3.0 1 0.25 0.10 0.70146 4.250 1.3253 4 1.00 0.05 0.18784 1.794

6.0 1 0.25 0.10 0.70146 4.250 1.1042 1 0.25 0.04 0.41596 3.588

10.0 3.0 1 0.10 0.10 0.77040 4.250 1.6966 5 0.50 0.04 0.16589 1.605

6.0 1 0.10 0.10 0.77040 4.250 1.1444 1 0.10 0.03 0.40898 3.588

400 4.0 3.0 1 0.25 0.10 0.72376 4.250 1.3999 5 1.25 0.05 0.16987 1.638

6.0 1 0.25 0.10 0.72376 4.250 1.1131 1 0.25 0.04 0.43107 3.662

10.0 3.0 1 0.10 0.10 0.79098 4.250 1.8575 6 0.60 0.04 0.15365 1.495

6.0 1 0.10 0.10 0.79098 4.250 1.1783 1 0.10 0.02 0.33273 3.662

500 4.0 3.0 1 0.25 0.10 0.74062 4.250 1.4816 5 1.25 0.05 0.17699 1.663

6.0 1 0.25 0.10 0.74062 4.250 1.1229 1 0.25 0.04 0.44249 3.719

10.0 3.0 1 0.10 0.10 0.80671 4.250 1.9987 7 0.70 0.04 0.14355 1.406

6.0 1 0.10 0.10 0.80671 4.250 1.2133 1 0.10 0.02 0.34011 3.719

600 4.0 3.0 1 0.25 0.10 0.75413 4.250 1.5405 6 1.50 0.05 0.16142 1.537

6.0 1 0.25 0.10 0.75413 4.250 1.1337 1 0.25 0.04 0.45149 3.765

10.0 3.0 1 0.10 0.10 0.81938 4.250 2.1237 8 0.80 0.05 0.15512 1.331

6.0 1 0.10 0.10 0.81938 4.250 1.2472 1 0.10 0.02 0.34510 3.765

700 4.0 3.0 1 0.25 0.10 0.76534 4.250 1.6165 6 1.50 0.05 0.16577 1.5526

6.0 1 0.25 0.10 0.76534 4.250 1.1469 1 0.25 0.03 0.38780 3.803

10.0 3.0 1 0.10 0.10 0.83016 4.250 2.279 8 0.80 0.04 0.13824 1.345

6.0 1 0.10 0.10 0.83016 4.250 1.2816 1 0.10 0.02 0.35088 3.803

800 4.0 3.0 1 0.25 0.10 0.77505 4.250 1.6625 7 1.75 0.05 0.15285 1.450

6.0 1 0.25 0.10 0.77505 4.250 1.1606 1 0.25 0.03 0.39345 3.836

10.0 3.0 1 0.10 0.10 0.83946 4.250 2.3902 9 0.90 0.05 0.14964 1.279

6.0 1 0.10 0.10 0.83946 4.250 1.3154 1 0.10 0.02 0.35504 3.836

900 4.0 3.0 1 0.25 0.10 0.78349 4.250 1.700 8 2.00 0.06 0.15996 1.366

6.0 1 0.25 0.10 0.78349 4.250 1.1742 1 0.25 0.03 0.39836 3.865

10.0 3.0 1 0.10 0.10 0.84764 4.250 2.5352 9 0.90 0.05 0.15206 1.288

6.0 1 0.10 0.10 0.84764 4.250 1.3486 1 0.10 0.02 0.35865 3.865

1000 4.0 3.0 1 0.25 0.10 0.79098 4.250 1.7699 8 2.00 0.05 0.14506 1.376

6.0 1 0.25 0.10 0.79098 4.250 1.1877 1 0.25 0.03 0.40269 3.891

10.0 3.0 1 0.10 0.10 0.85494 4.250 2.633 10 1.00 0.05 0.14416 1.230

6.0 1 0.10 0.10 0.85494 4.250 1.3812 1 0.10 0.02 0.36185 3.891

1100 4.0 3.0 1 0.25 0.10 0.79772 4.250 1.8002 9 2.25 0.06 0.15275 1.305

6.0 1 0.25 0.10 0.79772 4.250 1.2011 1 0.25 0.03 0.40657 3.914

10.0 3.0 1 0.10 0.10 0.86160 4.250 2.7738 10 1.00 0.05 0.14597 1.238

6.0 1 0.10 0.10 0.86160 4.250 1.4140 1 0.10 0.02 0.36472 3.914

1200 4.0 3.0 1 0.25 0.10 0.80385 4.250 1.8249 10 2.50 0.06 0.14446 1.244

6.0 1 0.25 0.10 0.80385 4.250 1.2143 1 0.25 0.03 0.41007 3.935

10.0 3.0 1 0.10 0.10 0.86770 4.250 2.8621 11 1.10 0.05 0.13895 1.186

6.0 1 0.10 0.10 0.86770 4.250 1.4464 1 0.10 0.02 0.36731 3.935
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chart can be found and are listed below, together with its main

competitor, the basic X &EWMA chart (LCL and L are the
lower control limits of the X chart and EWMA chart,
respectively):

BasicX&EWMAchart : n ¼ 1; h ¼ 0:25; λ ¼ 0:10; L ¼ −0:75413; H ¼ 0:75413;
L C L ¼ − 4:25 ; U C L ¼ 4:25

Optimal X& EWMA : n ¼ 1; h ¼ 0:25; λ ¼ 0:04; L ¼ −0:45149; H ¼ 0:45149;
L C L ¼ − 3:765 ; U C L ¼ 3:765

In this example, the effectiveness of the two charts (basic X

&EWMA and optimal X &EWMA charts) under a kind of
assignable cause is investigated through 30 simulated data.
The first 15 data are simulated from a normal distribution with
mean μ=10 and standard deviation σ=1, which means that
the process is in-control for the first 15 observations; the last
15 data are simulated from a normal distribution with mean
μ=11 and standard deviation σ=1, which means that the
assignable cause occurred at the 16th sample and the last 15
data were drawn from the process when it was out-of-con-
trol—that is, after the process has experienced a shift in the
mean of 1σ [5]. In order to standardize the design and opera-
tion, the diameter x is converted to z (Eq. (12)), conforming to
a standard normal distribution.

zi ¼ xi−10:0
1:0

The EWMA statistic Si is calculated (Eq. (2)) for all 30
standardized data and are plotted on the respective control

charts (i.e., test statistics zi are plotted on the X chart and Si
are plotted on the EWMA chart) and their effectiveness are
compared (see Fig. 2).

Figure 2a (basic X &EWMA chart) shows that the
EWMA chart alarms the out-of-control condition at the

23rd sample, whereas, Fig. 2b (optimal X &EWMA
chart) shows that the EWMA chart alarms the out-of-
control condition at the 20th sample, which clearly

demonstrates the superiority of the optimal X &EWMA

chart over the basic X &EWMA chart. This improve-
ment in detection effectiveness is completely attributable
to the optimization design proposed in this article. It is

noted that in both cases, the Shewhart X charts are not

able to identify the out-of-control condition as the X
chart is relatively insensitive to small shifts. It can be

seen from Table 4 that the optimal X &EWMA chart is

more effective than the basic X &EWMA chart by
13.37 % (in terms of ML), for this particular example.
An on-site computer will aid the implementation of the

optimal X &EWMA chart. The operators only need to
input the sample values of x from a keyboard for each
sample (for an automated manufacturing system, data
may be collected automatically), then all the computa-
tions and plotting will be handled by a computer
program.

(a) Basic X &EWMA chart (b) Optimal X &EWMA chart

Fig. 2 Two control charts used in
the example
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6 Conclusions

This article presents an algorithm for the optimization design

of the X &EWMA chart, which comprises an X chart and an
EWMA chart. The design algorithm does not only optimize

the charting parameters of each of the X chart and the EWMA
chart but also optimizes the allocation of the detection power
between the two individual charts based on the loss function.
The optimization design effectively improves the performance

of the X &EWMA chart over the entire process shift range.
The factorial experiment in the comparative studies show that

the optimal X &EWMA chart is always superior to the basic

EWMA chart, the optimal EWMA chart and the basic X

&EWMA chart under different specifications. The optimal X
&EWMA chart is more effective than the main competitor,

the basic X &EWMA chart, by 50.10 %, on average, in terms

of ML. The optimal X &EWMA chart also outperforms the
other charts, such as basic EWMA chart and optimal EWMA
chart, to a significant degree.

The design of the optimal X &EWMA chart is more diffi-

cult than that of the traditional EWMA or the combined X
&EWMA chart; however, its application can be justified by
the significant improvement in the overall performance. The
studies in this article reveal the importance of optimization
design in control charts. The optimization design for the com-

bined X &EWMA chart has convincingly achieved higher
overall effectiveness. Moreover, the optimal control chart
can be implemented as easy as the basic chart.

Finally, some researchers [13–15] suggested using combined

X &EWMA chart to guard against the inertia problem of the
EWMA chart. Future work can study the effect of the optimi-

zation design on the inertia property of the X &EWMA chart.
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Appendix: Calculation of the in-control ATS0 and
out-of-control ATS of the X &EWMA chart

The X &EWMA chart can be described by a Markov chain
procedure. Suppose that the statistic St in Eq. (2) experiences
M different transitional states before being absorbed into the
out-of-control state. States 0 to (M−1) are in-control states
and state M is an out-of-control state. The width d of the
interval of each in-control state is given as

d ¼ H= M–0:5ð Þ: ðA1Þ

The center, Oi, of state i is given by

Oi ¼ i d i ¼ 1; …; M : ðA2Þ

The transition probability pij from state i to state j of the X
&EWMA chart is determined as follows:

For j=0,

pi0 ¼
Φ UCLð Þ ; if

0:5⋅d− 1−λð Þ⋅i⋅d
λ

> UCL

Φ
0:5⋅d− 1−λð Þ⋅i⋅d

λ

� �
; if

0:5⋅d− 1−λð Þ⋅i⋅d
λ

< UCL

8>><
>>:

ðA3Þ

For j>0,

pi j ¼
Φ uð Þ −Φ lð Þ ; if U C L > u
Φ UCLð Þ−Φ lð Þ; if l < UCL < u
0 ; if l > U C L

8<
: ðA4Þ

where Φ(.) is the standard normal cumulative distribution

function, l ¼ j⋅d−0:5⋅d− 1−λð Þ⋅i⋅d
λ , and u ¼ j⋅dþ0:5⋅d− 1−λð Þ⋅i⋅d

λ .
When computing the ATS0, the transition probability pij is

calculated with μ=0. Based on pij, the in-control transition
matrix R0 can be established. It is a (M×M) matrix excluding
the elements associated with the absorbing (or out-of-control)
state. The ATS0 value is equal to the first element of the vector
V given by the following expression:

V ¼ I–R0ð Þ−1h; ðA5Þ

where I is an identity matrix and h is a vector with all elements
equal to the sampling interval h.

The transition matrix R for calculating the out-of-control
ATS can be established similarly, except that the transition
probability pij in R should be evaluated using the out-of-
control μ = μ0 + δσ0. The out-of-control ATS under the
steady-state mode is calculated as the following [27],

ATS ¼ BT I−Rð Þ−1h–0:5h
h i

; ðA6Þ

where B is the steady-state probability vector with (μ=0). It is
obtained by first normalizing R0 and then solving the follow-
ing equation.

B ¼ RT
0 B; ðA7Þ

subject to

1TB ¼ 1; ðA8Þ
where 1 is a vector with all elements equal to one.

It is worth emphasizing that all formulae derived in the
Appendix have been checked by simulation.
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