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Abstract The ability of drive unit limits the velocity, acceler-
ation, and jerk of the axis, and the process and tool path ge-
ometry constrain the feedrate, acceleration, and jerk of the
trajectory. It is of great difficulty and importance to schedule
a suitable feedrate profile to achieve the higher machining
efficiency and satisfy all the constraints. Due to the complex-
ity of the feedrate scheduling algorithm, this paper presents an
offline predictive feedrate scheduling method considering the
constraints of trajectory system and drive system. The con-
straints in the drive system are transformed to the trajectory
system appropriately, which reduces the difficulty of feedrate
scheduling. The one-dimensional high-order time-optimal
problem is solved by a numerical calculation method accord-
ing to the bang-bang control method. The predictivemethod is
applied to find the switching points of the jerk. Then a time-
optimal feedrate profile under all the constraints is obtained.
Both simulations and experiments are carried out to prove the
effectiveness of the proposed offline predictive feedrate
scheduling method.

Keywords Feedrate scheduling . Transformation of
constraints . Predictive deceleration . Parametric interpolation

1 Introduction

Many scholars devote to increase the machining precision and
efficiency. Some of them improve the smoothness of the tool

path in order to amplify the real feedrate and to reduce the
machining time [1–3]. Other scholars enhance the precision
and efficiency of the machine tool by improving dynamic
characteristics [4–6] and optimizing the feedrate profiles
[7–27]. For machining process, the feedrate in trajectory sys-
tem is a very important process parameter. The value and
changing rate of feedrate affect the machining efficiency and
quality. And for a given machine tool, the drive dynamic char-
acteristics impose restrictions on the feedrate, acceleration,
and jerk of the individual axis. Therefore, it is a meaningful
and tough thing to schedule an efficient feedrate profile under
various constraints.

In the early literatures, the constraints mostly considered
are limited to the feedrate and the acceleration in the trajectory
system. Bobrow et al. [7] and Shin and McKay [8] switch the
acceleration (€s ) between its maximum and minimum limits at
the identified path points to generate a bang-bang style trajec-
tory. Dong and Stori [9] draw the velocity limit curve in the
s
� −€s phase plane and use bidirectional scan algorithm for
constrained feedrate optimization in s

� −€s phase plane. Other
mathematical optimization methods, such as dynamic pro-
gramming (DP) [10] or Pontryagin’s minimum principle
[11], are also applied to solve the optimal feedrate problem
more efficiently. Afterwards, the jounce or jerk in the trajec-
tory system is also considered. Lai et al. [12] and Fan et al.
[13] determine the feasible maximal feedrate at the critical
points and use the jounce or jerk confined acceleration/
deceleration profile to connect the feedrate profile in the tra-
jectory system.

Although some literatures consider the constraints in the
drive system, only the worst-case axis is generally considered.
Dong et al. [14] extend the bidirectional method by using
bidirectional scan minimum-time feedrate optimization algo-
rithm to find the optimal feedrate profile. Zhang et al. [15, 16]
give a discrete and computationally efficient algorithm to find

* Lei Zhang
prozhanglei@126.com

1 School of Mechanical Science and Engineering, Jilin University,
Changchun 130025, People’s Republic of China

Int J Adv Manuf Technol (2016) 83:2143–2157
DOI 10.1007/s00170-015-8112-0

http://crossmark.crossref.org/dialog/?doi=10.1007/s00170-015-8112-0&domain=pdf


a sequence of globally optimal velocity points under the
feedrate, acceleration, and chord error bounds.

With increasing requirements for machining accuracy, the
jerk as a constraint has to be considered for it is related to the
frequency of the input trajectory. In order to make full use of
the machine dynamic performance, the considered constraints
are no longer confined in the trajectory system. The con-
straints in the drive system need to be considered. It not only
increases the number of constraints but also makes the prob-
lem more complicated, resulting in difficulty to find the opti-
mal solution. Altintas and Erkorkmaz [17] define the displace-
ment profile as a quintic spline of time along the tool path and
optimize the travel time of each segment through nonlinear
optimization method. Afterwards, Sencer and Altintas [18]
use B-spline curve to represent the feedrate profile and convert
the feedrate optimization problem to a nonlinear optimization
through simplifying the constraints and it is solved by using
sequential quadratic method. Zhang [19] and Fan [20] trans-
form the feedrate scheduling problem to a convex optimiza-
tion problem, and then it is solved by optimization method.
Erkorkmaz and Heng [21] propose an intelligent heuristic
rules in optimal process and computational load is reduced
compared with gradient-based optimal methods. Ridwan
et al. [22] adjust the feedrate automatically by using fuzzy
adaptive control method. In addition to the optimization algo-
rithm, segment feedrate planning [23, 24] is also a common
method, in which the critical points are found according to the
constraints and the curve is split at the critical points. The
feedrate profile is scheduled in each segment and then com-
bined. The segment feedrate planningmethod has higher com-
putational efficiency but it is too conservative. There are some
other methods such as look-ahead method and iteration meth-
od. Beudaert et al. [25] iteratively compute the intersection of
the displacements at each time step according to the con-
straints and choose the maximum displacement to obtain the
optimal feedrate profile. Sun et al. [26, 27] create the analyt-
ical relations between feedrate and the arc length parameter,
and through proportional iterative adjustment, the target
feedrate profile is obtained without violating constraints. Al-
though the solution obtained by the iterative method is more
optimal than the segment feedrate planningmethod, the robust
and computation efficiency of those methods are limited.

For the complexity of the feedrate scheduling, this paper
attempts to propose an offline predictive feedrate scheduling
method. The feedrate scheduling method considers the veloc-
ity, acceleration, and jerk constraints not only in the trajectory
system but also in the drive system. Firstly, the constraints are
classified into the constraints in the trajectory system and
drive system. The constraints in the drive system are trans-
formed to the trajectory system properly in this paper. Then
the multidimensional high-order time-optimal problem be-
comes the one-dimensional high-order time-optimal problem.
It can be solved by numerical calculation method according to

the bang-bang control principle [28]. At last, the proposed
offline predictive feedrate scheduling method is validated
through both simulations and experimental tests on two com-
plex non-uniform rational basis spline (NURBS) curves.

2 Parametric interpolation

Figure 1 illustrates the whole process of parametric interpola-
tion. The tool path is planned according to the requirements of
processing and the tool path generated by CAM is discrete
points. The discrete points need to be fitted to parameter curve
for it is not convenient for parametric interpolator. The
feedrate profile is planned according to the tool path curve,
processing requirements, and the dynamic characteristics of
the machine tool. The parametric interpolator uses the tool
path curve and the feedrate profile to calculate the next inter-
polation point in every interpolation period. And the kinemat-
ical transformation is used to produce the control signals that
command the servo axis movements respecting the constraints
of trajectory and drive systems.

According to the parametric interpolation algorithm, the
next interpolation point ui+1 is calculated by the current inter-
polation point ui and the feedrate. In order to yield the desired
arc length accurately, the second-order series interpolator is
chosen as

uiþ1 ¼ ui þ dui
dt

T þ 1

2

d2ui
dt2

� �
T2 þ H:O:T: 0≤u≤1 ð1Þ

where T is the sampling period and H.O.T. represents the high-
order truncation error and u is the tool path parameter. And

du

dt
¼ σ−1 s

� ð2Þ

d2u

dt2
¼ −σ−3σ

0
s
�2 þ σ−1€s ð3Þ

where s is the arc length of the tool path, s
�

and €s are the
feedrate and acceleration in the trajectory system, and σ
and σ′ are the first and second derivatives of the path arc
length with respect to the curve parameter.

3 Feedrate optimization problem

3.1 Constraints in the trajectory system

As shown in Fig. 2, taking no account of the specific kinemat-
ical structure, the cutting tool is running along a certain path.
The feedrate, acceleration, and jerk of the cutting tool along
the path constitute the trajectory system.
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Generally, the maximum feedrate, acceleration, and jerk in
the trajectory system are given according to the machining
process. For different machining processes, different con-
straints for the feedrate, acceleration, and jerk in the trajectory
system are given. For example, in the literature [29], the rela-
tionship between feedrate and cutting force in the milling pro-
cess is found and the specified resultant cutting force con-
strains the feedrate in the trajectory system. In numerical con-
trol, the output of interpolator is the sampled axis setpoints. In
order to ensure the geometric accuracy, the chord error needs
to be limited. According to the interpolation principle, the
chord error is expressed by

δ uð Þ ¼ ρ uð Þ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 uð Þ− s

�
uð ÞT
2

� �2
s

ð4Þ

where T is the interpolator period and ρ is the radius of curva-
ture at the parameter position u of the path curve. For a given
chord error limit δmax, the feedrate is constrained by

s
�
uð Þ≤2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 uð Þ− ρ uð Þ−δmaxð Þ2

p
=T ð5Þ

Obviously, in the trajectory system, the kinematical param-
eters are related to the machining process closely. Almost all
the constraints in machining process can be transformed into
the constraints of the feedrate, acceleration, and jerk in the
trajectory system. The forms of the constraints are given as

s
� ≤ F lim; €s

��� ���≤Alim;
:::
s

��� ���≤ J lim ð6Þ

where ṡ, €s, and :::s are the feedrate, acceleration, and jerk in the
trajectory system, and Flim, Alim, and Jlim are the limited
feedrate, acceleration, and jerk in the trajectory system. Flim,
Alim, and Jlim considered in this paper only refer to the
prescribed maximum of feedrate, acceleration, and jerk.

3.2 Constraints in the drive system

The contour accuracy of the tool path is determined by
the tracking error in each axis of machine tool. The
tracking error is related to the velocity, acceleration,
and jerk of the motion axis. Therefore, the constraints
of the tracking error and the vibration limit the velocity,
acceleration, and jerk of the motion axis [30]. For a
specific drive, the acceleration is also limited by the
torque and linear region of the motor, and too larger jerk
can excite the vibration.

The constraints in the drive system are summarized by

q
�j j; €q

��� ���; :::
q

��� ���n o
i
≤ q

�
; €q;

:::
q

n o
imax

ð7Þ
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Fig. 2 The trajectory system
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where q
�j jf ; €qj j ; :::qj jg i represents the velocity, acceleration,

and jerk of the i-axis, and q
�
; €q;

:::
qf g imax represents the pre-

scribed maximum velocity, acceleration, and jerk of the i-axis.
Using the formula for the derivative of the composition of

two functions, it is possible to express the velocity of the drive
q
�
as a function of the trajectory geometry qs multiplied by a

function of the feedrate in the trajectory system ṡ, i.e.,

q
� ¼ dq

dt
¼ dq

ds

ds

dt
¼ qs s

� ð8Þ

And from Eq. (8), €q and
:::
q can be derived as

€q ¼ qsss
�2 þ qs€s ð9Þ

:::
q ¼ qssss

� 3 þ 3qss s
�
€sþ qs

:::
s ð10Þ

where qs, qss, and qsss are the first, second, and third deriv-
atives of the axis positions with respect to the path displace-
ment. Therefore, the kinematic parameters of the drives are

related to the geometry of the trajectory and the kinematical
parameters in the trajectory system.

3.3 Time-optimal feedrate problem

For a multi-axis system and a target trajectory, the problem of
identifying an optimal feedrate profile under all the constraints
is a nontrivial optimal process problem, i.e.,

min T
∑

� �
¼ min

Z 1

0
s
�
uð Þ−1σdu

� �
subject to

s
� ≤ F lim; €s

��� ��� ≤ Alim;
:::
s

��� ��� ≤ J lim

q
�j j; €q

��� ���; :::
q

��� ���n o
i
≤ q

�
; €q;

:::
q

n o
imax

ð11Þ

It is a computational cost issue to solve the problem using a
general mathematical method. Convergence in these algo-
rithms is sensitive to the initial condition and calculating steps.
If the inappropriate calculating steps and convergence thresh-
old are chosen, it is prone to diverge and impossible to find the
solution.

4 Transformation of the constraints

The trajectory system is a one-dimensional system, and the
dimension of the drive system is determined by the number of
the motion axis. In this paper, the feedrate profile is scheduled
in the trajectory system. The nonlinear and coupling relations
between the constraints in the trajectory system and those in
the drive system given by Eqs. (8)–(10) are considered. There-
fore, the constraints in the drive system need to be transformed
to the trajectory system appropriately.

According to Eqs. (7) and (8), the velocity constraints in
the drive system can be expressed by

qis s
�

�� ��≤q� imax ð12Þ

where qs
i is the first derivative of the axis positions with re-

spect to the path displacement for the i-axis. Because of ṡ≥0 in
the trajectory system, Eq. (12) can be changed as

s
� ≤q

�

imax= qisj j ð13Þ

According to Eq. (7), applying the triangle inequality |A+
B|≤ |A|+|B| to Eq. (9) yields the expression for the constraints
of acceleration as

€qi

��� ��� ¼ qisss
� 2 þ qis€s

��� ���≤ qisss
�2

��� ���þ qis€s
��� ���≤€qimax ð14Þ
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Fig. 3 The feedrate scheduling method in the trajectory system
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There is still a coupling term of the ṡ and €s in Eq. (14). So
scaling factors δ1 and δ2 are introduced to decouple Eq. (14), i.e.,

qisss
� 2

��� ���≤δ1€qimax
qis€s
��� ��� ≤ δ2€qimax

8<
: ð15Þ

δ1 and δ2 are constant, and they are selected according to the
machine tool and trajectory characteristics.

According to Eqs. (7) and (10), the jerk constraints in the
drive system can be expressed by

:::
q i

��� ���≤ qissss
� 3 þ 3qiss s

�
€sþ qis

:::
s

��� ���≤ qissss
� 3

��� ���þ 3qiss s
�
€s

��� ���
þ qis

:::
s

��� ���≤ :::q imax ð16Þ

By the similar approach applied to acceleration constraints,
the jerk constraint is transformed to

qissss
�3

��� ��� ≤ μ1
:::
q imax

3qiss s
�
€s

��� ���≤μ2
:::
q imax

qis
:::
s

��� ��� ≤ μ3
:::
q imax

8>>><
>>>:

ð17Þ

where μ1, μ2, and μ3 are constant scaling factors, and they are
also selected according to the machine tool and trajectory
characteristics.

According to the Eqs. (13), (15), and (17), the transforma-
tions between the constraints in the drive system and those in
the trajectory system are listed as

s
� ≤q

�

imax= qisj j
s
� ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ1€qimax= qiss

�� ��q
€s
��� ��� ≤ δ2€qimax= qis

�� ��
8<
:

s
� ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ1
:::
q imax= qisss

�� ��3

q
s
�
€s

��� ���≤μ2
:::
q imax=3 qiss

�� ��
:::
s

��� ��� ≤ μ3
:::
q imax= qis

�� ��

8>>><
>>>:

ð18Þ

Now the coupled multi-dimensional constrained optimiza-
tion problem is transformed to constrained optimization prob-
lem in the trajectory system, i.e., Eq. (11) is changed as

min T
∑

� �
¼ min

Z 1

0
s
�−1 uð Þσdu

� �
subject to

s
� ≤ F lim

s
� ≤q� imax

.
qis
�� ��

s
� ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ1€qimax

.
qiss
�� ��r

s
� ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ1
:::
q imax

.
qisss
�� ��3

r

8>>>>>>><
>>>>>>>:

;

€s≤ Alim

€s
��� ��� ≤ δ2€qimax

.
qis
�� ��

s
�
€s

��� ���≤μ2
:::
q imax

.
3 qiss
�� ��

8>><
>>: ;

:::
s ≤ J lim
:::
s

��� ���≤μ3
:::
q imax

.
qis
�� ��

(

ð19Þ

Scheduling the feedrate only in the trajectory system great-
ly reduces the difficulty of the optimal problem.

5 Discretization and numerical calculation

The feedrate, acceleration, and jerk are calculated using
discretized numerical integration method, and the constant
time step T is chosen according to the curvature of the trajec-
tory. The kinematical parameters for i+1-th point in the tra-
jectory can be calculated by the kinematical parameters for ith
point, i.e.,

€siþ1 ¼ €si þ :::
siþ1T

s
�
iþ1 ¼ s

�
i þ €siT þ :::

siþ1T
2
.
2

siþ1 ¼ si þ s
�
iT þ €siT

2
.
2þ :::

siþ1T
3
.
6

ð20Þ

where
:::
siþ1 is calculated by jerk constraints in the ith point.

The curve parameter of the i+1-th point is calculated by
using Taylor expansion as

uiþ1≈ui þ uisΔsþ uissΔs2=2þ uisssΔs3=6 ð21Þ
where us

i, uss
i, and usss

i are the first, second, and third deriva-
tives of the curve parameter with respect to the path displace-
ment for the i-axis.Δs is the displacement from the ith point to
the i+1-th point and is expressed by

Δsiþ1 ¼ siþ1−si ð22Þ

According to Eqs. (8)–(10), the velocity, acceleration, and
jerk of the i+1-th point in the drive system are calculated by
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q
�

iþ1 ¼ qiþ1
s s

�
iþ1

€qiþ1 ¼ qiþ1
ss s

�2
iþ1 þ qiþ1

s €siþ1
:::
qiþ1 ¼ qiþ1

sss s
�3
iþ1 þ 3qiþ1

ss s
�
iþ1€siþ1 þ qiþ1

s
:::
siþ1

ð23Þ

6 Feedrate scheduling method in the trajectory
system

After the time optimal problem with multi-dimensional
constraints is transformed to one-dimensional problem,
i.e., Eq. (19), it can be solved by numerical calculation
method according to the bang-bang control principle.
The time-optimal profile is a bang-bang style trajectory
generated by the jerk switching between its maximum
and minimum limits. The whole process of the feedrate
scheduling method is shown in Fig. 3. In the accelerat-
ing process, the maximum jerk is chosen, and in the
decelerating process, the minimum jerk is chosen. There
are three main modules in the feedrate scheduling meth-
od: (1) the predictive deceleration process, (2) the ac-
celeration forward process, and (3) the end program.
The predictive deceleration process is the key module
of the feedrate scheduling method. The main function
of the predictive deceleration process is to find the crit-
ical points where the constraints are violated and deter-
mine the switching points of the jerk.

6.1 Predictive deceleration process

For the constraints of the jerk and acceleration, the accelera-
tion and feedrate cannot change abruptly. However, in a prac-
tical process, the tool path is arbitrary and it makes the con-
straints changing abruptly. Therefore, the trajectory needs to
accelerate or decelerate in advance to guarantee the feedrate,
acceleration, and jerk not beyond the constraints. In order to
ensure the optimality of the deceleration process, the deceler-
ating process needs to be planned. The acceleration and
feedrate profiles of predictive decelerating process are shown
in Fig. 4. As shown in Fig. 4, the A–B segment indicates the
process in which the acceleration decreases to zero, the B–C
segment indicates the acceleration-decreasing process and the
black lines indicate the acceleration-increasing process. The
predictive decelerating process from one trajectory point
ui; s

�
i;€si;

:::
sif g illustrated in Fig. 4 is described by the following

steps in details.

Step 1: Determine whether the acceleration in the trajectory
point ui; s

�
i;€si;

:::
sif g is greater than zero. If not, set the

trajectory point ui; s
�
i;€si;

:::
sif g as ui;0; s

�
i;0;€si;0;

:::
si;0

� �
,

then go to step 3.
Step 2: As shown by the segment A–B in Fig. 4, decelerate

forward under the minimum jerk until the accelera-
tion is zero and obtain the new trajectory point
ui;0; s

�
i;0;€si;0;

:::
si;0

� �
.

Step 3: As shown in Fig. 4, decelerate one time step under
the minimum jerk from the trajectory point
ui; j; s

�
i; j;€si; j;

:::
si; j

� �
and obtain the new trajectory

point ui; jþ1; s
�
i; jþ1;€si; jþ1;

:::
si; jþ1

� �
.

Step 4: As shown by the black line indicating the increasing
process of acceleration in Fig. 4, decelerate forward
under the maximum jerk from the trajectory point
ui; jþ1; s

�
i; jþ1;€si; jþ1;

:::
si; jþ1

� �
until the acceleration in-

creases to zero.
Step 5: Let j=j+1.
Step 6: Determine whether the feedrate is zero when the

acceleration is zero. If not, then go to step 3.
Step 7: Exit the predictive deceleration process.
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6.2 Checking the constraints in the predictive deceleration
process

During the predictive deceleration process as illustrated in
Section 6.1, the constraints need to be checked at the same
time. According to the numerical calculation method, the jerk
is calculated by the constraints. Therefore, the constraints of
the feedrate and acceleration need to be checked further. In
order to ensure the optimality of the efficiency, it cannot de-
celerate immediately when there is a point violating the con-
straints during the predictive deceleration process.When there
are points violating the feedrate and acceleration constraints in
different phases, the correspondingmeasures need to be taken.

6.2.1 Case A: checking the constraints during the process
of the acceleration decreasing to zero

During the process of the acceleration decreasing to zero as
indicated by the A–B segment in Fig. 4, if there is a point
violating the feedrate or acceleration constraints, the violating
point is a critical point. The trajectory needs to decelerate to
the critical point by the minimum jerk from the point ui ac-
cording to the predictive deceleration process.

6.2.2 Case B: checking the constraints during the acceleration
decreasing process

During the acceleration-decreasing process as indicated by the
B–C segment in Fig. 4, if there is a point violating the accel-
eration constraints, the jerk at this point is recalculated by the
acceleration constraints and the other kinematical parameters
are recalculated according to Eqs. (20)–(23). Then the predic-
tive deceleration process continues.

During the acceleration decreasing process as indicated by
the B–C segment in Fig. 4, if there is a point violating the
feedrate constraints, this point is a critical point and the trajec-
tory needs to decelerate to the critical point from the point ui
according to the predictive deceleration process.

6.2.3 Case C: checking the constraints
during the acceleration increasing process

During the acceleration-increasing process from the point
ui; j; s

�
i; j;€si; j;

:::
si; j

� �
as indicated by the black line in Fig. 4, if

there is a point violating the acceleration constraints, this
acceleration-increasing process needs to be stopped. As
shown in Fig. 5, E represents the point that violates the accel-
eration constraints. The predictive deceleration process con-
tinues from the point E until the feedrate and acceleration are
reduced to zero.

During the acceleration-increasing process from the point
ui; j; s

�
i; j;€si; j;

:::
si; j

� �
as indicated by black line in Fig. 4, if there

is a point violating the feedrate constraints, this acceleration-
increasing process is stopped and the new point
ui; jþ1; s

�
i; jþ1;€si; jþ1;

:::
si; jþ1

� �
is obtained by decelerating one-

time step. Then another acceleration-increasing process starts
from the point ui; jþ1; s

�
i; jþ1;€si; jþ1;

:::
si; jþ1

� �
. If the feedrate still

violates the constraints in this point, the above process is re-
peated until the feedrate satisfies the constraints in this point.
And the point where the feedrate satisfies the constraints is a
critical point and the trajectory decelerates to the critical point
from point ui.

Table 2 The constraints in the trajectory system

ṡmax (mm/s)
€smax (mm/s2)

:::
smax (mm/s3)

150 1000 10,000

Table 1 The constraints
of the machine tool
drives

X Y

Vmax (mm/s) 100 100

Amax (mm/s2) 900 900

Jmax (mm/s3) 15,000 15,000

Fig. 8 The curve of case one

Fig. 7 The experiment platform
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6.3 Acceleration forward process

If there is no critical point violating the constraints in the
predictive deceleration process from point ui, according to
Eqs. (20)–(23), an acceleration forward process is executed
that the new trajectory point ui+1 is obtained by accelerating
one-time step with the maximum jerk. The constraints of the
acceleration and feedrate are not considered in the acceleration
forward process and those need to be further checked.

During the acceleration forward process, if the acceleration
or the feedrate violates the constraints, the jerk is recalculated
by Eq. (24) or Eq. (25), respectively, according to the corre-
sponding constraints, i.e.,

:::
siþ1 ¼

€slim−€si

� 	,
T

ð24Þ

:::
siþ1 ¼ 2

s
�
lim−s

�
i−€siT

� 	,
T2

ð25Þ

where €slim and ṡlim are the acceleration constraint and the
feedrate constraint, respectively. The other kinematical param-
eters are recalculated by Eqs. (20)–(23).

6.4 The end program

In every predictive deceleration process, whether the end of
the trajectory is reached has to be checked. However, due to
the existence of discretization error, it is impossible to reach
the end of the trajectory exactly when both the feedrate and
acceleration are reduced to zero. The appropriate point near
the end of the trajectory when both the feedrate and accelera-
tion are zero is searched by using the dichotomy method.

As shown in Fig. 6, if the end of the trajectory is overtaken in
the predictive deceleration process from the trajectory point ui+
1, the new trajectory point ûi+1 is recalculated by halving the
time intervals T. The deceleration process from the new trajec-
tory point ûi+1 is represented by the red dotted line as shown in
the Fig. 6. If the deceleration process still overtakes the end of
the trajectory, the time interval T needs to be further halved. If
the deceleration process is not beyond the end of the trajectory
and the residual trajectory satisfies the error requirements, the
trajectory decelerates according to the deceleration process.
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Fig. 9 The case one results after
scheduling. aThe feedrate profile.
b The acceleration profile. c The
jerk profile

Table 3 The transform
factors of the constraints δ1 δ2 μ1 μ2 μ3

Value 0.5 0.7 0.4 0.4 0.7
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7 Fitting the feedrate profile

When the feedrate profile is scheduled, a series of discrete
feedrate data points ṡi are obtained. It is not convenient
for parametric interpolation to use the discrete data points.
Therefore, it is necessary to fit the discrete data points for
parametric interpolation. Different from the regular curve
fitting, the fitting of discrete feedrate data points to gen-
erate a feedrate profile not only requires the feedrate to
satisfy the error requirement but also the acceleration and
jerk calculated by the feedrate profile to satisfy the error
requirements. The least squares fitting of the B-spline [31]
is applied to the fitting of feedrate profile, which will be
discussed in the further paper in details.

8 Simulations and experiments

The feasibility and applicability of feedrate scheduling
method proposed in this paper are verified by simula-
tions and experiments for two complex NURBS curves.
The feedrate profile considering the constraints both in
the trajectory and drive systems is scheduled using the
feedrate scheduling method. In the simulation, a para-
metric interpolator using the Eq. (1) is programmed by
MATLAB software. The trajectory points for each mo-
tion axis in every interpolation cycle are generated by
the parametric interpolator according to the specific tra-
jectory and the feedrate profile. The velocity, accelera-
tion, and jerk for each motion axis can be obtained
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Fig. 10 The case one results of
simulation. a The X-axis velocity.
b The Y-axis velocity. c The X-
axis acceleration. d The Y-axis
acceleration. e The X-axis jerk. f
The Y-axis jerk
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according to the trajectory points generated by the para-
metric interpolator. Whether they satisfy the constraints
of velocity, acceleration, and jerk for each motion axis
is checked by the simulation.

The experiments are carried out on a two-drive plat-
form as shown in Fig. 7, which is controlled by the
PC-based open motion controller. The platform is

driven by linear motor and the resolution of the linear
encoder is ±0.5 μm. A special interpolator is designed
on the open motion controller for our own purpose,
and the interpolator period is chosen as 1 ms. The
controller is able to read the position every 0.125 ms
in real time and can provide the velocity and acceler-
ation of each axis.
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Fig. 11 The case one results of
the experiment. a The X-axis
velocity. b The Y-axis velocity. c
The X-axis acceleration. d The Y-
axis acceleration. e The X-axis
tracking error. f The Y-axis
tracking error. g The X-axis
tracking error of constant
feedrate. h The Y-axis tracking
error of constant feedrate
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8.1 Case one

Figure 8 illustrates the NURBS curve for case one. The pa-
rameters of the curve are listed as follows:
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ω ¼ 1:0; 2:0; 2:0; 1:0; 1:0; 1:0; 1:0; 1:0; 1:0; 2:0; 2:0; 1:0f g
U ¼ 0; 0; 0; 0; 0:111; 0:2222; 0:3333; 0:4444; 0:5556;

0:6667; 0:8889; 1; 1; 1; 1

� 

K ¼ 3

ð26Þ
where P, ω, U, and K are the control points, weight, knot
vectors, and degree.

The curve for case one is symmetrical, and it has four
curvature critical points obviously as indicated by A, B, C,
and D in Fig. 8. According to the constraints, the feedrate
profile is related to those critical points in Cartesian coordinate
system. Therefore, the feedrate profile is also symmetrical and
has four corresponding critical points.

The feedrate scheduling method is executed by MATLAB.
In this case, the computation time on a PC (the PC with 3.1-
GHz CPU and 4-G memory) is about 2 min when the time
interval T is 1 ms. The computation time can be further im-
proved if a larger time interval T is chosen and the data struc-
ture and calculation algorithm are further optimized. As
shown in Table 1, the kinematic constraints in the drive system
are listed, and the kinematic constraints in the trajectory in this

case are listed in the Table 2. According to feedrate scheduling
method proposed in this paper, the range of the scale factors
for the constraints transformation is

1 ≤ δ1 þ δ2≤ 1:5
1≤μ1 þ μ2 þ μ3≤1:5

�
ð27Þ

They are selected according to the platform’s kinematical
characteristics and the curvature of the curve. The selected
scale factors are listed in Table 3.

The feedrate profile scheduled by the method are illustrated
in the Fig. 9. As shown in Fig. 9a, the feedrate satisfies the
constraints in the trajectory system. Corresponding to the
symmetry and the curvature critical points of the trajectory,
the feedrate profile is also symmetry and the feedrate is de-
creased in those critical points (points A, B, C, D). According
to Eqs. (9) and (10), the acceleration and jerk of the axis are
related with the feedrate in the trajectory system and the geo-
metrical characteristic. Due to the curvature of those points,
the feedrate in the trajectory system is decreased for the axis’
acceleration and jerk constraints. As shown in Fig. 9b, the
acceleration in the trajectory is also under the constraints. As
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Fig. 12 The results of case two. a
The curve of case two. b The
feedrate profile. c The
acceleration profile. d The jerk
profile

Table 4 The constraints
of the machine tool
drives

X Y

Vmax (mm/s) 220 220

Amax (mm/s2) 800 800

Jmax (mm/s3) 26,400 26,400
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the length of the curves and critical points, the maximum
acceleration is not reached and the acceleration increases in
the slope way as shown in Fig. 9b. The jerk is also under the
constraints as shown in Fig. 9c. As shown in Fig. 9c, the jerk is
switched in the maximum and minimum jerk constraints to

Table 5 The constraints in the trajectory system

ṡmax (mm/s)
€smax (mm/s2)

:::
smax (mm/s3)

220 800 26,400
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Fig. 13 The results of case two. a
The X-axis velocity. b The Y-axis
velocity. c The X-axis
acceleration. d The Y-axis
acceleration. e The X-axis jerk. f
The Y-axis jerk. g The X-axis
tracking error. h The Y-axis
tracking error
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generate a bang-bang style trajectory according to the mini-
mum principle. It is demonstrated that the trajectory acceler-
ates and decelerates in the maximum acceleration and decel-
eration ability.

In order to verify that the constraints in the drive system are
satisfied, the simulation is carried out. The interpolation equa-
tion used in the simulation is Eq. (1) and the interpolation
period is 1 ms. The velocity, acceleration, and jerk for each
motion axis are calculated by the differential operation of the
trajectory points generated by the interpolator in the simula-
tion. The simulated velocity and acceleration for X-axis and Y-
axis are given in Fig. 10, which shows that the kinematical
parameters for each drive are under the constraints. As shown
in Fig. 10e, f, the jerk for X-axis and Y-axis is under the con-
straints mostly. Although the jerk is beyond the constraints in
some points, it is within the 120 % authorized jerk overrun
limit and it is caused by the sum of the transforming factors
larger than 1 in Eq. (27).

The experiment is carried out in the platform shown in
Fig. 7 to verify the validity of the feedrate profile. The tool
path trajectory shown in Fig. 6 and the scheduled feedrate are
input to the controller. The interpolation equation and interpo-
lation period in the experiments are the same as those in the
simulation. The position of the moving element is obtained by
the linear encoders, and the velocity and acceleration are also
obtained by the controller. The velocity, acceleration, and
tracking error for X-axis and Y-axis in the experiments are
shown in Fig. 11. In Fig. 11, the velocity and acceleration
are relatively consistent with those in the simulation and sat-
isfy the constraints. In order to compare with the scheduled
feedrate profile, a relatively conservative feedrate of ṡ=33mm/
s is tested and it is represented as blue dotted line in Fig. 9a.
The tracking errors of ṡ=33mm/s for X-axis and Y-axis are
shown in Fig. 11g and h, respectively. As shown in
Fig. 11g, h, the tracking errors are amplified at the saturation
regions along the trajectory, which leads to the violation of
drive limits. However, when the feedrate is scheduled, the
velocity, acceleration, and jerk of the X- and Y-axes are all
under the constraints. When the platform carries out along
the trajectory with the scheduled feedrate profile, the tracking
errors of the X- and Y-axes are uniform in the whole trajectory
as shown in Fig. 11e and f, respecively. The availability of the
feedrate scheduled method proposed in this paper is
demonstrated.

8.2 Case two

A more complex butterfly curve as shown in Fig. 12a is also
selected to verify the feasibility and applicability of feedrate
scheduling method proposed in this paper. The chosen
transforming factors are listed in Table 3. In order to validate
the optimal of the scheduled feedrate, the kinematical charac-
teristics chosen in this case are same as the kinematical

characteristics selected in [24]. The kinematical characteristics
in the drive system are given in Table 4, and the kinematical
characteristics in the trajectory system are given in Table 5.
For information, the computation time on MATLAB is about
2.5 min.

The scheduled results are shown in Fig. 12, and the
feedrate, acceleration, and jerk in the trajectory system are
all under the corresponding constraints. Although the tool path
trajectory is complexity and the number of the critical points is
numerous, the feedrate profile can be scheduled appropriately.
It is demonstrated that the feedrate planning method can
schedule the feedrate profile properly no matter how complex
the tool path is or not. Corresponding to the symmetry and the
curvature critical points of the trajectory, the feedrate profile is
also symmetrical and the feedrate is decreased in those critical
points.

The experiment is also carried out in the platform shown in
Fig. 7. The velocity, acceleration, and tracking error for X-axis
and Y-axis in the experiments are shown in Fig. 13. The ve-
locity, acceleration, and jerk (it is obtained by the output of the
controller) are under the constraints of the drive. The tracking
errors are small and show no obvious regional characteristics
although the butterfly curve is complex.

As shown in the Table 6, an overall 20 % cycle time reduc-
tion is realized for the whole tool path compared with the
feedrate result scheduled by the segment feedrate planning
method [24]. The optimal of the scheduled feedrate is demon-
strated compared with the segment feedrate planning method.
The tracking error is less than 1 μm, indicating that the cycle
time reduction does not come at the expense of the drives’
dynamic accuracy. The experimental results show that the
machine can be operated under the constraints and the capa-
bility of each motion axis is fully used after the feedrate is
scheduled.

9 Conclusions

In order to avoid the complicated and heavy calculations in
real time, this paper presents an offline feedrate scheduling
method. Compared with the usual offline feedrate scheduling
methods, the novelty of the method proposed in this paper is
that the feedrate is scheduled in the trajectory system. More-
over, the constraints in the drive system are transformed to the
trajectory system properly. For all kinematic constraints to be
classified into the constraints in the trajectory or drive system,

Table 6 Cycle time comparison for scheduling results

Optimization strategy Cycle time (s)

Predictive scheduling method 6.42

Segments feedrate planning method [24] 8.1
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all those kinematic constraints no matter the contour error or
drive’s ability to limit can be considered. In addition, the dif-
ficulty of the scheduling method is reduced for the constraints
in the drive system are transformed to those in the trajectory
system by the transforming factors. According to the mini-
mum principle, the feedrate scheduling problem in the trajec-
tory system can be solved and the time optimal solution is the
bang-bang style solution, i.e., the jerk switches between the
maximum and minimum available value. Discrete feedrate
data points are obtained by the feedrate scheduling method.
After those feedrate points are fitted by B-spline, the proposed
method gives a solution, which is closed to the optimal math-
ematical solution under all the constraints. The performances
of the proposed feedrate scheduling method are validated by
simulation and experimental results.
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